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Abstract: This article explores two distinct function spaces: Hilbert spaces and mixed-
Orlicz-Zygmund spaces with variable exponents. We first examine the relational properties
of Hilbert spaces in a tensorial framework, utilizing self-adjoint operators to derive key
results. Additionally, we extend a Maclaurin-type inequality to the tensorial setting using
generalized convex mappings and establish various upper bounds. A non-trivial example
involving exponential functions is also presented. Next, we introduce a new function space,
the mixed-Orlicz—Zygmund space (ﬁq(,) logP (Lp('))>, which unifies Orlicz-Zygmund
spaces of integrability and sequence spaces. We investigate its fundamental properties
including separability, compactness, and completeness, demonstrating its significance. This
space generalizes the existing structures, reducing to mixed-norm Lebesgue spaces when
3 = 0 and to classical Lebesgue spaces when q = oo, 3 = 0. Given the limited research on
such spaces, our findings contribute valuable insights to the functional analysis.

Keywords: self-adjoint operators; Hilbert spaces; operator convexity; mixed-variable
exponent spaces; Zygmund space
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1. Introduction

Inequalities in function spaces are a cornerstone of functional analysis and the associ-
ated disciplines, which give basic constraints relating the functions, integrals, derivatives,
and their norms. They are used extensively to study the behavior of functions in a wide
variety of mathematical fields. For example, Sobolev and Poincaré inequalities have been
used to prove the existence and uniqueness of PDE solutions [1], while Holder’s and
Minkowski’s inequalities are used to prove operator boundedness [2]. In addition, inequal-
ities are a key tool in energy functional minimization and solving variational problems [3],
approximating differential operators’ eigenvalues via the Rayleigh quotient [4], and proving
the stability of numerical schemes using norm inequalities [5].

The literature encompasses, in depth, a number of integral inequalities, e.g., Hermite—
Hadamard, Giaccardi, Jensen, midpoint, Young’s, Trapezoid, Simpson, Ostrowski, and
so forth. For example, the Hermite-Hadamard inequality has been studied in many
directions, e.g., its stochastic counterpart [6], fuzzy-valued mappings [7], center—radius
order relations [8], inclusion order [9], and Hilbert spaces [10]. Similarly, other inequalities
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have been explored using similar techniques, e.g., the Ostrowski-type inequality, which has
been generalized in stochastic environments [11] under various order relations [12,13] and
in function spaces [14]. For further information on different inequalities, we refer to [15-19]
and the references therein.

The Maclaurin series with an integral remainder term is an effective tool for approxi-
mating functions and expressing the approximation error precisely. The integral remainder
form is particularly useful in theoretical and numerical approximations when error control
is crucial.

1.1. Benefits and Significance of the Maclaurin Series Approximation

*  Function Approximation: Replace complex functions with simpler polynomial expres-
sions, which are utilized in calculators and computer software to evaluate functions
with high precision.

¢  Economics and Finance: Investigate physical systems near reference states and use
Hamiltonians to solve quantum systems with perturbative relativistic formulas for
low velocities.

*  Numerical Methods: Use expansions to generate numerical differentiation formulas
and analyze truncation mistakes to ensure accuracy.

*  Machine Learning: Optimize loss functions and enhance algorithms. Gradient descent
inequality employs first- and second-order approximations to assess convergence.

¢  Physics and Engineering: Approximate potential energy functions at equilibrium
points are used to expand state equations or partition functions in systems close
to equilibrium.

For more applications in various disciplines, we refer to the following articles [20-22].
This widely recognized equality can be stated as follows.

Theorem 1. Let {: R — R be a function on some set (3 C R with n+ 1 continuous derivatives.
Then, for any v € Q, we have

(0 @) (0
¢(v) =¢(0) + ' (0)v+ CT(')VZ +oo 4 CTS)VH +Rn(v), (1)
where Ry (V) is the remainder term after n terms. The remainder term Ry (V) can be expressed in
integral form as

Ra(v) = o [ (=0 g)ar.

n!

This formula shows that the error Ry (v) depends on the (n + 1)-th derivative of {(v)
and the behavior of ¢(v) on the interval [0, v].

Variable exponent spaces and Hilbert spaces are inherent mathematical structures
of varied use across various disciplines. Their joint application strengthens the analysis
of complex systems via a more efficient and effective approach. They are, for example,
essential for modeling relations in complex systems where evidence is characterized by
extreme variability [23]. They enhance approximation in approximation theory through
the improved representation of functions via integral operators [24].

Variable exponent spaces are used in partial differential equations (PDEs) with non-
traditional growth conditions [25] and the study of nonlinear equations, especially in
dynamical systems, where normal techniques break down due to irregularities or com-
plexity [26]. Hilbert spaces, nonetheless, are the bedrock of quantum mechanics, wherein
quantum states and observables are constructed within their theory [27]. Hilbert spaces are
also extensively employed in signal processing and wireless communications, where linear
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operator algebra must be used in signal analysis [28]. Moreover, statistical inference has a
lot to do with Gaussian Hilbert space measures [29], through which statisticians can place
bounds on approximations and the optimization of linear rules under various constraints.
For recent developments in other areas, we refer to [30,31].

The significance of variable exponent spaces and Hilbert spaces has led to numerous
original results and well-known inequalities in such spaces. Hilbert spaces and tensor
operations have been utilized by Frank Hansen and Huzihiro Araki [32] in proving Jensen’s
operator-type inequalities. In [33], the authors compared the two spaces side by side and
derived numerous striking results related to Hadamard and triangular-type inequalities by
utilizing various unified and generalized convex mappings. Prasenjit and Tapas Kumar [34]
also worked with frames in the tensor product space of n-Hilbert spaces and generalized
earlier results from bases to frames and dual frames in tensor product spaces.

Theorem 2 ([34]). Assume {m;};. , and {nj}?’:1 be the class of vectors contained in Hy
and Hy Hilbert spaces. The vector product {mi ®nj }Cixjj:l C Hi ® Hp is a frame related to
(02 ® Ky, -+ ,0n ® Ky) for Hy @ Hy iff {mi}‘i’o:1 is a frame related to (op,--- ,0q) for Hy and
{n; }?:1 is a frame related to (p, - - -, ko) for Hy. Since {e;};. 1 and {k; }30:1 are dual frames
corresponding to (o3, -+, 0n) and (kp, - -+, kn) of {m3 }3°, and {nj}°._,, respectively, for all

j=1
p € H1,q € Hy,

f= Z(f,ei | o9, ,0n)ymy, and g = Z<g,kj | ko, - - - ,Kn>2nj.
i=1 j=1
Then, for all £ ® g € Hy ® Hy, we have

f®g

i,j

agk

o
<f/ i | 02, /Gn>1mi> ® <Z<g/kj | Ko, /Kn>2nj>
i=1

1

-
Il

I

<f/ei | 02, /Gn>1<g/kj | Ko, /Kn>2(mi ®nJ)
1

Vuk Stojiljkovic [35,36] used classical integral operators and twice-differentiable map-
pings to the continuous functions on self-adjoint operators in Hilbert space to develop
Simpson and Ostrowski-type double inequalities.

Theorem 3 ([36]). Let U and V be self-adjoint operators, and let SP(U),SP(V) C A be their
associated spectrums. Assuming that C is a continuous function on A, we obtain

1
/0 (1—oU @1+ a1l ®V)dx — C<W>

2
1V -U®1)?

1
= T [/0 (11— U1+ ol @ V)da

—|—/01(oc—1)2cll<(1;(x>2/{®1+ (1;“>1®V>dcx].

Dragomir [37] investigated multiple bounds and developed a well-known classical

trapezoid-type inequality in the context of tensor Hilbert spaces.
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Theorem 4 ([37]). Let U and V be self-adjoint operators, and let SP(U),SP(V) C A be their
associated spectrums. Assuming that C is a continuous function on A, we obtain

(1—cx)1®C(V)+ocC(u)®1—/O1 ((1—w)U ®1+ul®V)du
_ (1®V—U®1)/Ol(u—oc)C'((l—u)U@l—l—ul@V)du
forall x € [0,1].

