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Abstract: The pervasive challenge of missing data in scientific research forces a critical
trade-off: discarding incomplete observations, which risks significant information loss,
while conventional imputation methods struggle to maintain accuracy in high-dimensional
settings. Although approaches like multiple imputation (MI) and random forest (RF)
proximity-based imputation offer improvements over naive deletion, they exhibit limita-
tions in complex missing data scenarios or sparse high-dimensional settings. To address
these gaps, we propose a novel integration of Multiple Imputation by Chained Equations
(MICE) with Bayesian Random Forest (BRF), leveraging MICE’s iterative flexibility and
BRF’s probabilistic robustness to enhance the imputation accuracy and downstream predic-
tive performance. Our hybrid framework, BRF-MICE, uniquely combines the efficiency
of MICE’s chained equations with BRF’s ability to quantify uncertainty through Bayesian
tree ensembles, providing stable parameter estimates even under extreme missingness. We
empirically validate this approach using synthetic datasets with controlled missingness
mechanisms (MCAR, MAR, MNAR) and dimensionality, contrasting it against established
methods, including RF and Bayesian Additive Regression Trees (BART). The results demon-
strate that BRF-MICE achieves a superior performance in classification and regression tasks,
with a 15–20% lower error under varying missingness conditions compared to RF and BART
while maintaining computational scalability. The method’s iterative Bayesian updates ef-
fectively propagate imputation uncertainty, reducing overconfidence in high-dimensional
predictions, a key weakness of frequentist alternatives.

Keywords: multiple imputation; missing data; Bayesian random forest; high-dimensional
analysis; random forest; simulation study

MSC: 62F15; 62G20; 62G08

1. Introduction
Missing data are one of the critical problems encountered in scientific research. It is a

typical problem that affects the availability of the datasets necessary for drawing statistical
inferences. Furthermore, several statistical analysis techniques require complete datasets.
Therefore, researchers often struggle with imputing missing data or dropping the cases with
missing values. However, dropping incomplete cases is inefficient and often unacceptable
in many cases because it discards original information that could be beneficial in drawing
more reliable conclusions [1]. As a result, imputing is the only viable option when one does
not wish to remove original cases from the dataset to conduct analysis.
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The issue of missing data has been extensively explored in the classical statistical
literature [2]. Several established methods exist to address this challenge. The simplest
approach, case-wise deletion (CWD), involves removing samples with missing values
entirely. However, ref. [2] highlighted limitations of CWD, particularly in linear regression
contexts, citing notable drawbacks such as bias and inefficiency. An alternative to CWD
is the mean substitution (MS) method, where missing values are replaced by the mean
of observed data points. While straightforward and often effective, this technique may
oversimplify complex datasets.

A more sophisticated strategy, multiple imputation (MI), was formalized in [3]. This
approach estimates missing values using conditional relationships from observed data.
The imputation process is repeated t times (typically 3–5 iterations), generating multiple
complete datasets. Statistical analyses are performed on each imputed dataset, and final
parameter estimates and standard errors are derived by averaging results across iterations.

Another prominent method, the Expectation-Maximization (EM) algorithm [4], shares
similarities with MI but operates through iterative cycles. During the expectation step,
the algorithm computes latent variable likelihoods by treating missing data as unobserved
variables. The subsequent maximization step updates parameter estimates (e.g., mean vec-
tors and covariance matrices) to optimize the expected likelihood. Despite being classified
as a single imputation method (as it produces one set of imputed values), the EM algorithm
remains widely adopted due to its probabilistic rigour and computational efficiency.

A robust methodology referred to as the Multiple Imputation by Chained Equations
(MICE) or Full Conditional Specification (FCS) method has gained popularity in the re-
cent past where the technique is used to address the missing data problems [5]. Several
researchers have suggested that MICE is a powerful tool for imputing quantitative vari-
ables with missing values in a multivariate data setting, and the method performs better
compared to the ad hoc and single imputation methods [6]. Despite its robustness and
applications, other alternatives exist that incorporate the handling of missing data in their
algorithms. For instance, proximity imputation, much adopted in random forest algorithms,
is an imputation approach that starts by imputing the missing values to fit a random forest.
Then, the initial imputed missing values are subsequently updated by the proximity of the
data [7]. Consequently, such processes achieve the desired results over several iterations.

A method proposed in [8] utilizes proximity matrices measuring pairwise observa-
tion similarity within random forests to estimate missing values. Subsequent work in [9]
expanded random forest-based imputation, including applications to unsupervised clas-
sification [10]. Additionally, ref. [11] introduced an adaptive imputation technique for
Random Survival Forests, demonstrating its superiority over traditional proximity-based
methods in survival analysis.

A comparative study [12] evaluated classification methods (k-nearest neighbours
[kNN], C4.5, and support vector machines [SVMs]) alongside the MICE algorithm on
datasets with missing values. The results highlighted MICE’s effectiveness, whereas C4.5
often exhibited increased misclassification errors when paired with imputation. Separately,
ref. [13] analysed kNN imputation within random forests through extensive simulations.

Within the Bayesian framework, ref. [14] developed BARTm, an extension of Bayesian
Additive Regression Trees (BART) that addresses covariate missingness. Unlike conven-
tional methods requiring imputation or censoring, BARTm modifies decision tree splitting
criteria to incorporate missing values directly, treating missingness as a valid partitioning
factor. This approach captures potential signals in non-random missingness, accommodates
continuous and categorical data, and integrates imputation into the model construction.
BARTm also provides Bayesian credible intervals that inherently account for imputation
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uncertainty. Notably, its computational efficiency enables the seamless prediction of future
data with missing entries.

Many traditional missing data methods, as discussed above, were designed for low-
to-moderate dimensional datasets. These approaches often prove inadequate in high-
dimensional contexts (e.g., genomics, neuroimaging), where imputing all variables risks
overparameterization and non-convex optimization challenges, as seen in maximum likeli-
hood and EM-based methods [15]. While [16] advocates imputing all variables to ensure
unbiased correlations, this becomes impractical when variables vastly outnumber samples.

Furthermore, most existing methods focus on continuous data (e.g., gene expres-
sion [17,18]), overlooking complex variable interactions and nonlinearities. Conventional
MI struggles with such complexities, producing biased estimates [19]. Emerging techniques
like Fully Conditional Specification (FCS) [20] show promise but remain challenging to
implement, particularly for models involving intricate interactions.

Current methods for handling missing data in high-dimensional settings, including
standalone Multiple Imputation by Chained Equations (MICE) and Bayesian Random
Forest (BRF), exhibit critical limitations. MICE, while flexible, often struggles with com-
plex feature interactions in nonlinear or non-ignorable missingness (MNAR) scenarios,
leading to biased imputations [21]. BRF frameworks [22,23], though robust for prediction,
lack systematic integration with iterative imputation, limiting their utility in incomplete
datasets. To bridge these gaps, we propose a novel hybrid framework that synergizes MICE
with BRF, enhancing both imputation accuracy and predictive performance. Our method
extends BRF by preprocessing data with MICE to iteratively refine imputations while
preserving uncertainty quantification through Bayesian tree ensembles. This addresses
two key shortcomings: (1) MICE’s reliance on misspecified parametric assumptions in
high dimensions and (2) BRF’s inability to jointly model missingness mechanisms and
response variables.

2. Study Motivation
Modern datasets in fields such as genomics, healthcare, and social sciences increasingly

exhibit high dimensionality and pervasive missing values, posing significant challenges
for statistical inference [24]. Traditional approaches to missing data, such as complete case
analysis or single imputation, often introduce bias or underestimate uncertainty, partic-
ularly under non-random missingness mechanisms [4]. Although Multiple Imputation
by Chained Equations (MICE) has emerged as a robust framework for handling missing
data [25], its integration with advanced predictive models for high-dimensional regression
and classification remains underexplored. This study bridges this gap by proposing a
Bayesian Random Forest (BRF) framework coupled with MICE, explicitly addressing both
missing data complexity and high-dimensional predictive modelling.

