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Abstract: Spatial discrete data modeling plays a crucial role in geoscientific data analysis,
with accuracy and efficiency being significant factors to consider in the modeling of massive
discrete datasets. In this paper, an efficient and regularized modeling method, TIN-MQ,
which integrates a triangulated irregular network (TIN) and a multiquadric (MQ) function,
is proposed. Initially, a constrained residual MQ function and a damped least squares linear
equation are constructed, and the conjugate gradient method is employed to solve this equa-
tion to enhance the modeling precision and stability. Subsequently, the divide-and-conquer
algorithm is used to build the TIN, and, based on this TIN, the concave hull boundary
of the discrete point set is constructed. The connectivity relationships between adjacent
triangles in the TIN are then utilized to build modeling subdomains within the concave
hull boundary. By integrating the OpenMP multithreading programming technology, the
modeling tasks for all subdomains are dynamically distributed to all threads, allowing
each thread to independently execute the assigned tasks, thereby rapidly enhancing the
modeling efficiency. Finally, the TIN-MQ method is applied to model synthetic Gaussian
model data, the submarine terrain of the Norwegian fjords, and elevation data from Hunan
Province, demonstrating the method’s good fidelity, stability, and high efficiency.

Keywords: triangulated irregular network; multiquadric function; massive scattered data;
stable modeling

MSC: 86-10

1. Introduction
Geoscientific data collection is influenced by various objective factors, often resulting

in the collection of data points that are discrete and irregularly distributed. To facilitate the
modeling and analysis of these data, spatial interpolation methods are commonly employed
to densify discrete data and create regularly distributed spatial datasets [1–3]. There are
several types of spatial interpolation methods, such as kriging, minimum curvature, radial
basis functions, natural neighbors, and inverse distance weighting. Each method has its
advantages and disadvantages in terms of interpolation accuracy, visual representation,
parameter sensitivity, and time and memory consumption [4–6]. Among them, the kriging
method is known for its high modeling precision and strong applicability, and it is widely
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used in the field of geosciences [7–10]. However, when dealing with the modeling of mas-
sive discrete datasets, the accuracy and efficiency of the kriging method are significantly
affected by the neighborhood search algorithms used to construct sample subsets [11,12].
For mature geoscientific analysis software such as ArcGIS and Surfer16, neighborhood
search algorithms predominantly use fixed number and fixed radius methods [13]. These
algorithms are time-consuming in their search processes, and, despite the use of multi-
threading technology, the modeling processes of kriging and radial basis function methods
still require significant computational time.

The multiquadric (MQ) function was first proposed by Hardy in 1968; since then; more and
more efforts have been made to develop radial basis methods, and breakthroughs have been
achieved in the types of basis function [14–17], adaptive selection shape parameters [18–20],
and selection of the interpolation points [21] and so on, and it is widely believed that the radial
basis function method is an effective way to solve multivariate scattered data approximation
problems [22]. In the family of radial basis functions, the MQ function is widely utilized
due to its excellent conformality, smoothness, continuity, and its ability to approximate the
local features of discrete datasets effectively. This function has found extensive application
in fields such as computational science [23,24], geology [25], engineering problems [26], and
geographic information systems [27]. However, when the MQ function is used to model discrete
datasets that are unevenly distributed or have missing boundaries, the resulting system of
multivariate quadratic equations becomes severely ill-conditioned, leading to distortions in the
local modeling outcomes [28]. To effectively enhance the stability of MQ function modeling,
one feasible solution to overcome this challenge is presented by improving the MQ function
through the application of first- and second-order roughness constraints, integrating trend
surface functions, or adjusting the shape parameters [29,30].

