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Abstract: In this work, we develop and analyze a novel fractional-order framework to in-
vestigate the interactions among oxygen, phytoplankton, and zooplankton under changing
climatic conditions. Unlike standard integer-order formulations, our model incorporates a
Proportional–Caputo (PC) fractional derivative, allowing the system dynamics to capture
non-local influences and memory effects over time. Initially, we rigorously verify that a
unique solution exists by suitable fixed-point theorems, demonstrating that the proposed
fractional system is both well-defined and robust. We then derive stability criteria to
ensure Ulam–Hyers stability (UHS), confirming that small perturbations in initial states
lead to bounded variations in long-term behavior. Additionally, we explore extended UHS
to assess sensitivity against time-varying parameters. Numerical simulations illustrate
the role of fractional-order parameters in shaping oxygen availability and plankton pop-
ulations, highlighting critical shifts in system trajectories as the order of differentiation
approaches unity.

Keywords: fractional calculus; fractional derivative; Proportional–Caputo fractional derivative;
fractional-order climate change model; Banach fixed point theorem; Ulam–Hyers stability;
predictor-corrector fractional Adams method

MSC: 34A08; 47H10; 86A10; 65L20

1. Introduction
In recent decades, the impacts of climate change have become apparent globally,

affecting not only human populations but also microorganisms and animal species across
various ecosystems. These organisms are adapting to the evolving climate, especially in
coastal and low-lying regions where temperature increases are felt most acutely. Due to
industrialization and increased mechanization, the average global temperature has risen
approximately by 0.3 ◦C, with more significant effects observed along coastal zones and at
sea surfaces. By the end of the 21st century, climate models suggest that ecosystems may
face temperature increases approaching 4 ◦C, exacerbated by the ongoing loss of forests and
natural carbon absorbers. Industrial activities elevate carbon dioxide levels, intensifying
the greenhouse effect and further warming the atmosphere, making conditions increasingly
unsuitable for numerous species [1–6].

Mathematics 2025, 13, 980 https://doi.org/10.3390/math13060980

https://doi.org/10.3390/math13060980
https://doi.org/10.3390/math13060980
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0003-4036-6368
https://orcid.org/0000-0001-7041-3730
https://orcid.org/0000-0001-9273-9512
https://orcid.org/0000-0003-3332-7950
https://doi.org/10.3390/math13060980
https://www.mdpi.com/article/10.3390/math13060980?type=check_update&version=1


Mathematics 2025, 13, 980 2 of 17

The warming of sea surfaces has also disrupted marine ecosystems and their natural
movements. Global temperature rises have triggered northward shifts in species distri-
butions, impacting plankton populations and causing poleward migrations in oceanic
climates [7,8]. Consequently, plankton movement patterns are undergoing noticeable
changes [9–13]. Environmental scientists and climate experts are closely monitoring these
changes, aiming to slow phytoplankton migration over the next century. They predict a
shift in these patterns from the Atlantic to Greenland’s colder waters, prompting further
exploration of plankton species’ responses to potential marine biodiversity losses through
mathematical modeling. Identifying viable solutions for the survival of these species in
increasingly adverse environments remains crucial [14–18].

Fractional derivatives and integrals have become vital tools in mathematical modeling,
particularly for complex systems where traditional calculus cannot capture the memory
and hereditary properties of processes over time [19–21]. In climate change modeling,
fractional calculus provides a framework to describe diffusion processes with increased
accuracy, accommodating the anomalous diffusion patterns observed in atmospheric and
oceanic data [22]. These models offer a more realistic representation of critical climate
variables, such as temperature anomalies and greenhouse gas distributions, that often
display non-Gaussian behavior [23]. By incorporating fractional time derivatives, models
are able to simulate non-local interactions and persistence effects, which are crucial in
understanding long-term climate dynamics, significantly improving forecasting capabilities
for extreme weather events, prolonged heatwaves, and seasonal droughts [24]. Recent
studies have also highlighted how fractional calculus aids in capturing the energy transfer
processes across scales in fluid dynamics, which is essential for simulating ocean currents
and heat fluxes—two key factors impacted by climate change [25]. In addition, fractional
models have demonstrated advantages in predicting shifts in sea level and salinity profiles,
directly linking these aspects to climate-driven changes in thermohaline circulation [26].
For instance, the fractional approach has been applied to track the complex patterns of CO2

sequestration and methane emissions in various ecosystems, revealing feedback loops that
can exacerbate or mitigate warming trends [27]. This holistic approach allows scientists to
understand not just isolated events, but also the interconnected impacts across the climate
system, enhancing the precision of projections for phenomena such as ice melt and rising
ocean acidity levels [28]. The use of fractional calculus is increasingly validated by research,
which emphasizes its role in improving model robustness and accuracy over extended
timescales by addressing the non-local dynamics and memory effects inherent in climate
processes. This method provides crucial insights into adaptive responses and potential
mitigation strategies, offering a pathway to design more effective climate policies [29].
The growing application of fractional derivatives in climate science exemplifies the shift
towards more sophisticated, comprehensive models that are better equipped to forecast
and address the impacts of climate change in the coming decades [30].