2.1. Merits of BRF + MICE Integration

The proposed methodology offers three key advantages over existing approaches:

1. Unified Handling of Missing Data Mechanisms: By tailoring MICE to MCAR, MAR,
and MNAR scenarios (Sections 3.1.1–3.1.3), our approach adapts to diverse missing-
ness patterns. For MNAR, variance inflation (Section 3.1.3) and sensitivity analyses
mitigate bias, while Rubin’s rules (Section 3.1.3) propagate imputation uncertainty
into downstream BRF models. This contrasts with conventional random forests, which
either discard incomplete cases or rely on ad hoc proximity imputation.

2. High-Dimensional Compatibility: BRF’s sum-of-trees structure (Section 4.2) inherently
handles nonlinearities and interactions in high-dimensional data. The Bayesian
weighting scheme (Section 4.2.1) prioritizes covariates with strong marginal associations,
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reducing overfitting. Coupled with MICE’s ability to impute missing values without
specifying a joint distribution, this enables the scalable analysis of datasets where p ≫ n.

3. Uncertainty Quantification: BRF provides full posterior distributions for predictions,
naturally incorporating uncertainty from both imputation (via D MICE datasets) and
model estimation. This dual uncertainty propagation is critical for risk-sensitive
applications like clinical prognosis [26].

2.2. Demerits and Challenges

Despite its strengths, the BRF + MICE framework presents notable limitations:

1. Computational Complexity: MICE’s iterative imputation and BRF’s MCMC sampling
(Section 4.4) incur substantial computational costs, particularly for large p. While
parallelization mitigates this, real-time applications may require approximations.

2. Model Specification Sensitivity: MICE assumes correctly specified conditional
models. In high dimensions, omitted variable bias or misspecified interactions
(Section 3.1.3) may distort imputations, propagating errors to the BRF. Robustness
checks (Section 3.1.2) are thus essential.

3. MNAR Identification Limits: While pattern-mixture and selection models (Section 3.1.3)
address MNAR, they rely on untestable assumptions about unobserved data. Sensi-
tivity parameters (e.g., δ, λ) require domain expertise for calibration.

2.3. Contribution and Positioning

Our work introduces three novel contributions to the missing data literature. First, we
propose the first unified framework that integrates MICE with Bayesian Random Forest
(BRF), enabling simultaneous imputation and prediction in high-dimensional settings.
Unlike previous efforts that apply MICE or BRF in isolation [21,22], our pipeline embeds
the Bayesian uncertainty quantification of BRF directly in MICE chain equations, resolving a
critical gap where traditional MICE relies on misspecified parametric models (e.g., linearity
assumptions) and standalone BRF lacks iterative imputation refinement. Second, we
develop adaptive diagnostics for MAR mechanisms (Section 3.1.2), including a sensitivity
analysis protocol to tune the prior strength against missingness bias, addressing the ‘black-
box’ criticism of Bayesian methods [27]. Third, empirical results (Section 6) demonstrate
that our framework achieves a prediction error 20 to 30% lower than state-of-the-art
benchmarks (e.g., BART2, RF-MICE) in precision medicine case studies simulating MNAR
with nonlinear interactions, while maintaining computational tractability for datasets with
p > 103 features.

The novelty of integration lies in its dual capability: (1) BRF’s nonparametric trees
preserve feature relationships during imputation, overcoming the parametric limitations
of MICE, while (2) MICE’s iterative feedback corrects the initial imputation bias of BRF,
a weakness in single-pass Bayesian methods [28]. This synergy bridges a critical method-
ological divide between imputation and modelling, offering a reproducible workflow for
incomplete high-dimensional data. Although challenges remain in MNAR identifiability,
our approach advances beyond ‘black-box’ tools by explicitly linking the accuracy of the
imputation to downstream inference, a key requirement for reliability in fields such as
genomics and clinical risk modelling.

3. Multivariate Imputation by Chained Equations (MICE)
Rubin [29] highlighted the difficulties in making valid statistical inferences from incom-

plete datasets. A fundamental requirement is to comprehend the mechanisms leading to
missing data, which has inspired the development of specialized inference frameworks and
more precise definitions [2]. Missingness mechanisms are classified into three categories:
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1. Missing Completely at Random (MCAR): The occurrence of missing data is indepen-
dent of both the observed and unobserved variables:

P(R|xcomp) = P(R)

2. Missing at Random (MAR): The missingness is contingent solely on the observed data:

P(R|xcomp) = P(R|xobs)

3. Missing Not at Random (MNAR): Missingness is dependent on unobserved data or
on the missing values themselves:

P(R|xcomp) = P(R|xobs, xmis)

In this context, R signifies the missingness indicator, xcomp = [xobs, xmis] repre-
sents the complete data, and P(R) denotes the probability distribution associated with
the missingness.

Multiple Imputation by Chained Equations (MICE) is particularly useful for datasets
with missing values across different variables. Rather than defining a joint distribution, it
iteratively samples from the conditional density P(xmis, xobs, R|η), accommodating various
models (e.g., log-linear, multivariate normal) [25,30,31]. While it has theoretical limitations,
simulations demonstrate its practical effectiveness [32].

As detailed in [33], MICE estimates the posterior distribution of η through a series of
chained equations.

3.1. Missing Data Imputation with MICE

Let the incomplete dataset be denoted as D = [y, X], where y = (y1, . . . , yn)⊤ is
the response vector and X = [x1, . . . , xp] is an n × p covariate matrix. Let R = [Rij]

be the missingness indicator matrix, where Rij = 1 if xij is observed and 0 otherwise.
The goal is to impute missing values in X under three mechanisms: Missing Completely
at Random (MCAR), Missing at Random (MAR), and Missing Not at Random (MNAR).
MICE iteratively imputes missing values using conditional models. For each covariate j,
the algorithm cycles through the following steps until convergence:

1. Model Specification: For variable xj, we define a conditional imputation model based
on observed data. For a continuous xj, the model takes the following form:

xobs
j = β0 + Xobs

−j β + yobsγ + ϵj, ϵj ∼ N (0, σ2), (1)

where Xobs
−j excludes xj, β and γ are regression coefficients, ϵj represents the error

term, and σ2 is the error variance. Due to the nonparametric nature of BRF, the specific
distribution of ϵj does not significantly affect its performance.
To enhance flexibility, the generalized framework accommodates various error
distributions:

xobs
j = β0 + Xobs

−j β + yobsγ + ϵj, ϵj ∼ D(θ), (2)

where D(θ) represents a parametric or nonparametric error distribution with parame-
ters θ. Handling non-normal errors requires a flexible approach to ensure robustness
in imputation. One possible strategy is to replace the normal assumption N (0, σ2)

with heavy-tailed alternatives such as the Student-t or skewed distributions like the
skew-normal, which provide robustness against outliers and asymmetric residuals.
Alternatively, semiparametric approaches such as quantile regression or rank-based
imputation can be employed to completely relax distributional assumptions. Another
approach involves leveraging machine learning by incorporating BRF’s nonparamet-
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ric trees directly into the imputation model, allowing ϵj to capture complex residual
structures without explicit parametric constraints. To ensure the appropriateness of
the imputation model, diagnostic checks such as Q-Q plots and statistical tests like
Shapiro–Wilk can be performed to assess residual distributions. If substantial devia-
tions from normality persist, D(θ) can be iteratively updated within MICE’s chained
equations to refine the model. For non-continuous xj, such as binary or count data,
the error distribution D(θ) can be specified within the Bernoulli or Poisson families,
with appropriate transformations applied through logit or log link functions. This
flexible framework ensures adaptability across diverse data types while maintaining
coherence with BRF’s Bayesian updating mechanism.

2. Parameter Estimation: Estimate θj = (β0, β, γ, σ2)using observed data. For linear regression,

θ̂j = arg min
θj

∥∥∥xobs
j − (β0 + Xobs

−j β + yobsγ)
∥∥∥2

, (3)

with σ̂2 = 1
nj−p ∑

nj
i=1 ϵ2

ij, where nj is the number of observed cases for xj.

3. Imputation: Draw missing values xmis
j from the following predictive distribution:

xmis
j = β̂0 + X imp

−j β̂ + yobsγ̂ + ϵj, ϵj ∼ N (0, σ̂2), (4)

where X imp
−j contains current imputations of other covariates.

4. Convergence: Repeat for T iterations until the distribution of imputed values stabilizes.

3.1.1. MICE Imputation for Missing Completely at Random (MCAR)

If the mechanism behind the missingness is classified as Missing Completely At
Random (MCAR), it is expressed as follows:

P(Rj = 0 | X, y) = P(Rj = 0).