Khan et al. [38] used fractional integral operators and several forms of extended convex
mappings to find boundaries for Simpson and Hermite-Hadamard inequalities.

Theorem 5 ([38]). Let U and V be self-adjoint operators, and let SP(U), SP(V) C A be their
associated spectrums. Assuming that C is a continuous function on A, we obtain

- WISU-VVET? (JZ@)] + T M)
4 2

(2)

For more current results related to the results in this article, see [38—46] and their
references.

Variable exponent Lebesgue spaces (Lp(')> are a modern mathematical analysis field
that developed from the conventional Lebesgue space. In 1931, W. Orlicz [47] developed
sequence spaces (P» with variable exponent (pn) and discussed some of their proper-
ties. In the same paper, Orlicz defined the class of measurable functions ¢ such that
fo 12(x)|P(Mdx < oo, thereby generalizing the concept of classical Lebesgue spaces of inte-
grablhty In this work, they let the exponent p(j1) depend on the point x in the domain A.
Their adaptability makes them better suitable for simulating physical processes, in which
the space’s behavior may vary locally in a nonlinear way. Though LP() first emerged in
1931, they were initially analyzed as Banach spaces in [48].

Taking inspiration from these various authors, they constructed and generalized
numerous other forms of function spaces and examined their features and boundedness of
operators with varied exponents. For instance, in [49], the authors used spaces of variable
integrability to study uniform convexity; in [50], they studied some interesting problems
related to the fixed point theorem in the varying exponent spaces; in [51], they examined
the boundedness of certain operators on grand Herz spaces with variable exponents;
in [52], they examined interpolation theorems for variable exponent Lebesgue spaces; and
in [53], they examined modular-proximal gradient algorithms in varying exponent spaces.
Fernanda and James [54] investigated the algebraic and topological reflexivity features of
sequence spaces with varying exponents. Amri et al. [55] employed modular function
spaces to examine fixed point theorem with application in the space of variable integrability.
Haim Brezis [56] explored different kinds of function spaces and discussed problems related
to reflexive spaces, separable spaces, and uniform convexity. Zhenghua Luo and Qingjin
Cheng [57] investigated a novel convexity property of convex functions, resulting in a
characterization of the class of reflexive Banach spaces. Jain et al. [58] investigated quasi-
reflexivity and the sup of linear functions with interesting applications. Enrico Pasqualetto
and Tapio Rajala [59] studied first-order Sobolev spaces on reflexive Banach spaces, using
relaxation, test plans, and divergence.

Completeness, compactness, and the separability of variable exponent spaces play a
very essential role in several areas, such as checking the boundedness of operators, checking
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the existence of the solution of a partial differential equation, embedding of spaces, etc.
For instance, the authors examined these three properties for Herz spaces in [60], demon-
strated separation axioms, representation theorems, and compactness in [61], examined
completeness for Moore-closed spaces and centered bases in [62], determined compactness
and separability in [63], and demonstrated several pertinent results in weighted Lorentz
spaces using the Hardy Operator in [64].

Bandaliyev et al. [65] studied the precompactness and completeness of sets in variable
exponent Morrey spaces using bounded metric measure spaces.

Theorem 6 ([65]). Let (Q), p, v) be a bounded doubling metric measure space, and let p(-) € P(Q,v)
satisfy 0 < p— < py < coand sup . % < p%. Assume that a subset Q of LP()-*() ()
satisfies the following:

e Qs bounded in LP() () (Q);

e Forsomeqe€ (0,p-),

lim sup

=0.
=07 rcQ 2()

L Q)

Ju o 160 = ey e (y)

Then, Q is totally bounded in Lp()e() (Q).

Orlicz—Zygmund spaces are a class of function spaces that generalize both Orlicz
spaces and Zygmund spaces. They enable logarithmic changes to the evolution of Orlicz
functions, making them helpful in a variety of applications including nonlinear analysis
and partial differential equations. For instance in [66], the authors investigated the Lipschitz
regularity for local minimizers of convex variational integrals of the form using Orlicz—-
Zygmund spaces with variable exponents; in [67], the authors investigated the higher
differentiability of minimizers of variational integrals with variable Orlicz-Zygmund
spaces; in [68], the authors investigated global gradient estimates for the borderline case of
double-phase problems with BMO for Orlicz-Zygmund spaces; and in [69] , the authors
investigated regularity for double-phase energy functionals of different power growth.

For further recent results relevant to variable exponent spaces, see [70-76] and the
references therein.

1.2. Main Contribution

The article makes two significant contributions. The first is that tensor approximation
can be used to extend equality (1) from the lower dimension (classical sense) to a higher
dimension since tensor approximation deals with a wide range of complex functions in a
very straightforward manner. Second, we can introduce a new norm structure, as Orlicz—
Zygmund spaces with variable exponents have been extensively studied for analyzing
problems involving variable growth conditions and non-standard behavior in partial
differential equations.

The Zygmund space LP logf3 L(;R?), for1 < p < oo,B € R(B > 0forp =1)is
defined as the Orlicz-Zygmund space L?(Q); R") generated by the Young function

Pd(p) ~ pP logﬁ(e +u) forevery p > pg > 0.

Therefore, the Orlicz-Zygmund space LP logP L(Q); R?) is defined as

LP logP L((;R?) := {C : QO — R™ measurable : /Q 1¢|PlogP (e +|¢])av < oo}
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and it becomes a Banach space with the Luxemburg norm

P
G log[3 (e+‘ide < 1}.

x

”C”Llogﬁ L(Q;Rn) = inf{oc >0:(Cn

The main idea we use is a combination of the variable sequence space ({y.)) and
variable Orlicz-Zygmund space (LP logB L(); R™)) that is merged simultaneously, and we
introduce a new type of modular functional with an associated norm that is based on these
two spaces. In this space, we define a new norm structure that we call mixed-variable
Orlicz—Zygmund space (Kq(,) logP (LP(') )) and investigate several well-known properties,
such as completeness, separability, and precompactness. Since these types of spaces related
to developed results are rare in the literature, this paper will play a very important role in
the advancement of results related to these in function spaces.

As a main motivation for this study, we were primarily influenced by the works of the
following authors [32,35,65,66].

The work is organized into six sections. In Section 2, we will recall some basic definitions
and arithmetic operations in tensor Hilbert spaces. In Section 3, we construct our major
conclusions, including Maclaurin-type approximation, using various types of generalized
convex mappings in tensorial Hilbert spaces. In Section 4, we define a few well-known notions
and results that we need to support our primary conclusions regarding Orlicz—Zygmund
spaces and other related spaces. In Section 5, we demonstrate the separability, completeness,
and compactness of newly defined mixed-Orlicz-Zygmund spaces. In Section 6, we discuss
our main findings and some future possible work related to these results.

2. Preliminaries

In this section, we recall some fundamental concepts related to extended convex
mappings and arithmetic operations in tensor Hilbert spaces. The following articles [32,39]
contain further important concepts and discoveries related to this section.

Definition 1 ([33]). An inner product on a complex linear space X is a map
(,):KXKxK—>C

such that forall &1,&,&3 € K and o € C, we have

(E1+ &2, 83) = (&1, &) + (&2 + &3)

(xé1, &) = a(&y, &)
(&1, &2) = (&2, &1)
(81,€1) >0, (&1,&) =0<= & =0.

A complete inner product space is called a Hilbert space.

Definition 2 ([33]). Let C: U x V — K be a bilinear mapping. The related tensor product of U
with V on Hilbert space X is defined as follows:

*  The Hilbert space X contains the class of (&1, &) (&1 € U, &y € V) all vectors, and K is its
span;

o (U(&1,82) | C(E3,84)) = (&1 | &) (&3 | &q) for &1,8p € U, E3,84 € V. If (K, () isa
Cartesian product of U and V), it is typical to read as &1 ® &, instead of ((&1,&y). A Cartesian
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product U ® V and a function (&;,&) — & @ & of U X VintoU ® V, satisfy the following

axioms
(E+8)RL=4R6L+5E
(1) ® &2 = (& ® &)
aeE+&8) =R +5RE
&1 ® (akp) = (&1 ® &),
where x € X.

