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Abstract: This article delves into some properties of free and Boolean multiplicative con-
volutions, in connection with the theory of Cauchy–Stieltjes kernel (CSK) families and
their respective variance functions (VFs). Consider K−(µ) = {Qµ

m(ds) : m ∈ (mµ
−, mµ

0 )},
a CSK family induced by a non-degenerate probability measure µ on the positive real
line with a finite first-moment mµ

0 . For γ > 1, we introduce a new family of measures:

(K−(µ))
⊠γ =

{(
Qµ

m

)⊠γ
(ds) : m ∈ (mµ

−, mµ
0 )

}
. We show that if (K−(µ))

⊠γ represents a

re-parametrization of the CSK family K−(µ), then µ is characterized by its corresponding
VF Vµ(m) = cm2 ln(m), with c > 0. We also prove that if (K−(µ))

⊠γ is a re-
parametrization of K−(D1/γ(µ

⊞γ)) (where ⊞ is the additive free convolution and Da(µ)

denotes the dilation µ by a number a ̸= 0), then µ is characterized by its corresponding
VF Vµ(m) = c1(m ln(m))2, with c1 > 0. Similar results are obtained if we substitute the
free multiplicative convolution ⊠ with the Boolean multiplicative convolution
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1. Introduction 
The European hake (Merluccius merluccius) is one of the most exploited demersal fish 

species in the Western and Eastern Mediterranean Sea [1,2]. Its distribution extends along 
the Atlantic coast of Europe and western North Africa, ranging from Norway and Iceland 
in the north to Mauritania in the south [1]). Longitudinally, the European hake can be 
found as far west as Iceland (around 27° W) and as far east as the Black Sea (40° E), having 
first colonized the entire Mediterranean Sea [3]. The species is non-native to the Black Sea 
[4], with its first recorded occurrence in the region mentioned by [5] in the marine fish 
checklist for Turkey. Various studies [1,6–10] have reported the presence of the European 
hake along the southern, eastern, and Crimean coasts of the Black Sea. Based on its occur-
rence at different times and across a wide depth range, ref. [9] concluded that the species 
has adapted to the eastern Black Sea coast of Turkey, suggesting a potential increase in its 
biomass. The presence of the European hake in the western Black Sea was noted by [11]. 
The European hake (Merluccius merluccius) has been described as a benthopelagic 
predator caught in nearly all Mediterranean basins and is of high economic value [12], 
that can also feed on the water columns during migration. They may interact with nearly 
the entire food web in marine ecosystems [13]. Successful invaders are often characterized 
by their ability to utilize resources efficiency compared to native species [14], resulting in 
prey resource populations vulnerable to severe declines and possible extinctions [15]. Co-
existence of an invasive species with other species might be explained by availability of 
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1. Introduction
In probability theory, the basic concept of convolution is important in understanding

interactions between random variables, particularly when they are independent. However,
when extending the concept of probability to noncommutative structures, such as free
probability and Boolean probability, the classical convolution operation is no longer suitable.
The study of free and Boolean convolutions in noncommutative probability offers rich
new perspectives for understanding the behavior of random elements in these settings,
providing insights into the algebraic and statistical properties of the systems beyond the
classical framework.

Free probability, introduced by Dan Voiculescu in the early 1980s [1], generalizes
classical probability theory to the context of random variables associated with noncom-
mutative algebras; see [2–5]. In this context, free multiplicative convolution appears as a
natural extension of classical multiplicative convolution, where instead of independent
random variables, we consider random elements in a noncommutative algebra that are
free (i.e., they satisfy some form of noncommutative independence). This convolution is
essential to the study of the behavior of free random variables, particularly in the analysis
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of their distributional properties and spectral behaviors, and has found applications in
areas such as random matrices, operator algebras, and statistical mechanics.

Boolean independence was introduced in the context of noncommutative probability
as an alternative to classical and free independence. It is characterized by the Boolean
convolution, which defines the addition of Boolean-independent random variables. The key
property of Boolean independence is that mixed moments factorize in a way distinct from
classical or free independence. The Boolean independence and the Boolean convolution
was introduced in [6] as a fundamental operation in noncommutative probability. The
combinatorial structure was explored using moment–cumulant relations and connections
to free probability. For a deeper perspective, the authors of [7] expanded on this framework
by studying Boolean cumulants. Further results on the Boolean convolution can be found
in [8–10]. These works laid the foundation for Boolean probability theory, influencing later
developments in noncommutative probability.

Both free and Boolean multiplicative convolutions expand our understanding of con-
volution operations by adapting them to noncommutative probability settings. The free
multiplicative convolution provides a framework for exploring the correlations between
free random variables, while the Boolean multiplicative convolution offers a means of
analyzing the dependencies between Boolean-valued random variables. Together, these op-
erations highlight the versatility and depth of noncommutative probability theory, revealing
novel insights into the behavior of systems with complex dependence structures.

This article delves into some properties of free and Boolean multiplicative convolutions,
in connection with the recently introduced theory of Cauchy–Stieltjes kernel (CSK) families
in the setting of free probability. To better present the outcomes to be proven in this study,
we first present some basic concepts around free and Boolean multiplicative convolutions
and also some preliminaries on CSK families. P (P+, respectively) denotes the set of
(non-degenerate) probabilities on R (R+, respectively). For σ ∈ P , the Cauchy transform
Gσ(·) is given by

Gσ(z) =
∫

σ(dξ)

z − ξ
, z ∈ C \ supp(σ)

and the free cumulant transform of σ, denoted Rσ(·), is given by [11]

Rσ(Gσ(z)) = z − 1/Gσ(z), z close to ∞.

For τ ∈ P+, (τ ̸= δ0), the S-transform is introduced by the relation

Rτ(wSτ(w)) =
1

Sτ(w)
w in a neighborhood of 0.

The operation of free multiplicative convolution ϱ ⊠ τ of ϱ and τ ∈ P+ is defined by
Sϱ⊠τ(w) = Sϱ(w)Sτ(w). Free multiplicative convolution powers τ⊠γ are defined at least
∀ γ ≥ 1 (see Theorem 2.17, [3]) by Sτ⊠γ(w) = Sτ(w)γ.

We now introduce the notion of Boolean multiplicative convolution [12]. For τ ∈ P+,
consider

Ψτ(β) =
∫ +∞

0

βy
1 − βy

τ(dy), β ∈ C \R+.

For τ ∈ P+, consider the η-transform [13]:

ητ : C\R+ → C\R+

β 7→ ητ(β) =
Ψτ(β)

1 + Ψτ(β)
.

