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Abstract: The aim of this study is to develop sensorless high-speed tracking control for
surface-mounted permanent magnet synchronous motors by taking the rotor position offset
error and time-varying load torque into consideration. This proposal combines an extended
state observer with an adaptation position algorithm, employing only the measurement of
electrical variables for feedback. First, a rotatory coordinate model of the motor is proposed,
wherein the rotor position offset error is considered as a perturbation function within the
model. Second, based on the aforementioned model, a rotary coordinate model of the
motor is extended in one state to estimate the load torque, as well as the rotor’s position and
speed, despite the presence of the rotor position offset error. Through Lyapunov stability
analysis, sufficient conditions were established to guarantee that the error estimations were
bounded. Finally, to validate the feasibility of the proposed sensorless scheme, experiments
were conducted on the Technosoft® development platform, where the alignment routine
was disabled and an intentional misalignment between the magnetic north pole and the
stator’s south pole was established.

Keywords: extended state observer; rotor position offset error; sensorless control; surface-
mounted permanent magnet synchronous motor

MSC: 93D30

1. Introduction
Electrical motors operate as the main actuators in both domestic and industrial applica-

tions. They can be classified according to specific features, such as the type of power source,
construction, or electrical operation. In this context, permanent magnet synchronous
motors (PMSMs) provide a rapid dynamic response, higher efficiency, and a higher torque-
to-inertia ratio for applications requiring high precision and efficiency. The aforementioned
characteristics of PMSMs provide advantages over DC and induction motors in variable
speed applications, including robotics, machinery, and propulsion systems in electric,
aquatic, and aerial vehicles [1–3]. In general, for the effective and precise control of a
PMSM, the angular position or rotor speed is measured using mechanical or optical sensors.
Nonetheless, these sensors increase the size and cost of the PMSM. Moreover, the sensors
are susceptible to malfunctions, diminishing the motor’s reliability [4,5].

In the last few decades, sensorless control techniques for permanent magnet syn-
chronous motors (PMSMs) have been developed to address the aforementioned issues.
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These techniques depend only on electrical variables for feedback, specifically the stator
currents and voltages. Sensorless methods are categorized into two main categories: model-
based and high-frequency injection methods. The first method involves the injection of
a high-frequency signal for rotor position detection, commonly used in low-speed and
zero-speed applications [6]. The second method involves estimating the rotor position
using the back electromotive force (back-EMF), commonly used in high-speed applica-
tions [7]. The efficiency of this method is directly related to the assessment of the electrical
positioning quality, as this signal contains important information regarding the rotor’s
position. Inaccurate estimations may result from multiple issues, which researchers can
tackle either alone or collectively. Some of the factors are discussed below.

The sensorless control method that employs back-EMF estimation requires current
sensors, and in certain instances voltage sensors, to collect back-EMF information. The
collected data are subsequently transmitted through a digital controller utilizing a low-pass
filter (LPF) and an analog-to-digital converter (ADC). Consequently, the whole drive system
depends on the accurate measurement of electrical signals. In this scenario, variations in
the temperature of the analog electronic device or inaccuracies in ADC quantization can
cause a nonlinear response in the current sensor, leading to a back-EMF measurement error.
The main component of any nonlinear errors is the direct current (DC) offset error. It leads
to a pulse in the d-axis voltage within the synchronous coordinate system. As a result, an
error in rotor position tracking occurs, decreasing the sensorless control and operational
performance of the PMSM drive [8,9].

The alignment routine is a common stage in starting up PMSM drive systems. The pro-
cedure involves setting the zero rotor position by matching the rotor’s magnetic north pole
with the stator’s south pole. A successful alignment routine ensures the system’s efficiency
during the torque–speed control stage. However, an initial misalignment causes a rotor
position offset error during steady-state operation, which makes control less effective. In
some cases, significant misalignment can prevent the initialization of the control stage [10].
In sensor-based systems, a rotor position offset error is unavoidable in the application of
PMSMs. In sensorless schemes, an inaccurate estimation of the rotor position results in
an increased rotor position offset error. This consequently negatively affects the overall
performance of the drive system [11,12]. Moreover, in scenarios involving load torque
variations, specific application-related constraints may be worsened, including a decrease
in the lifespan of the machine and electronic driver, a diminished operational range, and
decreased overall system control performance [13].

In a sensorless scheme, the most common method to estimate the electrical position is
the implementation of a phase-locked loop (PLL) that takes the back-EMF induced in the coil
stator as an input signal. The PLL operates as a closed-loop system utilizing a proportional
integrator (PI) as an estimator, primarily aimed at synchronizing the output signal with
the input signal in terms of both the phase and frequency. Its popularity in sensorless
schemes is because of its straightforward implementation and simple structure [14,15].
We share the latest studies on this topic below. In Ref. [16], a PLL with compensatory
positioning utilizing an LPF was employed to replace a tangent function. In Ref. [17], a
study was focused on the development of a tangent function PLL to address the speed
reversal issue. Ref. [18] suggests that a PLL combined with a signal suppressor link can
reduce rotor position errors in both high- and low-speed operations. High-speed PMSM
schemes encounter difficulties when there is a variation in speed. An improved AQPLL
in [19] increased the accuracy of mechanical estimate states. A novel quasi-super-twisting
observer, integrated with an enhanced quadrature phase-locked loop, was proposed in the
work of [20] to alleviate issues with low-order harmonic components and position error
estimation. It is noticeable that numerous techniques employing adaptive super-twisting



Mathematics 2025, 13, 899 3 of 27

observers have been developed in the previous decade to improve the rotor position and
motor speed performance [21]. However, the implementation of these techniques requires
tackling the issue of chattering, complicating the design challenge; at times, the efficacy of
the sensorless controller may be adversely affected [22].