This signifies that the occurrence of missing data is independent of both observed
and unobserved factors. When employing Multiple Imputation by Chained Equations
(MICE) to address missingness, the imputation model for a continuous variable xj can be
represented by the following equation:

xmis
j = β̂0 + X imp

−j β̂ + ϵj, ϵj ∼ N (0, σ̂2).

In this model, the parameters β̂ and σ̂2 are estimated using Ordinary Least Squares
(OLS) regression techniques. On the other hand, for categorical variables xj, the model for
imputation is structured as follows:

log

(
P(xj = k)
P(xj = K)

)
= β0k + X imp

−j βk, k = 1, . . . , K − 1.

In this case, the equation models the log odds of a categorical outcome, with parame-
ters estimated for each category. This approach allows for the effective handling of missing
data across different types of variables.

3.1.2. MICE Imputation for Missing at Random (MAR)

When the missing mechanism is classified as MAR (Missing at Random), the underly-
ing model is as follows:

P(Rj = 0 | X, y) = P(Rj = 0 | Xobs, y). (5)
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This implies that the probability of the missingness indicator Rj being zero (indicating
that the data point is not missing) can be explained solely by the observed data Xobs and
the observed outcomes y. In other words, the missingness of data does not depend on the
unobserved values themselves but rather on other observed variables.

For example, if x2 is MAR, the imputation can be obtained using the following:

xmis
2 = β̂0 + β̂1ximp

1 + γ̂yobs + ϵj, ϵj ∼ N (0, σ̂2). (6)

In this context, the imputation model aims to estimate the missing value xmis
2 using

the observed imputed value ximp
1 and the observed outcomes yobs. The parameters β̂0, β̂1,

and γ̂ represent the estimated coefficients from a regression model, while ϵj captures the
error term, assumed to follow a normal distribution with mean zero and variance σ̂2.

The diagnosis of the missing observation is performed using the following:

logit(P(Rj = 0)) = α0 + α1x1 + α2y. (7)

This diagnostic model helps assess the adequacy of the imputation strategy by mod-
elling the log odds of P(Rj = 0) as a linear combination of the observed predictors x1 and y.
The parameters α0, α1, and α2 represent the coefficients that should be estimated from the
data. Analysing these coefficients can provide insights into how well the selected observed
variables explain the mechanism of missingness, thus highlighting any potential biases in
the imputation process.

3.1.3. MICE Imputation for Missing Not at Random (MNAR)

If the missing mechanism is MNAR, the relationship governing the missingness of
data can be expressed as follows:

P(Rj = 0 | X, y) = P(Rj = 0 | Xobs, Xmis), (8)

where Rj indicates whether the j-th response variable is observed (1) or missing (0). This
equation highlights that the probability of data being missing relies not only on the observed
covariates Xobs but also on the missing covariates Xmis.

In MNAR, the imputation can be achieved either by using the pattern-mixture model or
model selection. In the pattern-mixture model framework, the imputation of missing values
is contextually based on the observed data and the pattern of missingness. The imputation
equation can be stated as follows:

xmis
j = β̂0 + X imp

−j β̂ + δ̂Rj + ϵj, ϵj ∼ N (0, σ̂2). (9)

Here, xmis
j refers to the estimated values for the missing j-th observation. The term β̂0

is the intercept, while X imp
−j contains the imputed values of the covariates excluding the

j-th variable. The coefficient β̂ captures the effects of these imputed covariates. The term
δ̂Rj accounts for the missingness indicator, and ϵj represents the normally distributed error
term with mean zero and variance σ̂2.

On the other hand, the selection model distinguishes between the outcome generation
process and the mechanism that causes the data to be missing. The outcome model can be
articulated as follows:

Outcome Model: xj ∼ N (β0 + X−jβ, σ2), (10)

Missingness Model: logit(P(Rj = 0)) = α0 + α1xj. (11)
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In this context, xj represents the j-th response variable following a normal distribution
with a mean dependent on the regression parameters β0 and β applied to the covariates
X−j, along with a variance σ2. The missingness model uses a logistic regression framework
where the log odds of the missingness indicator Rj being zero is expressed as a linear
function of the j-th response variable itself, with parameters α0 and α1, capturing how the
observed responses influence the likelihood of data being missing.

It is worthy of note that, in cases where data is MNAR, the uncertainty introduced by
imputation can lead to an increase in the estimated variance. To account for this, we model
the error term as follows:

ϵj ∼ N (0, λσ̂2), λ > 1. (12)

Here, ϵj represents the error associated with the jth observation, which is assumed
to follow a normal distribution with a mean of zero. The term σ̂2 denotes the estimated
variance from the observed data, while λ is a factor greater than one that indicates the
extent of variance inflation due to the missing data mechanism. This adjustment is critical
as it ensures that the variability in the estimates reflects the increased uncertainty stemming
from the MNAR assumption.

Subsequently, we applied Rubin’s rules, which provide a systematic approach for combin-
ing estimates and their uncertainties from multiple imputed datasets. Let us denote Ĝd as the
estimate derived from the dth imputed dataset. The combined estimate is calculated as follows:

Combined Estimate: Ḡ =
1
D

D

∑
d=1

Ĝd, (13)

where m is the total number of imputed datasets. This average provides a single point
estimate that optimally reflects the information gleaned from all datasets.

The total variance of this combined estimate is derived from both the within-
imputation variances and the between-imputation variance, calculated as follows:

Total Variance: T = Ū +

(
1 +

1
D

)
V. (14)

In this formula, Ū represents the average within-imputation variance (i.e., the variance
of the estimates within each dataset), while V signifies the between-imputation variance
(i.e., the variance of the estimates across the different datasets). The term

(
1 + 1

D

)
adjusts

the between-imputation variance to account for the degrees of freedom, providing a com-
prehensive measure of the overall uncertainty in the final estimate. This framework is
essential for properly estimating uncertainty in the presence of missing data, allowing for
more accurate statistical inference.

4. Bayesian Random Forest for High-Dimensional Regression with
Missing Data
4.1. Model Specification

Let D = [yi, xi1, xi2, . . . , xip] for i = 1, 2, . . . , nj and j = 1, . . . , p denote an incomplete
dataset with nj × p dimensions, where yi is a continuous response and xi = [xi1, . . . , xip] is
a vector of p covariates. Let n denote the complete sample size, so n − nj represents the
number of missing entries for covariate j. The missingness probability for each covariate is
estimated as (n − nj)/n.
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4.1.1. Imputation Step

First, missing data are imputed using the appropriate procedure of the missing MICE
mechanism to generate a complete dataset n × p. MICE iteratively fits conditional models
for each covariate given the others, incorporating uncertainty in the imputations.

4.1.2. Sum-of-Trees Model

After imputation, the relationship between x and y is modelled as follows:

yi = h(xi1, xi2, . . . , xip) + ϵi, (15)

where h(xi) = ∑K
k=1 fk(xi) is an additive ensemble of K regression trees. Each tree parti-

tions the covariate space into M disjoint regions Rmk and assigns a constant value βmk to
observations in region Rmk:

y =
K

∑
k=1

Ik(βmk : x ∈ Rmk), (16)

where ϵi
iid∼ N (0, σ2) is Gaussian noise.

4.2. Prior Distributions
4.2.1. Prior on Tree Structures

Each tree Ik is assigned a prior that penalizes complexity. The splitting rule at each
node uses a Bayesian Weighted Splitting criterion:

Qw
m(I) = (1 − wj)

 ∑
i:xij∈R1(k,j)

(yi − β̂1m)
2 + ∑

i:xij∈R2(k,j)
(yi − β̂2m)

2

, (17)

where wj is the prior probability that covariate xj is relevant to y, computed as follows:

wj =
p

∑
j=(p−j)

(
p
j

)[
F(T̂j)

]j[1 − F(T̂j)
](p−j). (18)

Here, F(T̂j) is the cumulative distribution function of the standardized statistic
T̂j = γ̂j/SD(γ̂j), derived from a Bootstrap Bayesian linear regression:

ŷ = γ̂0 + γ̂jxj. (19)

4.2.2. Prior on Terminal Node Parameters

For continuous y, the parameters βmk and σ2 in each tree are assigned a normal-
inverse-gamma (NIG) prior:

p(βmk, σ2) = N (βmk|µ0, σ2ν0) · Inv-Gamma(σ2|a0, b0), (20)

where µ0, ν0, a0, b0 are hyperparameters. For categorical y, a multinomial-logit prior is used [22].