The transform
Bτ(β) =

β

ητ(β)
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is defined for β ∈ C\R+. The multiplicative Boolean convolution ϱ
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For ϱ, τ ∈ P+ verifies the following:

(i) arg(ηϱ(β)) + arg(ητ(β))− arg(β) < π β ∈ (−∞, 0) ∪C+;
(ii) One of the measures ϱ or τ (at least) has a finite first moment.
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κ ∈ P+

is defined for κ ∈ [0, 1].
On the other hand, within the framework of noncommutative probability, the the-

ory of CSK families has recently been defined. These families of probability measures
are defined in a manner similar to natural exponential families (NEFs), but with the
Cauchy–Stieltjes kernel 1

1−ϑs replacing the exponential kernel exp(ϑs). The CSK families
(called also free exponential families) were examined in [14] for compactly supported
measures. In [15–18], the authors extended the study of CSK families to include measures
with support bounded on one side (for example, from above). Pba (respectively, Pc) refers
to a subset of non-degenerate probability measures having support bounded from above
(respectively, having compact support).

Let ρ ∈ Pba. Then,

Mρ(ϑ) =
∫

ρ(dl)
1 − ϑl

is defined for 0 < ϑ < ϑ
ρ
+ were 1

ϑ
ρ
+
= max{0, sup supp(ρ)}. The family

K+(ρ) =

{
Pρ

ϑ (dl) =
ρ(dl)

Mρ(ϑ)(1 − ϑl)
: 0 < ϑ < ϑ

ρ
+

}
is said to be the CSK family generated by ρ.

The application ϑ 7→ kρ(ϑ) =
∫

lPρ
ϑ (dl) is bijective from (0, ϑ

ρ
+) to kµ((0, ϑ

ρ
+)) =

(mρ
0, mρ

+), which is the mean domain of K+(ρ); see
(pp. 579–580, [15]). We then obtain the re-parametrization with the mean of K+(ρ): The
inverse of kρ(·) is represented by ψρ(·). For mρ

0 < m < mρ
+, denote Qρ

m(dl) = Pρ

ψρ(m)
(dl).

Then,
K+(ρ) = {Qρ

m(dl) : mρ
0 < m < mρ

+}.

It is proved in Proposition 3.4 [15] that mρ
0 = lim

ϑ→0+
kρ(ϑ) and mρ

+ = Bρ − lim
z→B+

ρ

1
Gρ(z)

,

where Bρ = 1
ϑ

ρ
+

.

The CSK family is represented by K−(ρ) if the support of ρ is bounded from below.
The family K−(ρ) is defined analogously to K+(ρ) except with negative values of ϑ, that
is, ϑ ∈ (ϑ

ρ
−, 0), where ϑ

ρ
− can either be 1/Aρ or −∞, with Aρ = min{0, inf supp(ρ)}. The

mean domain for K−(ρ) is given by (mρ
−, mρ

0), where mρ
− = Aρ − 1/Gρ(Aρ). If ρ ∈ P+.

Then, Aρ = 0, and so

mρ
− = 0 − 1/Gρ(0) =

(∫
[0,+∞)

1
l

ρ(dl)
)−1

,

so that 0 < mρ
− ≤ mρ

0. If ρ ∈ Pc, then ϑ
ρ
− < ϑ < ϑ

ρ
+, and K(ρ) = K−(ρ) ∪ {ρ} ∪ K+(ρ) is

the two-sided CSK family.
Let ρ ∈ Pba with a finite first moment mρ

0 =
∫

lρ(dl). The variance function (VF)
parameterizes the variance in terms of the mean. It is defined by (see ([14], Equation (2.5)))
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m 7→ Vρ(m) =
∫
(l − m)2Qρ

m(dl).

If the first moment of ρ does not exists, then in K+(ρ), all measures have infinite
variance. In Definition 3.1, [15], the pseudo-variance function (PVF) Vρ(·) is presented as a
substitute. The results proved in this paper are based on expanding the S-transform (or
the B-transform) as we will see in the next section. For this reason, we consider measure ρ

with a finite first moment, which ensures the existence of the VF. So, there is no need to
introduce the concept of the PVF in this paper.

Now, let us introduce the objective of this article in more detail: Consider
K−(µ) = {Qµ

m(ds) : m ∈ (mµ
−, mµ

0 )} as the CSK family induced by a (non-degenerate)
µ ∈ P+ with a finite first moment mµ

0 . For γ > 1, introduce a novel set of probabilities:

(K−(µ))
⊠γ =

{(
Qµ

m

)⊠γ
(ds) : m ∈ (mµ

−, mµ
0 )

}
. (1)

In Theorem 1, we prove that if (K−(µ))
⊠γ is a re-parametrization of K−(µ), then µ

is characterized by its corresponding VF Vµ(m) = cm2 ln(m), with c > 0. We also prove
that if (K−(µ))

⊠γ is a re-parametrization of K−(D1/γ(µ
⊞γ)) (where ⊞ is the additive

free convolution and Da(µ) represents the dilation of a measure µ by a number a ̸= 0),
then the measure µ is characterized by its corresponding VF Vµ(m) = c1(m ln(m))2, with
c1 > 0. Similar results are obtained in Theorem 2 if we replace in (1) the free multiplicative
convolution ⊠ with the Boolean multiplicative convolution
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. This will yield a new property
for the Marchenko–Pastur law as we will see in Theorem 2(ii).

The following remark concludes this part by presenting some helpful information that
supports the major findings of this article.

Remark 1. Let µ ∈ Pba with finite first moment mµ
0 .

(i) The CSK families are different from NEFs in the fact that we can recover the generating measure
µ without knowing the mean domain. According to Theorem 3.1 [14], the generating measure

µ is characterized by Vµ(·) and mµ
0 : Denote ∆ = ∆(m) = m +

Vµ(m)

m−mµ
0

, then

Gµ(∆) =
m − mµ

0
Vµ(m)

. (2)

(ii) Consider f : s 7→ ιs + υ, where ι ̸= 0 and υ ∈ R. For m close sufficiently to m f (µ)
0 =

f (mµ
0 ) = ιmµ

0 + υ,
V f (µ)(m) = ι2Vµ

(
m − υ

ι

)
. (3)

See Section 3.3 [15] for more details.
(iii) The Marchenko–Pastur law is provided by

MPa(ds) =
√
((a + 1)2 − s)(s − (a − 1)2)

2πa2s
1((a−1)2,(a+1)2)(s)ds + (1 − 1/a2)+δ0 (4)

for a ̸= 0, with mMPa
0 = 1. We have VMPa(m) = a2m.

2. Main Results
We present some properties related to free and Boolean multiplicative convolutions.

The following finding is related to free multiplicative convolution.
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Theorem 1. Let ρ ∈ P+ with a finite first moment mρ
0. For γ > 1, consider the family of

probability measures (K−(ρ))
⊠γ defined by (1).