The construction of neighborhood search algorithms for subsets of discrete points
also plays a crucial role in affecting the quality and efficiency of modeling, particularly for
massive sets of discrete data. In digital terrain modeling, triangulated irregular networks
(TINs) are commonly used to represent continuous terrain surfaces and can reflect the
original terrain details. These networks possess high surface reconstruction accuracy, and
the nearest node set is self-defined geometrically [31,32]. The selection and number of
sample points depend solely on their local distribution; even if the distance between some
scattered points is relatively large, or their distribution exhibits high anisotropy, it can still
be reflected in the topological relationships of local triangles. For this reason, using the con-
nectivity relationships between triangles in the TIN model to construct local sets of discrete
points is considered a relatively satisfactory approach for local interpolation schemes.

To enhance the precision and efficiency in modeling massive sets of discrete data, an
efficient and stable modeling method, TIN-MQ, which integrates a triangulated irregular
network with an MQ function, is proposed in this paper. To improve the stability of
the MQ function in modeling, a constrained residual MQ function is first constructed,
and the ill-conditioned coefficient equations are solved using the damped least squares
conjugate gradient method, ensuring that areas with large gradient changes possess higher
modeling accuracy. To enhance the modeling efficiency and depict the model boundary
morphology, the convex hull boundary of the discrete point set is constructed based on
the TIN model, and the connectivity relationships between adjacent triangles in the TIN
model are utilized to search for discrete point sets within the convex hull boundary for
the construction of multiple local quadratic surfaces. Subsequently, the subdomain surface
stitching and OpenMP multithreading computation techniques are employed to further
enhance the modeling efficiency. Finally, modeling experiments conducted on synthetic
Gaussian model data, the submarine terrain of the Norwegian fjords, and actual elevation
data from Hunan Province, and comparative analyses with the kriging method and radial
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basis function method in the Surfer software, demonstrate that the proposed method offers
good modeling accuracy and high efficiency.

2. Methodology
The principles of the TIN-MQ modeling method are as follows. (1) A new stable MQ

function is constructed, and the damped least squares linear equation based on this method
is derived, along with the iterative format of its conjugate gradient solution. (2) The TIN
model of the discrete dataset is constructed using the divide-and-conquer algorithm, and
reasonable boundary points are progressively searched inward based on the convex hull
boundary of the TIN model. (3) By integrating the OpenMP multithreading programming
technology, an efficient modeling method for massive discrete datasets is implemented
within the concave hull boundary, merging the TIN model with the MQ function.

2.1. Modeling Method of MQ Functions with Stability

Based on discrete data points (i = 1, 2, · · · , N), a multivariate quadratic surface
function Q(x, y) [13] can be constructed to reflect the local features of the data points as

Q(x, y) = ∑N
i=1 wiqi(x, y) = ∑N

i=1 wi

√
(xi − x)2 + (yi − y)2 + s2 (1)

where Q(x, y) is a quadratic surface function, wi is the quadratic surface coefficient, and s is
the shape parameter (used to adjust the smoothness of the quadratic surface). To ensure that
the constructed mathematical surface approximates the real surface as closely as possible,
the shape parameter s is typically chosen to be a small value. In this paper, it is selected
as s = D/(5

√
N), where D represents the diameter of the minimum circumscribed circle

containing all data points.
To determine the quadratic surface coefficient wi (i = 1, 2, · · · , N), the discrete

points (xi, yi, zi) (i = 1, 2, · · · , N) are substituted into Equation (1), with Q(xi, yi) = zi.
Equation (1) can be presented in matrix form as

AN×NWN×1 = ZN×1. (2)

Solving Equation (2) yields the MQ coefficients W, and then the MQ surface will be
expressed analytically by Equation (1).

Equation (2) indicates that the elements of matrix AN×N are composed of the planar
distances between data points. The nature of the equation often relates to the planar
distribution characteristics of the data points and the amplitude of changes in the field
value zi (i = 1, 2, · · · , N). When the data points are extremely unevenly distributed or
when there are missing data, as well as when zi (i = 1, 2, · · · , N) varies significantly,
distortions can easily arise in the solution of the quadratic surface coefficients, which in
turn leads to distortions in the constructed multivariate quadratic surfaces. Based on this, a
constrained residual MQ function Q(x, y) is proposed as

Q(x, y) = Q(x, y)− z =
N
∑

i=1
wi

√
(xi − x)2 + (yi − y)2 + s2 + c

z =

(
N
∑

i=1
zi

)
/N

s.t.
N
∑

i=1
wi = 0

, (3)

where the function Q(x, y) is constructed from the discrete points (xi, yi, zi − z)
(i = 1, 2, · · · , N), and c is a constant to be determined; it can enhance the stability of
the MQ function.