This work introduces a new perspective on modeling the interactions among oxygen,
phytoplankton, and zooplankton by employing a PC fractional derivative, which captures
non-local effects and memory mechanisms. The paper rigorously establishes the existence
and uniqueness of solutions within this framework, demonstrating that memory factors
play a crucial role in ecological stability and population dynamics. A thorough stability
analysis is also carried out, highlighting the classical UHS criteria and its extended version,
which confirm the model’s robustness under small perturbations. The numerical experi-
ments further reinforce the theoretical findings by showcasing diverse dynamical behaviors
influenced by the fractional order and proportional parameters.

The paper is structured as follows. In Section 2, an overview of fractional calculus
fundamentals is provided, with particular focus on the PC operator. Section 3 provides the
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climate-driven oxygen–plankton system, describing its components and the underlying
assumptions. Section 4 presents the main analytical results on existence and uniqueness
using fixed-point methods. Subsequently, Section 5 conducts a thorough stability investiga-
tion, covering both UH and extended UH criteria. Section 6 illustrates the model’s behavior
through numerical experiments, demonstrating how fractional effects shape the long-term
outcomes. Finally, Section 7 summarizes the key conclusions.

2. Fundamentals of Fractional Operators
This section outlines the foundational fractional operators applied in our research.

These operators are essential for the exploration and analyzing of fractional differen-
tial equations.

Consider ϑ ∈ C with Re(ϑ) > 0, and let ψ : [ω, ϕ] → R, where ω < ϕ. Based on these
assumptions, we now present the subsequent definitions.

Definition 1 ([31]). The left-sided Riemann–Liouville fractional integral of ψ of order ϑ is expressed
as follows: (

ωFϑψ
)
(ζ) =

1
Γ(ϑ)

∫ ζ

ω
(ζ − υ)ϑ−1ψ(υ)dυ, ζ > ω. (1)

The right-sided Riemann–Liouville fractional integral of ψ with order ϑ is given by

(
Fϑ

ϕ ψ
)
(ζ) =

1
Γ(ϑ)

∫ ϕ

ζ
(υ − ζ)ϑ−1ψ(υ)dυ, ζ < ϕ. (2)

Definition 2 ([31]). Assuming Re(ϑ) ≥ 0 and setting ρ = [ϑ] + 1, we define the left-sided
Riemann–Liouville fractional derivative of ψ of order ϑ as follows:

(
ωGϑψ

)
(ζ) =

(
d

dζ

)ρ(
ωF ρ−ϑψ

)
(ζ). (3)

The right-sided Riemann–Liouville fractional derivative of ψ of order ϑ is given by

(
Gϑ

ϕψ
)
(ζ) =

(
− d

dζ

)ρ(
F ρ−ϑ

ϕ ψ
)
(ζ). (4)

Definition 3. If ρ = [ϑ] + 1, the left-sided Caputo fractional derivative of order ϑ for the function
ψ is expressed as (

C
ωGϑψ

)
(ζ) =

(
ωF ρ−ϑψ(ρ)

)
(ζ). (5)

The right-sided Caputo fractional derivative of order ϑ for the function ψ is expressed as(
CGϑ

ϕψ
)
(ζ) =

(
F ρ−ϑ

ϕ (−1)ρψ(ρ)
)
(ζ). (6)

In [32], a new category of generalized fractional operators was introduced. These
operators exhibit three notable traits: their associated kernels incorporate an exponential
term, the resultant fractional integrals uphold a semigroup property, and they furnish a
direct extension of the Riemann–Liouville and Caputo fractional frameworks. Below, we
provide the precise definitions of these operators.