4.3. Likelihood

Given the ensemble of trees, the likelihood for continuous y is as follows:

p(y|{Ik}, σ2) =
n

∏
i=1

N
(

yi

∣∣∣∣ K

∑
k=1

βmk · I(xi ∈ Rmk), σ2

)
. (21)
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4.4. Posterior Distribution

The joint posterior over trees, parameters, and hyperparameters are as follows:

p
(
{Ik}, {βmk}, σ2, {wj}

∣∣D) ∝ p(y|{Ik}, σ2) · p({βmk}, σ2) · p({Ik}|{wj}) · p({wj}). (22)

Algorithm 1 summarizes the steps for the Bayesian Random Forest for high-
dimensional regression with missing data.

Algorithm 1 Bayesian Random Forest for High-dimensional Regression with Missing Data

Require: Incomplete dataset D, number of imputations D, number of trees K
Ensure: Predictions ŷbrf, variance σ̂2

brf
1: Imputation:
2: for d = 1 to D do
3: Apply MICE to generate imputed dataset D(d)

4: end for
5: Forest Construction:
6: for d = 1 to D do
7: for k = 1 to K do
8: Grow tree I

(d)
k via Bayesian Weighted Splitting:

9: while node requires splitting do
10: Compute variable weights:

wj = Bootstrap Bayesian regression weights

11: Select variable j ∼ Categorical(w1, . . . , wp)
12: Choose split minimizing:

Qw
m(I) = Weighted splitting criterion

13: end while
14: Parameter Estimation:
15: for terminal node Rmk do
16: Sample parameters:

βmk|σ2 ∼ N
(

ν0µ0 + nmȳm

ν0 + nm
,

σ2

ν0 + nm

)

σ2 ∼ Inv-Gamma

(
a0 +

nm

2
, b0 +

1
2 ∑

i∈Rmk

(yi − ȳm)
2 +

ν0nm(ȳm − µ0)
2

2(ν0 + nm)

)
17: end for
18: end for
19: end for
20: Aggregation:
21: for all observations i = 1, . . . , n do
22: Compute predictions:

ŷ(i)brf =
1

DK

D

∑
d=1

K

∑
k=1

(
∑nm

i=1 ωikyi

∑nm
i=1 ωik

)

23: Compute variance:

σ̂2
brf =

1
DK(n − M)

D

∑
d=1

K

∑
k=1

(
∑nm

i=1 ωik(yi − ŷbrf)
2

∑nm
i=1 ωik

)

24: end for
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5. Bayesian Random Forest for High-Dimensional Classification with
Missing Data
5.1. Model Specification

Let D = {(yi, xi)}n
i=1 be a dataset with categorical response yi ∈ {1, . . . , C} and covariates

xi ∈ Rp, where p ≫ n. Assuming missingness occurs in the covariates, the complete-case
sample size for covariate j is denoted as nj, with the missingness probability being (n − nj)/n.

Imputation Framework

First, we use the appropriate MICE missing mechanism to create complete datasets D.
Then, for each imputed dataset d ∈ {1, . . . , D}, we implement the Bayesian classification forest:

yi = argmax
c∈{1,...,C}

(
K

∑
k=1

Ik(pc
mk|xi ∈ Rmk)

)
(23)

where Ik denotes the k-th classification tree partitioning the feature space into M regions
Rmk, with pc

mk = P(y = c|x ∈ Rmk) being the class probability in terminal node m of tree k.

5.2. Prior Distributions
5.2.1. Tree Structure Prior

This is a sparsity-inducing prior on variable selection probabilities:

wj =
p

∑
r=p−j

(
p
r

)
[F(F̂j)]

r[1 − F(F̂j)]
p−r (24)

where F(F̂j) is the CDF of the Bayesian F-statistic:

F̂j =
SSRj/(C − 1)
SSEj/(n − C)

(25)

derived from Bayesian ANOVA models:

xj ∼ ν0 +
C

∑
c=1

νcI(y = c) (26)

5.2.2. Node Parameter Prior

This is a Dirichlet–Multinomial conjugate prior for class probabilities:

p(p1
mk, . . . , pC

mk) ∼ Dirichlet(α1, . . . , αC) (27)

with αc =
1
C + λ · prior class frequency.

5.3. Likelihood Function

This is the multinomial likelihood for observations in terminal node Rmk:

L(Rmk) =
C

∏
c=1

(pc
mk)

nc
mk (28)

where nc
mk = ∑i∈Rmk

I(yi = c)

5.4. Posterior Distribution

The joint posterior combines the following:

π({Ik}, {pc
mk}, {wj}|D) ∝

K

∏
k=1

[
M

∏
m=1

L(Rmk) · Dir(pc
mk|α)

]
·

p

∏
j=1

w
Sj
j (1 − wj)

p−Sj (29)
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where Sj counts splits using variable j.
Algorithm 2 summarizes the steps for the Bayesian Random Forest for high-

dimensional classification with missing data.

Algorithm 2 Bayesian Random Forest for High-Dimensional Classification with Miss-
ing Data

Require: Incomplete dataset D, number of imputations D, number of trees K, classes C
Ensure: Class probabilities P̂(y = c|x), final classifications ŷ

1: Multiple Imputation:
2: for d = 1 to D do
3: Impute missing data using MICE with Bayesian polytomous regression
4: Store complete dataset D(d)

5: end for
6: Forest Construction:
7: for d = 1 to D do
8: for k = 1 to K do
9: Grow classification tree I

(d)
k via:

10: while stopping criterion not met do
11: Compute variable weights at node m:

w(t)
j =

F−1(F̂(t)
j )

∑
p
l=1 F−1(F̂(t)

l )

12: Select splitting variable j ∼ Categorical(w(t)
1 , ..., w(t)

p )
13: Choose split point minimizing:

Qw
m = (1 − wj)

[
1 −

C

∑
c=1

( p̂c
mL

2 + p̂c
mR

2)

]

14: end while
15: Posterior Sampling:
16: for terminal node Rmk do
17: Draw class probabilities:

pc
mk ∼ Dirichlet(αc + nc

mk)

18: end for
19: Update variable weights:

w(t+1)
j ∝ w(t)

j · exp(η · VI(t)j )

20: end for
21: end for
22: Aggregation:
23: for observation x do
24: Compute class probabilities:

P̂(y = c|x) = 1
DK

D

∑
d=1

K

∑
k=1

pc
mkI(x ∈ R(d)

mk )

25: Determine final classification:

ŷ = argmax
c∈{1,...,C}

P̂(y = c|x)

26: end for
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5.5. Theoretical Guarantees

The proposed Bayesian Random Forest methodology satisfies three fundamental
theoretical properties that ensure a robust performance in high-dimensional settings with
missing data.

First, the framework achieves posterior concentration under the L1-norm for sparse
truth. Specifically, under the regime where both the sample size n and covariate dimension
p grow with p = o(enα

) for some α ∈ (0, 1), the posterior distribution satisfies the following:

π(∥P − P0∥1 > ϵ |D) ≤ Ce−nϵ2/2 as n, p → ∞,

where P0 is the true data-generating distribution, C > 0 is a constant, and ϵ > 0. This
exponential concentration rate holds when the true regression surface is s0-sparse (s0 ≪ p),
demonstrating the model’s ability to recover complex relationships while maintaining
statistical consistency.

Second, the method exhibits missing data adaptability through imputation consistency
under the Missing Completely at Random (MCAR) mechanism. When the missingness indi-
cator matrix E satisfies E ⊥⊥ (Y, X), the aggregated estimator after D multiple imputations
converges to the oracle estimator trained on complete data:

∥β̂BRF − β̂oracle∥2 = Op

(√
log p
nD

)
.

This result follows from the Bayesian bootstrap validity in MICE imputation and the
uniform integrability of tree-based estimators.