To determine the coefficients wi (i = 1, 2, · · · , N) and the correction term c, Equation (3)
is evaluated by substituting the discrete points (xi, yi, zi − z) (i = 1, 2, · · · , N), setting
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Q(xi, yi) = zi − z, and considering the constraint conditions. Equation (3) can be presented
in matrix form as

A(N+1)×(N+1)W(N+1)×1 = Z(N+1)×1, (4)

where A(N+1)×(N+1) =


s q12 · · · q1N 1

q21 s · · · q2N 1
· · · · · · · · · · · · · · ·
qN1 qN2 · · · s 1
1 1 · · · 1 0

, W(N+1)×1 =


w1

w2

· · ·
wN

c

, Z(N+1)×1 =


z1 − z
z2 − z
· · ·

zN − z
0

.

To ensure the stability of the solution for Equation (4), an objective function with
imposed constraints is constructed based on the damped least squares method. The
objective function of MQ can be expressed as

Φ =
∥∥AW − Z

∥∥2
+ λ

∥∥IW
∥∥2, (5)

where ∥·∥ is the Euclidean norm; λ is a damping factor and it is set to be equal to 0.01s. It
controls the trade-off between surface smoothness and fidelity to the result. To minimize
the function Φ, letting the first derivative of Φ with respect to W be equal to zero, we obtain

∂Φ/∂W = 2AT(AW − Z
)
+ 2λITIW = 0. (6)

Then, we can obtain the linear equation(
ATA + λI

)
W = ATZ. (7)

The damped least squares conjugate gradient method has a strong solving ability and
is widely used in inverse problems [32]; consequently, we choose it to solve Equation (7).
First, we initialize the initial solution W0 = 0, and H denotes the residual of the basis
equation, so the initial residual is H0 = Z − AW0 = Z. g is the gradient vector, p is the
conjugate direction vector, and their initial values are g0 = p0 = ATH0. The pseudocode
description of this iterative process is shown in Algorithm 1, where the maximum iteration
count Itermax = 500; ai+1 and βi+1, respectively, are the modified factors of the solution
vector W and the conjugate direction vector p.

After obtaining the quadratic surface coefficients W for the residual surface, according
to Equation (3), the resulting multiquadratic surface function defined by the discrete data
points (xi, yi, zi) (i = 1, 2, · · · , N) can be expressed as

Q(x, y) = z + Q(x, y) = z +
N

∑
i=1

wi

√
(xi − x)2 + (yi − y)2 + s2 + c. (8)

Algorithm 1. Pseudocode for the iterative solution of linear equations using the
damped least squares conjugate gradient method

INPUT: A (coefficient matrix), Z (vector), λ (damping factor), ε (stopping criterion)
OUTPUT: W (solution vector)
1. FOR i = 1 to Itermax DO
2. qi = Api
3. ai+1 = ∥gi∥

2/(∥qi∥
2 + λ∥pi∥

2)

4. Wi+1 = Wi + ai+1pi
5. Hi+1 = Hi − ai+1qi

6. gi+1 = ATHi+1 − λWi+1

7. IF
∥∥gi+1

∥∥/∥g0∥ ≤ ε = λ · 1e − 10 BREAK
8. βi+1 =

∥∥gi+1
∥∥2/∥gi∥

2

9. pi+1 = gi+1 + βi+1pi
END FOR
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2.2. Constructing the Concave Hull Boundary of Discrete Points According to the TIN Model

The outer boundaries of massive sets of discrete points are typically irregular. To
enhance the modeling efficiency and reduce model redundancy, it is usually necessary
only to compute the field values of model grid nodes within the boundary. Therefore,
constructing the concave hull boundary of discrete point sets is essential. The main methods
for the construction of concave hulls include the ball pivoting and edge pivoting techniques.
Since the TIN model forms the basis for the efficient modeling of massive discrete datasets
in this paper, the concave hull boundary of discrete point sets is constructed using the TIN
model. The principles of the algorithm are as follows.

