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Abstract: This paper provides a high-accuracy and efficient method for addressing an-
tiplane piezoelectricity problems with multiple inclusions. The method of fundamental
solutions is a boundary-type meshless method that applies the linear combination of fun-
damental solutions as approximate solutions with the collocation method for determining
the unknowns. To avoid the singularity of fundamental solutions, sources are placed away
from the physical boundary. The leave-one-out cross-validation algorithm is employed
to identify the optimal source placements to mitigate the influence of this singularity on
numerical results. Numerical results of the stress concentration and electric field concen-
tration at the interface between circular and elliptic inclusions and matrix are studied
and compared well with references. Furthermore, the stability of the method is verified.
Perturbations are added to the boundary conditions. Accuracy on the order of 10−11 is
obtained without noise. After adding the disturbance, the calculation accuracy is the same
order of magnitude as the disturbance.

Keywords: method of fundamental solution; leave-one-out cross-validation algorithm;
antiplane piezoelectricity problems; meshless method; collocation method

MSC: 65N35; 65K05

1. Introduction
Due to the electro-mechanical coupling phenomenon, piezoelectric materials deform

and generate an electric field when subjected to deformation. This inherent electro-
mechanical behavior makes piezoelectric materials extensively employed in intelligent
structures and devices, such as sensors and actuators. The common piezoelectric materials
are piezoelectric ceramics and have been widely used. However, piezoelectric materials
may possess initial defects such as cavities, inclusions, and cracks. Additionally, defects will
occur when piezoelectric materials undergo certain processes or are subjected to specific
conditions in the operating state. The presence of these defects will lead to the concentration
of stress and electric field, thereby disabling the device. Consequently, the study of vari-
ous types of defects in piezoelectric materials from the perspective of electro-mechanical
coupling has garnered significant attention from material and mechanical professionals.

In this way, many research achievements need to be mentioned. Bleustein [1] dis-
covered Bleustein waves in piezoelectric materials. Pak [2] analyzed a circle inclusion
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embedded in an infinite piezoelectric matrix within the framework of linear piezoelectricity
and obtained an analytical solution for the case of a far-field antiplane mechanical load
and a far-field in-plane electric load. Honein et al. [3] derived universal formulae at the
point of contact of two circular piezoelectric fibers subjected to out-of-plane displacement
and in-plane electric field. Chao et al. [4] examined the issue of multiple piezoelectric
inclusions using complex variable theory and the method of successive approximations.
Wu et al. [5] derived the electro-elastic field of an infinite piezoelectric medium containing
two piezoelectric circular cylindrical inclusions using conformal mapping and the theorem
of analytic continuation. Chen et al. [6] addressed the piezoelectric problem involving
circular inclusions through a null-field approach. Chen et al. [7] utilized the subtracting
and adding-back technique known as the regularized meshless method (RMM) to solve
antiplane piezoelectricity problems with multiple inclusions. Yu et al. [8] studied antiplane
piezoelectricity problems with multiple inclusions through the generalized finite difference
method. In practical engineering applications, defects can take various forms. Therefore,
researchers have focused on studying and evaluating more complex and more detrimental
types of defects, such as elliptical-type defects. Pak [9] used the conformal mapping tech-
nique to analyze an elliptical piezoelectric inclusion embedded in an infinite piezoelectric
matrix and obtained a closed-form solution. Mishra et al. [10] studied the distribution
law of stress field and electric field of applied load at any loading angle, obtaining the
energy release rates of self-similarly expanding and rotating defects in the presence of
an electric field as a function of the loading angle. Lee et al. [11] employed a null-field
integral approach to solve the problems of arbitrary location, different orientations, various
sizes, and any number of elliptical holes and/or inhomogeneities embedded in an isotropic
and infinite medium. Yu et al. [8] studied elliptical inclusions by the generalized finite
difference method. These theoretical and numerical studies contribute to the understanding
and advancement of piezoelectric materials and their applications in various fields.