Definition 4 (cf. [32]). Let ϑ ∈ (0, 1] and µ ∈ (0, 1]. The fractional integral of PC type of order ϑ

applied to a function γ is given by

PCFϑ,µγ(ξ) =
1

µϑ Γ(ϑ)

∫ ξ

0
exp

(
µ − 1

µ
(ξ − t)

)
(ξ − t)ϑ−1 γ(t) dt.
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Definition 5 (cf. [32]). Under the same conditions on ϑ and µ, define σ = ⌊ϑ⌋+ 1. Then the
one-sided PC fractional derivative of order ϑ is formulated as

PCGϑ,µγ(ξ) =
1

µσ−ϑ Γ(σ − ϑ)

∫ ξ

0
exp

(
µ − 1

µ
(ξ − t)

)
(ξ − t)σ−ϑ−1

(
dσγ(t)

dtσ

)
dt.

A central result supporting our investigation is found in [32]:

Lemma 1 ([32]). Let ACτ [0, T] denote the family of absolutely continuous functions g such that
their (τ − 1)-th derivative remains absolutely continuous on [0, T]. Suppose ϑ ∈ C satisfies
Re(ϑ) > 0, let µ ∈ (0, 1], and set τ = ⌊Re(ϑ)⌋+ 1. Assume g ∈ L1[0, T]. If

(
PCFϑ,µg

)
(ξ) ∈

ACτ [0, T], then

PCFϑ,µ
PCGϑ,µg(ξ) = g(ξ)− e

µ−1
µ ξ

τ

∑
k=1

Gϑ−k,µg(0)
Γ(ϑ − k + 1)µϑ−k ξϑ−k. (7)

3. Formation of the Fractional Model
A broad spectrum of natural processes is effectively captured by differential equations,

particularly using well-known competition frameworks such as Lotka–Volterra or graze-
type formulations. As a prime example, the interactions of the marine ecosystem between
oxygen, zooplankton, and phytoplankton can be modeled using such equations. In these
relationships, phytoplankton produce oxygen through photosynthesis, which also supports
zooplankton growth. Both plankton groups rely on oxygen, while various biochemical
and sediment-driven processes gradually deplete it. The original system governing this
interplay is as follows:

dQ
dτ = Υ

(
1 − Q(τ)

Q(τ)+ϕ0

)
M(τ)− M(τ)Q(τ)

Q(τ)+ϕ2
− κQ(τ)N(τ)

Q(τ)+ϕ3
− Q(τ),

dM
dτ =

(
θQ(τ)

Q(τ)+ϕ1
− γM(τ)

)
M(τ)− ψM(τ)N(τ)

M(τ)+λ
− ωM(τ),

dN
dτ =

(
κQ2(τ)

Q2(τ)+ϕ2
4

)
M(τ)N(τ)
M(τ)+λ

− σN(τ).

(8)

To incorporate memory effects and account for historical data, we use the PC fractional
derivative. The fractional form of the above equations, with the PC derivative of order ϑ, is
given by

PCGϑ,µQ(τ) = Υ
(

1 − Q(τ)
Q(τ)+ϕ0

)
M(τ)− M(τ)Q(τ)

Q(τ)+ϕ2
− κQ(τ)N(τ)

Q(τ)+ϕ3
− Q(τ),

PCGϑ,µ M(τ) =
(

θQ(τ)
Q(τ)+ϕ1

− γM(τ)
)

M(τ)− ψM(τ)N(τ)
M(τ)+λ

− ωM(τ),

PCGϑ,µN(τ) =

(
κQ2(τ)

Q2(τ)+ϕ2
4

)
M(τ)N(τ)
M(τ)+λ

− σN(τ).

(9)

In this formulation, the fractional order ϑ introduces a degree of flexibility that allows
the model to capture more complex behaviors by accounting for non-local dependencies in
time. Each parameter retains its biological interpretation as specified in Table 1, with the
fractional derivative enhancing the model’s realism in ecological applications.

Table 1. Description of parameters.

Parameter Description Parameter Description

Υ Production rate of oxygen in phytoplankton cell Q Oxygen concentration
κ Maximum feeding efficiency of zooplankton M Phytoplankton

ϕ1,2,3,4 Half saturation constants N Zooplankton
θ Growth rate of phytoplankton per capita λ Half saturation constant
γ Intra-specific competition ψ Predation rate of phytoplankton
σ Natural mortality of zooplankton ω Natural mortality of phytoplankton
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4. Principal Results
In this section, we develop the analytical framework for our fractional climate change

model by first introducing the function space and related norms. Consider the space
Y = C[0, T], consisting of all continuous functions on [0, T], with the norm defined as

∥g(τ)∥ = max
τ∈[0,T]

(|Q(τ)|+ |M(τ)|+ |N(τ)|),

where

g(τ) =

Q(τ)

M(τ)

N(τ)

, g0 =

Q0

M0

N0

,

and the nonlinear operator M is expressed as

M(τ, g(τ)) =

G1(τ, Q, M, N)

G2(τ, Q, M, N)

G3(τ, Q, M, N)

.