1. Based on the planar coordinates of discrete points, the maximum convex hull
containing the Delaunay triangulation network (i.e., the TIN model, as shown in
Figure 1a) [33] is constructed using the divide-and-conquer algorithm. During the
construction of the TIN model, the topological relationships of the triangulation net-
work are recorded, including the indices of triangles, the indices of triangle vertex
coordinates, and the triangles adjacent to each vertex. Additionally, the average dis-
tance Savg between adjacent discrete points in the triangulation network is calculated.
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2. Triangles that belong to the convex hull boundary (as illustrated in Figure 1b) are
identified and added to the boundary triangle queue T.

3. A triangle ∆ABC is retrieved from T, and the following conditions must be met: 1⃝ if
one edge AB is on the boundary, and the length of AB exceeds Smax (the pre-set
maximum length), then the two triangles adjacent to the internal edges BC and CA of
∆ABC are added to T, and ∆ABC is removed from T; 2⃝ if two edges AB and BC are on
the boundary, and the length of AB or BC exceeds Smax and the number of triangles
connected to vertex B is greater than 1 (indicating that point B is not an isolated point),
then the triangle adjacent to the internal edge CA is added to the T, and ∆ABC is
removed from T. This process is repeated, extracting triangles from T and checking
if they meet conditions 1⃝ and 2⃝ until no triangles in T satisfy either condition,
ultimately resulting in a triangle queue T that forms a concave hull boundary (as
shown in Figure 1c).

4. Boundary edges are extracted from the T that forms the concave hull, and these edges
are sequentially connected in either a counterclockwise or clockwise direction to
construct an ordered list for the concave hull boundary (as shown in Figure 1d).

The algorithm is capable of constructing boundary lists for discrete point sets that
include multiple local domains with high efficiency. The shape of the boundary is depen-
dent on its maximum limiting length, Smax. If Smax is large, the boundary generated is
the maximum convex hull. If Smax is less than Savg, it may be challenging to generate an
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effective boundary. Therefore, Smax should be greater than 2Savg and should be reasonably
set according to practical needs.

2.3. Efficient Modeling Approach of MQ Function Combined with TIN Model

When the volume of the modeling data in a research area is extremely large, modeling
failure is often caused by attempting to construct an MQ surface using all data points
(xi, yi, zi) (i = 1, 2, · · · , N) due to the enormous scale of Equation (4). This significantly
limits the capability of the global MQ method to model large datasets. Consequently, based
on the TIN model, the entire research area D is divided into M overlapping subdomains
Dk ∈ D (k = 1, 2, · · · , M), which are the support domains for the calculation of the MQ
function, as shown in Figure 2, where M refers to the number of triangles within the concave
hull of the TIN model described in Section 2.2, purple dots are the nodes to be interpolated,
and numbers represent outward search depths. Each subdomain Dk is defined by an area
covered by several triangles expanding outward from any given triangle k. Known discrete
points on subdomain Dk are then selected, and a local MQ surface is constructed using
the stable MQ function Qk(x, y) outlined in Section 2.1. Finally, the local MQ surfaces
from each subdomain Dk are superimposed to form a global MQ surface. To calculate the
function value of an interpolation point within k triangle, we substitute its coordinates
into the corresponding MQ function Qk(x, y); the other MQ function values are zero for
this point.