With the advancement of numerical techniques and the enhancement of computing
power, meshless methods have gained significant popularity in recent decades, particularly
the boundary-type meshless method. These meshless methods can be formulated within
the general framework of radial basis function collocation techniques. The method of fun-
damental solution (MFS) is a typical boundary-type meshless method. Kupradze et al. [12]
first proposed the MFS and applied it to certain boundary value problems. The MFS has
been fully developed over several decades and is extensively used for the solution of partial
differential equations for which fundamental solutions exist. Nevertheless, the positioning
of the source points is a crucial matter in MFS. The systems of equations can become highly
ill-conditioned if the source nodes are not well placed. Hence, the accuracy of the MFS
solution significantly relies on the location of source points. Scholars have noticed this
problem and carried out a series of studies, e.g., [13–15]. Ling et al. [16] put forward the
adaptive method employing a greedy algorithm for the selection of the sources for the
Laplace equation. Tsai [17] discovered that when the condition number approaches the
limit of the equation solver, the accuracy of MFS is precise. Liu [18] proposed a method to
select the source points with multiple lengths which are solved from an uncoupled system
of nonlinear algebraic equations. Wang et al. [19] derived a new merit function, namely the
energy gap function, whose minimum leads to the optimal distribution of source points.
Lin et al. [20] proposed the ghost points method to select the interval of the shape parameter
using the radial basis function (RBF) in MFS. Zhang et al. [21] proposed new algorithms
using two pseudo radial lines to seek source nodes in MFS, solving Laplace’s equation.
Chen [22] observed that the effective condition number is associated with the shape pa-
rameter of RBF, the number of collocation points, and the error. In this paper, based on the
MFS, the leave-one-out cross-validation (LOOCV) algorithm is used to identify the optimal
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location of the source points mainly because of its efficient computation. This algorithm is
proposed by Rippa [23] for obtaining the shape parameter in the approximation of functions
by linear combinations of RBFs. Fasshauer et al. [24] developed and applied the LOOCV
algorithm to iterate approximate moving least square approximation and the solution of
partial differential equations using RBF pseudo-spectral methods. Chen [25] obtained the
location of source points in MFS for harmonic problems and also biharmonic problems
based on the LOOCV algorithm. With the merits of MFS and the LOOCV algorithm, in
this paper, we proposed a meshless method to solve the antiplane piezoelectricity problem
and multiple inclusions with different shape boundaries embedded in an infinite matrix.
In this problem, the multiple-domain approach is used to construct linear equations. The
parameters optimized by the LOOCV algorithm need to determine the source points of
interior and exterior problems at the same time. The distance between the source points and
the collocation points is selected as the optimization parameter for the inclusion of a circular
boundary. For the inclusion of an elliptical boundary, the fictitious boundary is scaled up
or down the physical boundary. Source points are distributed on the fictitious boundary.
The LOOCV algorithm optimizes this scale to identify the locations of source points.

The remainder of this paper is structured as follows. The statement of the antiplane
piezoelectricity problems and the numerical strategy of the MFS employing the LOOCV
algorithm are presented in Section 2. In Section 3, several numerical examples encompass-
ing the tangential electric field distribution and stress concentration for diverse ratios of
piezoelectric modulus are investigated to demonstrate the validity of the approach. Finally,
the conclusion of this paper is provided in Section 4.

2. Problem Statement of Antiplane Piezoelectricity Problem and
Formulation of MFS Using LOOCV Algorithm
2.1. Antiplane Piezoelectricity Problem

In this problem, the circular piezoelectric inclusions are embedded within another
infinite piezoelectric matrix, as illustrated in Figure 1. A strong electric field polarizes the
piezoelectric material. The material characteristics of each circular inclusion vary from
those of the matrix. It is assumed that they possess the same materia orientation in the
z-direction. The matrix is exposed to a remote antiplane shear σ∞ and a remote in-plane
electric field E∞.
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Figure 1. The sketch of antiplane piezoelectricity problems with multiple inclusions.