Using the PC fractional derivative, the system can be written as

PCGϑ,µg(τ) = M(τ, g(τ)), τ ∈ [0, T], g(0) = g0.

Applying Lemma 1, the above system can be reformulated as an integral equation:

g(τ) = g0 +
1

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)M(s, g(s)) ds, τ ∈ [0, T]. (10)

To guarantee the existence of a solution for this problem, we assume the following
conditions:

• (G1) A suitable constant δ > 0 can be identified such that

∥M(τ, g1)−M(τ, g2)∥ ≤ δ∥g1 − g2∥,

for all g1, g2 ∈ Y and τ ∈ [0, T]. This ensures the Lipschitz continuity of the opera-
tor M.

• (G2) There is a nondecreasing continuous function Ξ : [0, ∞) → [0, ∞) satisfying
Ξ(λz) ≤ λΞ(z) for all λ ≥ 1, and ψ ∈ ACτ [0, T] such that

∥M(τ, g(τ))∥ ≤ ψ(τ)Ξ(∥g(τ)∥),

for all g ∈ Y and τ ∈ [0, T]. This condition bounds the growth of the operator M
using the auxiliary functions Ξ and ψ.

• (G3) Suitable constants ε > 0 and S > 0 can be identified such that

S

∥g0∥+
supτ∈[0,T] ψ(τ)Ξ(ε)Tϑ

µϑΓ(ϑ+1)

> 1.

This ensures that the norm of the solution remains bounded and satisfies the conditions
necessary for the application of fixed-point theorems.

Now, we define the operator T : Y → Y as

T g(τ) = g0 +
1

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)M(s, g(s)) ds. (11)



Mathematics 2025, 13, 980 6 of 17

Theorem 1. If conditions (G2) and (G3) hold, then the system (9) admits at least one solution
within the interval [0, T].

Proof. Choose ε > 0 so that Bε = {g ∈ B | ∥g∥ ≤ ε}. By invoking (G2), we derive for each
τ ∈ [0, T] the following estimate:

∥T g(τ)∥ ≤ ∥g0∥+
1

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)∥M(s, g(s))∥ ds.

Using the growth condition (G2), we have

∥M(s, g(s))∥ ≤ ψ(s)Ξ(∥g(s)∥).

Substituting this into the integral, we obtain

∥T g(τ)∥ ≤ ∥g0∥+
1

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)

ψ(s)Ξ(∥g(s)∥) ds.

Let ∥g(s)∥ ≤ ε for all s ∈ [0, T]. Then

∥T g(τ)∥ ≤ ∥g0∥+
1

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)

ψ(s)Ξ(ε) ds.

Taking into account Ξ(ε), this becomes

∥T g(τ)∥ ≤ ∥g0∥+
Ξ(ε)

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)

ψ(s) ds.

Let Cψ = supτ∈[0,T] ψ(τ). Then

∥T g(τ)∥ ≤ ∥g0∥+
Ξ(ε)Cψ

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s) ds.

The integral
∫ τ

0 (τ − s)ϑ−1e
µ−1

µ (τ−s) ds ≤ Tϑ

ϑ . Substituting this bound, we have

∥T g(τ)∥ ≤ ∥g0∥+
Ξ(ε)Cψ Tϑ

µϑΓ(ϑ + 1)
.

This shows that T meets the boundedness property.
On the other hand, to prove that the operator T is equicontinuous, consider τ1, τ2 ∈

[0, T] with τ1 < τ2. The difference ∥T g(τ2)− T g(τ1)∥ is bounded by

∥T g(τ2)− T g(τ1)∥ ≤ 1
µϑΓ(ϑ)

∫ τ2

τ1

(τ − s)ϑ−1e
µ−1

µ (τ−s)∥M(s, g(s))∥ ds.

Using (G2), we substitute ∥M(s, g(s))∥ ≤ ψ(s)Ξ(∥g(s)∥), yielding

∥T g(τ2)− T g(τ1)∥ ≤
sups∈[0,T] ψ(s)Ξ(∥g(s)∥)

µϑΓ(ϑ)

∫ τ2

τ1

(τ − s)ϑ−1e
µ−1

µ (τ−s) ds.