Let C: Ay X ... X Ap — Ris taken to be bounded mapping defined in terms of intervals.
Assume that p = (p1,...,@p) be a p-tuple of the self-adjoint operators associated with
Eq, ..., Ep Hilbert spaces. Then,

i :/ o dE; (o¢4)

i

is the spectrum of possible operators for i = 1,...,p; following [32], we define p; as
follows:

U1, pp) = /AlfA C(ox, .., 0tp)dE1 (01) @ ... ® dEp (cxp)-
P

When the dimensions of Hilbert spaces are finite, many complicated processes can be
considerably reduced by integrating processes into finite summations. The authors [77]
expand the construction, and it is defined as follows:

C(@l/- ~-1@p> = Cl(@l) D...® Cp(@p)/

where ( can be split as a product of one-variable mappings ((ay, ..., ap) = (i(a) ... (p(ap)-
If Cis sub(super)-multiplicative across the interval A, then

C(E182) > (<)C(&1)C(&p) forall £1&, € [0, 00),
and additionally, if ¢ is continuous on [0, o), one has
UBRYV) > (L)L) @ (V) foralltd,V > 0.

Consequently, it may be shown that if
U= [ gaE(E)andV = [ odF(E),
[0,00) [0,00)
where U and V are spectral resolutions for function ¢ on [0, c0), then
cwav)=[ | das)Ee) o)
The geometric property of linear bounded operator ¢/, )V > 0 is represented as follows:
1/2 (7,-1/2v7,-1/2\?7 1/2
UtV 1= UM (U Pu ) U,

where p € [0,1] and
1/2
U#Y = ul/z (u*l/ZVufl/Z) ul/Z‘
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By the definitions of # and ®, we have
U#HY = V#U and (U#V) @ (VHU) = USV)#(V QU).
Examine the final result that is comparable to the tensorial product that is
U@ (VL) =UV)URS),
thatholds VU, V, B, ¥ € B(H). If we take p = U and ¥ = V, then we obtain
U*V?* = U V)2
Through induction, we have
U°®@V° = (U®V)° for any natural number o > 0.

Specifically,
UR1T=U®1)%and 1V’ = (1 V)7,

for all o > 0. Additionally, we note that the 1 ® V and U ® 1 are commutative with each
other that is
AV U)=UV=UR1)(1xV).

Moreover, for any two natural numbers o1, 07
U112 =(1V)1(UR1)2=U"2Q VL.

Using the functional calculus and tensorial product characteristics for continuous
functions of self-adjoint operators the associated tensorial perspective Q; , is defined as
follows:

Qs V) = 1aV)(Uentev)™) =((Ueniev)')asy)
— (et uen)aey),
due to the commutativity of Y ® 1and 1 ® V.

Lemma 1 ([33]). Let U and V be self-adjoint operators with SP(U) C Ay and SP(V) C A,.
If ©, C are continuous on Ay, then ®, S are continuous on Ay, and ¢ is continuous on A, and
subsequently the class of intervals {(A1) + (Ay) is

(eu )®1+1®<1>(V)) U @1+123(V))
_/ / u))@(¢(0) + S(u))dEs, ® dFy,, 3)

where U and V are the spectral resolutions
U= / adE(ot) and V = / BdF(R)
Al Ay
Definition 3 ([39]). A mapping : A C R — Ris stated to be convex (concave) on A, if

Clakr + (1 —)&p) < (Z)xd(&r) + (1 — x)((&2),

valid for all &1, &y € Aand x € [0,1].
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Definition 4 ([39]). A mapping ¢ : A — Ris stated to be convex in a quasi sense if

(1~ 0t + k) < max{&(Ea), (e} = 5 (0(Ea) + L) + 1(E2) — (e,
forall &,& € Aand « € [0,1].

Definition 5 ([39]). A mapping ¢ : A C R — Ris stated to be Godunova convex on A, if

¢(&1)
o (1-«)

Clagg + (1 - )&p) <
valid for all &1, & € Aand o € (0,1).

The following lemma, whose properties are also utilized in our main findings, is
presented in a similar manner using synchronous functions in the work of Dragomir [78].

Lemma 2. Assume that C,\p are asynchronous and continuous on A, while ¢@,d are continuous
and non-negative on A. If U,V are self-adjoint with spectrums SP(U),SP(V) C A, then

)
=
N

U U] ©¥(V) + oU) @ BV)L(V)(V)]
< leU)cU)] @ PV W)+ [eU)w )] @ [B(V)CV)],

or, equivalently
(@) @dWV)[([CUWPU)) @1+1@ (C(V)b(V))]
< (eU) @dW))[CU) @b (V) +b(U) ® (V)]

Proof. Suppose ¢ and 1 are asynchronous functions on A, then
(D (T) + ¢(0)b(v) < L(T)b(v) + C(V)b(T),

forall t,v € A.
To obtain this inequality, we multiply it by @ (7)9(v) < 0, and it follows that

A (D)@(T)d(v) + (1) (V)b (v)d(v)
< M@ (D)b(v)d(v) + C(v)d(V)b(T)@(T),

forallt,v € A.
If we use the double integral, we obtain

/A /;[C(T)“)(W(T)ﬁ(v) + (1) L(v) P (v)d(v)]dE(T) ® dF (v)

= /A /A[C(T)@(TW(”)S(U) + ¢(v)9(v)P(T) @(T)]dE(T) ® dF (0).
Note that
[2(0) W (1) ()0 (V) + @ (1) L(0) W (v)9(v)]dE(T) ® dF (v)
L (1)@ (T)9(v)dE(T) ® dF (v)

S
D\D\

+ @ (1) ()b (v)d(v)dE(T) @ dF (v)

= [e@) U] @I(V) + @ U) @ P(V)C(V)H(V)]

>
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and

// v) + ¢(v)d(v)P(T)@(T)]dE(T) ® dF (v)

_ /A/A v)dE(T) ® dF(v)
+ /A /A ¥ (1) @(7)(v)d(v)dE(T) @ dF(v)

= le@)cU)] @ PO+ [eU)bU)] @ BOV)(V)]-
Now, by applying the tensorial property

(PQ) ® (RS) = (PRR)(Q@u),

for any P,Q,R,S € B(#H), we obtain

and

which proves Lemma 2. [

3. The Major Results

These two results play an important role in our further subsequent findings related to
Macalurin approximation equality.

Lemma 3. Suppose that U and V are self-adjoint operators such that SP(U) C Ay and
SP(V) C Ay. If , @ are continuous on Aq,\p,d are continuous on Ay and &, n are continu-
ous on interval IC, subsequently the sum of ((A1) +P(Az), (A1) +9(A2) C Kis

LU @1+ 10p(V)n(eU) ©1+109(V))
= [, EE) + w000 + 0(0) e & v

Proof. Let a, b, c and d positive-continuous functions such that {(7) = Ina(t), ¢(t) = Inc(T)
fort € Ay and Y(v) = Inb(E),d(v) = Ind(E) for v € A;. Then,

] e +w(o)n(e(o) + 8(v))as, © are
= /A1 /Az &(Ina(t) + Inb(E))n(Inc(t) + Ind(E))dE, ® dF,
= / (& oln)( )(noln)(c(t)d(E))dE, ® dF .
M Az
By applying Lemma 2 to the functions (£ o In) and (1 o In), we obtain

/ (&oln)( J(moln)(c(t)d(E))dE, @ dF ¢
M Az

= (Eoln)(a(f) ©@b(V))(moln)(c(U) @ A(V))
= &[In(a(d) ©b(V))Infln(c(U) @ a(V))].
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Now, observe that, by the commutativity of the operators a({{/) ® 1 and 1 ® b(V),

In(a(Ud) @b(V)) =In[(a(d) @ 1)(1 @b(V))]
=In(a(d)®1) +In(1®1b(V))
na(d)] ®1+1®Inb(V)

and, similarly
In(c(U) ®d(V)) =oU)@1+1¥(V).