Q(x, y)|(x,y)∈D =
M

∑
k=1

Qk(x, y)|(x,y)∈Dk
=

M

∑
k=1

[
zk + Qk(x, y)

]
|(x,y)∈Dk

, (9)
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The key to enhancing the efficiency of MQ modeling using Equation (9) lies in fully
utilizing the efficiency in constructing subdomains with the TIN model. Based on the stable
MQ function in Equation (8), and incorporating the topological relationships of the triangles
recorded during the construction of the TIN model as described in Section 2.2, a compre-
hensive process is presented for the construction of a global surface by superimposing
subdomain MQ surfaces.

1. Initially, the connectivity relationships between triangles in the TIN model are stored
in the array TriNet, and the topological depth of the subdomain triangulation network,
TopoDepth, is set. In practice, this can be chosen based on the uniformity of the
distribution of discrete points (e.g., between 3 and 9). When a value of 5 is selected,
the area covered by the subdomain Dk is as shown in Figure 2.

2. In the TIN model, a triangle k (k = 1, 2, · · · , M) is selected and used as the center to
gradually expand outward (as shown in Figure 2). The triangles obtained are sequen-
tially placed into the container LocalTriangles until the topological depth, TopoDepth,
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is satisfied, at which point the subdomain Dk is determined. The pseudocode for the
recursive function of the topological process is presented in Algorithm 2, where i is
the index of the vertices of the triangular element.

3. All vertices of the triangles within the subdomain Dk (Nk vertices) are extracted and
placed into the container LocalVertex. Based on Equation (8), a local MQ surface
function is constructed as

Qk(x, y) = zk + Qk(x, y) = zk +
Nk

∑
i=1

wi

√
(xi − x)2 + (yi − y)2 + s2 + c, (10)

and interpolation is performed on the model nodes within the central triangle k.
4. The processes (2) and (3) are repeated until the local modeling of all subdomains

Dk (k = 1, 2, · · · , M) is completed. By stitching together the interpolation results of
the central triangles of all subdomains, the modeling of the entire research area is
ultimately completed, and the modeling results are stored in the container ModelData.

Algorithm 2. Pseudocode for the topological process recursion function

INPUT: TopoDepth, k, TriNet
OUTPUT: LocalTriangles
function GetLocalTriangles (TopoDepth, k, TriNet, LocalTriangles)
1. IF TopoDepth==0 RETURN
2. FOR i = 1 to 3 DO
3. ik = TriNet[k · 3 + 1]
4. IF ik ≥ 0 LocalTriangles.push_back(ik)
5. ELSE CONTINUE
6. GetLocalTriangles (TopoDepth − 1, k = ik, TriNet, LocalTriangles)
7. END FOR
END FUNCTION

3. Parallel Implementation of Modeling Method
Based on the stable MQ function modeling method integrated with the TIN model

described above, regularized and efficient modeling software for massive discrete datasets
has been designed and developed using the VC++ development platform and Open Multi-
Processing (OpenMP) shared memory programming technology. The implementation steps
of parallel modeling are as follows.

Step 1: Data Import and Parameter Setting.

1. Load discrete data records x, y, z. Display the approximate distribution of discrete
points in the program window and show the range of distribution for x, y, z and the
minimum and maximum limits for the modeling result z.

2. Construct the TIN model. Record the topological information of the triangular network
and calculate the average distance Savg between adjacent discrete points in parallel.

3. Build the convex hull boundary of the TIN model. Adjust the maximum boundary
limit length Smax with reference to the average distance Savg of adjacent discrete
points, perform multiple calculations, check whether the convex hull boundary is
reasonable, and output the boundary data file (*.bln).

4. Set the topological depth, TopoDepth, of the subdomain triangular network. Select
from the range of 3 to 9, with a default choice of 5.

5. Set the number of modeling nodes Nx and Ny in the x and y directions. To ensure
high-quality modeling, try to make the scale of the modeling unit smaller than the
average distance Savg between adjacent discrete points.