The kernel (τ − s)ϑ−1e
µ−1

µ (τ−s) is smooth and the integral vanishes as τ2 → τ1. Thus, the
operator T is equicontinuous.

By the Arzelà-Ascoli theorem, since T maps bounded sets into equicontinuous and
uniformly bounded sets, it is relatively compact. Therefore, T is completely continuous.
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Now, let ζ ∈ Y be a fixed point of T , that is, ζ = T ζ. Using (G2), we estimate

∥ζ(τ)∥ ≤ ∥g0∥+
1

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)

ψ(s)Ξ(∥ζ(s)∥) ds.

Let supτ∈[0,T] ψ(τ) = Cψ. Then

∥ζ(τ)∥ ≤ ∥g0∥+
CψΞ(∥ζ∥)

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s) ds.

Evaluating the integral gives

∥ζ(τ)∥ ≤ ∥g0∥+
CψΞ(∥ζ∥)Tϑ

µϑΓ(ϑ + 1)
.

Using (G3), there exists ε > 0 such that

∥ζ∥ ≤ ∥g0∥+
CψΞ(ε)Tϑ

µϑΓ(ϑ + 1)
.

Thus, the set of solutions {ζ : ζ = T ζ} is bounded. By the Leray–Schauder alternative, T
has at least one fixed point.

The following result demonstrates that the climate change model (9) has a unique
solution, established through the application of the fixed–point approach of Banach.

Theorem 2. Suppose the operator M : [0, T]×B → R3 satisfies the Lipschitz condition (G1) for
all g1, g2 ∈ B. Under these assumptions, the PC fractional integral system (10) admits a unique
solution over the interval [0, T] if the following inequality holds:

δTϑ < µϑΓ(ϑ + 1),

where δ > 0 is the Lipschitz constant of the operator M, ϑ > 0 is the fractional order, and Γ(·) is
the Gamma function.

Proof. Let g ∈ [B]k, where k ≥ µϑΓ(ϑ+1)∥g0∥+CψΞ(k)Tϑ

µϑΓ(ϑ+1)−δTϑ . Using this assumption and applying
the Lipschitz condition (G1), we can estimate

∥T g(τ)∥ ≤ ∥g0∥+
1

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)∥M(s, g(s))∥ ds

≤ ∥g0∥+
1

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)

[
∥M(s, g(s))−M(s, 0)∥+ ∥M(s, 0)∥

]
ds

≤ ∥g0∥+
(δk + CψΞ(k))

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s) ds.

The integral can be evaluated as

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s) ds ≤ Tϑ

ϑ
.

Substituting this back, we obtain

∥T g(τ)∥ ≤ ∥g0∥+
[δk + CψΞ(k)]Tϑ

µϑΓ(ϑ + 1)
≤ k.
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Hence, T maps the ball [B]k into itself.
Next, let g1, g2 ∈ [B]k. For τ ∈ [0, T], we calculate

∥T g1(τ)− T g2(τ)∥ ≤ 1
µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)∥M(s, g1(s))−M(s, g2(s))∥ ds.

Using the Lipschitz property (G1), ∥M(s, g1(s)) − M(s, g2(s))∥ ≤ δ∥g1(s) − g2(s)∥,
we find

∥T g1(τ)− T g2(τ)∥ ≤ δ

µϑΓ(ϑ)

∫ τ

0
(τ − s)ϑ−1e

µ−1
µ (τ−s)∥g1(s)− g2(s)∥ ds.

Evaluating the integral, we obtain

∥T g1 − T g2∥ ≤ δTϑ

µϑΓ(ϑ + 1)
∥g1 − g2∥ < ∥g1 − g2∥.

Therefore, T is a contraction mapping on [B]k. By the Banach fixed-point theorem, T admits
a unique fixed point g ∈ [B]k. Thus, the system (10) has a unique solution, as required.

5. Stability Results
Recent studies have explored stability properties and control mechanisms in fractional-

order systems with delays, highlighting the importance of tuning fractional orders for
dynamic behavior regulation [33]. Inspired by these approaches, our work examines how
the Proportional–Caputo fractional operator influences the ecological system’s resilience
under perturbations. In this section, we derive the necessary conditions for the PC fractional
system (10) to exhibit different types of stability. These include UHS and extended UHS.
Before presenting the stability theorems, we introduce some foundational definitions.