Notwithstanding these advancements, the recent literature has revealed that PLL
methodologies still face several challenges, such as an insufficient dynamic response
during transient operations, phase noise in electrical estimations, parameter sensitivity,
initial synchronization difficulties, and instability issues [23,24]. In order to address the
previously mentioned issues, the main objective of this research is to address position
estimation under the study of misalignment issues and the speed tracking control problem
for PMSMs in spite of time-varying load torque variations. The only measurements are of
electrical variables.

This proposal combines an extended state observer (ESO) and adaptation position
algorithm in a rotating (d, q) coordinate system, unlike other studies that utilize a sta-
tionary (α, β) coordinate system, which have demonstrated commendable performance
outcomes [25]. The methodology of using an ESO has led to significant improvements
in the sensorless scheme across several studies; moreover, its low complexity and sim-
ple implementation facilitates straightforward gain tuning [26–28]. Here, the proposed
ESO estimates mechanical variables, while the extended state estimates the load torque
variations, which are then utilized as feedback for the drive system. Hence, an adaptive
position approach is developed based on Lyapunov stability analysis; it utilizes the fact
that significant rotor position offset errors lead to a non-zero error in the d-axis current
estimation during steady-state operation [29].

The proposed scheme’s structure removes the need to modify the rotating (d, q)
coordinate system for back-EMF voltage estimation and the design of a PLL for rotor
position and speed computation, as well as the use of a trigonometric function, thereby
simplifying the algorithm’s implementation complexity. Unlike other algorithms, such as
the Kalman filter and intelligent control, the relatively low complexity of this approach
may aid engineers in speeding up early-stage industrial projects.

The main contributions of this paper include the following: (i) a rotatory coordinate
model with nonlinear terms in the function of the rotor position offset error is proposed
to address the observer design; (ii) this model approach allows us to define a Lyapunov
candidate function to derive an adaptive position algorithm to achieve the direct estimation
of back-EMF signals, hence avoiding the need for a trigonometric function or the direct
design of a PLL for collecting position and speed data; and (iii) a sensorless controller
scheme is proposed to force the rotor speed to track a desired reference, maintaining the
alignment of the electrical and mechanical angles of the rotor in spite of time-varying load
torques.

The remainder of this article is structured as follows: Section 2 presents the fundamen-
tal background and mathematical preliminaries. Section 3 establishes the dynamical model
of the PMSM. The problem statement addressed in this article is presented in Section 4.
Section 5 addresses the observer designed for the estimation of mechanical variables, in-
cluding stability analysis. Section 6 presents simulations and experimental results proving
the effectiveness of the proposed approach. Finally, the conclusion and possibilities for
future works are summarized in Section 7.

2. Mathematical Preliminaries
Throughout the whole of this paper, the set of real numbers is represented by R. The

notation λmin{A}(λmax{A}) represents the minimum (maximum) eigenvalue of a matrix,
A ∈ Rn×n. The absolute value for any real number, x, is denoted by |x|, and the Euclidean
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norm for a vector, x ∈ Rn, is denoted as ∥x∥. The symbol AT represents the transpose
matrix of A. Additionally, in Section 5, the following lemmas will be used.

Lemma 1 ([30], Appendix B). Let f : Rn → R be a continuously differentiable function with
continuous partial derivatives up to at least the second order. Assume the following:

• f (0) = 0 ∈ R.

•
∂ f
∂x

(0) = 0 ∈ Rn.

Furthermore, the following conditions apply:

• If the Hessian matrix satisfies H(0) > 0, then f (x) is a positive definite function (at
least locally).

• If the Hessian matrix H(x) > 0 for all x ∈ Rn, then f (x) is a globally positive definite function.

Lemma 2 ([31]). Let X and Y be matrices with compatible dimensions. Then, the following
inequality holds:

2XTY ≤ XTΛ−1X + YTΛY , (1)

where Λ is a symmetric positive definite matrix with a suitable dimension.

3. PMSM Mathematical Model
The dynamical model of the surface-mounted PMSM in a rotating (d, q) coordinate

system, derived with the usual assumptions of phase symmetry between phases, equal
inductances, and low magnetic hysteresis, is given by [28]:

d
dt

id = −R
L

id + piqωr +
vd
L

, (2)

d
dt

iq = −R
L

iq − pidωr −
ψ

L
ωr +

vq

L
, (3)

ω̇r =
Km

J
iq −

F
J

ωr −
Tl
J

, (4)

θ̇ = pωr, (5)

where id(t) ∈ R and iq(t) ∈ R are the stator currents in the rotatory axis reference frame
(measured outputs), vd(t) ∈ R and vq(t) ∈ R are the stator voltages in the rotatory axis
reference frame (control inputs), θ(t) is the rotor electric angle, and ωr(t) ∈ R is the rotor
speed. In addition, the parameter R ∈ R+ is the stator resistance, L ∈ R+ is the stator
inductance, Km ∈ R+ is the rotor torque constant, ψ ∈ R+ is the rotor flux linkage, J ∈ R+

is the rotor inertia, p ∈ N is the number of pole pairs, and F ∈ R+ is the viscous friction
constant, and Tl(t) ∈ R is the load torque. Here, the main causes of disturbances are abrupt
load torque variations.