Third, the approach achieves dimension reduction through adaptive variable selection.
For irrelevant covariates xj (where β j = 0 in the true model), the expected number of splits
satisfies the following:

E[Sj] ≍
s0

p

(
1 +

log n√
n

)
,

where s0 is the number of truly relevant variables. This polynomial decay rate in p emerges
from the sparsity-inducing prior wj ∝ (p

j)[F(F̂j)]
j[1 − F(F̂j)]

p−j, which geometrically down-
weights irrelevant covariates while maintaining sensitivity to true signals. The concen-
tration inequality P(Sj > 0) ≤ e−c

√
n for some c > 0 guarantees controlled false discov-

ery rates.
Collectively, these properties ensure the methodology remains statistically sound

despite missing data complexities and the curse of dimensionality, providing both finite-
sample reliability and asymptotic justification.

6. Simulation and Results
The three missingness mechanisms (MCAR, MAR, and MNAR) were simulated for

both regression and classification cases. For the regression case, we adopted the simula-
tion strategies of [23] for simulating the high-dimensional Friedman nonlinear Gaussian
response model and [7] for different missingness injection mechanisms. Specifically, we set
p = 1000 and n = 200 with the nonlinear model

y = 10 sin(x1x2) + 20(x3 − 0.5)2 + 10|x4 − 0.5|+ 5(x5 − 0.5)3 + ϵ. (30)

The model is high-dimensional in that only variables (x1, x2, x3, x4, x5) are relevant and
the remaining (x6, x7, . . . , x1000) are noise. For MCAR, the relevant independent variables
x1, x2, x3, x4, x5 are missing randomly with Bernoulli probabilities pmis = 0.25, 0.5, 0.75 such
that a case is missing if the Bernoulli random vector returned is 1. For MAR, variables
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x1, x2 are missing if the probability of missingness defined over the Probit link equa-
tion P(E(x1, x2) = 1|x3, x4, x5) = Φ(ϖ0 + ϖ1x3 + ϖ2x4 + ϖ3x5) is 0.25, 0.5, 0.75. Here,
ϖ0, ϖ1, ϖ2, and ϖ3 are defined such that P(E(x1, x2) = 1|x3, x4, x5) = 0.25, 0.5, 0.75. Simi-
larly, for MNAR, the relevant variables x1, x2, x3, x4, x5 are missing if the probability of miss-
ingness defined over the Probit link equation P(E(x1, x2, x3, x4, x5) = 1|x1, x2, x3, x4, x5) =

Φ(ϖ0 + ϖ1x1 + ϖ2x2 + ϖ3x3 + ϖ4x4 + ϖ5x5) is 0.25, 0.5, 0.75. The proportion of missing-
ness pmis = 0.25, 0.5, 0.75 was adapted from the studies [7,34–36] that found up to 75%,
65%, 67%, and 72% missing entries in the simulation and real-life datasets used. Two other
methods (RF [7] and BART2: Bartmachine [14]) were compared with BRF using the root
mean square error (RMSE) and average root mean square (ARMSE) as performance mea-
sures over 10-fold cross-validations. All simulations and analyses were carried out in the R
package version (4.3.1).

RMSE =

√
∑ntest

i=1 (yi − ŷi)2

ntest

ARMSE =
∑10

e=1 RMSEe

10

6.1. Convergence Diagnostic of BRF with MICE

Before conducting the comparative analysis, we assessed the convergence behaviour
of the Bayesian Random Forest (BRF) with Multiple Imputation by Chained Equations
(MICE) under the Missing Completely at Random (MCAR) assumption for responses that
are Gaussian distributed. Figure 1 and Table 1 display the trace plot and convergence
diagnostic for the BRF with MICE Posterior Samples, represented as Average Predictions
( ¯̂y), under the MCAR mechanism for datasets with Gaussian-distributed response variables.
The BRF Posterior Samples are based on D = 5 imputations across K = 1000 trees, resulting
in a total of 5000 samples.

Table 1. Gelman–Rubin Convergence Diagnostic (R-hat) and effective sample size (ESS) for varying
levels of missing data in the BRF + MICE framework.

pmiss R-hat (Point Estimate) R-hat (Upper C.I.) ESS

25% 1.000 1.002 4878.9
50% 1.001 1.003 5129.5
75% 1.001 1.004 5117.9
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Figure 1. Trace plot for BRF with MICE Posterior Samples (Average Predictions) under the Missing
Completely at Random (MCAR) mechanism for datasets with Gaussian-distributed response variables.

At 25% missingness, the trace plots for BRF with MICE demonstrate rapid convergence
and stable mixing. The MCMC chains stabilize within 200–300 iterations, forming a dense
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band of parameter estimates with minimal outliers. This aligns with near-ideal R-hat
values (1.000) and a high effective sample size (ESS = 4879), which confirms that the
chains converge to a shared stationary distribution and efficiently explore the posterior.
The tight overlap of chains after burn-in, paired with R-hat’s proximity to 1.0, underscores
robust convergence, while the large ESS reflects minimal autocorrelation and reliable
uncertainty quantification.

At 50% missingness, convergence is marginally delayed (300 iterations), with trace
plots showing increased initial variability and sporadic outliers. Despite these challenges,
the chains stabilize into a coherent band, supported by R-hat values (1.001) that remain
near 1.0 and an even higher ESS (5130). The slight increase in R-hat compared to 25%
missingness signals minor variability between chains, likely due to the greater uncertainty
of imputation, but the stability of ESS indicates sustained sampling efficiency. This balance
highlights the BRF with the adaptability of MICE to moderate missingness, where iterative
imputation preserves mixing quality despite the increased complexity.

In 75% missingness, the trace plots reveal a pronounced initial instability, with ex-
treme parameter fluctuations and delayed convergence (∼300–400 iterations). However,
the chains eventually stabilize, as evidenced by acceptable R-hat values (1.001) below the
1.01 threshold and a robust ESS (5118). Although the elevated R-hat reflects increased
variability between chains in accordance with sparse observed data, the ESS remains high,
demonstrating that the method retains sampling efficiency even under extreme missingness.
The eventual coherence of the trace plots, despite the wider spreads, confirms the BRF
with the capacity of MICE to manage the propagation of uncertainty in high-missingness
regimes, where traditional methods often degrade.

Across all missingness levels, BRF + MICE maintains convergence (R-hat ≤ 1.0013)
and strong mixing (ESS > 4800), validating its robustness. The gradual rise in R-hat with
missingness highlights growing imputation uncertainty, while stable ESS values confirm
consistent sampling efficacy. These metrics, combined with trace plot trends, affirm the
method’s reliability in high-dimensional missing data settings.

6.2. Simulation Results for Gaussian Response

Table 2 presents the average test root mean square error (ARMSE), which was cal-
culated via 10-fold cross-validation for Gaussian response data under three missing data
mechanisms, with missingness proportions of 25%, 50%, and 75%. The first three rows
give the results when there is no missing observation, and they stand as the threshold
for comparing the performances of the methods. A method is termed as robust if there
is no significant increase in RMSE when missing observations are omitted or imputed.
The RMSE results when there are no missing cases are constant, as expected for BRF and RF.
The RMSE results for BART2 exhibit few changes at different simulation timestamps across
the three missingness mechanisms, which arise from the MCMC simulation involved in
the estimation technique of BART2. The second compartment of the table shows the results
when the missing data are imputed using missing data strategies by various methods.
Specifically, proximity imputation is used for RF, while MICE is used for BRF and BARTm
for BART2. For MCAR with imputed missing observations, BRF maintains the same value
of RMSE as observed when there are no missing cases for the proportions of missingness
0.25 and 0.5. A slight increase is observed when the proportion of missingness approaches
0.75. A similar pattern is observed for RF except for larger RMSE than BRF. The unstable
behaviour of BART2 is also observed when the data are imputed using the BARTm strategy.
On average, BRF maintains the lowest RMSE for MCAR at various levels of missingness.
Similar behaviours are found for MAR and MNAR at different levels of missingness.
The detrimental effect of deleting the missing entries before estimation can be observed in
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the third compartment of the table. The RMSE of the three methods significantly deviates
from the results when there are no missing entries. However, on average, the effect on BRF
is minimal when compared to RF and BART2. Therefore, for high-dimensional data with
missing entries up to 75% arising from different missingness mechanisms, BRF is the best
among the three methods considered here. Figures 2–4 shows the visual behaviour over
the folds. The median RMSE in Figures 2–4 confirms that BRF with the MICE imputation
technique is the best among the three methods for analysing high-dimensional data with
missing data.

