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Abstract: Let M be an Abelian monoid. A necessary and sufficient condition for the
class Army of all Armendariz rings relative to M to coincide with the class Arm of all
Armendariz rings is given. As a consequence, we prove that Arm s has exactly three cases:
the empty set, Arm, and the class of all rings. If N is an Abelian monoid, then we prove that
Armpun = Armps () Army, which gives a partial affirmative answer to the open question
of Liu in 2005 (whether R is M x N-Armendariz if R is M-Armendariz and N-Armendariz).
We also show that the other Armendariz-like rings relative to an Abelian monoid, such
as M-quasi-Armendariz rings, skew M-Armendariz rings, weak M-Armendariz rings,
M-m-Armendariz rings, nil M-Armendariz rings, upper nil M-Armendariz rings and lower
nil M-Armendariz rings can be handled similarly. Some conclusions on these classes have,
therefore, been generalized using these classifications.

Keywords: Armendariz rings; M-Armendariz rings; Armendariz-like rings; Armendariz-like
rings relative to an Abelian monoid

MSC: 06F05; 16G30; 16536; 20M25

1. Introduction

All rings in this paper are associative with identity element 1 # 0. A semigroup is
a nonempty set closed under an associative binary operation. A semigroup with unity
is called a monoid. A monoid with a commutative binary operation is called an Abelian
monoid. Unless otherwise specified, € will always stand for the unity element of a monoid,
and the monoid operation is written multiplicatively. We denote the multiplicative monoid
of positive integers by (Z",-). The additive monoid of nonnegative integers is denoted by
(N, +), and the operation is written additively. The field of rational numbers is denoted
by Q. A relation on an arbitrary set is called a partial order if it is reflexive, transitive, and
antisymmetric. A partial order is denoted by < and the notation ¢ > 7 or 7 < ¢ is used
tomean 7 < ¢ and y # ¢. A partial order < on a monoid M is said to be compatible with
the monoid operation if ¢ < # implies {¢ < {n and ¢¢ < n{ for ¢, n,{ € M. A monoid M
with a compatible partial order < is denoted by (M, <). We may use the notation <j; to
denote the compatible total order on a monoid M. <j, is said to be strict if { < # implies
(¢ < {nand {C <y for¢,n,¢ € M. M" designates the Cartesian product of n copies of M.
For a ring R, we denote by N, (R), N*(R) and N(R) the prime radical, the upper nilradical
(i.e., the sum of nil ideals), and the set of all nilpotent elements of R, respectively. It is well
known that N, (R)CN*(R)CN(R).
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Many authors have studied various generalizations and properties of Armendariz
rings. We will list the concepts involved in this paper as follows.

(a) Inref. [1], aring R is said to have the Armendariz property (or is an Armendariz ring)
if whenever polynomials f(x) = ag+ajx +--- +a,x™ and g(x) = by +b1x 4 - - - + byx" €
R[x] satisty f(x)g(x) = 0, we have a;b; = 0 for every i and j. The term Armendariz ring
was chosen because Armendariz noted in ([2], Lemma 1) that reduced rings (i.e., rings
without non-zero nilpotent elements) satisfy this condition. We use .Arm to denote the class
of all Armendariz rings. It is well known that Arm is a nonempty proper subclass of the
class of all rings.

(b) In [3], aring R is quasi-Armendariz if whenever f(x) = Y™ a;x!, g(x) = Yo bix) €
R[x] satisfy f(x)R[x]g(x) = 0, we have a;Rb; = 0 for every i and j. We use QArm to denote
the class of all quasi-Armendariz rings. It is well known that Q Arm is a nonempty proper
subclass of the class of all rings.

(c) Let « be an endomorphism of a ring R and Iy the identity endomorphism of R.
In [4], R is called a skew Armendariz ring with the endomorphism a (simply, an a-skew
Armendariz ring) if for f(x) = Y7 a;x!, g(x) = ?:0 bjxf in R[x; a, f(x)g(x) = 0 implies
ailxl(b]-) =0forall0 <i<m,and 0 < j < n. We define the class

SArm := {R : R is a-skew Armendariz for some & such that a’ = I for some positive integer t}.