The field-oriented control (FOC) scheme is commonly applied to drive the PMSM
(see Figure 1). The FOC requires a control action to set as zero the id(t) that allows for a
decoupling of the system (2–5) and diminish the electromotive force. Then, the control of
both the rotor speed and electromagnetic torque is feasible, forcing the current iq(t) to track
a stator current reference, i∗(t), which is considered as a virtual control input [32].
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Figure 1. Field-oriented control (FOC) scheme. Position and electrical current sensors are required
for successful implementation.

4. Problem Statement
Commonly, the PMSM drive is based on the FOC scheme; see Figure 1. In this control

method, via a Clarke transformation, the stator currents of a three-phase electric motor,
{ia, ib, ic}, are projected onto two orthogonal stationary vectors, {iα, iβ}. The first vector
defines the magnetic flux, and the second one defines the torque. Then, using the following
rotation transformation,

ejθ =

[
cos(θ) sin(θ)

− sin(θ) cos(θ)

]
(6)

the vectors {iα, iβ} are projected onto two orthogonal rotatory vectors, {id, iq}, through the
Park transformation, defined as [

id

iq

]
= ejθ

[
iα
iβ

]
. (7)

This approach allows for the stabilization of an AC electric motor comparable to that
of a DC motor, allowing for the separate control of the magnetization and torque [33]. To
accomplish this, it is essential to measure the rotor electrical angle θ. This angle is the
position of the rotor relative to the terminal voltage and is described by the angle formed
between the reference frames of the stationary vectors {iα, iβ} and the rotating vectors
{id, iq}; see Figure 2. An accurate measurement of the rotor electrical angle is essential for a
robust and high-precision FOC scheme. Otherwise, the efficiency and performance of the
control algorithm decrease, affecting the reliability of the entire system [34,35].

Actually, the drive system startup requires an alignment routine for the rotor electrical
angle. However, in actual practice, a measurement error could exist, either due to a bad
initialization routine or a malfunctioning sensor. If there is a misalignment of the electrical
angle of the rotor, then there is an error, θ̃, between the actual electrical angle and its
measurement; see Figure 3.
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Figure 2. The relative position of the reference frames (α, β) and (d, q) is established using the rotor
electrical angle.
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Figure 3. Electrical angular position error between the actual PMSM synchronous frame and the
estimated synchronous reference frame. The mathematical representation is defined in Equation (8).
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In order to maintain the high performance and high precision of the drive system
despite the misaligned rotor electrical angle, the error angle θ̃(t) needs to be compensated
for in the Park transformation, as follows:[

id
iq

]
= ej

(
θ−θ̃

)[
iα
iβ

]
, (8)

with θ − θ̃ = pθr, where θr is the mechanical angular position of the rotor measured by a
sensor. Now, the resulting two orthogonal rotatory vectors {id, iq} projected by the Park
transformation defined in (8) yield to the following rotatory (d, q) reference frame model:

d
dt

id = −R
L

id + pωriq +
vd
L

+ δd

(
id, iq, ωr, θ̃, ω̃r

)
, (9)

d
dt

iq = −R
L

iq − pωrid +
vq

L
+ pω̃rid + δq

(
id, iq, ωr, θ̃, ω̃r

)
, (10)

ω̇r =
Km

J
iq −

F
J

ωr −
Tl
J
+ δω

(
θ̃, id, iq

)
, (11)

θ̇ = pωr, (12)

with

δd

(
id, iq, ωr, θ̃, ω̃r

)
=

ψ

L
pωr sin

(
θ̃
)
− pω̃riq, (13)

δq

(
id, iq, ωr, θ̃, ω̃r

)
= −2

ψ

L
pωr sin2

(
θ̃

2

)
+ pω̃rid, (14)

δω

(
id, iq, θ̃

)
= −2

Km

J
iq sin2

(
θ̃

2

)
+

Km

J
id sin

(
θ̃
)

, (15)

where the functions δd and δq represent the back-emf generated by the angular position
error, the function δω describes the electromagnetic torque produced by the magnetic
flux created by δd and δq, and ω̃r is the speed measurement inaccuracy. The solution to
Equation (12) incorporates the initial condition θ̃0, which can be interpreted as the initial
misalignment between the actual and estimated synchronous reference frames. Notice
that when θ̃ = 0, the result corresponds to the conventional synchronous reference frame
model (2–5).

For technical reasons, we make the following assumptions throughout this whole paper:

(A1) The domain of physical motion for the PMSM, denoted as D, is defined by the
following set:

D =
{
[id, iq, ωr, Tl ]

T : |id| ≤ Imax
d , |iq| ≤ Imax

q , |ωr| ≤ Ωmax
r , |Tl | ≤ Tmax

L

}
. (16)

where the constants Imax
d , Imax

q , Ωmax
r , and Tmax

L represent the maximum values for
the stator currents, rotor speed, and load torque that the PMSM can withstand.
The bounds specified in (16) can be computed analytically using the methodology
described in Ref. [36]. Alternatively, in technical scenarios, these bounds can be
obtained from the datasheet provided by the manufacturer of the PMSM.

Assumption A1 guarantees that the solution of (9) will remain uniformly bounded
regardless of whether there are variations in the load torque.
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The control objective of this work is to design sensorless speed tracking control for
a surface-mounted PMSM, given by (9), forcing the speed ωr(t) to track a desired speed,
ω∗

r (t), and stabilize the current id(t) to zero; that is,

lim
t→∞

∥∥ωr(t)− ω∗(t)
∥∥ = 0, (17a)

lim
t→∞

∥∥id(t)
∥∥ = 0, (17b)

in spite of unknown time-varying load torque variations and a misaligned rotor electrical
angle. Since mechanical variables are not available for feedback, the only measurements
available are of the signal currents and voltages of the stator.