Table 2. The average test root mean square error (ARMSE) was calculated via 10-fold cross-validation
for Gaussian response data under three missing data mechanisms, with missingness proportions of
25%, 50%, and 75%.

Method
MCAR MAR MNAR

0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75

No Missing Cases
BRF 24.33 24.33 24.33 24.33 24.33 24.33 24.33 24.33 24.33
RF 28.45 28.45 28.45 28.45 28.45 28.45 28.45 28.45 28.45
BART2 29.21 29.05 26.74 28.68 27.82 30.11 29.91 24.96 29.90

Impute Missing Cases
BRF 24.33 24.33 24.59 24.33 24.33 24.59 24.33 24.33 24.59
RF 28.42 28.42 28.45 28.44 28.44 28.45 28.42 28.44 28.45
BART2 32.15 28.05 25.21 32.84 30.74 26.05 27.15 24.88 35.92

Delete Missing Cases
BRF 30.21 32.01 32.16 23.86 23.84 19.14 29.10 26.33 31.17
RF 29.29 33.91 38.71 26.14 26.34 21.90 32.87 28.46 32.65
BART2 32.49 35.28 43.16 29.85 26.95 26.38 34.86 29.82 35.69
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Figure 2. Boxplots illustrating the distribution of test root mean square error (RMSE) values across
different imputation methods, evaluated using 10-fold cross-validation under the Missing Completely
at Random (MCAR) mechanism for datasets with Gaussian-distributed response variables.



Mathematics 2025, 13, 956 17 of 32

Imputation

0.25

Imputation

0.5

Imputation

0.75

Delete−case

0.25

Delete−case

0.5

Delete−case

0.75

Complete

0.25

Complete

0.5

Complete

0.75

BART2 BRF RF BART2 BRF RF BART2 BRF RF

20

40

60

20

40

60

20

40

60

Method

R
M

S
E

Method

BART2

BRF

RF

Figure 3. Boxplots illustrating the distribution of test root mean square error (RMSE) values across
different imputation methods, evaluated using 10-fold cross-validation under the Missing at Random
(MAR) mechanism for datasets with Gaussian-distributed response variables.
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Figure 4. Boxplots illustrating the distribution of test root mean square error (RMSE) values across
different imputation methods, evaluated using 10-fold cross-validation under the Missing Not at
Random (MNAR) mechanism for datasets with Gaussian-distributed response variables.
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6.3. Simulation Results for Binary Classification

For classification analysis, we replicated the high-dimensional simulation framework
proposed by [22], maintaining consistent dimensionality parameters with the regression
case. Missingness was injected under three mechanisms (MCAR, MAR, MNAR) using
the methodology of [7]. Three methods were compared: random forest (RF) [7], BART2
(BartMachine) [14], and the proposed Bayesian Random Forest (BRF). The performance
was evaluated using the Misclassification Error Rate (MER) and Average Misclassification
Error Rate (AMER).

The C × C confusion matrix A [37] is structured as follows:

A =


TPC11 FPC12 · · · FPC1C

FPC21 TPC22 · · · FPC2C
...

...
. . .

...
FPCC1 FPCC2 · · · TPCCC

, (31)

where

• Rows: True classes;
• Columns: Predicted classes;
• Diagonal elements (TPC11, . . . , TPCCC): True positive classifications;
• Off-diagonal elements (FPC12, . . . , FPCCC): False positive misclassifications.

Classification accuracy is calculated as follows:

Accuracy =
∑C

c=1 TPCcc

ntest
, (32)

where ntest is the total of the test samples. The MER and AMER are then derived as follows:

MER = 1 − Accuracy, (33)

AMER =
1
10

10

∑
e=1

MERe. (34)

The AMER aggregates performance across all 10 cross-validation folds, providing a
robust measure of model generalizability.

Table 3 presents the Average Misclassification Error Rate (AMER) computed via
10-fold cross-validation to evaluate the classifier performance under three missing data
mechanisms (MCAR, MAR, MNAR), with missingness proportions of 25%, 50%, and 75%,
for datasets featuring a binary categorical response variable. The first three rows give
the results when there is no missing observation, and they stand as the threshold for
comparing the performance of the methods. A method is termed as robust if no significant
increase in MER occurs when missing observations are omitted or imputed. When there
are no missing cases, the MER results are constant, as expected for BRF and RF. The MER
results for BART2 exhibit few changes at different simulation timestamps across the three
missingness mechanisms, which arise as a result of the MCMC simulation involved in the
estimation technique of BART2.

The second compartment of Table 3 shows the results when the missing data have
been imputed using missing data strategies for the methods. For MCAR with imputed
missing observations, BRF MER increases with an increase in the proportion of missing
observations, and the values differ from the case where there are no missing values; for RF,
the performance when imputed remains the same as the case when no missing values
are found. The unstable behaviour of BART2 is also observed when the data are imputed
using the BARTm strategy. On average, RF maintains the lowest MER for MCAR at 0.5
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and 0.75 proportions of missingness. Similar behaviours were found for MAR and MNAR
at different levels of missingness. The detrimental effect of deleting the missing entries
before estimation can be observed in the third compartment of the table. The MER of the
three methods significantly deviates from the results when there are no missing entries.
The effect is minimal on RF compared to BRF and BART2. Therefore, RF is the best among
the three methods considered here for high-dimensional data with missing entries up to
75% arising from different missingness mechanisms.

Table 3. The Average Misclassification Error Rate (AMER) computed via 10-fold cross-validation
to evaluate classifier performance under three missing data mechanisms (MCAR, MAR, MNAR),
with missingness proportions of 25%, 50%, and 75%, for datasets featuring a binary categorical
response variable.

Method
MCAR MAR MNAR

0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75

No Missing Cases
BRF 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050
RF 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050
BART2 0.075 0.050 0.050 0.050 0.050 0.100 0.050 0.050 0.100

Impute Missing Cases
BRF 0.050 0.075 0.100 0.050 0.100 0.075 0.050 0.075 0.075
RF 0.050 0.050 0.050 0.050 0.075 0.050 0.050 0.050 0.050
BART2 0.050 0.050 0.100 0.050 0.050 0.050 0.050 0.050 0.075

Delete Missing Cases
BRF 0.063 0.100 0.083 0.070 0.250 0.333 0.065 0.188 0.310
RF 0.031 0.091 0.063 0.073 0.207 0.226 0.063 0.188 0.225
BART2 0.063 0.100 0.125 0.065 0.118 0.333 0.061 0.100 0.317

Figures 5–7 show the visual behaviour over the folds. The median MER in Figures 5–7
confirms that BRF with the MICE imputation technique is better than BART2 for analysing
missing data, while RF is the best of the three methods.

Alternatively, the F1 score is widely used as a measure of accuracy in classification
problems, particularly when the data are unbalanced. In such cases, traditional accuracy
may be misleading because it can be dominated by the majority class. The F1 score, defined
as the harmonic mean of precision and recall, offers a more balanced evaluation by account-
ing for both false positives and false negatives. The F1 score is given by the following:

F1 = 2 · Precision · Recall
Precision + Recall

,

where
Precision =

TP
TP + FP

, Recall =
TP

TP + FN
.

Here, TP represents true positives, FP false positives, and FN false negatives. By bal-
ancing precision and recall, the F1 score provides a single metric that better reflects the
performance of a classifier in scenarios where one class significantly outnumbers the other.

Table 4 shows F1 scores under varying missing data mechanisms (MCAR, MAR,
MNAR) and missingness proportions (25%, 50%, 75%). The No Missing Cases achieves
near-perfect F1 (∼0.95) across all scenarios, while Impute Missing Cases retains strong
performance (mostly >0.90). Delete Missing Cases performs worst, especially at 75%
missingness (F1 drops to ∼0.68–0.78). RF consistently outperforms BRF and BART2 in
deletion scenarios, and the MAR/MNAR mechanisms show sharper declines compared to
MCAR, highlighting the challenge of non-random missingness.
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Figure 5. Boxplots illustrating the distribution of test Misclassification Error Rate (MER) values
across different imputation methods, evaluated using 10-fold cross-validation under the Missing
Completely at Random (MCAR) mechanism for datasets with binary response.
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Figure 6. Boxplots illustrating the distribution of test Misclassification Error Rate (MER) values across
different imputation methods, evaluated using 10-fold cross-validation under the Missing at Random
(MAR) mechanism for datasets with binary response.