Taking the plane normal to the poling direction as the plane of interest, only the
antiplane displacement w couples with the in-plane electric field E, so that u = v = 0,
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w = w(x, y), ϕ = ϕ(x, y). Without taking the body forces and body charges into account,
the equilibrium equations are as follows

∂σzx

∂x
+

∂σzy

∂y
= 0, (1)

∂Dx

∂x
+

∂Dy

∂y
= 0, (2)

where σzx and σzy indicate the shear stress, while Dx and Dy represent the electric dis-
placement. The constitutive equations for the coupling between the elastic fields and the
electrical fields are formulated as below

σzx = c44γzx − e15Ex, (3)

σzy = c44γzy − e15Ey, (4)

Dx = e15γzx + ε11Ex, (5)

Dy = e15γzy + ε11Ey, (6)

where c44 denotes the elastic modulus, ε11 is the dielectric modulus, and e15 is the piezo-
electric modulus. The γzx and γzy are the antiplane shear strain, while Ex and Ey are the
in-plane electric field, which are defined as follows

γzx =
∂u
∂x

, (7)

γzy =
∂u
∂y

, (8)

Ex = −∂φ

∂x
, (9)

Ey = −∂φ

∂y
. (10)

By substituting Equations (3)–(10) into Equations (1) and (2), the governing equations
are simplified as

c44∆w + e15∆ϕ = 0, (11)

e15∆w − ε11∆ϕ = 0. (12)

From Equations (11) and (12), we can obtain the equations as

∆w = 0, (13)

∆ϕ = 0. (14)

The continuity conditions at the interface between inclusions and the matrix are

wm = wi, (15)

ϕm = ϕi, (16)

σm
zr = −σi

zr, (17)

Dm
r = −Di

r. (18)
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2.2. Method of Fundamental Solutions

The solution of the proposed problem is represented as the linear combination of
fundamental solutions with unknown coefficients. This proposed linear combination is
substituted back to the boundary conditions to obtain the unknown coefficients. The
approximate solution to Equations (13) and (14) for the multiple inclusions problem is
expressed as

u(xi) =
N

∑
j=1

ajG(xi, sj), i = 1, 2, . . . M, (19)

g(xi) =
N

∑
j=1

ajH(xi, sj), i = 1, 2, . . . M, (20)

where G
(

xi, sj
)
= 1

2π ln r(xi, sj) is the fundamental solution of the Laplace equation of
Equations (13) and (14), r(sj, xi) =

∣∣∣∣xi − sj
∣∣∣∣ denotes the Euclidean distance between the

ith collocation point and jth source point. The source points sj are placed on the fictitious
boundaries which are away from the physical boundaries to avoid the singularity of
the fundamental solutions, which are shown in Figure 2 as an example. u(xi) can be
considered as w(xi) or ϕ(xi) with the same formulation of different unknown coefficients.
aj are the unknown coefficients (strength of singularity), while the strengths

{
aj
}N

j=1 are
determined by enforcing the approximations satisfying the boundary conditions (Dirichlet
boundary conditions or Neumann boundary conditions). N is the number of source points
on the fictitious boundaries, while M is the number of collocation points on the physical
boundaries. g(xi) = n(xi)∇u(xi), and H(xi, sj) = n(xi)∇G(xi, sj), where n(xi) is the
outward normal vector at xi.
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The problem of antiplane piezoelectricity with multiple inclusions is divided into two
parts by a multiple-domain approach. One is an infinite matrix with circular holes, and
the other is each circular inclusion, as shown in Figure 3a,b. The boundary data fulfill the
interface conditions between matrix and inclusion, as presented in Equations (15)–(18).
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Moreover, the problem in Figure 3a can be decomposed into two parts, as shown in
Figure 4a,b. One is an infinite matrix subjected to a far-field shear and far-field electric field,
and the other is a finite matrix with circular holes. The exterior problem for the matrix is
shown in Figure 4b, and the interior problem for inclusions is shown in Figure 3b, which
are formulated by the MFS in a unified manner.

Mathematics 2025, 13, x FOR PEER REVIEW 7 of 24 
 

 

 
(a) (b) 

Figure 3. (a) Infinite matrix with circular holes. (b) Circular inclusions. 

 
(a) (b) 

Figure 4. (a) An infinite matrix. (b) A finite matrix with holes. 