(i) Assume that ∀ r ∈ (mρ
−, mρ

0), there is p = p(r, γ) ∈ (mρ
−, mρ

0) so that Qρ
r =

(
Qρ

p

)⊠γ
.

Then, p = r1/γ, and ρ is characterized by its corresponding VF given by

Vρ(r) = cr2 ln(r), ∀ r ∈ (mρ
−, mρ

0), c > 0.

(ii) Assume that ∀ r ∈
(

m
D1/γ(ρ

⊞γ)
− , m

D1/γ(ρ
⊞γ)

0

)
, there is a p = p(r, γ) ∈ (mρ

−, mρ
0) so that

Q
D1/γ(ρ

⊞γ)
r =

(
Qρ

p

)⊠γ
. Then, p = r1/γ, and ρ is characterized by its corresponding VF

given by

Vρ(r) = c1(r ln(r))2, ∀ r ∈
(

m
D1/γ(ρ

⊞γ)
− , m

D1/γ(ρ
⊞γ)

0

)
, c1 > 0.

Proof. (i) Assume that ∀ r ∈ (mρ
−, mρ

0), there is a p = p(r, γ) ∈ (mρ
−, mρ

0) so that

Qρ
r =

(
Qρ

p

)⊠γ
. This implies that

SQρ
r
(ζ) =

(
SQρ

p
(ζ)
)γ

, ∀ ζ close to 0. (5)

We know from Theorem 3.3 [19] that the S-transform of Qρ
r may be given as

SQρ
r
(ζ) =

1

mQρ
r

0

− Var(Qρ
r )

(mQρ
r

0 )3
ζ + ζε(ζ) =

1
r
−

Vρ(r)
r3 ζ + ζε(ζ), where ε(ζ)

ζ→0−−→ 0. (6)

Also we have(
SQρ

p
(ζ)
)γ

=

(
1
p
−

Vρ(p)
p3 ζ + ζε(ζ)

)γ

=
1
pγ

(
1 −

γVρ(p)
p2 ζ + ζε1(ζ)

)
, where ε1(ζ)

ζ→0−−→ 0. (7)

Combining (5)–(7), we obtain

1
r
−

Vρ(r)
r3 ζ + ζε(ζ) =

1
pγ

(
1 −

γVρ(p)
p2 ζ + ζε1(ζ)

)
. (8)

This implies that p = r1/γ, and then,

Vρ(r)
r2 =

γVρ(r1/γ)

r2/γ
, ∀ r ∈ (mρ

−, mρ
0) and ∀ γ > 1. (9)

The solution of functional Equation (9) is Vρ(r)
r2 = c ln(r), for some c > 0. This

concludes the proof of Theorem 1(i).

(ii) Assume that ∀ r ∈
(

m
D1/γ(ρ

⊞γ)
− , m

D1/γ(ρ
⊞γ)

0

)
, there is a p = p(r, γ) ∈ (mρ

−, mρ
0) so

that Q
D1/γ(ρ

⊞γ)
r =

(
Qρ

p

)⊠γ
. This implies that(

SQρ
p
(ζ)
)γ

= S
Q

D1/γ(ρ⊞γ)
r

(ζ), ∀ ζ close to 0. (10)

Based on (6), the S-transform of Q
D1/γ(ρ

⊞γ)
r may be given as
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S
Q

D1/γ(ρ⊞γ)
r

(ζ) =
1

mQ
D1/γ(ρ⊞γ)
r

0

−
Var
(

Q
D1/γ(ρ

⊞γ)
r

)
(

mQ
D1/γ(ρ⊞γ)
r

0

)3 ζ + ζε(ζ)

=
1
r
−

VD1/γ(ρ⊞γ)(r)

r3 ζ + ζε(ζ), where ε(ζ)
ζ→0−−→ 0. (11)

Based on (3) and knowing from [15] that Vρ⊞γ(r) = γVρ(r/γ), from (11), we have

S
Q

D1/γ(ρ⊞γ)
r

(ζ) =
1
r
−

Vρ(r)/γ

r3 ζ + ζε(ζ), where ε(ζ)
ζ→0−−→ 0. (12)

Combining (7), (10), and (12), we obtain

1
pγ

(
1 −

γVρ(p)
p2 ζ + ζε1(ζ)

)
=

1
r
−

Vρ(r)/γ

r3 ζ + ζε(ζ). (13)

This gives that p = r1/γ, and so,

Vρ(r)
r2 =

γ2Vρ(r1/γ)

r2/γ
, ∀ r ∈

(
m

D1/γ(ρ
⊞γ)

− , m
D1/γ(ρ

⊞γ)

0

)
and ∀ γ > 1. (14)

The solution of functional Equation (14) is Vρ(r)
r2 = c1(ln(r))2, for some c1 > 0. This

concludes the proof of Theorem 1(ii).

Remark 2. Note that, up to affine transformations, we may suppose that (mρ
−, mρ

0) ⊂ (1,+∞) in

Theorem 1(i) and
(

m
D1/γ(ρ

⊞γ)
− , m

D1/γ(ρ
⊞γ)

0

)
⊂ (1,+∞) in Theorem 1(ii).

The following finding is related to Boolean multiplicative convolution.

Theorem 2. Let ρ ∈ P+ with a finite first moment mρ
0. For κ ∈ (0, 1), consider the family of

probability measures

(K−(ρ))
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first colonized the entire Mediterranean Sea [3]. The species is non-native to the Black Sea 
[4], with its first recorded occurrence in the region mentioned by [5] in the marine fish 
checklist for Turkey. Various studies [1,6–10] have reported the presence of the European 
hake along the southern, eastern, and Crimean coasts of the Black Sea. Based on its occur-
rence at different times and across a wide depth range, ref. [9] concluded that the species 
has adapted to the eastern Black Sea coast of Turkey, suggesting a potential increase in its 
biomass. The presence of the European hake in the western Black Sea was noted by [11]. 
The European hake (Merluccius merluccius) has been described as a benthopelagic 
predator caught in nearly all Mediterranean basins and is of high economic value [12], 
that can also feed on the water columns during migration. They may interact with nearly 
the entire food web in marine ecosystems [13]. Successful invaders are often characterized 
by their ability to utilize resources efficiency compared to native species [14], resulting in 
prey resource populations vulnerable to severe declines and possible extinctions [15]. Co-
existence of an invasive species with other species might be explained by availability of 
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(ds) : m ∈ (mρ

−, mρ
0)

}
.