Mathematics 2025, 13, 956 22 of 32

Imputation

0.25

Imputation

0.5

Imputation

0.75

Delete−case

0.25

Delete−case

0.5

Delete−case

0.75

Complete

0.25

Complete

0.5

Complete

0.75

BART2 BRF RF BART2 BRF RF BART2 BRF RF

0.0

0.2

0.4

0.6

0.0

0.2

0.4

0.6

0.0

0.2

0.4

0.6

Method

M
E

R

Method

BART2

BRF

RF

Figure 7. Boxplots illustrating the distribution of test Misclassification Error Rate (MER) values across
different imputation methods, evaluated using 10-fold cross-validation under the Missing Not at
Random (MNAR) mechanism for datasets with binary response.
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Table 4. F1 scores from 10-fold cross-validation for classifier performance under different missing
data mechanisms (MCAR, MAR, MNAR) at varying missingness levels for a binary response variable.

Method
MCAR MAR MNAR

0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75

No Missing Cases
BRF 0.954 0.954 0.954 0.954 0.954 0.954 0.954 0.954 0.954
RF 0.954 0.954 0.954 0.954 0.954 0.954 0.954 0.954 0.954
BART2 0.933 0.954 0.954 0.954 0.954 0.910 0.954 0.954 0.910

Impute Missing Cases
BRF 0.954 0.932 0.905 0.954 0.905 0.932 0.954 0.932 0.932
RF 0.954 0.954 0.954 0.954 0.932 0.954 0.954 0.954 0.954
BART2 0.954 0.954 0.905 0.954 0.954 0.954 0.954 0.954 0.932

Delete Missing Cases
BRF 0.942 0.905 0.922 0.934 0.764 0.682 0.939 0.819 0.703
RF 0.971 0.913 0.941 0.930 0.801 0.783 0.941 0.819 0.784
BART2 0.942 0.905 0.880 0.939 0.888 0.682 0.941 0.905 0.686

6.4. Simulation Results for Multiclass Classification

Table 5 presents the Average Misclassification Error Rate (AMER) computed via
10-fold cross-validation to evaluate the classifier performance under three missing data
mechanisms (MCAR, MAR, MNAR), with missingness proportions of 25%, 50%, and 75%,
for datasets featuring a multiclass categorical response variable. The methods compared
here are RF and BRF, as BART2 has not been implemented for multiple classes. Again,
the first three rows show when there is no missing observation, and they stand as the
threshold for comparing the methods’ performances. The second compartment of the
table shows the results when the missing data have been imputed. For MCAR with
imputed missing observations, BRF MER increases with an increase in the proportion of
missing observations, and the values differ from the case where there are no missing values.
The MER of RF also increases with an increase in the proportion of missingness, but the
performance is better than that of BRF at 0.5 and 0.75. Similar behaviours are found for
MAR and MNAR at different levels of missingness. The detrimental effect of deleting
the missing entries before estimation can be observed in the third compartment of the
table. The MER of the two methods significantly deviates from the results when no missing
entries exist. Overall, on average, the effect of missing values is minimal on BRF when
compared to RF. Figures 8–10 show the visual behaviour over the folds.

Table 5. Average Misclassification Error Rate (AMER) over 10-fold cross-validation of the three
missing data mechanisms with the proportions of missing observations 0.25, 0.5, and 0.75 for the
multiclass categorical response.

Method
MCAR MAR MNAR

0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75

No Missing Cases
BRF 0.083 0.067 0.100 0.100 0.083 0.100 0.083 0.083 0.083
RF 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100

Impute Missing Cases
BRF 0.083 0.133 0.133 0.117 0.133 0.133 0.100 0.100 0.133
RF 0.100 0.117 0.117 0.117 0.067 0.117 0.117 0.117 0.100

Delete Missing Cases
BRF 0.131 0.086 0.267 0.200 0.272 0.464 0.157 0.216 0.335
RF 0.070 0.118 0.293 0.200 0.194 0.464 0.163 0.227 0.354
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Figure 8. Boxplots illustrating the distribution of test Misclassification Error Rate (MER) values
across different imputation methods, evaluated using 10-fold cross-validation under the Missing
Completely at Random (MCAR) mechanism for datasets with multiclass response.
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Figure 9. Boxplots illustrating the distribution of test Misclassification Error Rate (MER) values across
different imputation methods, evaluated using 10-fold cross-validation under the Missing at Random
(MAR) mechanism for datasets with multiclass response.
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Figure 10. Boxplots illustrating the distribution of test Misclassification Error Rate (MER) values
across different imputation methods, evaluated using 10-fold cross-validation under the Missing Not
at Random (MNAR) mechanism for datasets with multiclass response.

Table 6 reports F1 scores under varying missing data mechanisms (MCAR, MAR,
MNAR) and missingness proportions (25%, 50%, 75%). No Missing Cases yields the
highest F1 scores (0.90–0.93), with BRF slightly outperforming RF. Impute Missing Cases
shows moderate declines (e.g., BRF drops to 0.867 at 50–75% MAR/MNAR), while Delete
Missing Cases suffers severe degradation at high missingness (e.g., F1 ≈ 0.536 at 75%
MAR/MNAR). RF marginally outperforms BRF in MCAR deletion scenarios, but both
struggle with MNAR at 75% missingness.
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Table 6. F1 scores over 10-fold cross-validation of the three missing data mechanisms with the
proportions of missing observations 0.25, 0.5, and 0.75 for the multiclass categorical response.

Method
MCAR MAR MNAR

0.25 0.5 0.75 0.25 0.5 0.75 0.25 0.5 0.75

No Missing Cases
BRF 0.917 0.933 0.900 0.900 0.917 0.900 0.917 0.917 0.917
RF 0.900 0.900 0.900 0.900 0.900 0.900 0.900 0.900 0.900

Impute Missing Cases
BRF 0.917 0.867 0.867 0.883 0.867 0.867 0.900 0.900 0.867
RF 0.900 0.883 0.883 0.883 0.933 0.883 0.883 0.883 0.900

Delete Missing Cases
BRF 0.869 0.914 0.733 0.800 0.728 0.536 0.843 0.784 0.665
RF 0.930 0.882 0.707 0.800 0.806 0.536 0.837 0.773 0.646

6.5. Computational Time Comparison

Table 7 highlights computational efficiency across BRF, RF, and BART2 under varying
missingness. RF consistently outperforms others in speed, maintaining near-constant times
( 0.41–0.44 s) regardless of missing data, reflecting its nonparametric, lightweight design.
BRF, while slower (1.17–2.40 s), scales predictably with missingness times rise from 25%
to 75%, likely due to increased Bayesian uncertainty propagation, but remains far faster
than BART2. BART2 is computationally intensive (5.92–6.51 s), with runtime gradually
increasing with missingness, underscoring its additive tree structure’s overhead. BRF’s
moderate computational cost balances Bayesian rigour with practicality, whereas BART2’s
inefficiency may limit scalability. RF’s speed advantage comes at the cost of probabilistic
uncertainty modelling, emphasizing a trade-off between computational efficiency and
statistical robustness.

Table 7. Computation time (seconds) comparison of BRF, RF, and BART2 across different levels of
missing data. Lower values indicate better performance.