Step 2: Parallelization of Modeling Method.
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1. The modeling nodes contained within each triangle are determined based on the
relative position relationship between the modeling nodes and the TIN model (as
illustrated in Figure 3). For modeling node P and ∆ABC (as shown in Figure 3), if

conditions
→
PA ×

→
PB ≥ 0,

→
PB ×

→
PC ≥ 0, and

→
PC ×

→
PA ≥ 0 are met, it is indicated that

point P is located on the left side of each edge of the triangle, either within or on the
edge of the triangle. Otherwise, tracking continues in the direction of the side where
the cross-product is less than 0 (to the right side of this edge). If the tracking reaches
the boundary without locating the triangle to which point P belongs, this indicates that
the point lies outside the concave hull boundary, and no interpolation is performed for
nodes outside this boundary. The modeling nodes contained in the triangle numbered
k (k = 1, 2, · · · , M) are placed into the container ModelNodesInTri, and the number
of model nodes contained in the k-th triangle is denoted as Mk.
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2. Parallelization of modeling. The modeling tasks of subdomains D1, D2, . . . , DM are
independent of each other and can be dynamically allocated to multiple threads to
improve the computational efficiency. The pseudocode for parallel computation is
shown in Algorithm 3.

Step 3: Model Output. The output data format is *.grd for the modeling results.

Algorithm 3. Pseudocode for parallel modeling computation

INPUT: x, y, z (coordinates of discrete data), zmin, zmax (maximum and minimum
constraints of the modeling result z), TopoDepth, Smax, Nx, Ny (the number of
modeling nodes in the x and y directions)

OUTPUT: ModelData.z

// Set the number of threads for the parallel region and design OpenMP compiler
directives.

1. omp_set_num_threads(omp_get_num_procs() * 2 − 1);
2. #pragma omp parallel for private (LocalTriangles, LocalVertex, w) schedule (dynamic)
3. FOR k = 1 to M DO
4. IF Mk == 0 CONTINUE
5. IF (Triflag[k] < 0) THEN
6. GetLocalTriangles (TopoDepth + 2, i, TriNet, LocalTriangles)
7. ELSE
8. GetLocalTriangles (TopoDepth, i, TriNet, LocalTriangles)
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Algorithm 3. Cont.

9. END IF

// Calculate the average value of the vertices LocalVertex and their fields
contained in the subdomain Dk.

10. zaver = GetLocalVertex (LocalTriangles, LocalVertex)

// Construct Equation (4) based on the coordinates of the vertices and field
values, and solve for the coefficients of the local multiquadratic surfaces using
the LSCG method.

11. CalLocalMQCoef (LocalVertex, Nk, s, w);

// Interpolate the model nodes within the central triangle k according to
Equation (10).

12. FOR j = 1 to Mk DO
13. zm = w[Nk] + zavg

14. FOR i = 1 to Nk DO
15. xx = LocalVertex[i].x-ModelData[ModelNodesInTri[k][j]].x
16. yy= LocalVertex[i].y-ModelData[ModelNodesInTri[k][j]].y
17. zm+ = w[j] · √xx · xx + yy · yy + s
18. END FOR

// Constrain the interpolation result zm ∈ [zmin, zmax].

19. IF zm < zmin THEN zm = zmin

20. ELSE IF zm > zmax THEN zm = zmax

21. END IF
22. ModelData[ModelNodesInTri[k][j]].z = zm

23. END FOR
24. END FOR

4. Modeling Experiment
The proposed method is applied to both synthetic and field data modeling in this

section. In comparison with established conventional approaches, as seen in the commercial
software suite Surfer, we aim to evaluate the proposed method’s modeling precision,
stability, and performance. All parameters are the default settings of the Surfer software.

4.1. Accuracy Validation on a Synthetic Model

To verify the accuracy of the TIN-MQ method, we choose the Gaussian synthetic
model defined by [17]. The analytical geometry is according to Equation (11), and the
analytical contour in the domain [−3, 3]× [−3, 3] is presented in Figure 4a.

z(x, y) = 3(1 − x)2 · exp[−x2 − (y + 1)2]− (2x − 10x3 − 10y5) · exp(−x2 − y2)− 1
3
· exp[−(x + 1)2 − y2] (11)

We designed one group of scattered data with 3271 (with 61 points evenly sampled
with a 0.1 step length in both the x and y directions) discrete points to reconstruct the
contour model defined by 361,201 nodes (with 601 points evenly sampled with a 0.01 step
length in both the x and y directions). The details of the discrete points for the modeling
test are indicated in Figure 4b.