(i) Assume that ∀ m ∈ (mρ
−, mρ

0), we have
(

Qρ
m

)

 
 

 

 
Diversity 2025, 17, x https://doi.org/10.3390/xxxxx 

Brief Report 

First Record of the European Hake Merluccius merluccius  
(Linnaeus, 1758) in Bulgarian Black Sea Waters 
Violin Raykov, Petya Ivanova, Maria Yankova *, Nina Dzhembekova, Dimitar Dimitrov and Bogdan Prodanov 

Institute of Oceanology, Bulgarian Academy of Sciences (IO-BAS), First May Street 40, P.O. Box 152,  
9000 Varna, Bulgaria; vraykov@io-bas.bg (V.R.); pavl_petya@yahoo.com (P.I.); sonata_bg@yahoo.com (N.D.); 
dimpetdim@io-bas.bg (D.D.); bogdanprodanov@gmail.com (B.P.) 
* Correspondence: maria_y@abv.bg 

Abstract: One specimen of the non-native European hake, Merluccius merluccius (Lin-
naeus, 1758), was caught in July 2023 in the offshore waters of the Bulgarian Black Sea. 
The species was identified based on morphological characteristics (15 morphometric and 
5 meristic) and DNA barcoding. The male specimen had a total length of 375 mm and a 
weight of 417.5 g. Its age was determined as 4 years. A fragment of the cytochrome b gene 
from mitochondrial DNA was sequenced to support species identification. Phylogenetic 
analysis revealed 100% genetic identity between the Bulgarian specimen and a Merluccius 
merluccius sequence available in GenBank. This is the first documented report of this bo-
real-subtropic, benthopelagic fish species along the Bulgarian Black Sea coast. The record 
of the European hake confirms its presence along the western Black Sea coast ⨃. 

Keywords: western Black Sea; non-native species; morphometric measurements; meristic 
characters; mtDNA; DNA barcoding 
 

1. Introduction 
The European hake (Merluccius merluccius) is one of the most exploited demersal fish 

species in the Western and Eastern Mediterranean Sea [1,2]. Its distribution extends along 
the Atlantic coast of Europe and western North Africa, ranging from Norway and Iceland 
in the north to Mauritania in the south [1]). Longitudinally, the European hake can be 
found as far west as Iceland (around 27° W) and as far east as the Black Sea (40° E), having 
first colonized the entire Mediterranean Sea [3]. The species is non-native to the Black Sea 
[4], with its first recorded occurrence in the region mentioned by [5] in the marine fish 
checklist for Turkey. Various studies [1,6–10] have reported the presence of the European 
hake along the southern, eastern, and Crimean coasts of the Black Sea. Based on its occur-
rence at different times and across a wide depth range, ref. [9] concluded that the species 
has adapted to the eastern Black Sea coast of Turkey, suggesting a potential increase in its 
biomass. The presence of the European hake in the western Black Sea was noted by [11]. 
The European hake (Merluccius merluccius) has been described as a benthopelagic 
predator caught in nearly all Mediterranean basins and is of high economic value [12], 
that can also feed on the water columns during migration. They may interact with nearly 
the entire food web in marine ecosystems [13]. Successful invaders are often characterized 
by their ability to utilize resources efficiency compared to native species [14], resulting in 
prey resource populations vulnerable to severe declines and possible extinctions [15]. Co-
existence of an invasive species with other species might be explained by availability of 

Academic Editor(s): Name 

Received: 12 March 2025 

Revised: 24 March 2025 

Accepted: 25 March 2025 

Published: date 

Citation: Raykov, V.; Ivanova, P.; 

Yankova, M.; Dzhembekova, N.;  

Dimitrov, D.; Prodanov, B. First  

Record of the European Hake  

Merluccius merluccius (Linnaeus, 

1758) in Bulgarian Black Sea Waters. 

Diversity 2025, 17, x. 

https://doi.org/10.3390/xxxxx 

Copyright: © 2025 by the authors. 

Submitted for possible open access 

publication under the terms and 

conditions of the Creative Commons 

Attribution (CC BY) license 

(https://creativecommons.org/license

s/by/4.0/). 

Commented [M1]: The names highlighted are 
different from the one submitted online at 
susy.mdpi.com. Please confirm which one is 
correct. 

Commented [M2]: Please carefully check the 
accuracy of names and affiliations.  

Commented [M3]: Newly added symbol for the 
Correspondence author. Please confirm. 

κ
= Qρ

r for some r = r(m, κ) ∈ (mρ
−, mρ

0).
Then, r = mκ , and ρ is characterized by its corresponding VF given by

Vρ(m) = dm ln(m), ∀ m ∈ (mρ
−, mρ

0), d > 0.

(ii) Assume that ∀ m ∈ (mρ
−, mρ

0), we have
(

Qρ
m

)

 
 

 

 
Diversity 2025, 17, x https://doi.org/10.3390/xxxxx 

Brief Report 

First Record of the European Hake Merluccius merluccius  
(Linnaeus, 1758) in Bulgarian Black Sea Waters 
Violin Raykov, Petya Ivanova, Maria Yankova *, Nina Dzhembekova, Dimitar Dimitrov and Bogdan Prodanov 

Institute of Oceanology, Bulgarian Academy of Sciences (IO-BAS), First May Street 40, P.O. Box 152,  
9000 Varna, Bulgaria; vraykov@io-bas.bg (V.R.); pavl_petya@yahoo.com (P.I.); sonata_bg@yahoo.com (N.D.); 
dimpetdim@io-bas.bg (D.D.); bogdanprodanov@gmail.com (B.P.) 
* Correspondence: maria_y@abv.bg 

Abstract: One specimen of the non-native European hake, Merluccius merluccius (Lin-
naeus, 1758), was caught in July 2023 in the offshore waters of the Bulgarian Black Sea. 
The species was identified based on morphological characteristics (15 morphometric and 
5 meristic) and DNA barcoding. The male specimen had a total length of 375 mm and a 
weight of 417.5 g. Its age was determined as 4 years. A fragment of the cytochrome b gene 
from mitochondrial DNA was sequenced to support species identification. Phylogenetic 
analysis revealed 100% genetic identity between the Bulgarian specimen and a Merluccius 
merluccius sequence available in GenBank. This is the first documented report of this bo-
real-subtropic, benthopelagic fish species along the Bulgarian Black Sea coast. The record 
of the European hake confirms its presence along the western Black Sea coast ⨃. 