Hence, we obtain the desired representation for Lemma 3. O

Theorem 7. If C is a Godunova—Levin mapping defined over the positive half-line, then Q;  is also
Godunova—Levin in pairs of positive definite operators. If U > G > 0and V > H > 0, then also

Qre,V)>Qra(G,H).

Proof. Suppose that ( is a operator Godunova-Levin function in the positive half-line.
Given the commutative nature of / ® 1 and 1 ® 0, we have

Qo V) = (1aV)(Uen(iev) ) =0 Uel1a)
fortd,V >0.1fU,V,G,H > 0and « € (0,1), then we have

Qr,@((1—o)(U,V)+ (G, H))
=Q:,®(((1— ) +aG, (1 — )V + aH))
=Q:((I—o)U +aG)®1,1® (1 —x)V + aH))
=Q:(1-aU®1+aG®1,(1-)1R@V+al@H)
=0:((1-0)URL1RV)+a(G®1,10H))
<Qc(u®1,1®V) Q:/(G®1L,10H)

+
- (1—o) o

_QuaY) | Que(G,H)
- (1 — OC) o ’

and it demonstrates that Q;  is a Godunova-Levin operator in pairs of positive definite
operators. If Y > G >0and V > H >0, thenY ®1>G®1>0and1®0>1H >0,
so we have

QU®1,1®0) < Q:(GRL1QH).
O

Tensorial Maclaurin Approximation Using Different Types of Generalize Convex Mappings

Lemma 4. Assume that { is of class C**1 on the open interval A. Let U and V be self-adjoint
operators with respective spectrums, SP(U) C A and SP(V) C A, then one has

(Wyo1=Y %(u®1—1®0)k(1®c(k>(o))

k=0 "

1
+E(u®1—1®0)n+1

x/01(1—u)nc<““>((1—u)1®0+uU®1)du (4)
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Proof. Using Maclaurin’s representation with the integral remainder, we can express the
following two identities:

n

T Y

for u € A.

Using the substitution v = (1 — u)oy + uoy,u € [0,1] and for any continous function
¢ with distinct values o7, 07 in that interval, one has

[ otmav = (02— o) [ ol(t- vy +uoz)an

o1

Therefore,
n
[ @) (= vyay
0
1
=(nu—-0) / C(n+1)((1 —u)0+ux)(x— (1 —u)0 — ux)*du
0
1
— (u— 0"+t / () (1 — w)0 4 ux) (1 — u)’du
0

and it follows that

P 0)(x - 0)F

+ ! (t—o0)»*t '/0.1 @+ (1 —u)0 +ut)(1 — u)du

n!

forall T,v € A. If Y and V have the spectral resolutions

U:/ATdE(T) andV:/AvdF(v),

and after that, we obtain the integral applying [, [, over dF; ® dF,, that is

/A/AC(T)dFT(X)dFU
_/A/A(kioilc(k)(O)(T—O)k)dFT@dFv
+;,/AA(TO)H+1(~[)1 C(n+1)((1u)O+uT)(1u)ndu>dFT®dFv.

We have _
[ [ cmarcar, = o

and, by Lemma 3, we have
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Using Fubini’s theorem, we obtain
// ”1(/ ¢lot1) ((1—u)O—i—uT)(l—u)ndu)dFT@dFv

_/ (1—u) (// 0)n+1 nH)((l—u)O—O—uT))dFT@dFU)du

= UD1-100)*" / (1— u)n(C(n+1)((1 —0)1®0+uld @ 1))du,
0
and so we obtain the required outcome. [

Theorem 8. Assume that ( is of class C**1 on the open interval A such that
0y < ((2o11) < B2y 11 for some constants «p, 11, Bopy1- Let U and V be self-adjoint operators
with respective spectrums, SP(U) C Aand SP(V) C A, then one has

1

Tpr i Ue 180 ez

20 1
<Sce1-Y) SUe1-180%(18cM(0)
k=0 "'
1

< WW ®1—-1®0)% By, 1. Q)
Proof. Forn = 2p with p > 1in (4), we have
U)®1
_ zf; %(w@ 1-1 ®0)k(1 ® c(k)(O))
k=0

+ U1 —-120)2"

1
(2)!
1
></ (1— w220+ (1 —u)1® 0+ wd ® 1)du. ©)
0
Based on the boundedness assumption, we have that

1 < POV ((1—u)0+ut) < Bogir, 7)

forallt € Aandu € [0,1].
Multiplying the inequality (7) by (t — 0)2*1 > 0 with t € A yields

aprt (5 — 02 < (5= 02914 (1 w0+ ut) < Boyn(6— 0.
By taking the integral [, [, over dE; ® dFs in (8), we obtain
00 +1 / / (t — 0)2 14K, @ dF
/ / 0)291 29+ ((1 — u)0 + ut)dE; ® dF

< B2p+1 /A /A t —0)*4E, ® dFs.
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Using Lemma 4, we derive

0p1(U®1—1®0)2H
<U1-120)2 (1 —u)100+ud 1)
< Bopr1U®1-1©0),

In addition, if we multiply this inequality by (1 —u)?¢*!1 > 0, u € [0,1] and integrate,
we obtain

1
2011 /0 (1 - w2 auU ©1—1©0)2!
1
< / (1-w* ' (U21-120)2(ZH (1 —w)1©0+ud @ 1)du
0
1
S BZ@)—&-l /0 (1 - u)ZKH_ldu(u ®R1-1® 0)2p+1,
which gives that
2@ + 1
1
g(u®1—1®oﬁwﬂ/<1—®%*%@W”«1—@1®o+uU®1mu
0

< Pt UR1—10)2,

T 2p+1
namely
201191 —100)2!
(2p+1)!
< (2;)!(1/1 ©1-100)%* x /01(1 — )P (1 - )1 @0+ uld © 1)
< %(um—mo)zp“.

By utilizing identity (6), we derive the desired inequality. [

Theorem 9. Assume that C is of class C29*1 on the open interval A such that (*9*1 is a convex
function on A. Let U and V be self-adjoint operators with respective spectrums, SP(U) C A and
SP(V) C A, then one has
2
7

®1—Z

U1 —1®o)k(1®<:(k>(0))

20 +1(18 ¢ (0)) + (@D W) @1

1 2
< - _ p+1
_(2p+1)!(1/{®1 1®0) 5012 )
Proof. Since C(Z@H) is convex on A, then
(2t (1 —w)04ut) < (1 — ) (0) + 9 (1), (10)

forallt € Aandu € [0,1].
Now, if we multiply the above inequality by (t — 0)?¢*! > 0 with t € A, then we have

(t o 0)2g)+1 C(ZgoJrl) ((1 o u)O + ut)
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< (1 —u)(t —0)2 1o+ (0) 4 u(t — 0)2 120+ (1), (11)
forallt € Aandu € [0,1].
By applying the integral [, [, over dE; ® dFs in (11), we obtain
/ / 0)2¢+1¢20+ D) ((1 — 1)0 + ut )dE; ® dFg
/ / 1 —)(t — 0)29+1¢20+) (0) 4 u(t — 0)20+1 20 +1) (t)} dE; ®dFs,  (12)

forallu € [0,1]. Using Lemma 4, we conclude that

/ / ZBOJF]C 2g)+1)((1 —u)0 + ut)dE; ® dFs

UR1—1©0)29T1 () (1—n) 10+l 1)

and / / 1 ) 0)20+1¢(29+1) (0) 4 u(t — 0)2p+1c(2p+1)(t)} dE; © dF,
(1—u / / 0)2¢+1¢(20+1)(0)4E, ® dFs
+ u/A/A (t —0)2 120+ (£)dE, ® dFs
—(1-0)U®1—1x0)2H (1 ® ((20+1) (o))
+uUd ©1-120% (D) e1)
and by (12), we obtain