The solution expression of interior problem ( ( ))I
iw x , ( ( ))I

ixφ  and exterior prob-

lem ( ( ))O
iw x , ( ( ))O

ixφ  by the MFS, respectively, for interior problem 

1 1 2

1 1 2 11 1 1 ... 1
( ) ( , ) ( , ) ( , ) ... ( , )

k

N N NN N
I I I I I I I I I
i i j j i j j i j j i j j

j j j N j N N N
u x G x s a G x s a G x s a G x s a

−

+

= = = + = + + + +

= = + + +    ,  (21)

1 1 2

1 1 2 11 1 1 ... 1
( ) ( , ) ( , ) ( , ) ... ( , )

k

N N NN N
I I I I I I I I I
i i j j i j j i j j i j j

j j j N j N N N
g x H x s a H x s a H x s a H x s a

−

+

= = = + = + + + +

= = + + +    , (22)

where the superscript (I) denotes the interior domain. 1N , 2N , …, kN  are the number 

of source points on the fictitious boundary of thk  inclusion, 1 2 ... KN N N N= + + + . 

To form the resultant system of linear algebraic equations 

Figure 4. (a) An infinite matrix. (b) A finite matrix with holes.

The solution expression of interior problem (w(xI
i )), (ϕ(xI

i )) and exterior problem
(w(xO

i )), (ϕ(xO
i )) by the MFS, respectively, for interior problem

u(xI
i ) =

N

∑
j=1

G(xI
i , sI

j )aj =
N1

∑
j=1

G(xI
i , sI

j )aj +
N1+N2

∑
j=N1+1

G(xI
i , sI

j )aj + . . . +
N

∑
j=N1+N2+...+Nk−1+1

G(xI
i , sI

j )aj, (21)

g(xI
i ) =

N

∑
j=1

H(xI
i , sI

j )aj =
N1

∑
j=1

H(xI
i , sI

j )aj +
N1+N2

∑
j=N1+1

H(xI
i , sI

j )aj + . . . +
N

∑
j=N1+N2+...+Nk−1+1

H(xI
i , sI

j )aj, (22)
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where the superscript (I) denotes the interior domain. N1, N2, . . ., Nk are the number of
source points on the fictitious boundary of kth inclusion, N = N1 + N2 + . . . + NK. To form
the resultant system of linear algebraic equations

GI
11 GI

12 · · · GI
1N

GI
21 GI

22 · · · GI
2N

...
...

. . .
...

GI
M1 GI

M2 · · · GI
MN




a1

a2
...

aN

 =


u1

u2
...

uM

, (23)


H I

11 H I
12 · · · H I

1N
H I

21 H I
22 · · · H I

2N
...

...
. . .

...
H I

M1 H I
M2 · · · H I

MN




a1

a2
...

aN

 =


g1

g2
...

gM

, (24)

where
GI

ij = G(xI
i , sI

j ), i = 1, 2, . . . , M, j = 1, 2, . . . , N, (25)

H I
ij = H(xI

i , sI
j ), i = 1, 2, . . . , M, j = 1, 2, . . . , N. (26)

Similar to the procedure for solving the interior problem, the solutions to the exterior
problem are

u(xO
i ) =

N

∑
j=1

G(xO
i , sO

j )aj =
N1

∑
j=1

G(xO
i , sO

j )aj +
N1+N2

∑
j=N1+1

G(xO
i , sO

j )aj + . . . +
N

∑
j=N1+N2+...+Nk−1+1

G(xO
i , sO

j )aj, (27)

g(xO
i ) =

N

∑
j=1

H(xO
i , sO

j )aj =
N1

∑
j=1

H(xO
i , sO

j )aj +
N1+N2

∑
j=N1+1

H(xO
i , sO

j )aj + . . . +
N

∑
j=N1+N2+...+Nk−1+1

H(xO
i , sO

j )aj, (28)


GO

11 GO
12 · · · GO

1N
GO

21 GO
22 · · · GO

2N
...

...
. . .

...
GO

M1 GO
M2 · · · GO

MN




a1

a2
...

aN

 =


u1

u2
...

uM

, (29)


HO

11 HO
12 · · · HO

1N
HO

21 HO
22 · · · HO

2N
...