5. Mechanical Variable Estimation Based on an ESO
This section presents the design of an ESO. Such an observer estimates the electrical

angular position and speed of the rotor, taking into account the time-varying load torque
as an extended state of (9).

First, in (8), consider Tl as an extended state, i.e., Ṫl = δτ(t), and define
ξ =

[
id, iq, ωr, Tl

]T . Then, system (9) can be represented by an extended-state system
as follows:

ξ̇ = Aξ + Φ(ξ, v) + ∆
(

ξ, θ̃, ω̃r, t
)

, (18)

θ̇ = pωr, (19)

y = Cξ, (20)

where v(t) =
[
vd(t), vq(t)

]T is the control input vector, with

A =


− R

L 0 0 0
0 − R

L −ψ
L 0

0 Km
J − F

J − 1
J

0 0 0 0

, Φ(ξ, v) =


pωriq +

1
L vd

−pωrid +
1
L vq

0
0

, (21)

C =

[
1 0 0 0
0 1 0 0

]
, ∆

(
ξ, θ̃, ω̃r, t

)
=


δd

δq

δω

δτ

. (22)

Note that δτ(t) is an unknown function but is bounded by the physical motion in (16).
To overcome the mechanical variable estimation and load torque variation problem, an
ESO is proposed in the following subsection.

5.1. Observer Design

First, this section describes the ESO as follows:

˙̂ξ = Aξ̂ + Φ
(

ξ̂, v
)
+ L

(
y − Cξ̂

)
, (23)

˙̂θ = pω̂r + lθ pω̂r ĩd, (24)

where ξ̂(t) =
[̂
id, îq, ω̂r, T̂l

]T
defines the estimated state vector of ξ(t), θ̂(t) represents the

estimation of θ(t), L ∈ R4×2 is the observer gain matrix, and the positive gain lθ is used as
an adaptation rule to estimate the electrical angle position θ̂ (in Section 5.2, the complete
deduction of (24) will be presented).
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Now, let us denote the observation error as ξ̃(t) = ξ(t)− ξ̂(t) and θ̃ = θ − θ̂. Then,
considering (18–20) and (23–24), the observer error dynamics are described by the following
equations:

˙̃
ξ = AO ξ̃ + Φ(ξ, v)− Φ

(
ξ̂, v
)
+ ∆

(
ξ, θ̃, ω̃r, t

)
, (25)

˙̃θ = pω̃r − lθ pω̂r̃id. (26)

Here, assuming that (A, C) is observable, we can choose an observer gain matrix, L,
such that all eigenvalues of matrix AO = A − LC have negative real parts. Meanwhile, the
following is henceforth assumed:

(A2) In (21), it is assumed that Φ(ξ, v) is uniformly bounded in v and locally Lipschitz
in D, i.e., ∥∥∥Φ(ξ, v)− Φ

(
ξ̂, v
)∥∥∥ ≤ γ

∥∥∥ξ − ξ̂
∥∥∥, ∀ξ ∈ D, (27)

where the positive constant γ represents the Lipschitz constant.

In the following subsection, the stability of the equilibrium point of (25–26) will be
analyzed by means of Lyapunov functions.

5.2. Stability Analysis

The analysis model enables a definition of a Lyapunov function in relation to the
position dynamics. The impact of an alignment error on the stability of the solutions is
examined. Firstly, consider the following Lyapunov candidate function:

V
(

ξ̃, θ̃
)
= ξ̃TPξ̃ +

2ψ

Llθ
DPDT

(
1 − cos

(
θ̃
))

. (28)

Here, P ∈ R4×4 is a symmetric positive definite matrix, and D = [1, 0, 0, 0]. It is clear
that V(0, 0) = 0. The gradient of V

(
ξ̃, θ̃
)

is given by

∇V
(

ξ̃, θ̃
)
=

[
2Pξ̃

2ψ
Llθ

DPDT sin
(

θ̃
)], (29)

which, evaluated at
(

ξ̃, θ̃
)
= 0 ∈ R5, is equal to zero, i.e., ∇V(0, 0) = 0 ∈ R5. Next, the

Hessian matrix H
(

ξ̃, θ̃
)

is given by

H
(

ξ̃, θ̃
)
=

[
2P 0

0 2ψ
Llθ

DPDT cos
(

θ̃
)] (30)

and is positive definite at
(

ξ̃, θ̃
)
= 0 ∈ R5. Therefore, based on Lemma 1, the function

V
(

ξ̃, θ̃
)

is positive definite, at least locally.

The time derivative of V
(

ξ̃, θ̃
)

along the trajectories of (25) yields to

V̇
(

ξ̃, θ̃
)
= ξ̃T

(
PAO + AT

OP
)

ξ̃ + 2ξ̃TP
(

Φ(ξ, v)− Φ
(

ξ̂, v
))

+ 2ξ̃TP∆ +
2ψ

Llθ
DPDT sin

(
θ̃
)

˙̃θ.
(31)
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Based on Lemma 2, if X = Pξ̃ and Y = Φ(ξ, v) − Φ
(

ξ̂, v
)

, we can assert
the following inequality:

V̇
(

ξ̃, θ̃
)
≤ ξ̃T

(
PAO + AT

OP + PΛ−1P
)

ξ̃

+
(

Φ(ξ, v)− Φ
(

ξ̂, v
))T

Λ
(

Φ(ξ, v)− Φ
(

ξ̂, v
))

+ 2ξ̃TP∆ +
2ψ

Llθ
DPDT sin

(
θ̃
)

˙̃θ.