Keywords: western Black Sea; non-native species; morphometric measurements; meristic 
characters; mtDNA; DNA barcoding 
 

1. Introduction 
The European hake (Merluccius merluccius) is one of the most exploited demersal fish 

species in the Western and Eastern Mediterranean Sea [1,2]. Its distribution extends along 
the Atlantic coast of Europe and western North Africa, ranging from Norway and Iceland 
in the north to Mauritania in the south [1]). Longitudinally, the European hake can be 
found as far west as Iceland (around 27° W) and as far east as the Black Sea (40° E), having 
first colonized the entire Mediterranean Sea [3]. The species is non-native to the Black Sea 
[4], with its first recorded occurrence in the region mentioned by [5] in the marine fish 
checklist for Turkey. Various studies [1,6–10] have reported the presence of the European 
hake along the southern, eastern, and Crimean coasts of the Black Sea. Based on its occur-
rence at different times and across a wide depth range, ref. [9] concluded that the species 
has adapted to the eastern Black Sea coast of Turkey, suggesting a potential increase in its 
biomass. The presence of the European hake in the western Black Sea was noted by [11]. 
The European hake (Merluccius merluccius) has been described as a benthopelagic 
predator caught in nearly all Mediterranean basins and is of high economic value [12], 
that can also feed on the water columns during migration. They may interact with nearly 
the entire food web in marine ecosystems [13]. Successful invaders are often characterized 
by their ability to utilize resources efficiency compared to native species [14], resulting in 
prey resource populations vulnerable to severe declines and possible extinctions [15]. Co-
existence of an invasive species with other species might be explained by availability of 

Academic Editor(s): Name 

Received: 12 March 2025 

Revised: 24 March 2025 

Accepted: 25 March 2025 

Published: date 

Citation: Raykov, V.; Ivanova, P.; 

Yankova, M.; Dzhembekova, N.;  

Dimitrov, D.; Prodanov, B. First  

Record of the European Hake  

Merluccius merluccius (Linnaeus, 

1758) in Bulgarian Black Sea Waters. 

Diversity 2025, 17, x. 

https://doi.org/10.3390/xxxxx 

Copyright: © 2025 by the authors. 

Submitted for possible open access 

publication under the terms and 

conditions of the Creative Commons 

Attribution (CC BY) license 

(https://creativecommons.org/license

s/by/4.0/). 

Commented [M1]: The names highlighted are 
different from the one submitted online at 
susy.mdpi.com. Please confirm which one is 
correct. 

Commented [M2]: Please carefully check the 
accuracy of names and affiliations.  

Commented [M3]: Newly added symbol for the 
Correspondence author. Please confirm. 

κ
= QDκ(ρ⊞1/κ)

r for some r = r(m, κ) ∈(
mDκ(ρ⊞1/κ)

− , mDκ(ρ⊞1/κ)
0

)
. Then, r = mκ , and ρ is a Marchenko–Pastur law scaled up.

Proof. (i) Assume that ∀ m ∈ (mρ
−, mρ

0), we have
(

Qρ
m

)

 
 

 

 
Diversity 2025, 17, x https://doi.org/10.3390/xxxxx 

Brief Report 

First Record of the European Hake Merluccius merluccius  
(Linnaeus, 1758) in Bulgarian Black Sea Waters 
Violin Raykov, Petya Ivanova, Maria Yankova *, Nina Dzhembekova, Dimitar Dimitrov and Bogdan Prodanov 

Institute of Oceanology, Bulgarian Academy of Sciences (IO-BAS), First May Street 40, P.O. Box 152,  
9000 Varna, Bulgaria; vraykov@io-bas.bg (V.R.); pavl_petya@yahoo.com (P.I.); sonata_bg@yahoo.com (N.D.); 
dimpetdim@io-bas.bg (D.D.); bogdanprodanov@gmail.com (B.P.) 
* Correspondence: maria_y@abv.bg 

Abstract: One specimen of the non-native European hake, Merluccius merluccius (Lin-
naeus, 1758), was caught in July 2023 in the offshore waters of the Bulgarian Black Sea. 
The species was identified based on morphological characteristics (15 morphometric and 
5 meristic) and DNA barcoding. The male specimen had a total length of 375 mm and a 
weight of 417.5 g. Its age was determined as 4 years. A fragment of the cytochrome b gene 
from mitochondrial DNA was sequenced to support species identification. Phylogenetic 
analysis revealed 100% genetic identity between the Bulgarian specimen and a Merluccius 
merluccius sequence available in GenBank. This is the first documented report of this bo-
real-subtropic, benthopelagic fish species along the Bulgarian Black Sea coast. The record 
of the European hake confirms its presence along the western Black Sea coast ⨃. 

Keywords: western Black Sea; non-native species; morphometric measurements; meristic 
characters; mtDNA; DNA barcoding 
 

1. Introduction 
The European hake (Merluccius merluccius) is one of the most exploited demersal fish 

species in the Western and Eastern Mediterranean Sea [1,2]. Its distribution extends along 
the Atlantic coast of Europe and western North Africa, ranging from Norway and Iceland 
in the north to Mauritania in the south [1]). Longitudinally, the European hake can be 
found as far west as Iceland (around 27° W) and as far east as the Black Sea (40° E), having 
first colonized the entire Mediterranean Sea [3]. The species is non-native to the Black Sea 
[4], with its first recorded occurrence in the region mentioned by [5] in the marine fish 
checklist for Turkey. Various studies [1,6–10] have reported the presence of the European 
hake along the southern, eastern, and Crimean coasts of the Black Sea. Based on its occur-
rence at different times and across a wide depth range, ref. [9] concluded that the species 
has adapted to the eastern Black Sea coast of Turkey, suggesting a potential increase in its 
biomass. The presence of the European hake in the western Black Sea was noted by [11]. 
The European hake (Merluccius merluccius) has been described as a benthopelagic 
predator caught in nearly all Mediterranean basins and is of high economic value [12], 
that can also feed on the water columns during migration. They may interact with nearly 
the entire food web in marine ecosystems [13]. Successful invaders are often characterized 
by their ability to utilize resources efficiency compared to native species [14], resulting in 
prey resource populations vulnerable to severe declines and possible extinctions [15]. Co-
existence of an invasive species with other species might be explained by availability of 

Academic Editor(s): Name 

Received: 12 March 2025 

Revised: 24 March 2025 

Accepted: 25 March 2025 

Published: date 

Citation: Raykov, V.; Ivanova, P.; 

Yankova, M.; Dzhembekova, N.;  

Dimitrov, D.; Prodanov, B. First  

Record of the European Hake  

Merluccius merluccius (Linnaeus, 

1758) in Bulgarian Black Sea Waters. 

Diversity 2025, 17, x. 

https://doi.org/10.3390/xxxxx 

Copyright: © 2025 by the authors. 

Submitted for possible open access 

publication under the terms and 

conditions of the Creative Commons 

Attribution (CC BY) license 

(https://creativecommons.org/license

s/by/4.0/). 

Commented [M1]: The names highlighted are 
different from the one submitted online at 
susy.mdpi.com. Please confirm which one is 
correct. 