...
. . .

...
HO

M1 HO
M2 · · · HO

MN




a1

a2
...

aN

 =


g1

g2
...

gM

, (30)

where
GO

ij = G(xO
i , sO

j ), i = 1, 2, . . . , M, j = 1, 2, . . . , N , (31)

HO
ij = H(xO

i , sO
j ), i = 1, 2, . . . , M, j = 1, 2, . . . , N . (32)

2.3. Derivation of Influence Matrices for Piezoelectricity Problems

Substituting Equations (21), (22), (27), and (28) into Equations (15)–(18) and collocating
the boundary conditions, and supposing that M = N, for example, which leads to a
4N × 4N system:

A4N×4N a4N×1 = b4N×1, (33)
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the system is defined as
−
[
T I

w
] [

TO
w
]

0 0

0 0 −
[

T I
ϕ

] [
TO

ϕ

]
−ci

44
[
MI

w
]

−cm
44
[
MO

w
]

−ei
15

[
MI

ϕ

]
−em

15

[
MO

ϕ

]
−ei

15
[
MO

w
]

−em
15
[
MO

w
]

εi
11

[
MI

ϕ

]
εm

11

[
MI

ϕ

]


4N×4N



{
ai

w
}

{am
w}{

ai
ϕ

}{
am

ϕ

}


4N×1

=


−{w∞}
−{ϕ∞}

cm
44

{
∂w
∂n

∞}
+ em

15

{
∂ϕ
∂n

∞}
em

15

{
∂w
∂n

∞}
− εm

11

{
∂ϕ
∂n

∞}


4N×1

(34)

where w and ϕ denote the out-of-plane elastic displacement and electric potential, respec-
tively. The interpolant matrix A in Equation (34) is assembled by

[
T I

w
]
,
[
TO

w
]
,
[

T I
ϕ

]
,
[

TO
ϕ

]
,[

MI
w
]
,
[
MO

w
]
,
[

MI
ϕ

]
,
[

MO
ϕ

]
and b in Equation (34) can be easily assembled from the given

boundary conditions. The unknown coefficients a =
[

ai
w, am

w , ai
ϕ, am

ϕ

]T
in Equation (34) can

be directly obtained by solving the linear system of equations.

2.4. LOOCV Algorithm

Due to the non-singularity of A in Equation (34) and the fact that the source points sI in
the interior problem and sO in the exterior problem can be regarded as different numbered
source points, as well as coefficients aI and aO can be regarded as different numbered
unknown coefficients, the LOOCV algorithm can be applied to choose the location of
the source points in the MFS to solve antiplane piezoelectricity problems with multiple
inclusions; the procedure is as follows:

The parametric representation of the interface between the first circular inclusion and
the matrix is

x = r1 cos θ, y = r1 sin θ, θ ∈ (0, 2π], (35)

on the basis of the first inclusion, other inclusions are represented as

x = (r1 + dk + rk) cos βk + rk cos θ, y = (r1 + dk + rk) sin βk + rk sin θ,
θ ∈ (0, 2π],

(36)

where r1 refers to the radius of the first inclusion, rk refers to the radius of the kth inclusion,
βk represents the angle between the kth inclusion and the first inclusion, dk represents the
distance between the first inclusion and the kth inclusion. Then, we choose the collocation
points as

xi = rk(cos θm, sin θm, βk, dk), (37)

the angle θm in Equation (37) is θm = 2π(m − 1)/Mk, m = 1, 2, . . . Mk, Mk denotes the
number of collocation points on the interface (physical boundary) between the kth inclusion
and matrix. Each source point is located at a fixed distance from the corresponding
collocation points. The fixed distance t is selected as the parameter to be optimized. Then,
we identify the source points as

sj = rk(cos θl , sin θl , βk, dk, t), (38)

the angle θl in Equation (38) is defined as θj = 2π(l−1)
Nk

, l = 1, . . . , Nk, Nk denotes the
number of source points on the fictitious boundary between the kth inclusion and the
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matrix. Similar to circular inclusions, the collocation points on the interface between the
elliptical inclusions and the matrix can be identified as

xi = rk(cos θm, sin θm, βk, dk, ek), (39)

where rk denotes the major semi-axis (or minor semi-axis) of the kth inclusion, ek denotes
the curvature of the kth inclusion. Placing the source points on curves (fictitious boundaries)
that scale up or down the boundaries between matrix and inclusions. The scale t is selected
as the parameter to be optimized. Then, the source points can be identified as

sj = trk(cos θl , sin θl , βk, dk, ek). (40)