(32)

According to Ref. [37], it is feasible to express the Lipschitz condition (27) as follows:∥∥∥Φ(ξ, v)− Φ
(

ξ̂, v
)∥∥∥ ≤

∥∥∥Γ
(

ξ − ξ̂
)∥∥∥, ∀ξ ∈ D, (33)

where the nonlinear term Φ(ξ, v) is locally Lipschitz in domain D and uniformly bounded
in v, while Γ = diag{γ1, γ2, γ3, γ4} is a constant matrix. Notice that the inequality (33) is a
less conservative version of the Lipschitz condition (27). If we choose the observer gain
matrix as L = 1

2 βP−1CT where β is a positive scalar and consider (33), the function V̇
(

ξ̃, θ̃
)

in (32) can be rewritten as follows:

V̇
(

ξ̃, θ̃
)
≤ ξ̃T

(
PA + ATP + PΛ−1P + ΓΛΓ − βCTC

)
ξ̃ + 2ξ̃TP∆

+
2ψ

Llθ
DPDT sin

(
θ̃
)

˙̃θ.
(34)

Before computing the time derivative of the electrical position error, we must rewrite
the function V̇

(
ξ̃, θ̃
)

. More precisely, we will split the second term on the right side of
Equation (34) as follows:

2ξ̃TP∆ = 2DPDT ĩdδd + 2ξ̃T
0 PDTδd + 2ξ̃TP∆0, (35)

with ξ̃0 =
[
0, ĩq, ω̃r, T̃l

]T
and ∆0 =

[
0, δq, δω, δτ

]T . Now, substituting (13) and (35) in

V̇
(

ξ̃, θ̃
)

, the inequality in (34) can be reformulated as

V̇
(

ξ̃, θ̃
)
≤ ξ̃T

(
PA + ATP + PΛ−1P + ΓΛΓ − βCTC

)
ξ̃

+ 2ξ̃T
0 PDTδd + 2ξ̃TP∆0 − 2DPDT pω̃r̃idiq

+
2ψ

L
DPDT sin

(
θ̃
)( 1

lθ
˙̃θ + pωr̃id

)
.

(36)

To compensate for the cross term pωr̃id, it is essential to incorporate the measurement
of the rotor speed in the formulation of ˙̃θ. However, the actual measurement of the rotor
speed is unavailable. To address the absence of this measurement in (26), we propose
utilizing the term lθ pω̂r̃id as an adaptation rule to estimate the electrical angular position
of the rotor, where lθ > 0. Consequently, the inequality (36) is simplified in the following
approach:

V̇
(

ξ̃, θ̃
)
≤ ξ̃T

(
PA + ATP + PΛ−1P + ΓΛΓ − βCTC

)
ξ̃

+ 2ξ̃T
0 PDTδd + 2ξ̃TP∆0 − 2DPDT pω̃r̃idiq

+
2ψ

Llθ
DPDT pω̃r sin

(
θ̃
)
+

2ψ

L
DPDT pω̃r̃id sin

(
θ̃
)

.

(37)
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Now, taking into account the boundaries
∣∣∣sin

(
θ̃
)∣∣∣ ≤ 1 and |iq| ≤ Imax

q , we
may combine the last two terms with the first term of Equation (37) using a matrix,
E =

[
0, 0, p ψ

L + Imax
q , 0; 03×4

]
, of a well-defined dimension. The resultant equation is

bounded as follows:

V̇
(

ξ̃, θ̃
)
≤ ξ̃T

(
P(A + E) + (A + E)TP + PΛ−1P + ΓΛΓ − βCTC

)
ξ̃

+
2ψ

Llθ
DPDT pω̃r + 2ξ̃T

0 PDTδd + 2ξ̃TP∆0.
(38)

Now, we define

P(A + E) + (A + E)TP + PΛ−1P + ΓΛΓ − βCTC = −Q, (39)

and
2ψ

Llθ
DPDT pω̃r + 2ξ̃T

0 PDδd + 2ξ̃TP∆0 = ξ̃TW
(

ξ, ω̃r, θ̃
)

, (40)

where the matrix P ∈ R4 is a solution for the algebraic Riccati Equation (39) for any
symmetric positive definite matrix, Q ∈ R4. In addition, in Equation (40), the perturbed
vector W

(
ξ, ω̃r, θ̃

)
∈ R4 is defined as follows:

W
(

ξ, ω̃r, θ̃
)
=


wd

wq

wω

wτ

 = 2P∆0 +
2ψ

Llθ


0
0
1
0

DPDT + 2δd


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

PDT . (41)

The vector W
(

ξ, ω̃r, θ̃
)

contains all the perturbed terms as the load torque and back-

emf due to the angular position error alignment. Assume that vector W
(

ξ, ω̃r, θ̃
)

follows
the linear growth bound, meaning that there exist positive constants, β1 and β2, such that
the following inequality holds:∥∥∥W(

ξ, ω̃r, θ̃
)∥∥∥ ≤ β1∥ξ∥+ β2|ω̃r|. (42)

Afterwards, Equation (38) is redefined as

V̇
(

ξ̃, θ̃
)
≤ −ξ̃TQξ̃ + ξ̃TW . (43)

Now, given Assumption (A1), the subsequent inequality of V̇
(

ξ̃, θ̃
)

is expressed as

V̇
(

ξ̃, θ̃
)
≤ −(λmin{Q} − σ)