Let h > 0 be a positive constant, and consider a continuous function Ψ : [0, T] → R+.
The stability conditions can be expressed using the following inequalities:

∥PCGϑ,µζ(τ)−M(τ, ζ(τ))∥ ≤ h, ∀τ ∈ [0, T], (12)

∥PCGϑ,µζ(τ)−M(τ, ζ(τ))∥ ≤ hΨ(τ), ∀τ ∈ [0, T], (13)

∥PCGϑ,µζ(τ)−M(τ, ζ(τ))∥ ≤ Ψ(τ), ∀τ ∈ [0, T]. (14)

Definition 6. The system (10) is said to satisfy UHS under condition (20) if there is a solution
ζ ∈ B such that for every h > 0, there is a constant Ch > 0 satisfying

∥g(τ)− ζ(τ)∥ ≤ hCh, ∀τ ∈ [0, T], (15)

where Ch = max(Ch1 , Ch2 , Ch3 , Ch4), with Chi being specific constants related to the problem.

Definition 7. The system (10) is said to satisfy extended UHS under condition (13) if there exists
a function Ψh : [0, T] → R+, with Ψh(0) = 0, such that for every solution ζ ∈ B, the inequality

∥g(τ)− ζ(τ)∥ ≤ Ψh(τ), ∀τ ∈ [0, T], (16)

holds, where Ψh(τ) = max{Ψh1 , Ψh2 , Ψh3 , Ψh4}, and Ψhi are problem-dependent functions.
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Lemma 2. Let ϑ > 0 and µ ∈ (0, 1]. The following inequality holds:

∥ζ(τ)− g0 −
1

µϑΓ(ϑ)

∫ τ

0
e

µ−1
µ (τ−s)

(τ − s)ϑ−1M(s, ζ(s)) ds∥ ≤ hTk

µϑΓ(ϑ + k)
, (17)

provided that ζ ∈ B satisfies the inequality (12).

Proof. Given that ζ satisfies condition (12), there is a y ∈ Y, depending on ζ, such that

∥y(t)∥ ≤ h, y = max(y1, y2, y3, y4), ∀t ∈ [0, T], (18)

and PCGϑ,µζ(t) = M(t, ζ(t)) + y(t), t ∈ [0, T],

ζ(0) = ζ0 ≥ 0.
(19)

Using Lemma 1, the solution ζ(t) for problem (19) is represented as

ζ(t) = ζ0 +
1

µϑΓ(ϑ)

∫ t

0
e

µ−1
µ (t−s)

(t − s)ϑ−1M(s, ζ(s)) ds

+
1

µϑΓ(ϑ)

∫ t

0
e

µ−1
µ (t−s)

(t − s)ϑ−1y(s) ds. (20)

Substituting Equation (20) into (18), we calculate∥∥∥∥ζ(t)− ζ0 −
1

µϑΓ(ϑ)

∫ t

0
e

µ−1
µ (t−s)

(t − s)ϑ−1M(s, ζ(s)) ds
∥∥∥∥

≤ 1
µϑΓ(ϑ)

∫ t

0
e

µ−1
µ (t−s)

(t − s)ϑ−1∥y(s)∥ ds.

Since ∥y(s)∥ ≤ h, we simplify the inequality:

∥ζ(t)− ζ0 −
1

µϑΓ(ϑ)

∫ t

0
e

µ−1
µ (t−s)

(ln(t − s))ϑ−1M(s, ζ(s)) ds∥

≤ h

µϑΓ(ϑ)

∫ t

0
e

µ−1
µ (t−s)

(t − s)ϑ−1 ds ≤ hTϑ

µϑΓ(ϑ + 1)
.

Hence, inequality (17) is satisfied, completing the proof.

6. Numerical Simulations
This section develops a numerical approach for solving the climate change model (9)

using a predictor-corrector Adams method. The scheme accounts for fractional memory
effects and nonlocal properties. An iterative refinement process enhances accuracy through
multiple correction steps per time interval. The predictor-corrector fractional Adams
method [34,35] for the Proportional–Caputo FDE (10) are, respectively,

g
p
n =g(0) + hϑ

n−1

∑
j=1

aϑ
n−j−1e

µ−1
µ (τn−τj)M(τj, sj)),

gn =g(0) + hϑ

(
b̃ϑ

nM(τ0, g0) +
n−1

∑
j=1

bϑ
n−je

µ−1
µ (τn−τj)M(τj, gj) + bϑ

0 e
µ−1

µ hM(τj, gp
n)

)
.