The steps to optimize shape parameters t in Equations (38) and (40) are as follows:
The LOOCV algorithm can be simplified to a single formula by which:

en =
an

A−1
nn

(41)

Calculating the matrix A−1 and vector a, then form the cost vector e =

[ew
1 , . . . , ew

N , eϕ
1 , . . . , eϕ

N , eσ
1 , . . . , eσ

N , eD
1 , . . . , eD

N ]
T

. The optimal t is given by minimizing ∥e∥,
and A−1

nn , n = 1, . . . , 4N, are the diagonal elements of the matrix A−1 in Equation (34). The
implementation of minimization is to use the fminbnd function in the program.

3. Numerical Results and Discussion
In order to verify the accuracy and effectiveness of the proposed method, four exam-

ples containing single circular piezoelectric inclusion, two circular piezoelectric inclusions,
single elliptical piezoelectric inclusion, and two elliptical piezoelectric inclusions in various
sizes, locations, and material parameters under applied load are provided and compared
with analytical solutions and solutions from references. The computations are carried out
in MATLAB r2023a in OS Windows 10 (64 bit) with Intel(R) Core (TM) i5-8250U CPU @
1.60 GHz, 1.80 GHz, and 8 GB.

3.1. Case 1: Single Circular Piezoelectric Inclusion

Consider a single circular piezoelectric inclusion embedded in a piezoelectric matrix,
as shown in Figure 5. The material parameters are ei

15 = 10.0 Cm−2, εm
11 = εi

11 = 1.51 ×
10−8 CV−1m−1 and cm

44 = ci
44 = 3.53 × 1010 Nm−2. The far-field antiplane shear and

far-field in-plane electric field are τ∞ = 5 × 107 Nm−2 and E∞ = 106 V/m, E∞ = 0 V/m,
E∞ = −106 V/m, respectively. The stress concentrations σzθ/τ∞ at (r, 0) and σzr/τ∞ at (0, r)
versus different ratios of piezoelectric modulus are plotted in Figures 6 and 7. Also, when
E∞ = 106 V/m, and τ∞ = 5 × 107 Nm−2, τ∞ = 0 Nm−2, τ∞ = 5 × 107 Nm−2, the electric
concentration Eθ/E∞ at (r, 0) is shown in Figure 8 with different ratios of piezoelectric
constants. In Figure 8, we also proposed the results by the generalized finite difference
method (GFDM) to show the advantages of the proposed method. As shown in the figures,
the maximum stress concentration and the maximum electric concentration occur when the
poling direction is negative em

15/ei
15 = −10. The calculated results are in agreement with

those of Pak [2].
The relative error is used to evaluate the stability and accuracy of the method. When

the collocation points are randomly distributed, according to Table 1, with the increase in
the number of points, the accuracy of calculation results can be improved. Furthermore,
we introduced small perturbations to the boundary conditions to test the computational
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stability of the results shown in Table 2, where δ = 0, 0.1, 0.01, and 0.001 represent the
magnitude of perturbation and the given boundary conditions are mixed by some noise

f = f (1 + δ•rand())

where f is the original boundary condition, f is the boundary condition with perturbation,
and rand is a function used to generate uniformly distributed random numbers in the
interval (0,1).
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Figure 6. Stress concentration σzθ/τ∞ at (r, 0) versus different ratios of piezoelectric modulus.
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Figure 8. Electric concentration Eθ/E∞ at (r, 0) versus different ratios of piezoelectric modulus.
(a) MFS-LOOCV, (b) GFDM.
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Table 1. Relative error of normalized stress σzr/τ∞ with a different number of collocation nodes.