Commented [M2]: Please carefully check the 
accuracy of names and affiliations.  

Commented [M3]: Newly added symbol for the 
Correspondence author. Please confirm. 

κ
= Qρ

r for some r = r(m, κ) ∈
(mρ

−, mρ
0). This implies that(

BQρ
m
(ζ)
)κ

= BQρ
r
(ζ), ∀ ζ close to 0. (15)

We know from Equation (24) [20] that

1
BQρ

r
(ζ)

= r + Vρ(r)ζ + ζϵ(ζ), where ϵ(ζ)
ζ→0−−→ 0. (16)



Mathematics 2025, 13, 1044 7 of 9

Based on (16), we obtain(
1

BQρ
m
(ζ)

)κ

=
(
m + Vρ(m)ζ + ζϵ(ζ)

)κ
= mκ

(
1 + κ

Vρ(m)

m
ζ + ζϵ1(ζ)

)
, with ϵ1(ζ)

ζ→0−−→ 0. (17)

Combining (15)–(17), we obtain

r + Vρ(r)ζ + ζϵ(ζ) = mκ

(
1 + κ

Vρ(m)

m
ζ + ζϵ1(ζ)

)
.

This gives that r = mκ , and so,

Vρ(mκ)

mκ
=

κVρ(m)

m
, ∀ m ∈ (mρ

−, mρ
0) and ∀ κ ∈ (0, 1). (18)

The solution of functional Equation (18) is Vρ(m)
m = d ln(m), for some d > 0. This

concludes the proof of Theorem 2(i).

(ii) Assume that ∀ m ∈ (mρ
−, mρ

0), we have
(

Qρ
m

)

 
 

 

 
Diversity 2025, 17, x https://doi.org/10.3390/xxxxx 

Brief Report 

First Record of the European Hake Merluccius merluccius  
(Linnaeus, 1758) in Bulgarian Black Sea Waters 
Violin Raykov, Petya Ivanova, Maria Yankova *, Nina Dzhembekova, Dimitar Dimitrov and Bogdan Prodanov 

Institute of Oceanology, Bulgarian Academy of Sciences (IO-BAS), First May Street 40, P.O. Box 152,  
9000 Varna, Bulgaria; vraykov@io-bas.bg (V.R.); pavl_petya@yahoo.com (P.I.); sonata_bg@yahoo.com (N.D.); 
dimpetdim@io-bas.bg (D.D.); bogdanprodanov@gmail.com (B.P.) 
* Correspondence: maria_y@abv.bg 

Abstract: One specimen of the non-native European hake, Merluccius merluccius (Lin-
naeus, 1758), was caught in July 2023 in the offshore waters of the Bulgarian Black Sea. 
The species was identified based on morphological characteristics (15 morphometric and 
5 meristic) and DNA barcoding. The male specimen had a total length of 375 mm and a 
weight of 417.5 g. Its age was determined as 4 years. A fragment of the cytochrome b gene 
from mitochondrial DNA was sequenced to support species identification. Phylogenetic 
analysis revealed 100% genetic identity between the Bulgarian specimen and a Merluccius 
merluccius sequence available in GenBank. This is the first documented report of this bo-
real-subtropic, benthopelagic fish species along the Bulgarian Black Sea coast. The record 
of the European hake confirms its presence along the western Black Sea coast ⨃. 

Keywords: western Black Sea; non-native species; morphometric measurements; meristic 
characters; mtDNA; DNA barcoding 
 

1. Introduction 
The European hake (Merluccius merluccius) is one of the most exploited demersal fish 

species in the Western and Eastern Mediterranean Sea [1,2]. Its distribution extends along 
the Atlantic coast of Europe and western North Africa, ranging from Norway and Iceland 
in the north to Mauritania in the south [1]). Longitudinally, the European hake can be 
found as far west as Iceland (around 27° W) and as far east as the Black Sea (40° E), having 
first colonized the entire Mediterranean Sea [3]. The species is non-native to the Black Sea 
[4], with its first recorded occurrence in the region mentioned by [5] in the marine fish 
checklist for Turkey. Various studies [1,6–10] have reported the presence of the European 
hake along the southern, eastern, and Crimean coasts of the Black Sea. Based on its occur-
rence at different times and across a wide depth range, ref. [9] concluded that the species 
has adapted to the eastern Black Sea coast of Turkey, suggesting a potential increase in its 
biomass. The presence of the European hake in the western Black Sea was noted by [11]. 
The European hake (Merluccius merluccius) has been described as a benthopelagic 
predator caught in nearly all Mediterranean basins and is of high economic value [12], 
that can also feed on the water columns during migration. They may interact with nearly 
the entire food web in marine ecosystems [13]. Successful invaders are often characterized 
by their ability to utilize resources efficiency compared to native species [14], resulting in 
prey resource populations vulnerable to severe declines and possible extinctions [15]. Co-
existence of an invasive species with other species might be explained by availability of 

Academic Editor(s): Name 

Received: 12 March 2025 

Revised: 24 March 2025 

Accepted: 25 March 2025 

Published: date 

Citation: Raykov, V.; Ivanova, P.; 

Yankova, M.; Dzhembekova, N.;  

Dimitrov, D.; Prodanov, B. First  

Record of the European Hake  

Merluccius merluccius (Linnaeus, 

1758) in Bulgarian Black Sea Waters. 

Diversity 2025, 17, x. 

https://doi.org/10.3390/xxxxx 

Copyright: © 2025 by the authors. 

Submitted for possible open access 

publication under the terms and 

conditions of the Creative Commons 

Attribution (CC BY) license 

(https://creativecommons.org/license

s/by/4.0/). 

Commented [M1]: The names highlighted are 
different from the one submitted online at 
susy.mdpi.com. Please confirm which one is 
correct. 

Commented [M2]: Please carefully check the 
accuracy of names and affiliations.  

Commented [M3]: Newly added symbol for the 
Correspondence author. Please confirm. 

κ
= QDκ(ρ⊞1/κ)

r for some

r = r(m, κ) ∈
(

mDκ(ρ⊞1/κ)
− , mDκ(ρ⊞1/κ)

0

)
. This implies that(

BQρ
m
(ζ)
)κ

= B
QDκ (ρ⊞1/κ )

r
(ζ), ∀ ζ close to 0. (19)

Combining (3) and (16) and knowing from [15] that Vρ⊞1/κ (r) = Vρ(κr)/κ, we obtain

1
B

QDκ (ρ⊞1/κ )
r

(ζ)
= r + VDκ(ρ⊞1/κ)(r)ζ + ζϵ(ζ) = r + κVρ(r)ζ + ζϵ(ζ) where ϵ(ζ)

ζ→0−−→ 0.