(21)
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To enhance the approximation, several corrector iterations, denoted by η, can be performed:

g
[0]
n =g(0) + hϑ

n−1

∑
j=1

aϑ
n−j−1e

µ−1
µ (τn−τj)M(τj, sj)),

g
[η]
n =g(0) + hϑ

(
b̃ϑ

nM(τ0, g0) +
n−1

∑
j=1

bϑ
n−je

µ−1
µ (τn−τj)M(τj, gj) + bϑ

0 e
µ−1

µ hM(τj, g[η−1]
n )

)
,

(22)

where η = 1, 2, . . . , and

aα
n =

((n + 1)α − nα)

Γ(α + 1)
,

b̃α
n =

((n − 1)α+1 − nα(n − α − 1))
Γ(α + 2)

,

bα
n =


1

Γ(α+2) , n = 0;
((n−1)α+1−2nα+1+(n+1)α+1)

Γ(α+2) , n = 1,2,. . .

(23)

The parameter values and initial conditions used in the simulations are provided in Table 2.

Table 2. Parameter values and initial conditions.

Symbol Value Symbol Value

Υ 1.2 κ 0.8
ϕ0 0.5 ϕ1 0.4
ϕ2 0.3 ϕ3 0.2
ϕ4 0.1 θ 0.9
γ 0.6 λ 0.5
ψ 0.7 σ 0.4
ω 0.5 µ 0.95

M(0) 0.5 T 10
Q(0) 1.0 ϑ 0.8
N(0) 0.3

Plankton densities and oxygen concentrations for various ϑ and µ fractional orders,
i.e., ϑ = 0.9, ϑ = 0.95, ϑ = 0.99 and µ = 0.95 in the left column are displayed in Figure 1.
The right column illustrates the trajectories of the oxygen–plankton dynamical system
within the corresponding three-dimensional phase space. Following a sequence of damped
oscillations, the system ultimately stabilizes at steady-state values for T = 2.12, ϑ = 0.9,
and µ = 0.95. This scenario signifies that the coexistence state functions as a stable focus.
The system exhibits periodic oscillations when ϑ = 0.95 and µ = 0.95. In fact, when ϑ shifts
from ϑ = 0.9 to ϑ = 0.95, Hopf bifurcation occurs. The plankton and oxygen concentrations
exhibit a stable limit cycle, and the system dynamics is periodic for ϑ = 0.95. After a few
oscillation sequences, the species densities become extinct and the limit cycle disappears
for ϑ = 0.99.
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Figure 1. Numerical results obtained for oxygen–phytoplankton–zooplankton densities with cor-
responding time series solutions at time = 3000 for different ϑ and µ fractional orders, i.e., ϑ = 0.9,
ϑ = 0.95, ϑ = 0.99, and µ = 0.95 for T = 2.12. Initial conditions are Q0 = 0.395, M0 = 0.35, and
N0 = 0.12.

In a theoretical perspective, horizontal movement from a warmer to cooler one can be
specified by the following choice of possible T(t), i.e., a linear spatial form:

T = T0, t < t0, T(t) = T0 + ω(t − t0), t ≥ t0. (24)

Here, t0 represents the initial time when global warming commenced, T0 denotes the
pre-change oxygen production rate, and ω signifies the rate of global warming; for further
details on the selection of this function, refer to [36].

Figure 2 illustrates the time evolution of plankton densities and oxygen concentration
for ω = 2 × 10−5 and T0 = 2, along with various fractional orders of ϑ and µ, specifically
ϑ = 0.95, ϑ = 0.98, ϑ = 0.999, and µ = 0.95. For T0 = 2 and different fractional orders of
ϑ and µ, the coexistence state functions as a stable focus. Consequently, in all three cases,
the system initially exhibits damped oscillations before converging to a stable steady state.
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However, the system’s tendency to increase with respect to ϑ and µ follows a similar pattern.
Notably, as ϑ approaches 0.999, the oscillatory behavior becomes more pronounced. In this
scenario, the final temperature function T remains below the Hopf bifurcation threshold
in the proportional–fractional order models, analogous to its classical counterpart. As
previously mentioned, the right column of Figure 2 illustrates the phase plane structure
corresponding to these cases.
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Figure 2. Numerical results obtained for oxygen–phytoplankton–zooplankton densities with cor-
responding time series solutions at ω = 2 × 10−5 and time = 3000 for different ϑ and µ fractional
orders, i.e., ϑ = 0.9, ϑ = 0.95, ϑ = 0.99 and µ = 0.95 for T0 = 2. Initial conditions are Q0 = 0.395,
M0 = 0.35, and N0 = 0.12.