The accuracy of the TIN-MQ method is validated by the ordinary kriging method.
Figure 4c,d show the modeling results on the 361,201 nodes modeling from 3271 discrete
points by the kriging method and TIN-MQ method, respectively. It can be observed
that the modeling results of the two methods are generally consistent with the analytical
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results, with no significant differences. However, there are differences in the absolute errors
between both methods and the analytical solution, as shown in Figure 4e,f, which show the
absolute errors for the kriging and TIN-MQ methods, respectively. Table 1 further lists the
average errors and maximum errors for the different methods.
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Figure 4. The modeling results from 3271 discrete points by the kriging method and TIN-MQ.
(a) Analytical solution, (b) 3271 discrete points, (c) modeling results of kriging method, (d) modeling
results of TIN-MQ method, (e,f) absolute errors of the modeling results on the 361,201 modeling
points for the kriging and TIN-MQ methods, respectively.

Table 1. Absolute errors of the kriging and TIN-MQ methods on the synthetic model.

Modeling Method Average Error Maximum Error

Kriging 0.000924 0.00986
TIN-MQ 0.000408 0.00532
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As shown in Figure 4e,f, the absolute errors of these two methods occur at the convex
hull of the conical surface. As indicated in Table 1, both the average error and maximum
error decrease with the increased number of the original sampling data, which aligns with
the fact that the interpolation accuracy is positively related to the density of observed data.
The TIN-MQ method has small absolute errors, while the kriging method has the largest
average error and maximum error.

This case validates the feasibility of the TIN-MQ method, and it demonstrates superior
computational accuracy compared to the kriging method.

4.2. Stability Validation in the Seabed Terrain Modeling of a Fjord in Norway

To verify the stability of the algorithm proposed in this paper, a modeling analysis is
conducted using the seabed topography data from a Norwegian fjord as an example, and
it is compared with the ordinary kriging method and the MQ radial basis function (RBF)
method provided in the Surfer software. The dataset comprises 320,947 data points within
the range of [0, 58400] m × [0, 64191] m, with an average point spacing of 59 m and an
elevation range of [−542.35, 26.82] m. It defines 4,004,001 nodes (uniformly discretized into
2000 cell intervals along the x- and y-axes, with cell sizes of 32.1 m and 29.2 m, respectively)
and constructs the seabed topography model within the convex hull boundary.

Figure 5a–c show the mapping results of the 4,004,001 data points for the kriging method
and MQ-RBF method (using the Surfer software) and the TIN-MQ method, respectively.
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In most regions, the modeling results of these three methods are almost identical and
reflect the undulating changes in the seabed terrain well. However, in areas near the fjord
boundary, where the seabed undulations change significantly, the MQ-RBF method exhibits
varying degrees of distortion (21 distorted regions are marked in Figure 5). Figure 5d shows
a comparison of the three methods in regions 2, 7, 12, 17, and 20, where the modeling results
from the kriging and TIN-MQ methods are consistent, and the contour lines are smooth.
There is no significant difference between these two methods; both constructed seabed
terrains reflect the fluctuations in the seabed topography with high quality. In contrast,
the MQ-RBF method displays erratic changes in values, failing to accurately represent the
changes in the seabed terrain. This case demonstrates the stability of the TIN-MQ method
proposed in this paper.