(20)
Combining (17), (19), and (20), we obtain

r + κVρ(r)ζ + ζϵ(ζ) = mκ

(
1 + κ

Vρ(m)

m
ζ + ζϵ1(ζ)

)
.

This gives that r = mκ , and so,

Vρ(mκ)

mκ
=

Vρ(m)

m
, ∀ m ∈ (mρ

−, mρ
0), and ∀ κ ∈ (0, 1). (21)

The solution of functional Equation (21) is Vρ(m)
m = d1, for some d1 > 0. Thus, the measure

ρ is a Marchenko–Pastur distribution scaled up. This concludes the proof of Theorem 2(ii).

Remark 3. Note that, up to affine transformations, we may suppose in Theorem 2(i) that
(mρ

−, mρ
0) ⊂ (1,+∞).

3. Conclusions
This paper studies the relationship of CSK families with multiplicative (free and Boolean)

convolutions. Let ρ ∈ P+ with a finite first moment mρ
0. For κ ∈ (0, 1), we considered a new

family of probability measures

(K−(ρ))

 
 

 

 
Diversity 2025, 17, x https://doi.org/10.3390/xxxxx 

Brief Report 

First Record of the European Hake Merluccius merluccius  
(Linnaeus, 1758) in Bulgarian Black Sea Waters 
Violin Raykov, Petya Ivanova, Maria Yankova *, Nina Dzhembekova, Dimitar Dimitrov and Bogdan Prodanov 

Institute of Oceanology, Bulgarian Academy of Sciences (IO-BAS), First May Street 40, P.O. Box 152,  
9000 Varna, Bulgaria; vraykov@io-bas.bg (V.R.); pavl_petya@yahoo.com (P.I.); sonata_bg@yahoo.com (N.D.); 
dimpetdim@io-bas.bg (D.D.); bogdanprodanov@gmail.com (B.P.) 
* Correspondence: maria_y@abv.bg 

Abstract: One specimen of the non-native European hake, Merluccius merluccius (Lin-
naeus, 1758), was caught in July 2023 in the offshore waters of the Bulgarian Black Sea. 
The species was identified based on morphological characteristics (15 morphometric and 
5 meristic) and DNA barcoding. The male specimen had a total length of 375 mm and a 
weight of 417.5 g. Its age was determined as 4 years. A fragment of the cytochrome b gene 
from mitochondrial DNA was sequenced to support species identification. Phylogenetic 
analysis revealed 100% genetic identity between the Bulgarian specimen and a Merluccius 
merluccius sequence available in GenBank. This is the first documented report of this bo-
real-subtropic, benthopelagic fish species along the Bulgarian Black Sea coast. The record 
of the European hake confirms its presence along the western Black Sea coast ⨃. 

Keywords: western Black Sea; non-native species; morphometric measurements; meristic 
characters; mtDNA; DNA barcoding 
 

1. Introduction 
The European hake (Merluccius merluccius) is one of the most exploited demersal fish 

species in the Western and Eastern Mediterranean Sea [1,2]. Its distribution extends along 
the Atlantic coast of Europe and western North Africa, ranging from Norway and Iceland 
in the north to Mauritania in the south [1]). Longitudinally, the European hake can be 
found as far west as Iceland (around 27° W) and as far east as the Black Sea (40° E), having 
first colonized the entire Mediterranean Sea [3]. The species is non-native to the Black Sea 
[4], with its first recorded occurrence in the region mentioned by [5] in the marine fish 
checklist for Turkey. Various studies [1,6–10] have reported the presence of the European 
hake along the southern, eastern, and Crimean coasts of the Black Sea. Based on its occur-
rence at different times and across a wide depth range, ref. [9] concluded that the species 
has adapted to the eastern Black Sea coast of Turkey, suggesting a potential increase in its 
biomass. The presence of the European hake in the western Black Sea was noted by [11]. 
The European hake (Merluccius merluccius) has been described as a benthopelagic 
predator caught in nearly all Mediterranean basins and is of high economic value [12], 
that can also feed on the water columns during migration. They may interact with nearly 
the entire food web in marine ecosystems [13]. Successful invaders are often characterized 
by their ability to utilize resources efficiency compared to native species [14], resulting in 
prey resource populations vulnerable to severe declines and possible extinctions [15]. Co-
existence of an invasive species with other species might be explained by availability of 

Academic Editor(s): Name 

Received: 12 March 2025 

Revised: 24 March 2025 

Accepted: 25 March 2025 

Published: date 

Citation: Raykov, V.; Ivanova, P.; 

Yankova, M.; Dzhembekova, N.;  

Dimitrov, D.; Prodanov, B. First  

Record of the European Hake  

Merluccius merluccius (Linnaeus, 

1758) in Bulgarian Black Sea Waters. 

Diversity 2025, 17, x. 

https://doi.org/10.3390/xxxxx 

Copyright: © 2025 by the authors. 

Submitted for possible open access 

publication under the terms and 

conditions of the Creative Commons 

Attribution (CC BY) license 

(https://creativecommons.org/license

s/by/4.0/). 

Commented [M1]: The names highlighted are 
different from the one submitted online at 
susy.mdpi.com. Please confirm which one is 
correct. 

Commented [M2]: Please carefully check the 
accuracy of names and affiliations.  

Commented [M3]: Newly added symbol for the 
Correspondence author. Please confirm. 

κ =

{(
Qρ

m

)

 
 

 

 
Diversity 2025, 17, x https://doi.org/10.3390/xxxxx 

Brief Report 

First Record of the European Hake Merluccius merluccius  
(Linnaeus, 1758) in Bulgarian Black Sea Waters 
Violin Raykov, Petya Ivanova, Maria Yankova *, Nina Dzhembekova, Dimitar Dimitrov and Bogdan Prodanov 

Institute of Oceanology, Bulgarian Academy of Sciences (IO-BAS), First May Street 40, P.O. Box 152,  
9000 Varna, Bulgaria; vraykov@io-bas.bg (V.R.); pavl_petya@yahoo.com (P.I.); sonata_bg@yahoo.com (N.D.); 
dimpetdim@io-bas.bg (D.D.); bogdanprodanov@gmail.com (B.P.) 
* Correspondence: maria_y@abv.bg 

Abstract: One specimen of the non-native European hake, Merluccius merluccius (Lin-
naeus, 1758), was caught in July 2023 in the offshore waters of the Bulgarian Black Sea. 
The species was identified based on morphological characteristics (15 morphometric and 
5 meristic) and DNA barcoding. The male specimen had a total length of 375 mm and a 
weight of 417.5 g. Its age was determined as 4 years. A fragment of the cytochrome b gene 
from mitochondrial DNA was sequenced to support species identification. Phylogenetic 
analysis revealed 100% genetic identity between the Bulgarian specimen and a Merluccius 
merluccius sequence available in GenBank. This is the first documented report of this bo-
real-subtropic, benthopelagic fish species along the Bulgarian Black Sea coast. The record 
of the European hake confirms its presence along the western Black Sea coast ⨃. 