∥∥∥ξ̃
∥∥∥2

− σ
∥∥∥ξ̃
∥∥∥2

+ (β1∥ξ∥+ β2|ω̃r|)
∥∥∥ξ̃
∥∥∥. (44)

with 0 < σ < λmin{Q}. Then,

V̇
(

ξ̃, θ̃
)
≤ −(λmin{Q} − σ)

∥∥∥ξ̃
∥∥∥2

≤ 0, ∀
∥∥∥ξ̃
∥∥∥ ≥ µ1 :=

(β1∥ξ∥+ β2|ω̃r|)
σ

. (45)

Thus, we conclude that V̇
(

ξ̃, θ̃
)

is negative semi-definite. Therefore, we may conclude

that the solutions
[
ξ̃(t), θ̃(t)

]T
are bounded. In a real scenario, if the solutions do not satisfy

the criteria (32) and considering that the vector is a function of the electrical alignment
error, the motor could experience a loss of synchronization, a loss of torque, or poor
control performance.
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6. Simulations and Experimental Results
To demonstrate the theoretical results, we present simulations and experiments carried

out on an industrial PMSM benchmark: the Technosoft MCK28335 Kit C-Pro Digital
Control real-time platform. The equipment was manufactured by Technosoft® in Bevaix,
Switzerland. The drive system utilized a nominal controller that operated in the FOC
scheme, as illustrated in Figure 1. This research introduced a robust sensorless controller
that modified the FOC scheme, as illustrated in Figure 4. For validation, measurements
from the incremental encoder installed on the PMSM rotor were collected.

Speed 
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Current 
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Clarke 

Transform

Clarke 
Transform

3-Phase 
Inverse

PMSMESO
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ω̂ r

lθ ω̂r
~i d

+
+

~
i d

1
τ s+1
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Figure 4. Complete schematic of the sensorless controller based on an extended state observer and
position estimator.

The estimated rotor speed was calculated using Equation (24); see the block diagram
in Figure 5.

1
s

plθ
ω̂ r

~
i d

θ̂

lθ ω̂r
~i d

+
+

Figure 5. Block diagram of the rotor electrical position estimator shown in Figure 4 and defined in
Equation (24).

Here, it was necessary to calculate ω̂r(t) from the derivative of the estimated elec-
trical position. In order to suppress the high-frequency components resulting from the
computation of the derivative of the term lθ ĩdω̂r, a first-order low-pass filter, LPF(·), was
proposed:

ω̂c
r = ω̂r + LPF

(
lθ ĩdω̂r

)
. (46)

Nonetheless, the LPF intrinsically generates a phase delay. The variable phase delay
may lead to a decrease in the performance of the whole drive system. In order to reduce
the phase delay and enhance the filtering efficacy, the cut-off frequency ωc of the LPF must
be appropriately adjusted according to the fundamental frequency of the rotor speed of the
micro PMSM.
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Figure 4 illustrates a PI controller combined with the ESO defined in Equations (23)
and (46) within a closed-loop configuration that excludes feedback from actual position
measurements. The current controller under consideration, with i∗d(t) = 0, is described in
the following form:

vd(t) = −L
(

kp1 id + ki1

∫ t

0
id(τ)dτ

)
, (47)

vq(t) = −L
(

kp2(iq − i∗) + ki2

∫ t

0
(iq − i∗)(τ)dτ

)
, (48)

and the speed controller i∗(t) is defined as

i∗(t) = −kp3(ω̂
c
r − ω∗

r )− ki3

∫ t

0
(ω̂c

r − ω∗
r )(τ)dτ +

T̂l
Km

, (49)

where kp1 , kp2 , and kp3 represent proportional gains, while ki1 , ki2 , and ki3 denote integral
gains. Figure 4 illustrates the whole sensorless FOC controller scheme proposed in this
paper. The load torque feedback estimated by the ESO will enhance the controller’s
robustness, ensuring that the speed error remains bounded despite external disturbances.
In the next subsection and for a comparative study, graphical results illustrate the position
and speed measurements used to evaluate the performance of the proposed sensorless
control scheme. Before presenting the simulation and experimental results, we outline the
development platform.

6.1. Platform Description

The MCK28335 Kit C-Pro Digital Control is a motion control kit using the TMS320F28335
digital signal processor manufactured by Technosoft® in Bevaix, Switzerland; Figure 6
illustrates the setup of the experimental platform. The development platform featured a
PMSM with Hall sensors and a 500-line encoder, incorporated a PM50v3.1 power module
(Technosoft®) with MOSFET transistors operating at a switching frequency of up to 50 kHz,
and included A/D and D/A converters. Additionally, the system provided an integrated
development environment (IDE) and required libraries to facilitate the programming and
debugging of code C. The nominal parameters of the PMSM are presented in Table 1.

Figure 6. Technosoft® experimental development platform PMSM setup.
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Table 1. Motor parameters and specifications of MBE.300E.500.