UR1-100)2> (1 -u)1®0+ud @1)
<(1-w)(U®1—180)2! (1 ® (20+1) (o))

Fuld ®1—1©0)201 (6(2@“)@1) ® 1),

for all u € [0,1]. If we multiply the above inequality by (1 —u)? and integrate, then
we have

1
U1-1 @0)2@“/ (1— w220 (1 —u)1® 0+ ud ©1)du
0
/ 2p+1du(u 21-1® O)Zerl (1 ® C(ZgJJrl)(O))

+ / Zpdu(u 01-1® 0)2g>+1 (C(Zp-i—l) (U) ® 1)

_ . 2p+1 2p+1)
2p+ SUe1-100% (18 (2+)(0))

1
_i_i
2p(2p+2)
1
20 +2
1

B 2p+1(u®1*1®0)2p+1

UR1—10)2"! (c@“’“)(U) ® 1)
_1
2p+1
2@1 ® C(Zp-‘rl)o) + C(Zp-&-l)(u) ®1
20+2 '

U1 —1©0)2011 {1 ® (29+10) + (2 (U) ® 1}
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If we multiply by [ ), , we obtain

1
(2p)!
1
X / (1—0)22C® (1 —u)1® 0+ ud ©1)du
0

U1 —-120)2T]

1 2041 | 2o+ 1)1 @ ?0) + (2D (U) @1
< — p+1
< (zp+1)!(“®1 1®0) 5012

7

and this concludes the proof. [J

Theorem 10. Assume that ( is of class C>+1 on the open interval A such that >+ is a quasi-
convex function on A. Let U and V be self-adjoint operators with respective spectrums, SP(U) C A
and SP(V) C A, then one has

20

(U)®1 _1;);!(”@1 —1®0)k(1®c<k>(0))
# o 2p+1
< GprmiUE1-190)

x [Py @1+10 0 + o) e 1-18 o 0)|].

(2p+1)

Proof. Since C is quasi-convex on A, then

C(Zgﬂrl)((l _ u)O —l—ut) < %(C(Zgﬂrl)(t) + C(Zerl)(O) + ‘C(Zerl)(t) N C(2p+l)(0)

forallt € A and u € [0, 1]. If we multiply by (t — 0)>**1, we obtain
(t —0)29+1¢29+D((1 — u)0 + ut)

< 56— 02 (¢B ) 4 24 (0) 4 ¢ x) — 204 (0)

)

forallt € Aandu € [0,1]. By taking the integral [, [, over dE; ® dFs in (13), we obtain

// (t — 0)2 194D ((1 —u)0 + ut)dE; ® dF;

< 2 / / 2ga+1 2p+1)( ) + C(Zgﬂrl) ‘C 2g3+1)(t) _ C(2p+l)(0)’>

X dE¢ ® dFs. (14)

Since, by Lemma 4,

/ / 0)21¢20+) (1 — u)0 + ut)dE; ® dF

—UR1T-120)%T1 (1 -u)1e0+ud 1)
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// 0)20+1 C(Zp-}-l)( )+ 29D (0) 4 ‘C(2p+1)(t) _C(ZKJ“)(O)DdEt@dFS
_ // 0)29+1¢ 2p+l)< )dEt®dFs+// 2@+1c(2p+1)(0)dEt®dFs

+ /A/A (t—0) 2@’“‘(:(2@“)(1:) — ¢t (0) ’dEt ® dFs
—UR1-120)¥1 () 01+ U1 —1©0)29"! (1 ® (2t (o))
fUS1-1 0)2@“]42@“)(@1) ©1— 1@ 20+ (0)]

= UR1-10)2!

x [(:(2@“)@4) ®1+12 % (0) + \c@@“)(m ®1-1® %*(0)

B

then by (14), we obtain

U1-120)2 12D (1 —w)100+uWd 1)
<UR1-1®0)21!

x [c@ml)(u) ®14+10 2 0) + (2D U)o 1 -1 29D (0) H
foru € [0,1]. If we multiply the above inequality by (1 — u)?” and integrate, then we obtain

1
U1 —1®0)%" /0 (1 —u)?2¢2* (1 —u)1 @0+ uld ® 1)du

< 1-1®0)%H
72p+1(U® ®0)

« [C(Zgﬂrl)(u) R1+1® C(Zgﬂrl)(o) + C(Zgﬂrl)(u) R1-1® C(2g3+1)(0) H ,
and the proof is now complete. [

Example 1. Under the identical hypothesis of Theorem 8, and if {(in) = exp(u), then by (6),
we obtain

2p—1

epU) 1= Y —(U©1-100*(10exp(0))
k=0 &
1

T e

X /01(1—u)2§’_1 exp((1-—u)l®0+uld ®1)dy, (15)

UD1-1®0)%

for any self-adjoint operators U, V. If xp, 1 < U,V < Bog11, then by (5), we obtain

1
20 exp(ogp11)(U®1—1®0)%
2p—1

Sep)®1- 1 %(u ©1—180)%(1®exp(0))

_ 1
~ (2p)!

exp(Bop 1) (U1 —1®0)% (16)
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From (9), we obtain

2p-1
exp(U)®1— KJZ Q(U®1—1®O)k(1®exp(0))
k=0 <
1 20 [20(1®exp(0)) +exp(U) @1
g(zp)!(ue@l—l@o)@ 2011 : 17)

for any self-adjoint operators U, V. If w, t > 0 and if we take in (15), U = Inw,U = Int, then
we have

20p—1
w®l= k;) k—!(lnw®l—l®lnt)k(1®t)
1 2
1
X / (1-w)* lexp(1—w)1®mnt+ulnw®1)du
J0
and for p =1, we have

wR1=(1®¢t)+(nwel-1xInt)(1xt)
+(nw®l-1®Int)?

1
X / (I-wexp((l—uw)l®nt+ulnw®1)du.
0

If0 <Y < w,t <Y, then by (16), we obtain

—~

1
1 — 2
2@)!11)(nw®1 1®Int)
2p—1
<w®l-— k;) k—!(lnw®l—l®lnt)k(1®t)
1

(Zp)'T(an@)l —1®In¢)%

IN

and for p =1, we have

—_

E11)(1nw®1—1®1nt)2 <wl-10t—(Inwel-10nt)(1®1¢)
g%‘f’(lnw®l—1®1nt)2.

(18)
From (17), we obtain

2p—1
w®l-— Z E(haw@l—1<§z>1nt)k(1®t)
1

= o)

201®t)+w®1
— 2p
(Inw®l-1®Int) [ 2011 ]

and for p =1,
wR1l-1@t—(Inw®l-10Int)(1x )
< ;(lnw@)l—1®lnt)2[2(1®t)+w®1},

3
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forall w, ¢ > 0. Using the commutativity of w ® 1 and 1 ® t, we may deduce from (18) that

1 2 —1
SP(nw®l-10hnt) <1®t )
<1@ht—-1-lnwl+wxt !

< 1‘If(lnwem—1®1nt)2(1®fl),
2
provided that 0 < Y < w,t < Y.

4. Preliminary Results

In this section, we will recall some fundamental definitions and conclusions related to
mixed norm function spaces with varying exponents. Reference [79] contains the majority
of the properties linked to function spaces, whereas mixed Lebesgue spaces are covered in
the following articles [39,80,81].

4.1. Semi-Modular Spaces
The variable Lebesgue spaces are categorized as semi-modular spaces, which is a

generalization of a normed space. For this purpose, we first review certain modular space
definitions and results.

Definition 6. Let M be a vector space over some field K (real or complex). The mapping p :
M — [0, 00] is said to be semi-modular on M if

c p(0)=0

e plap)=p(p) foralpe Mandx € K, |«| =1;

e ifp(ap) =0forall o« > 0, then p = 0;

*  function [0,00) 3 ot — p(ocp) is left-continuous for every p € M;

*  function [0,00) 3 ot — p(ocp) is non-decreasing for every p € M.