It is immediate from the definition that Arm C SArm, and so S Arm is nonempty. The
following example shows that there exists a ring R such that R is not a-skew Armendariz
for any endomorphism « of R. Therefore, S Arm is a proper subclass of the class of all rings.

Example 1. We consider the matrix ring R = My(Zy) over the ring of integers modulo 2. If R
is a-skew Armendariz for an endomorphism « of R, then a(e) = e for each idempotent element
e € Rby [5] and so o = Ig. Thus, R is Armendariz, which is a contradiction. Therefore R is not
in SArm.

(d) In [6], aring R is called weak Armendariz if whenever polynomials f(x) = ag +a1x +
ot apx™, g(x) = by +bix + -+ byx" € Rlx] satisfy f(x)g(x) = 0, thena;b; € N(R) for
each i, j. We use WArm to denote the class of all weak Armendariz rings. It is well known
that W Arm is a nonempty proper subclass of the class of all rings.

(e) In[7], aring R is called 7t-Armendariz if whenever f(x)g(x) € N(R[x]) for f(x) =
ymyaxt, g(x) = ?:0 bjxj in R[x] we obtain a;b; € N(R) for all i,j. We use tArm to
denote the class of all 7-Armendariz rings. It is known that wArm is a nonempty proper
subclass of the class of all rings by ([7], Example 2.3).

(f) In [8], a ring R is said to be nil-Armendariz if whenever f(x), g(x) € R[x] satisfy
f(x)g(x) € N(R)[x] then we have ab € N(R) for all a € coef(f(x)) and b € coef(g(x)).
We use N Arm to denote the class of all nil-Armendariz rings. It is known that N'Arm is a
nonempty proper subclass of the class of all rings by ([8], Example 5.5) or ([9], Example 2.34).
It is immediate from the definition that N’ Arm C W Arm.

(g) In[10], for a ring R and polynomials f(x), g(x) over R, the following condition

f(x)g(x) € N*(R)[x] = ab € N*(R),Va € coef(f(x)),b € coef(g(x)) 1)

is studied. It is well known that a ring R satisfies the condition (1) if and only if R is
nil-Armendariz by ([10], Theorem 11). For the convenience of writing below, we also use
N*Arm to denote the class of all nil-Armendariz rings.

(h) In [11], a ring R is said to be Armendariz-over-prime-radical (APR) if whenever
two polynomials f(x),¢(x) € R[x] satisfy f(x)g(x) € Ni«(R)[x] then ab € N,(R) for all
a € coef(f(x)) and b € coef(g(x)). We use N, Arm to denote the class of all APR rings.
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It is known that NV, Arm is a nonempty proper subclass of the class of all rings by ([11],
Example 1.8).

These previous concepts have their analogs in semigroup rings. We conclude this
section with some definitions to keep in mind in the sequel.

(a") Let M be a monoid and R[M] the monoid ring of M over a coefficient ring R.
In [12], R is called an M-Armendariz ring (an Armendariz ring relative to M), if whenever
elements ® = a181 + - +a,8n, ¥ = b1 + - -+ + buyim € R[M] satisfy @Y = 0, then
a;b; = 0 for each i, j. We use Army to denote the class of all Armendariz rings relative to
M. Itis clear that Army ) = Arm and Arm., coincides with the class of all rings. It is
immediate from the definition that Armp; C Army when N is a submonoid of M.

(b') Let M be a monoid. In [13,14] and independently in [15], a ring R is called an
M-quasi-Armendariz ring (a quasi-Armendariz ring relative to the monoid M) if whenever
D =a181+alo+ - +auCn, Y =biyp1 +bampp 4+ + bytp € R[M] satisfy PR[M]Y =0,
then a;Rb; = 0 for each i, j. We use QArm) to denote the class of all quasi-Armendariz
rings relative to the monoid M. It is clear that QArm(N/ = QArmand QArm (e} coincides
with the class of all rings. If M is an Abelian monoid and N is a submonoid of M, then
QArmy; C QArmy by ([14], Lemma 1.14) and ([15], Proposition 3.2).