nb 26 32 38 44 50

em
15/ei

15 = −8 1.30 × 10−3 2.43 × 10−4 4.52 × 10−5 8.36 × 10−6 1.54 × 10−6

em
15/ei

15 = −6 2.71 × 10−4 4.69 × 10−5 8.35 × 10−6 1.51 × 10−6 2.76 × 10−7

em
15/ei

15 = 6 9.75 × 10−4 1.81 × 10−4 3.36 × 10−5 6.21 × 10−6 1.15 × 10−6

em
15/ei

15 = 8 1.11 × 10−3 2.07 × 10−4 3.85 × 10−5 7.12 × 10−6 1.31 × 10−6

Table 2. Relative error of normalized stress σzr/τ∞ with different δ on boundary conditions.

δ 0 0.1 0.01 0.001

em
15/ei

15 = −10 8.01 × 10−12 4.29 × 10−2 4.25 × 10−3 9.39 × 10−3

em
15/ei

15 = 4 1.62 × 10−12 1.41 × 10−2 3.19 × 10−3 4.73 × 10−4

em
15/ei

15 = 8 2.51 × 10−11 3.80 × 10−2 4.24 × 10−3 7.08 × 10−4

em
15/ei

15 = 10 6.11 × 10−14 7.65 × 10−2 5.57 × 10−3 8.81 × 10−4

3.2. Case 2: Two Circular Piezoelectric Inclusions

Consider two circular piezoelectric inclusions embedded in a piezoelectric matrix; in
this case, two inclusions have different relative locations, distances, and sizes (r2 = 2r1).

Two inclusions parallel to applied loadings, as shown in Figure 9. The material
parameters are ei

15 = 10.0Cm−2, εm
11 = εi

11 = 1.51 × 10−8CV−1m−1, and cm
44 = ci

44 =

3.53 × 1010Nm−2. Under the remote loadings τ∞ = 5 × 107Nm−2 and d/r1 = 10.0, the
stress concentration σzθ/τ∞ at (r1, 0) versus different ratios of piezoelectric modulus is
plotted in Figure 10. When the remote loadings are E∞ = 106V/m and d/r1 = 10.0, the
electric field concentration Eθ/E∞ at (r1, 0) versus different ratios of piezoelectric modulus
is plotted in Figure 11. The results are similar to the solutions for a single inclusion in
Figures 6 and 8 because the two inclusions are far apart. When cm

44/ci
44 = 3, both the

tangential stress σzθ and the tangential electric field Eθ in the matrix along the boundary
of the small inclusion versus different ratios of d/r1 are plotted in Figures 12 and 13. The
results are consistent with those of Chen [6]. When d/r1 = 10.0 and d/r1 = 1.0, the number
of collocation points nb = 120. Conversely, when d/r1 = 0.1, the number of collocation
points should increase suitably to avoid singularity, the number of collocation points
nb = 400. The numerical results of random distribution points provided in Figures 12
and 13 are unsatisfactory. When the source points are randomly distributed, the number of
conditions of the interpolation matrix may increase significantly, making the obtained result
unstable. If the distance between the source point and the collocation point is too small or
unevenly distributed, the matrix will be close to singular, and the small disturbance will be
amplified when solving the linear system, which will affect the accuracy of the solution.

Two inclusions perpendicular to the applied loadings as shown in Figure 14, the
material parameters are ei

15 = 10.0Cm−2, εm
11 = εi

11 = 1.51 × 10−8CV−1m−1 and
cm

44 = ci
44 = 3.53 × 1010Nm−2. The remote loadings are τ∞ = 5 × 107Nm−2 and

E∞ = 106V/m. The stress concentration σzθ/τ∞ of the different ratios of d/r1 versus
piezoelectric modulus ratio at (r1, 0) is plotted in Figure 15. The results obtained are in
good agreement with those of in [6]. The maximum stress concentration occurs when
d/r1 = 0.1; when two inclusions approach each other, the interaction between them is more
significant, resulting in increased stress concentration. When d/r1 = 10.0 and d/r1 = 1.0,
the number of collocation points nb = 120. When d/r1 = 0.1, to ensure accuracy, the
number of collocation points increases nb = 800.
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Figure 13. Tangential electric field distribution along the interface between the smaller inclusion
and matrix for different ratios d/r1 with em

15/ei
15 = 3. (a) d/r1 = 10.0, (b) d/r1 = 1.0, (c) d/r1 = 0.1,

(d) Random distribution points d/r1 = 10.0, (e) Random distribution points d/r1 = 1.0, (f) Random
distribution points d/r1 = 0.1.
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Figure 15. Stress concentration σzθ/τ∞ at (0, r1) versus different ratios of piezoelectric modulus.