If a vector space M has p as a semi-modular on it, then the space
Mo = {p € M: 3qopp(an) < oo},

known as a semi-modular space, is connected to the functional || - ||, : Ky — [0, 0] and is
defined as follows:

IIsllp :==inf{ox > 0: p(s/ax) <1} fors € Kp.

Proposition 1. Suppose that on vector space M, p is semi-modular. Consequently, for each
u e M, we have
p(w) <1<= fullp < 1.

Proof. Assume that p(p) < 1. Then, ||u|/, < 1isinferred from the definition of the norm
Il - lo- Conversely, if we assume that |||, < 1, then for each o« > 1 and due to the left
continuity of the function, we have

p(p/a) < 1.
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4.2. Variable Exponent Spaces
Now let us review the idea of LP(") space. To do this, we take into consideration that

A C Q) is a measurable set and we define the measurable function p : A — (0, co], which
is normally described as follows:

p+ =esssupp(k), p- = essinfp(k).
KEA KEA

We refer to any Lebesgue measurable functionsp : A — (0, 00)] as variable exponents
such that p_ > 0. For the set A, Py(A) represents the space of all varying exponents
functions. The notation P (A) marks the pack of all varying exponent functions p such that
p-=>1

Consider the vector space LY(A), which contains all measurable functions over A. For
p € Po(A), over the space L°(A), we define the semi-modular as follows:

Pp()(@) 1= [ (1)

where
oP, if0<p<oo
Tp(o—) = Or lfO-S 1rp:°°/

o, ifo>1,p=o

for each o > 0. This modular space is described by the semi-modular Pp(-)s which in turn
defines the LP(") (A) space as follows:

Ce 1P(8) = Fasapp()(a0) = [ @piu(lC(w) Jan < .
The following Luxemburg quasi-norm makes the LPO)(A) space a quasi-Banach space:
1oty () = inf{oc >0 pp)(C/a) < 1} for ¢ € LPO)(A).

It is the particular case of the Musielak-Orlicz space, and whenever p € P(A), then
LP() (A) becomes Banach space. When the exponent is constant, it reduces to the classical
Lebesgue space.

Notably, the definition of LP(*) (A) space becomes simpler if p; < coso that { € LP(*)(A)
if, and only if

J 1P < .

Certain presumptions on the exponent function p are required for a few claims in this
work. Specifically, function p : A — R is locally log-Holder continuous on A, if there exists
Clog(p) > 0 and for all 1, v € A, we have

Clog(P)
et+1/|lu—v])

lp(p) —p(v)| < fog(

We say that p satisfies the log-Holder continuous at infinity (or has a log decay at
infinity), if there exists po € A and a constant ¢j,; > 0 and for all v € A. We have

Clo (p)
lP(K) — Poo| < log(egW'
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If both of the aforementioned criteria are met by the function p, we declare that p
is globally log-Hélder continuous Ciog(p) on A. The corresponding class of functions is
defined as follows:

?#ﬂsz{penmn:;eq%@ﬁ.

For the semi-modular py(.) and the quasi-norm | - [| 5, (a)- We now formulate several
well-known and practical statements.

Proposition 2. Let p € Py(Q) withp, < coand let ¢ € LP()(Q)). Then,

1

min (py03(©) ™ (8o (0) ™} < el < max{ (50, (©) ™ (600, (0) ™

We now recall a generalized Orlicz-Zygmund space with variable integrability.

Definition 7 ([82]). The space LP(Y) logP L is defined for each p € R as
LP(W 1ogP L(A, Q) 1= {v : A — Q) : v is measurable and / Iv[P() 1ogP (e 4 |v])av < oo}
A
and the associated Luxemburg norm is defined as follows:

) v p(k) [v|
VIl et logP L(A,0) ‘= 1nf{7\ >0: /A‘X‘ logP (e+ A)du < 1},

it becomes a Banach space.

4.3. Mixed Norm Function Spaces
Definition 8 ([81]). Let p,q € P(R"). The mixed Lebesgue sequence space (. (LP(')> is defined

on sequences of LP() as follows:

o
&5

oS . C
Prq(y(we0) ((C3)) := Z;lmf o5 >0, [ - | <1},
J:

where the corresponding Luxemburg norm, typically defined as
H(Cj)HN.) (1200) = inf{v >0 pyq( (Lp(‘))((Cj)/V) < 1}, (¢5) € ¢al) (Lp(‘)).
Under certain assumptions [39], the space £4(") (LP(‘)) becomes a normed space.

Definition 9 ([81]). Consider p,q,u € P(R") where p(n) < u(p). The mixed norm Morrey-
sequence space £y (Mp(-),u(~) encompasses all measurable sequences ({g ), C KC(R®) such that

) 0T T by X 3(um)
= . 7 <
péq(')(KP('),u(*))((CG)K) ’ Z Sup lnf{GK >0: Pp() ( <1,.

1
>0 LER?,u>0 a()
> od

5. Main Results Related to Mixed-Orlicz-Zygmund
<£q(.) log? (LP('))> Space

The aim of this section is to develop a new norm structure by merging two different
types of function spaces and analyze whether this space is complete, separable, and compact.
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First, taking into account Definitions 7 and 8, we propose a new type of function space and
its related modular and norm, which we use in our major results.

Definition 10. Let p,q € P(R®). The mixed generalized Orlic Zygmund sequence space
Lo logP (Lp(')> is defined on the sequences ((3) of LPU) as follows:

i € |3
péq(.)logﬁ (LP(’))((Cj)) = Z inf O >0: pp(_) i logB e+ S <1
j=1 cx;(') (x;&)

If we consider the following convention «w =1, the norm is defined as follows:

, |
H(CJ)J qu(')logﬁ (LP('>) = lnf{V >0 p[q logh (LP ) < (CJ) > logﬁ (6 + ~ <1,.
If g™ < oo, then
: G G :
infd o >0 Pp(-) — logﬁ e+ |i = H|C|q()
(qu ocal)

J
5.1. Completeness

First, we demonstrate that this modular space is a quasi-Banach space.

Theorem 11. Ifp,q € Py, then (. logP (Lp(')) is a quasi-Banach space.

Proof. To demonstrate £ logP (LP<')) is a quasi-Banach space. We first show that it is
a quasi -normed space. By Definition 6, we just need to consider the quasi- convexity. Let

(0 mm{p2 , q2 , H and define § = £ and § = . Then, clearly (1) + = () < 1. Thus,

we have

) ()l g a0y = M () N g 0
< ImI) (1) g

1

<||(|nv )y ||zq ) logP (LB()) +||(|Cv Iy ||pq ) logP (LP())>K

—(n( 10 1550y + 1) g ) )
25 (1) g 10 (250 + 1) g 10gP 1))

and this completes the proof. The next step is to demonstrate the space’s completeness. For
this purpose, we fix a Cauchy sequence ¢! in £q(") logP (LP(')) . Hence, for any € > 0, there
exists p such that for all 1, j > ¢, we have

18 =l iq 1058 (1r00) < €

By the quasi-norm’s definition

¢ -4 ISl .
pfqo logf5 (LP(')) ( € ) IOgB <€ + f S 1/ for 1,] 2 £,




Mathematics 2025, 13,917 23 of 35

0o i _ 7] i_
Y infq oz ppp() Cu fu logP |C C | <1.
u=1 saf? et

In particular, for each 6 > 1, we have

¢ —d |k =l
p]_,p(‘)( B 1H> 1Og (
ebal) géq(-)

Hence, by the definition of the space LP("), we obtain

and hence

‘H

Fa

¢ -

T <e.
§al)

Lr()

—||Gh — G
da”

Le() — ‘

Thus, passing with 6 — 1, we obtain ‘

a - Cj < e. Thus, we demonstrate that
58 K 1p()

for each , Ci is a Cauchy sequence in Lp(), Thus, for every u, there exists ¢, € Lp()
such that
¢t — ¢ in LPO.