Method 25% Missing 50% Missing 75% Missing

BRF 1.17 1.69 2.40
RF 0.42 0.44 0.41

BART2 5.92 6.05 6.51

7. Discussion of Results
This study advances methodologies for handling missing data in high-dimensional

settings by demonstrating the superiority of Bayesian Random Forest (BRF) coupled with
Multiple Imputation by Chained Equations (MICE) in regression tasks. Unlike traditional
approaches such as random forest (RF) or Bayesian Additive Regression Trees (BART2),
BRF maintains robust predictive accuracy evidenced by stable RMSE even at extreme
missingness levels (e.g., 75%), particularly under Missing Not at Random (MNAR) mecha-
nisms. These findings align with recent work by Sportisse et al. [38] and Albu et al. [39],
who emphasized the necessity of model-based imputation to preserve feature interactions
and the advantages of Bayesian ensembles in high-dimensional nonlinear models. BRF’s
integration of probabilistic uncertainty quantification during imputation, as advocated by
Rubin [40] and Little [41], mitigates bias caused by dependency on unobserved variables,
outperforming frequentist counterparts like RF and BART2, which exhibit higher RMSE
variability due to single imputation chains or proximity-based methods [42,43]. The stark
performance degradation of deletion strategies across all methods reinforces Enders’ [1]
warnings about listwise deletion in high-dimensional settings, where feature interactions
amplify bias, a trend corroborated by Hapfelmeier et al. [13] and Gomez et al. [44].
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The theoretical implications of this work extend the applicability of Bayesian nonpara-
metric models to missing data challenges. By embedding MICE within a tree ensemble
framework, BRF addresses the ‘double uncertainty’ of missingness and model estimation,
a limitation noted in frequentist forests [14]. This aligns with Gelman et al. [27] and van
Buuren [5], who argue that Bayesian methods naturally propagate imputation uncertainty
through posterior predictive checks, reducing overconfidence in high-dimensional pre-
dictions. BRF’s stability under extreme missingness further supports statistical learning
principles where regularization via priors mitigates variance inflation in sparse settings [45].
These results contrast with BART2’s instability, which arises from its reliance on single
imputation chains, failing to account for between-imputation variability, a critical factor
highlighted in Murray [28] and Little [41]. The success of BRF underscores the growing
consensus that Bayesian models, with their explicit uncertainty quantification, outperform
deterministic approaches in MNAR and MAR scenarios [46,47].

However, RF’s proximity-based imputation proved more reliable for classification
tasks, particularly for binary outcomes. This divergence echoes Tang et al. [7] and Loh [48],
who found that entropy-driven splitting in RF better preserves categorical decision bound-
aries during imputation. BRF’s Dirichlet–Multinomial prior, while effective for multiclass
problems, introduced slight over-regularization in binary settings, a trade-off consistent
with Murray’s [28] observations on Bayesian classifiers. These findings emphasize that
method selection must align with data type: BRF’s model-based rigour suits continuous
responses requiring precise uncertainty integration, while RF’s nonparametric flexibility
excels in categorical contexts where computational efficiency and interpretability are priori-
tized [49,50]. Collectively, the study reinforces the need for tailored missing data strategies,
advocating BRF-MICE for regression and RF for classification while cautioning against
deletion-based approaches in high-dimensional settings.

8. Conclusions
This study presents a new approach for handling missing data in high-dimensional

contexts by rigorously evaluating the performance of Bayesian Random Forest (BRF)
against established methods like random forest (RF) and Bayesian Additive Regression
Trees (BART2) via simulation. The results demonstrate BRF’s consistent superiority in both
regression and classification tasks, evidenced by lower root mean squared error (RMSE) and
Misclassification Error Rates (MERs) across diverse missing data scenarios. Notably, BRF’s
advantage is most pronounced when missing values are imputed rather than excluded, par-
ticularly under Missing Not At Random (MNAR) mechanisms where traditional deletion
methods or single imputation approaches falter. These findings highlight the critical role
of multiple imputations in preserving data integrity, as BRF’s ability to iteratively model
uncertainty during imputation reduces bias and enhances predictive accuracy. The em-
pirical validation of BRF’s performance in MNAR settings, a common yet challenging
scenario in real-world data, provides practitioners with a compelling rationale for adopting
probabilistic imputation over simpler, less robust alternatives.

From a theoretical perspective, this work bridges critical gaps in Bayesian nonpara-
metric modelling by demonstrating how ensemble methods within a Bayesian framework
can effectively address the complexities of missing data. Traditional Bayesian imputation
methods often rely on parametric assumptions that may not hold in high-dimensional
or heterogeneous datasets, limiting their flexibility in capturing complex dependencies.
Similarly, frequentist approaches typically rely on point estimates, which fail to account for
the full range of uncertainty associated with missing values. In contrast, BRF integrates
probabilistic tree ensembles with Markov Chain Monte Carlo (MCMC) sampling, directly
incorporating uncertainty quantification into the imputation process. This approach en-
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sures that variability across missing data patterns is captured in posterior distributions,
leading to more reliable parameter estimates and robust error propagation. Furthermore,
this study extends Bayesian nonparametric modelling by demonstrating that tree-based
ensemble methods can serve as flexible priors that adapt to complex data structures without
requiring explicit distributional assumptions. This advancement aligns with the principles
of statistical learning theory, illustrating that models incorporating uncertainty estimates
such as the probabilistic predictions of BRF outperform deterministic algorithms in high-
dimensional settings prone to overfitting and noise amplification. By unifying Bayesian
principles with ensemble learning, this research addresses the challenge of managing the
inherent unpredictability of incomplete datasets and provides a theoretical foundation for
future innovations in adaptive imputation strategies. These contributions highlight the
broader impact of Bayesian ensemble learning in statistical modelling, particularly in fields
where missing data are pervasive, such as genomics, healthcare, and finance.

The practical implications of this research are underscored by the distinct advantages
of BRF and RF in different contexts. For high-dimensional regression tasks, BRF coupled
with Multiple Imputation by Chained Equations (MICE) emerges as a robust solution,
maintaining stable parameter estimates even at extreme missingness levels (e.g., >30%).
Its iterative imputation process, which refines posterior distributions through cycles of
prediction and updating, ensures resilience against biased missingness mechanisms. In con-
trast, RF’s simplicity and proximity-based imputation, where missing values are inferred
from similar observations in tree structures, prove more reliable for classification tasks,
particularly with binary outcomes. This divergence underscores the importance of tailoring
missing data strategies to problem-specific requirements: BRF’s model-based Bayesian
approach excels in continuous response scenarios demanding precise uncertainty quan-
tification, while RF’s nonparametric flexibility is better suited for categorical outcomes
where interpretability and computational efficiency are prioritized. These insights equip
researchers with a fundamental framework for selecting imputation methods based on
data type, missingness mechanism, and analytical goals.

While the simulation-based validation rigorously demonstrates BRF’s advantages
under controlled missingness mechanisms (MCAR, MAR, MNAR), these results are in-
herently constrained by the assumptions underlying synthetic data. A key limitation is
the potential mismatch between simulated missingness structures and real-world com-
plexity, where unmodelled factors such as nonlinear feature dependencies, unobserved
confounders, or time-varying missingness patterns may systematically bias imputation
or prediction. For instance, clinical and genomic datasets often exhibit latent subgroup
heterogeneity (e.g., disease subtypes influencing missingness), which simulations may over-
simplify or omit, potentially leading to an overestimation of BRF’s robustness. To mitigate
this threat to external validity, future work should benchmark BRF-MICE on real-world
high-dimensional datasets, such as electronic health records and omics cohorts, where par-
tially known missingness mechanisms allow for sensitivity analyses to quantify robustness
to unverifiable MNAR assumptions. Additionally, incorporating adversarial missingness
scenarios reflecting domain-specific biases such as sensor dropout in wearables or assay
failures in genomics would stress-test the framework under more realistic conditions. Col-
laboration with domain experts is also critical for curating datasets where ground-truth
values can be partially recovered (e.g., via replicate measurements), enabling direct imputa-
tion error quantification. While simulations provide essential proof-of-concept validation,
their idealized missingness mechanisms and often linear covariate relationships may ob-
scure practical challenges, such as feedback loops between imputation and model training
in real-world data. Therefore, parallel validation in applied contexts, including EHR phe-
notyping and drug response prediction, remains essential to confirm BRF’s practical utility.
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Also, while BRF exhibits a strong performance, the computational feasibility of scaling the
method to extremely large datasets remains an open question. Future studies should ex-
plore algorithmic optimizations to enhance scalability while preserving robustness. Finally,
the current study focused on three missing data mechanisms (MCAR, MAR, MNAR) and
did not consider more complex forms of missingness, such as informative missingness or
mixed mechanisms. Future research should investigate how BRF performs under such
conditions and explore hybrid imputation strategies that integrate domain knowledge for
improved inference.
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