Keywords: western Black Sea; non-native species; morphometric measurements; meristic 
characters; mtDNA; DNA barcoding 
 

1. Introduction 
The European hake (Merluccius merluccius) is one of the most exploited demersal fish 

species in the Western and Eastern Mediterranean Sea [1,2]. Its distribution extends along 
the Atlantic coast of Europe and western North Africa, ranging from Norway and Iceland 
in the north to Mauritania in the south [1]). Longitudinally, the European hake can be 
found as far west as Iceland (around 27° W) and as far east as the Black Sea (40° E), having 
first colonized the entire Mediterranean Sea [3]. The species is non-native to the Black Sea 
[4], with its first recorded occurrence in the region mentioned by [5] in the marine fish 
checklist for Turkey. Various studies [1,6–10] have reported the presence of the European 
hake along the southern, eastern, and Crimean coasts of the Black Sea. Based on its occur-
rence at different times and across a wide depth range, ref. [9] concluded that the species 
has adapted to the eastern Black Sea coast of Turkey, suggesting a potential increase in its 
biomass. The presence of the European hake in the western Black Sea was noted by [11]. 
The European hake (Merluccius merluccius) has been described as a benthopelagic 
predator caught in nearly all Mediterranean basins and is of high economic value [12], 
that can also feed on the water columns during migration. They may interact with nearly 
the entire food web in marine ecosystems [13]. Successful invaders are often characterized 
by their ability to utilize resources efficiency compared to native species [14], resulting in 
prey resource populations vulnerable to severe declines and possible extinctions [15]. Co-
existence of an invasive species with other species might be explained by availability of 

Academic Editor(s): Name 

Received: 12 March 2025 

Revised: 24 March 2025 

Accepted: 25 March 2025 

Published: date 

Citation: Raykov, V.; Ivanova, P.; 

Yankova, M.; Dzhembekova, N.;  

Dimitrov, D.; Prodanov, B. First  

Record of the European Hake  

Merluccius merluccius (Linnaeus, 

1758) in Bulgarian Black Sea Waters. 

Diversity 2025, 17, x. 

https://doi.org/10.3390/xxxxx 

Copyright: © 2025 by the authors. 

Submitted for possible open access 

publication under the terms and 

conditions of the Creative Commons 

Attribution (CC BY) license 

(https://creativecommons.org/license

s/by/4.0/). 

Commented [M1]: The names highlighted are 
different from the one submitted online at 
susy.mdpi.com. Please confirm which one is 
correct. 

Commented [M2]: Please carefully check the 
accuracy of names and affiliations.  

Commented [M3]: Newly added symbol for the 
Correspondence author. Please confirm. 

κ
(ds) : m ∈ (mρ

−, mρ
0)

}
.

We proved that if (K−(ρ))

 
 

 

 
Diversity 2025, 17, x https://doi.org/10.3390/xxxxx 

Brief Report 

First Record of the European Hake Merluccius merluccius  
(Linnaeus, 1758) in Bulgarian Black Sea Waters 
Violin Raykov, Petya Ivanova, Maria Yankova *, Nina Dzhembekova, Dimitar Dimitrov and Bogdan Prodanov 

Institute of Oceanology, Bulgarian Academy of Sciences (IO-BAS), First May Street 40, P.O. Box 152,  
9000 Varna, Bulgaria; vraykov@io-bas.bg (V.R.); pavl_petya@yahoo.com (P.I.); sonata_bg@yahoo.com (N.D.); 
dimpetdim@io-bas.bg (D.D.); bogdanprodanov@gmail.com (B.P.) 
* Correspondence: maria_y@abv.bg 

Abstract: One specimen of the non-native European hake, Merluccius merluccius (Lin-
naeus, 1758), was caught in July 2023 in the offshore waters of the Bulgarian Black Sea. 
The species was identified based on morphological characteristics (15 morphometric and 
5 meristic) and DNA barcoding. The male specimen had a total length of 375 mm and a 
weight of 417.5 g. Its age was determined as 4 years. A fragment of the cytochrome b gene 
from mitochondrial DNA was sequenced to support species identification. Phylogenetic 
analysis revealed 100% genetic identity between the Bulgarian specimen and a Merluccius 
merluccius sequence available in GenBank. This is the first documented report of this bo-
real-subtropic, benthopelagic fish species along the Bulgarian Black Sea coast. The record 
of the European hake confirms its presence along the western Black Sea coast ⨃. 

Keywords: western Black Sea; non-native species; morphometric measurements; meristic 
characters; mtDNA; DNA barcoding 
 

1. Introduction 
The European hake (Merluccius merluccius) is one of the most exploited demersal fish 

species in the Western and Eastern Mediterranean Sea [1,2]. Its distribution extends along 
the Atlantic coast of Europe and western North Africa, ranging from Norway and Iceland 
in the north to Mauritania in the south [1]). Longitudinally, the European hake can be 
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first colonized the entire Mediterranean Sea [3]. The species is non-native to the Black Sea 
[4], with its first recorded occurrence in the region mentioned by [5] in the marine fish 
checklist for Turkey. Various studies [1,6–10] have reported the presence of the European 
hake along the southern, eastern, and Crimean coasts of the Black Sea. Based on its occur-
rence at different times and across a wide depth range, ref. [9] concluded that the species 
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biomass. The presence of the European hake in the western Black Sea was noted by [11]. 
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predator caught in nearly all Mediterranean basins and is of high economic value [12], 
that can also feed on the water columns during migration. They may interact with nearly 
the entire food web in marine ecosystems [13]. Successful invaders are often characterized 
by their ability to utilize resources efficiency compared to native species [14], resulting in 
prey resource populations vulnerable to severe declines and possible extinctions [15]. Co-
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measure scaled up. Similar results are obtained if we replace the Boolean multiplicative
convolution
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with the free multiplicative convolution⊠. The study of CSK families in relation
to free and Boolean multiplicative convolutions provides a powerful analytic framework for
understanding fundamental objects in noncommutative probability. It helps unify different
independence structures, aids in explicit calculations, and connects probability theory with
deep areas of complex analysis and functional analysis. The study of invariance properties of
CSK families under free and Boolean multiplicative convolutions provides a deep structural
understanding of noncommutative probability and free harmonic analysis. It helps classify
fundamental distributions, connects probability with functional analysis, and reveals rich
algebraic and analytic structures underlying multiplicative convolutions.
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