Now, we shall prove that
>0 in () log® (L), (19)

where ¢ = (Cy.) . For this purpose, we require the following:
i i_/d
infQ oy ppp) Cu fu logP | e+ M <1
s(rf? ecf?
i_ i
< liminfinfq o (3) @ ppp) M logP u <1;,. (20)
e eop(j)0 eop(3)0

In order to prove (20), we introduce the following notation:

i 7] i 7]
A = liminfinf¢ o (3) : ppe() LQ; logP [ e+ M <1;.
o ey (5) T o ()

Let jx be a subsequence such that

. ' Ci _ Cjk Cl
A= klgrolomf{du(jk) S Pre() (1) log ( | | ) 1}.
OGIES oy (jx) a0

Hence, for each v > 0 there exists N such that for all k > N, one has

Ci _ Cjk Cl
{%(J'k)ipr<-> (”ul)l og ( | il ) } <A+
€0y (Jx) 90 SGM(Jk)

Thus,
Ch— Gk Cho— G
Pre() ﬁ logP [ e+ %
e(A+v)a0) e(A+v)a0)
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Next, we apply the Fatou Lemma and the fundamental characteristics of the L™ norm,

and we obtain
G- |G — Ty
Pre() (H) 10g[3 (e—i— uul) <1.
e(A+v)a” e(A+v)a

i i
inf{(rLL P (C” 1CH> logP (e+ S Cu|) < 1} <A+
scrﬁ(') scﬁ(')

Hence,

Finally, applying v — 0, we obtain (20). Now, we can prove (19). Since ¢* is a Cauchy
sequence in Kq(.) logf5 (LP(‘)), for i, j > o we have

) i_zd i_
Y infq oyt ppa) G ]CM logP | e+ S 1Cu| <1,<1.
n=1 scrf? SO‘E?

Therefore, by (20), for each N and i > g, we have

N i i
Y infS oyt ppp) % logP | e+ @ <1;<1
p=1 eopl) eol

Then, passing N — oo, we obtain

12" = Clliqor10gh (o) <€ for =,
O

5.2. Separability

The next result shows that the mixed norm space £, logP (LP(')) is separable when
the exponents satisfy p™, q" < co.

Theorem 12. Ifp,q € Poand p*,q" < oo, then Lq.) logP (LP(')) is separable.

Proof. For each k € N, we define
% = {C € by log? (LPV); ¢ =0, >k},
It is clear that 7% represents a closed subset of £, logP (LP(')> and

LPC) 5 LPC) 5 LPO) 5 {0} > -+ x {0} X -+ C T

k times

We divide the proof into two parts. First, we show that for each k € N, the space 74 is
separable. Since pt < oo, we know that LP() is separable. So there is a countable subset of
LP(), say, K such that which Kl lhet) = 1PC) . Set

Kg =K xKx...xKx{0} x---x{0} x--- C %
—_—

k times
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el ¢
Obviously K is countable, so it is enough to show that K G ) 1%. Let us
fix e > 0 and C € 7. Then, there exists n € K such that forv € {1,2,--- ,k}, we have

e _WVHLM < :

q

W

“()

infd o g | 1 | <1y <4
g.(cv)q(')

(—n c-
qu(~) logP Lp() ( ) Z inf

V=

Then, we have Pp() (CV_“{) < 1, and we obtain

Therefore,

inf

I
1=

<
Il
—_

_
————
S
V
(=]
ie]
=}
RS
o |
q
: =2 !
— |13
=
~_
[a—
]
o]
>
Y
+
~
o0 <
q
<2
13
=
~_
A\
—_
——

IN
—_

Now, we have show that
plo{o:l%H H(q logf5 LP ) — gq() logB LP()

To prove it, welet ¢ € £ logP (LP<‘)), then

Z inf O3, pp() % IOgB e+ L“ S 1 S 1,
i=1 2Ma20 2Me20

where M = || ]| 4 logP Lo )- Therefore, for every 0 < ¢ < 1, 3k € N such that
a(-

4 2 inf{ci; Pp(") (C1> log‘3 (e—i— |C|1) < 1} <e.
i=k+1 2Mo " 2Mo Y

Thus, we obtain

i=k+1 ZM(gTi)q(') ZM(gTi)q(')

On the other hand, we have

< Pp() % log? e+¢1 <L (22)
2M (ety)a0) 2M(ets)a0)



Mathematics 2025, 13,917 26 of 35

Thanks to (22), we have

Ti, Pp() % lOgB e+ % S 1
ZM(STi)q<') 2./\/1(8’[1)‘1(‘)
Sy Pe() ““E}‘iz’ logP e*"“iéi‘jz’ <1p (23)
2Mea" iV 2Meat 12

Then, in view of (21), we have

[e)

. ¢
Z inf¢ T, pp(.) ﬁ logf5 e+
i=k+1 -F

Finally, let us define

. (i ifi<k
M"Y 0 ifisx’

It is clear that ¢ € 7%, and by (24), we obtain ||{ — 1], o
o

1
logP LP() < 2Mea" , whichis
the desired result. O

Proposition 3. Let p,q € Po(Q) and let (L5),(n3) C LPO(RY). If0 < ¢ < mj for each
j €N, then

It suffices to show that

n;j 15
{50500y () t0g? (4 11} <1}
¢ <

C {G >0: péq(')(LP(,)) <?) log'3 (E+ |0‘?|> 1} (25)

Suppose that ¢ > 0 is such that

M) Y infd 1y >0 N p ;|
p%«ﬂogﬁ(m‘))(g)—j;mf T > 0ipp() | - | log et <1<l

q( a()
oT; 0T;
Let us fix j € Nand let t5 > 0 be such that
n; ;|
Pp(-) Jl IOgB e+ i <1
ot ot
j j

Due to assumption that 0 < (5 < nj, we obtain

1G5 j

T logB e+ T < Pp() T logﬁ e+

ot ot
hj hj
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Therefore,
T3 >0: Pp(-) ni logf3 e+ % <1
GTJ‘.‘(') GT;(')
C 9T >0:pp) njl logP [ e+ |nj1| <1;. (26)
ol ot
hj J

Finally, it easily follows that

G
Pro1og® (L0) \ 5

Z infd Ty >0: Pp(-)
j=1

infd 13 >0: Pp(-) ( |n3 <1
j
<1

|n
= pfq() 10g6 (LP()) ( ) log ( =

and this concludes the proof.

<

Mz

1

Lemma 5. Assume that p,q € Po(Q) with (Ci)$q € Lq( logP ( p(- ))_ Then, for every j € N,
we have

||CJ'||LP<»)(Q) < ||(Cj)HZq(‘)logB(LP(-))'
Proof. Suppose j € N, and we define the sequence (ni(j));.; in such a way that

ni(j) := (j015. Then, for each i € N, we have [ni(j)| < |¢5],
their order, it follows as

H(TIJ HE log (LP — H CJ Hé log (LP())

Finally, by Proposition 3, we obtain

[(n3(3) Hé ) logP (LP()) HCJHLP )(Q)”
and the proof follows. [

5.3. Precompactness

Theorem 13. Let p € P(I)Og(Q), q € Po(Q) and assume that p,,q4 < oo. Then, the class
Q Cly log ( p(: )) is precompact in £y logP (LP(')) if the following assumptions are met:

e (a) Qs precompact in Eq(,) logr3 (LP(‘));

o) S8

* (b) Forall e > 0 there exists K € Nsuch that Ve Y5 x4 4 H |Cr|q(')‘
La) (Q)

e (¢)Forallr e Nand 0 < u < p_, then

p(K)

li / / r r ud>“d =0;
23590 (a7 09 =)

*  (d)Forallt € N,limp o 5UP; o Joy 5om) 1z () PMap = 0.
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Proof. Initially, we will demonstrate that the conditions (a)-(d) are satisfied. The space

lq0) logP (LP(')) is a quasi-Banach space; it is sufficient to establish that (¢¥) has a conver-
gent subsequence.