(c") Let R be a ring, M a monoid, w : M — End(R) a monoid homomorphism and Ig
the identity endomorphism of R. In [16], R is called a skew Armendariz ring relative to M (or
simply skew M-Armendariz) if whenever two elements ® = )" ; 2;,¢; and ¥ = E?:l bn;
of R x M satisfy @Y = 0, then aiani(bj) =0foreachl <i<mand1 <j<n,where R+ M
is the skew monoid ring (induced by the monoid homomorphism w). We define the class

SArmy = {R:Risskew M-Armendariz for some w such that for each

& € M, there exists a positive integer t with (wg)"' = Ig}.

It is clear that SArm y ) = SArm, Armp C SArmy, SArmpy C SArmy when N is
a submonoid of M. We know that S Arm ., coincides with the class of all rings.

(d") Let R be a ring and M a monoid. In [17], R is called a weak M-Armendariz ring
if whenever ® = 4181 + - - - + amlm, ¥ = b1 + - - - + buyjn in R[M] satisfy ¥ = 0, then
a;b; € N(R) for each i and j. We use YWArm ) to denote the class of all weak M-Armendariz
rings. It is immediate from the definition that WArm ) = WArm, WArmy C WArmy
when N is a submonoid of M. We know that WArm ., coincides with the class of all rings.

(¢/) Let R be a ring and M a monoid. In [18], R is called an M-m-Armendariz ring (a
rt-Armendariz ring relative to M), if whenever ® = a8y + -+ +a4Cy, ¥ = b1 +--- +
buiim € R[M] satisfy @Y € N(R[M]), then a;b; € N(R) for each i,j. We use tArmy to
denote the class of all M--Armendariz rings. It is immediate from the definition that
nArm(N, 4= wArm, mArmy; C mwArmy when N is a submonoid of M. We know that
mArm e, coincides with the class of all rings.

(f') Let R be a ring and M a monoid. In [19] and independently in [20,21], R is said
to be nil-Armendariz relative to M (nil M-Armendariz or M-nil-Armendariz) if whenever
element® =Y a;¢;and ¥ = 2;1:1 bjnj in R[M] satisfy ®Y € N(R)[M], then a;b; € N(R)
for each i and j. We use N Arm),; to denote the class of all nil M-Armendariz rings. It is
immediate from the definition that N Army ) = N'Arm, N'Army C N Army when N is
a submonoid of M. We know that N’ Arm ., coincides with the class of all rings.

(¢') Let R be a ring and M a monoid. In [22], R is said to be upper nil M-Armendariz
if whenever elements ® = Y/ ; 4;¢; and ¥ = 2;7:1 bjn; in R[M] satisfy ®¥ € N*(R)[M],
then a;b; € N*(R) for each i and j. We use N *Army,; to denote the class of all upper nil
M-Armendariz rings. It is clear that N Army ) = N*Arm and N*Army C N*Army
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when N is a submonoid of M. It is immediate from the definition that N™* Arm (e} coincides
with the class of all rings.

(h') Let R be a ring and M a monoid. In [22], a ring R is said to be lower nil M-
Armendariz, if whenever element ® = Y07, a;¢;, ¥ = Y bjyy; € R[M] satisfy @Y €
N.(R)[M], then a;b; € N,(R) for all i, j. We use N.Army to denote the class of all nil
M-Armendariz rings. It is immediate from the definition that Ny Army ) = N, Arm,
N Armp C N, Army when N is a submonoid of M. We know that N*Arm{e} coincides
with the class of all rings.

The following statement may bring convenience. When “Armendariz rings” appear,
we consider them to be the rings in (2). When “Armendariz-like rings” appear, we consider
them to be the rings in (a), (b), (c), (d), (e), (f), (g), and (k). When “Armendariz rings
relative to an Abelian monoid” appear, we consider them to be the rings in (a’). When
“ Armendariz-like rings relative to an Abelian monoid” appear, we consider them to be the
rings in (a'), (¥'), ('), (@), (), (f"), (g'), and ().

In this article, we focus on the influence of monoid M on these classes mentioned in
(a’) to (1), especially when M is commutative. In Section 2, classifications of these classes
are given. As a consequence (see Theorem 2), we understand that f; has exactly three
cases: the empty set, §, and the class of all rings, where

t € {Arm, QArm, S Arm, W Arm, wArm, N Arm, N* Arm, N, Arm}.