Figure 3 illustrates the oxygen concentration and plankton densities corresponding
to different fractional orders of ϑ and µ, specifically ϑ = 0.95, ϑ = 0.99, ϑ = 0.999, and
µ = 0.95, for T0 = 2.011 under a warming rate of ω = 2 × 10−5 over a time period of
3000. The primary distinction between this figure and the previous one lies in the initial
temperature. In this case, the initial value of the temperature function is higher than in the
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previous scenario. Consequently, as the system reaches the Hopf bifurcation threshold, it
transitions into periodic oscillations. Initially, the oscillation amplitude diminishes, but
over time, it progressively increases.
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Figure 3. Numerical results obtained for oxygen–phytoplankton–zooplankton densities with cor-
responding time series solutions at ω = 2 × 10−5 and time = 3000 for different ϑ and µ fractional
orders, i.e., ϑ = 0.9, ϑ = 0.95, ϑ = 0.99 and µ = 0.95 for T0 = 2.011. Initial conditions are Q0 = 0.395,
M0 = 0.35, and N0 = 0.12.

Figure 4 shows the oxygen concentration and plankton densities for each of ϑ and µ

fractional orders, i.e., ϑ = 0.985, ϑ = 0.99, and ϑ = 0.999 with µ = 0.95 and for T0 = 2.011
for the warming rate ω = 35 × 10−6 and for time = 3000. When the system reaches Hopf
bifurcation, the magnitude of oscillations grows, while the amplitude of oscillations falls as
warming begins. After the system reaches the Hopf bifurcation point, it is observed that an
increase in T causes the system to undergo oscillations that grow in size before the oxygen
concentration and species densities decrease.
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Figure 4. Numerical results obtained for oxygen–phytoplankton–zooplankton densities with cor-
responding time series solutions at ω = 35 × 10−6 and time = 3000 for different ϑ and µ fractional
orders, i.e., ϑ = 0.985, ϑ = 0.99 and ϑ = 0.999 for T0 = 2.011. Initial conditions are Q0 = 0.395,
M0 = 0.35, and N0 = 0.12.

Figure 5 shows several ϑ and µ fractional orders, i.e., ϑ = 0.94 and ϑ = 0.999 with
µ = 0.95, such as with oxygen concentration. The figure legend shows the plankton
densities vs. time for T0 = 2.065 and ω = 1 × 10−4. The system experiences oscillations
that grow in amplitude before abruptly approaching extinction. Note that the extinction
time is furthered by the choice of ϑ and µ; for smaller values of ϑ and µ, the system persists
much longer. Ultimately, the system coincides with its solutions in the classical derivative
when ϑ and µ is taken near 1.
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Figure 5. Numerical results obtained for oxygen–phytoplankton–zooplankton densities with cor-
responding time series solutions at ω = 1 × 10−4 and time = 3000 for different ϑ and µ fractional
orders, i.e., ϑ = 0.94 and ϑ = 0.999 with µ = 0.95 for T0 = 2.065. Initial conditions are Q0 = 0.395,
M0 = 0.35, and N0 = 0.12.

7. Conclusions
This paper has presented a fractional-order model of the oxygen–plankton system by

employing a PC derivative, capturing memory-dependent influences that shape popula-
tion dynamics. Under this framework, existence and uniqueness results were rigorously
established, and both UHS and extended UHS analyses confirmed the model’s robustness
against small disturbances in initial conditions or parameter values. Numerical simulations
illustrated diverse scenarios where the fractional order and proportional parameters can
induce transitions between equilibrium states and long-lasting oscillations. Several special
cases further underscore the model’s flexibility. First, setting the fractional order ϑ close to
1 effectively recovers classical behavior, thus serving as a link between standard integer-
order systems and memory-inclusive formulations. Second, choosing µ = 1 simplifies the
kernel to a more conventional Caputo form, aiding comparison to established fractional
models. Finally, considering ω = 0 (no warming) leads to a baseline scenario without
externally driven temperature effects, providing insights into how warming rates amplify
or dampen population oscillations. These special cases highlight the adaptability of the
PC model in examining a spectrum of ecological dynamics, with potential applications in
other climate-related or biological studies.

From an ecological perspective, fractional-order models that capture memory effects
provide valuable tools for managing marine ecosystems. By accounting for long-term
environmental changes, such as temperature shifts and nutrient variations, these models
help detect critical thresholds where small disturbances could trigger major changes in
plankton populations. This understanding supports proactive conservation actions, such
as adjusting nutrient inputs or establishing protected zones, enabling resource managers to
anticipate and mitigate ecological risks more effectively.
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