For every r € N sequence, (Cllﬁ)oo is bounded in LP()(Q). Given (a), there exists

k=1
« € R such that
Sup{ I : Py 1og8 (1501 (C) 10gP (e + 1)) < o],

keN

that is
SUP| ¢l g 10gh (1o0) <

Let us fix r € N. Using Lemma 5, we may conclude that

sup K o) (6) logP (e 1)) < e} < sup{ie g 10g0 1) (€ Tog® (e+ 1)) < o},
and this implies that

SupHCkHLP ) S SuP||Ck||zq<->10gB (1)) S %

which proves that (Ck) , is bounded in LP()(Q). Finally, for a constant r € N, we define

Kr:={keLr)(Q):k eN}.

Since sets (ICI)‘J?O=1 are closed and bounded in LP() (A), thus, a strictly increasing sequence

(k1) C Nand a sequence ({;) C LP()(Q) exist by using the Cantor diagonal argument
technique for every r € N, that is

g o i 0 (),
Let ¢ = ({r), and we prove
Ckl 2% Cind ()logf’ (Lp(')).

We denote (¢¥) by (¢¥). Fixing ¢ € (0,1), we demonstrate that

G &t
péq('> logh (Le()) < P > logﬁ (6 + |£|) <1,

for sufficiently large k € N. There exists IC € N from (b) such that

e+

k|3 <——— <e (27)
r= IC+1H ’ %( Q) 2‘1+4£(logf5)q+
Subsequently, we can split the modular as follows:
- Ix—¢
T e L G
K|y x a() o0 K a(-)
C _ Cr — Cr
=L RN 0 28)
j=t La) () r=K+1 La0) (Q)

Next, by the triangle inequality for || - || ;y , Lemma 5, the Fatou lemma for the

La0) ()
counting measure, and Equation (27), we have
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at) (0

)

Mathematics 2025, 13,917
al- 0 q Ck q( & q(+)
r < 24+ l
¢ ! L Q) r:;+l € + (Q)
o0 Ck q(’) 0
<22 ¥} = o 2 0
r=K+1 a) La0) (Q)
2L a(*) al-
< - . + Cr
o ol P P
_ 29+ [ r|‘1(') o) + Z inf T > 0: pp() i 10gf5 e+ ‘Ci' < 1
et | 2 a0 (Q) r=k+1 ol ol
B q+
24 (log" at = , & b [
<— 7 Z | + Y liminfinfq (k) > 0: pyy — | logF [ e+ — | <1
e r=K+1 @ e . (k) a0 . (k) a7
29+4/ (1ogP * 0 0 k k
< (q i ) Yy ‘|C§ q“” B(- +liminf Y inf{ 7 (k) >0:pp, & T logP [ e+ ‘Cr‘l <1
e =K+ Lal (@) F7P =g (k) 30 T (k) )
g%+ .
2‘1+4L(10g ) < Z ’ |Ck q(+) o |q )
e el T 5 50
29+4L (lOg ) pras 1 -
. =-<e
> €9+ 2q++24£ <10g >q+ 4=
Therefore, for each k € N, we have
E-oN o lE—) & E -V
pfq(') logB (LP( )) ( ¢ IOg e S Z € M + Z (29)
= ()
Additionally, we assert that for any r € {1 ,K}, we also have
. k
lles =] . ==
ra) (Q)
And for some specificr € {1 K}, and v € (0,1), we arrive at
Ck C q(+) 1 k
O I3 ev
X P(x) X
S ELEC ( GE(x) = a(x) ) N
Q eva- eva-
(%) — G (x)
71r . (30)

eva-

Cl;g - Cr
= Pp() ( T ) log? (e
eva-

Since & == ¢, in LP( )(Q), for sufficiently big k € N, we have

ST e

k _ k —
< p()<Cr 1CI> log? (e Glx) — Gelx) jr(x) ) <1, (31)
eva- eva-
which proves that
H ¢ — ¢ | -
L= —=0.
€ pl)
La) (Q)
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According to Equation (29), for sufficiently large k € N, we have

Ck —C Ck -
Prg) 10gP (Lp0)) < e ) 10gf5 (6 4 |€|> <1,

this indicates that ¥ koo, in Eq(‘) logr3 (LP(') ) and it proves that the class Q of measur-

able functions is bounded. Then, we prove that conditions (a)-(d) are necessary, assuming
Q is totally bounded. Since (a) is evident, we shift our focus to (b). Let us sete € (0,1)

and define
€

29++1L (logﬁ)el

K=

q(-)‘

p() . Ac-

Lal) ()

where the constant £ is once more used for the triangle inequality H | c¥|

cording to our assumptions, there exists ¢!, ..., ¥ € Q such that

)

QCpiB| | ————=
= 2‘%+“£<logﬁ)'e

1
where B (Ci, <2q++1££(lmgf3)€) - > are an open balls in lq") logB (LP(')).

Since (; € Zq(') logB (LP(‘)), 3 IC € N such that

&€
p() < 4

La0) (Q) 2q++1ﬁ(10g[3>8

[l

r=K+1

fori=1,...,k.Let (€ Q,then31i € {1,...,k}, such that

€

If we consider the unit ball property, then it follows that

¢ (=
Prg( 1ogP (Lr() — | logP | e+ — <

. rn . -
(i) ()

Finally, the triangle inequality yields

L

L i)
La) ()

r=K+1
<2°1+£ log (i’“& —d + Z H’(:l )
=1 =K+1

© 2q++1£<log )

qa(’)

€

—

< 2% L log

p(: +

2q++1£ log r:l € La0) (Q) 2‘1++1£(10gf3)‘g
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<28 L (logﬁ)8

=29 L <logﬁ)e

a(+)

G — L
1

K-

[ee]
€ i Z

2a++1p0 (10g6> r=1

c-d

1
e \*
2‘1++1£(10g["’)6

e P g (1
22412 (logh )’ fa)log? (170))

(-

X logB e+

+

€ e
( ] >q1_ 2q++1£(10gf3)£ (1og") >
2‘1++1£(10gB )g

< 2q++1£(logf5)€|< =e

which establishes (b).
To show that conditions (c) and (d) are valid, let us consider r € N and analyze
Lemma 5, then one has

” Cr ||Lp(-) Q) < || Cqu(-) 10gf5 (Lp(‘))l

valid for each ¢ € £q() logP (LP(‘)). As a result, the projective map

7+ £q0) logP (Lp(~)) - 1P0(Q),

is defined as follows:
WI(C) = for(e fq() log[5 (LP()) .

As (q() logP (LP(‘)> is a quasi-Banach space, it is a closed and bounded subset of Q,
which is equivalent to its precompactness. Following that, the continuous image of the
projective map is defined as

7 (Q) = {G&: e Q},

which is precompact in LP()(Q), and the proof is completed.
The results of Theorem 13 show thatif p € Py(Q)) instead of p € PéOg (Q)), assumptions
(a)—(d) imply the closedness and boundedness. As a result, the theorem holds true. [I

6. Conclusions and Future Remarks

The structure of function spaces and the behavior of operators are clarified by the
equalities and inequalities of the Hilbert space, which are essential for functional analysis.
The paper contributes in two important ways. The first is the employment of continuous
self-adjoint operators on Hilbert spaces, which are essential when working with complex
functions on higher dimensions, to extend equality from the classical sense to the tensorial
sense using the tensor approximation. Next, the authors introduce a new type of function
space, namely mixed-Orlicz-Zygmund space, which combines the Orlicz-Zygmund space
of integrability with the sequence space. To prove its validity, we also examine several of
its characteristics, including the completeness, compactness, and separability. We believe
that this generalized space plays a very essential role in the progress of function spaces and
their linked problems, such as the bounds of operators, the regularity of partial differential
equations, embedding, etc.

This study advances mathematical inequality theory by investigating inequalities
supporting tensor Hilbert spaces and mixed norm function spaces, which is a rare topic
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in the literature in terms of produced results. Following these results, we advise readers
to attempt to develop the Maclaurin inequality on coordinates using tensor operations
and also investigate various other properties of our newly defined mixed spaces, such as
checking the boundedness of operators, analysis of differential equations, extending over a
complex domain, etc.
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