3.3. Case 3: Single Elliptical Piezoelectric Inclusion

The single elliptical piezoelectric inclusion with a major and a minor semi-axis of a
and b (a/b = 5)embedded in a piezoelectric matrix is shown in Figure 16. The material
parameters are cm

44 = 3.53 × 1010 Nm−2, em
15 = 17.0 Cm−2, εm

11 = 1.51 × 10−8 CV−1m−1.
The remote loadings are τ∞ = 108 Nm−2 and E∞ = 106 V/m. When the piezoelec-
tric and dielectric modulus of the inclusion is 1/10 of those in matrix (ei

15/em
15 = 1/10,

εi
11/εm

11 = 1/10), the stress concentration σzy/τ∞ versus piezoelectric modulus ratio at (a, 0)
is shown in Figure 17. The higher the ratio of elastic modulus ci

44/cm
44 means that the inclu-

sion is harder than the matrix. When the inclusion becomes harder, the stress concentration
becomes negative. The results agreed well with those of Mishra [10]. Meanwhile, the result
using MFS through random distribution points is also provided, which indicates that the
LOOCV algorithm is effective.
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3.4. Case 4: Two Elliptical Piezoelectric Inclusions

Two elliptical piezoelectric inclusions with a major and a minor semi-axis of a and
b (a/b = 2) embedded in a piezoelectric matrix are shown in Figure 18. The material
parameters are the same as those in Section 3.2 and em

15/ei
15 = −5. The tangential stress σzθ

in the matrix along the boundary of the nether inclusion versus different ratios of d/b are
plotted in Figure 19. The numerical results are basically identical to those of Lee [11].
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4. Conclusions
From the foregoing numerical examples, the MFS without the LOOCV algorithm

can obtain accurate results when calculating the boundaries of symmetry rules and single
problems. In this case, the LOOCV algorithm can further improve the accuracy of the
accurate results by several orders of magnitude. In more complicated cases, the interval
in which the source point is placed becomes limited. Random placement of source points
leads to errors. The LOOCV algorithm accurately selects the location of the source point
and ensures the accuracy of the MFS. Even in the more complex, closer to the boundaries of
defect shapes in engineering practice, the LOOCV algorithm also shows its high efficiency
and applicability. Therefore, the proposed MFS, in combination with the LOOCV algorithm,
is an accurate and stable meshless method for the solution of antiplane piezoelectricity
problems with multiple inclusions. The comparison between different meshless methods
is shown in Table 3, which better illustrates the characteristics of this method. It should
be mentioned that we only consider the problems of simple geometries. The interpolation
matrix is dense, so the calculation time and stability may become the bottleneck of this
method in the calculation of large-scale problems. In subsequent research, we will further
investigate localization techniques for the meshless method. Then, the proposed algorithm
can be used in various real applications, such as the design of sensors and actuators, which
will be discussed later.

Table 3. Comparison between different meshless methods.

Meshless Method Basis Function Node Distribution Method to Avoid
Singularity Strengths Weakness

Method of
fundamental solution

[12]

Fundamental
solution

Source nodes and
collocation points

Source nodes are
placed away from

the boundary

High-dimensional
complex geometry

problems
Dense matrix

Regularized meshless
method [7]

Double layer
potentials

Boundary nodes
only

Subtracting and
adding-back

technique
High accuracy

Difficult for
irregular domain

problems

Generalized finite
difference method [8] Taylor series

Nodes on the
boundary and in

the domain
No singularity Sparse matrix

Sensitive to the
placement of the

nodes
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