Symbols Parameters Values Units

R Stator resistance 4.3 ohm
L Stator inductance 3.56 × 10−4 H

Km Rotor torque constant 36.8 × 10−3 Nm/A
ψ Flux linkage 24.5 × 10−3 Nm/A
p Pole pairs 1
F Viscous friction coefficient 3 × 10−6 Nms
J Rotor inertia 1.1 × 10−6 kgm2

Tmax
L Max. cont. torque 30 × 10−3 Nm

6.2. Simulation Results

In the simulations, the sampling time for the speed control loop was 1 × 10−3, while
the sampling time for the current control loop and the estimation loop was 1 × 10−4. The
initial conditions were set as

[
id(0), iq(0), ωr(0), Tl(0), θ(0)

]T
= [0, 0, 0, 0.008, π/3]T ∈ R5, (50)[

îd(0), îq(0), ω̂r(0), T̂l(0), θ̂(0)
]T

= 0 ∈ R5. (51)

The controller proportional gains were established as kp1 = 10, kp2 = 10, and kp3 =

0.02, while the integral gains were set as ki1 = 10,750, ki2 = 10,750, and ki3 = 0.4. The
observer gain matrix was set as

L =


2 0
0 6 × 10+03

0 11 × 10+05

0 720

. (52)

Based on the parameters outlined in Table 1 and the boundaries defined in domain
D, the Lipschitz constant was calculated to be γ = 210, and the matrix Γ = [γ, γ, 0, 0].
Additionally, the gain of the estimator position lθ = 25. Considering the previously
mentioned parameters, β = 300, and the matrices Q = diag{1, 1, 1.3, 1} and Λ = I4, the
solution of the Riccati Equation (39) yielded

P =


23 × 10+03 94 × 10+01 −32 × 10+00 −22 × 10+02

94 × 10+01 20 × 10+02 11 × 10+01 81 × 10+02

−32 × 10+00 11 × 10+01 72 × 10−02 51 × 10+00

−22 × 10+02 81 × 10+02 51 × 10+00 47 × 10+02

. (53)

The test simulations were intended to track and estimate the desired variable speed,
considering a known load torque and an initial misalignment of the stator and rotor
magnetic fields, θ̃(0) ≈ π/3 rad. Figure 5 illustrates the tracking behavior of the current
id(t) and the speed in response to the application of a time-varying torque.

Figure 7 illustrates the tracking of the rotor speed trajectory of the PMSM through
different speed changes and zero-speed crossings. It is essential for understanding that a
value of zero can be determined by aligning the magnetic fields of the PMSM, as shown
in Figure 2. The d-axis was deliberately oriented at π/3 degrees relative to the α-axis of
the stationary frame, resulting in an initial error in the current calculation via the Park
transform; see Figure 2.

The load torque applied during the performance test is shown in Figure 8a. The initial
misalignment of the magnetic fields at the test’s beginning induced errors in the current
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decomposition performed by the Park transform, thereby impacting the performance of
the state estimations. Figure 8b illustrates a significant, fast transient error in the load
torque estimation. This explains why the speed control exhibited poor transient behavior,
as seen in Figure 7a, a zoomed-in view of the trajectory. Despite the applied load torque and
estimation errors, the rotor speed successfully recovered and remained stable around the
reference value. Conversely, the rotor trajectory successfully crossed zero while retaining
stability throughout the sign transition.
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Figure 7. Simulation results: PMSM controller system under load torque variations. (a) Speed
tracking performance under FOC scheme, (b) speed error estimation.
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Figure 8. Simulation results: PMSM controller system under load torque variations. (a) Applied load
torque, (b) load torque error estimation performance.

The effects of initial misalignment on the performance of the estimated current com-
ponent id can be observed in Figure 9a. These occurred because id, which is related to
the magnetic flux, is influenced by the rotor’s electrical position. Consequently, an initial
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position error, θ̃(0), different from zero may result in a transient ĩd error, as shown in
the zoomed-in view in Figure 9b. As the estimated electrical position coincided with the
measured value, this error decreased progressively.
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Figure 9. Simulation results: PMSM controller system with proposed sensorless control scheme under
load torque variations. (a) Stator current id(t), (b) current error estimation performance.

Figure 10a depicts the behavior of the iq signal. The increases in the magnitude of
the torque component current correlated with the load torque variations applied to the
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PMSM during the test, as iq is directly related to the electromagnetic torques of the machine.
Figure 10b illustrates the estimated current error throughout the test, which converged
to the measured value with a small error, ĩq, nearing zero in a steady state, even during
transient operation.
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Figure 10. Simulation results: PMSM controller system with proposed sensorless control scheme
under load torque variations. (a) Stator current iq(t), (b) current error estimation performance.

Figure 11a illustrates the rotor position determined by the incremental encoder and
the estimated position. Both signals exhibited an offset, which was expected since before
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starting the control routine, the encoder’s initial position was set to zero while the magnetic
fields of the rotor and stator remained misaligned. Figure 11b illustrates the position error.
A zoomed-in view of the graph reveals a signal with an average amplitude corresponding
to the initial misalignment according to Equation (50). This finding suggests that the
proposed observer compensates for the initial position error by precisely estimating the
electrical position.
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Figure 11. Simulation results: PMSM controller system with proposed sensorless control scheme
under load torque variations. (a) Measured and estimated rotor position, (b) position error estimation
performance.
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6.3. Implementation Results

In the test presented below, the sampling times used in the simulation were maintained,
the parameters from Table 1 were considered, and the experimental development platform
shown in Figure 6 was used. The initial conditions at t0 = 0 for the observer states ξ̂(t0)

were set to zero. The system’s initial conditions for the speed and current were established
as zero, and the initial load torque was unspecified; concurrently, the position value was
set as

θ(0) ≈ π/3 rad. (54)

The zero rotor position was determined by aligning the magnetic fields of the PMSM;
refer to Section 4. To prevent field alignment and establish the conditions of Equation (54),
the initial alignment routine in the code was simply disabled. For this test, we selected the
same gains as for the simulation results. During this test, the motor was subjected to an
unknown time-varying friction load torque. As a result, certain variables were comparable
throughout the experiments and simulations, except for the applied torque; therefore, we
will highlight the main significant aspects of the experimental test.