Section 3 is devoted to several applications of these classifications. We determine the
class of Abelian monoids that admits a compatible strict total order in a new way (see
Proposition 5). That is, M is cancellative and torsion-free if and only if fs is nonempty. The
open question of [12] asked whether R is M x N-Armendariz if R is M-Armendariz and N-
Armendariz. This question and the corresponding questions in other classes of Armendariz-
like rings are answered in the affirmative for Abelian monoids (see Proposition 6) because
we understand that Arm N = Armp () Army. We also obtained the same results (see
Propositions 7-9) without assuming G(M) = {e} which cannot be removed in much
original literature. Finally, a generalization of the Lemma 3 is given (see Theorem 3), which
says that multiplication behaves of a finite set of elements of M can be the same as addition
does for a finite set of nonnegative integers.

2. Classifications of These Classes

Recall that an element ¢ of a monoid M is left cancellative if {iy = 1o implies
m = mp for 41, 12 € M. The right cancellativity is defined similarly. If every element
is left and right cancellative, M is said to be cancellative. The results similar to the fol-
lowing two propositions can be found in the literature (see ([22], Lemma 2.2), ([15],
Proposition 2.13), ([23], Lemma 4.2), ([24], Proposition 2.27), ([17], Lemma 2) and ([20],
Lemma 2.4)). We give proofs for completeness.

Proposition 1. If an Abelian monoid M is not cancellative, then the class § 51 is empty, where
t € {Arm, QArm,SArm, W Arm, wArm, N Arm, N* Arm, N.. Arm}.

Proof. Suppose { € M is not left cancellative. Then there are #;, 2 € M such that
G = Gz and iy # 1pa.

In the special case §f = QArm, if Q Army is not empty, then thereis aring R € QArmy;.
Thus, (1¢)R[M] (171 + (—1)12) = 0, giving a contradiction.

If§ # QArmand R € )y, then (1¢) (151 + (—1)12) = 0, which is also a contradiction. [

The converse of Proposition 1 need not hold by ([12], Lemma 1.11).
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Proposition 2. If an Abelian monoid M contains a non-unity element of finite order, then the class
fum is empty, where

t € {Arm, QArm,SArm, W Arm, wArm, N Arm, N* Arm, N, Arm}.
Proof. Suppose there is € # ¢ € M with "™ = ¢" for some positive integers m < n. Let
k =min{l € Z* : & = & for some positive integer r < I }.

Then the choice of k implies that the set {¢’,-- -, ékil} has cardinality k — r for a
positive integer r < k such that & = ¢&*.

In the special case § = QArm, if Q Arm, is not empty, then thereis aring R € QArmy,.
Thus, for any a101 + - - - + a,(n € R[M],

(17 + -+ 18 ) (@81 + - - + andu) (e + (—1)8) = 0,

giving a contradiction.
If 4 # QArm and R € fy, then (18 + .- + 1&1)(1e + (—1)&) = 0, giving a
contradiction. [J

Lemma 1. Let M be a monoid whose all non-unity elements have infinite order, and let ¢, n € M

be such that (&) N(n) # @. If
p' = min{p € Z* : &¥ = 57 for some positive integer q}

and
q' = min{q € Z" : &¥ = 57 for some positive integer p},

then &' =71

Proof. If ¢ = ¢,thenyy = €. S0 p' = ¢ = 1and &' = 47
If & # ¢, theny # €. So & =57 and & = 57 for some positive integers p” and "
We claim that p’ = p”. Otherwise, if p’ < p”, then p'q’ < p"q". Since y7¥ = gr'?" = ya'?",

we have g'p’ = ¢ p", giving a contradiction. It follows that &' = &" = 47, O

Recall that a monoid M is torsion-free if {* = 5" implies { = # for any ¢, # € M and
any positive integer 7.

Proposition 3. Let M be an Abelian monoid. If M is not torsion-free, then the class fi1 is empty,

where
t € {Arm, QArm, S Arm, W Arm, wArm, N Arm, N* Arm, N\, Arm}.

Proof. Suppose M is not torsion-free. Then there are distinct elements ¢, 7 € M such that
¢" = " for a positive integer n. If {51 is not empty, then all non-unity elements of M have
infinite order by Proposition 2. Hence ¢ # € and 1 # €. Let

p)=min{p € ZT|3qeZ", & =4}, ¢ =min{g e ZT|Ip € Z%, &V = y7}.
By Lemma 1, &¥ = ;7. Then 5P = ¢#'" = 59" Thus, np’ = ng’ and so p’ = ¢'. For
convenience, let r = p’ = ¢. Since f) is not empty, there is a ring R € .