4.3. Efficiency Validation of Terrain Modeling for Massive Digital Elevation Data

To test the computational efficiency of the TIN-MQ method in modeling massive
datasets, we selected digital elevation data from Hunan Province (90 m × 90 m) for this
experiment. This dataset contained 27,923,061 discrete points, covering the geographic
ranges of [E108.786◦, E114.254◦] and [N24.641◦, N30.127◦]. Figure 6a shows the distribution
of thinned discrete points from this dataset. Based on the concave hull boundary algorithm
outlined in Section 2.2, we set the maximum allowable distance between two boundary
points at ten times the average point distance. The constructed concave hull boundary, as
shown in Figure 6b, accurately fits the actual boundary contour of Hunan Province.
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To investigate the relationship between the modeling time and the number of modeling
nodes, we used various square sizes to discretize the entire planar region into 10,0002,
12,0002, 14,0002, 16,0002, 18,0002, and 20,0002 modeling nodes, considerably surpassing the
number of discrete points in the dataset. Subsequently, the digital elevation models were
constructed using both the TIN-MQ and kriging methods, and the comparative results
regarding their time consumption are shown in Figure 6c, revealing that the TIN-MQ
and kriging methods required [481, 572] s and [7576, 29,598] s, respectively. The TIN-
MQ method shows only a slight increase in processing time as the node count increases,
whereas the kriging method’s time consumption rises linearly with more nodes, clearly
demonstrating the higher computational efficiency of the TIN-MQ method. This efficiency
confirms that parallel modeling is exceedingly effective. Figure 6d shows the modeling
results for 10,0002 nodes using the TIN-MQ method, which finely captures the undulating
forms of the terrain.

5. Discussion
This work introduces the TIN-MQ method, an innovative approach that integrates

a triangulated irregular network (TIN) with a multiquadric (MQ) function to address
the challenges of modeling massive scattered data. The results demonstrate that this
method significantly enhances both the accuracy and efficiency of spatial data interpolation
compared to conventional techniques such as kriging and radial basis functions (RBFs). This
method provides a more comprehensive solution for the handling of large-scale datasets,
which is increasingly important in the era of big data in geosciences.

Furthermore, during the research process, we found that the shape parameter(s), the
topological depth parameter (TopoDepth), and the solver of the linear equation have a
significant impact on the accuracy of the results and the computational efficiency. To
further refine the method, the values of these two parameters are also worth investigating
in the future. Moreover, the damped least squares conjugate gradient method used in this
paper shows better performance in terms of stability compared to other methods in solving
ill-conditioned linear equations.

6. Conclusions
In this paper, a new modeling method to improve the modeling quality and efficiency

of massive scattered data is proposed, and its accuracy, stability, and high efficiency are
validated using synthetic models and practical applications. The main conclusions are
as follows.

1. An efficient and regularized modeling method integrating the TIN model and MQ
functions, referred to as TIN-MQ, is proposed. It is demonstrated in Sections 4.1 and 4.3
that the modeling error of TIN-MQ is halved compared to the kriging method, and
its modeling efficiency exceeds that of kriging by several tens of times. The minimal
increase in the computational time with an increase in the number of modeling nodes
is identified as the most significant advantage of the TIN-MQ method. This method is
noted for its excellent modeling quality and high efficiency, offering broad prospects
for application in massive data modeling.

2. The stability of MQ function modeling is significantly enhanced by the construction
of constrained residual MQ functions and a damped least squares linear equation
(Equation (7)), which is solved using the conjugate gradient method, known for
its strong anti-ill-conditioning capabilities. Section 4.2 indicates that the stability
of the TIN-MQ method surpasses that of the MQ-RBF method in the commercial
software Surfer.
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3. The integration of the TIN model significantly facilitates the determination of concave
hull boundaries for discrete points and modeling within these boundaries, effectively
shielding against redundant information from outside the boundaries. Addition-
ally, the adjacency of triangles in the TIN model is utilized to construct modeling
subdomains, which is key in enhancing the overall modeling efficiency of the TIN-
MQ method.

4. The dynamic distribution of all subdomain modeling tasks to all threads, enabling
the independent execution of assigned tasks by each thread, is achieved using the
OpenMP technology. This is a key technology that significantly enhances the modeling
efficiency of the TIN-MQ method in this paper.
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