Figure 12 shows the estimated load torque during the performance test, reaching a
maximum of 0.02 Nm when the rotor speed stabilized.

Time [s]

L
oa

d 
[N

m
]

Figure 12. Experimental results: PMSM controller system with proposed sensorless control scheme
under load torque variations. Applied load torque.

The initial increase in the trajectory in Figure 13a demonstrates the transitory charac-
teristics of the signals. The initial misalignment and applied torque generated noise in the
zero-speed estimate and caused a delay in the measured speed, thus prolonging the settling
time for control. These effects can be observed in the behavior of speed error estimation; see
Figure 13b. Despite error estimation and control, the trajectory recovered and successfully
crossed zero, maintaining stability during the sign transition, exhibiting good tracking and
robustness in relation to the reference signal.

The experimental signals may have exhibited distinct behaviors compared to those
in the simulations since parametric uncertainties, the unmodeled dynamics of the power
inverter circuit, and current sensor inaccuracies were not considered. However, it can be
observed that the fundamental theoretical aspects analyzed in previous sections were still
satisfied.

For instance, Figure 14 exhibits satisfactory performance estimation and control, with
the current maintained close to zero. Furthermore, the variations in the magnitudes of
the îq, iq, and T̂l signals exhibited similarity due to the proportional relationship between
the component current q and electromagnetic torque, as illustrated in Figures 12 and 15a.
Finally, satisfactory error estimation performance was achieved without major difficulties,
as illustrated in Figures 14b and 15b.
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Figure 13. Experimental results: PMSM controller system under load torque variations. (a) Speed
tracking performance under FOC scheme, (b) speed error estimation.
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Figure 14. Experimental results: PMSM controller system with proposed sensorless control scheme
under load torque variations. (a) Stator current id(t), (b) current error estimation performance.
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Figure 15. Experimental results: PMSM controller system with proposed sensorless control scheme
under load torque variations. (a) Stator current iq(t), (b) current error estimation performance.

Figure 16a illustrates the rotor position signals obtained from the incremental encoder
and the observer. The magnitude of the phase shift between the signals is illustrated in
Figure 16b as the position error. A zoomed-in view along the error signal reveals an average
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amplitude consistent with the initial misalignment according to Equation (54). This result
indicates that the proposed observer compensates for the initial error, accurately estimating
the electrical position.
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Figure 16. Experimental results: PMSM controller system with proposed sensorless control scheme
under load torque variations. (a) Measured and estimated rotor position, (b) position error estimation.
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Table 2 compares the Mean Absolute Error (MAE) and Mean Square Error (MSE) per-
formance from the experimental tests described in this section with those from experiments
utilizing a sensorless control algorithm based on the observer from [28], which essentially
designs an ESO interconnected with a PI to estimate the load torque and control the speed
trajectory of a PMSM. Table 2 shows that our scheme improves the estimation accuracy of
the observer variables.

Table 2. Indexes of MAE and MSE estimation.

Error
MAE MSE

Observer in [28] Proposed Observer Observer in [28] Proposed Observer

îd(t)− id(t) 0.0129 0.0106 33.4 × 10−05 19.8 × 10−05

îq(t)− iq(t) 0.0030 0.0043 2.14 × 10−05 3.22 × 10−05

ω̂r(t)− ωr(t) 6.9281 4.3977 59.356 32.350
θ̂(t)− θ(t) 0.1489 0.0200 0.7599 0.0011

When studying the model in Equation (9), it is clear that the electrical dynamics of the
motor will be affected by an excessive back electromotive force that will increase as the
position error grows. From a control perspective, this overload in the windings could force
the solutions to deviate from the reference trajectory, which could affect the relative stability
of the system, as shown by the underdamped transients at the beginning and zero-crossing
in Figures 13 and 14.

However, the bound defined in the stability analysis indicates that, as long as the
PMSM is subjected to external load torques and is operating within its physical limits, the
observer solutions will converge and remain within an attraction region, µ1, in Equation (45)
in such a way that the angular misalignment is corrected, as shown by the temporal position
signal in Figure 16. Therefore, the proposed sensorless scheme achieves acceptable control
operation, as shown by the simulations and experiments of this work.

Although it is well known that in sensorless applications the motors operate at speeds
where the back electromotive force current can occur, the methodology proposed in this
research is suggested to be helpful in applications where the alignment of the stator and
rotor magnetic fields is not successfully achieved due to high static inertia.

7. Conclusions
An extended state observer combined with an electrical angular position estimator

has been developed to address the sensorless speed tracking problem for surface-mounted
PMSMs. The electrical variables are the only measurements for feedback. To enhance
the control performance, the proposed observer accurately estimates the rotor position by
correcting the offset error resulting from misalignment. Moreover, the observer provides
an efficient approach for estimating load torque time variations.

The present research introduces a model based on the rotatory (d, q) reference frame
and the offset angle. Through Lyapunov stability analysis and considering the physical
operation domain of the PMSM, we established sufficient conditions to ensure that the
trajectories of the observer error remain uniformly bounded solutions, despite variations in
the load torque affecting the motor. The simulation and experiments performed validated
the effectiveness of the proposed scheme.

In future work, our goal is to introduce an enhanced controller to further improve reli-
ability and accuracy in the presence of unmodeled dynamics and/or parametric variations.
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