In the special case § = QArmyy, for any a1y + - - - + a,{n € R[M],

(16771 + 157*2;,] 4. 4 1517772 =+ lﬂril)(algl + -+ angn)(1€+ (_1);7) = 0’
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giving a contradiction.
If § # QArmy,, then

(118 2+ 15" 2+ 1 (18 + (1)) =0,
which is also a contradiction. [

Example 2. The multiplicative Abelian monoid (Z, X ) of integers is not torsion-free. Then the class
8(z,) is empty for each §f € {Arm, QArm,SArm, W Arm, wArm, N Arm, N* Arm, N, Arm}
by Proposition 3.

Remark 1. Notice that the converse of Proposition 3 is not true in general. For instance, the
multiplicative Abelian monoid (N, x) of nonnegative integers is torsion-free but not cancellative.
So, these classes in Proposition 3 are empty by Proposition 1.

Recall that a monoid M is called a u.p.-monoid (unique product monoid) if for any
two nonempty finite subsets A, B C M there exists an element { € M uniquely presented
in the form #{ where y € A and ¢ € B. In ([25], Proposition 5.1), it is shown that for
any nontrivial u.p.-monoid M (i.e., M # {e} and M is a u.p.-monoid), the class Army is
contained in Arm. Now we have the following.

Proposition 4. If M is an Abelian monoid, then

ta C fifand only if M # {e},
where § € { Arm, QArm, SArm, W Arm, wArm, N Arm, N* Arm, N, Arm}.

Proof. If )y C 8, then M # {e} follows from the fact that § {e} coincides with the class of
all rings and { is a proper subclass of the class of all rings.

If M # {e}, we claim that #3; C f. First, we may assume that 5 is not empty, for
the result is trivially true otherwise. Then M contains a non-unity element of infinite
order by Proposition 2. Thus, (N, +) is isomorphic to a submonoid of M. Therefore,

M Sy =1 O

By Proposition 4, we know that when M is an Abelian monoid, the only class i
which contains { as a proper subclass is { ., where

t € {Arm, QArm, S Arm, W Arm, wArm, N Arm, N* Arm, N, Arm}.
Corollary 1. If M is an Abelian monoid, then
M = {e} if and only if § 51 is the class of all rings,
where § € {Arm, QArm, SArm, W Arm, wArm, N Arm, N* Arm, N, Arm}.

Proof. If M = {e}, then it is easy to see that §, is the class of all rings.
On the other hand, assume that £ is the class of all rings. If M # {e}, then #j; C £ by
Proposition 4, giving a contradiction. [J

The following lemma is an easy observation that will simplify our work of checking
whether a ring has Armendariz-like properties relative to an Abelian monoid. The proof of
it is elementary and will be omitted.
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Lemma2. Let ® = a8y +axlo+ -+ anlpand ¥ = b181 + balo + - - - + buCp. The following
statements hold for any monoid M:

1. Aring R is an M-Armendariz ring if and only if whenever ®, ¥ € R[M] satisfy PY¥ = 0,
then a;bj = 0 for each i, j;

2. Avring R is M-quasi-Armendariz if and only if whenever ®,'¥ € R[M] satisfy PRIM]Y =0,
then a;Rb; = 0 for each i, j;

3. Let w: M—End(R) be a monoid homomorphism. A ring R is skew M-Armendariz if and
only if whenever @, ¥ of R * M satisfy ®Y = 0, then a;we, (bj) = 0 for each i, j;

4. Aring R is weak M-Armendariz if and only if whenever ®, ¥ € R[M] satisfy Y = 0, then
a;bj € N(R) for each i and j;

5. Aring R is M-rt-Armendariz if and only if whenever ®, ¥ € R[M] satisfy PY¥ € N(R[M]),
then a;b; € N(R) for each i and j;

6.  Aring R is nil M-Armendariz if and only if whenever ®,'¥ € R[M)] satisfy @Y € N(R)[M],
then a;b; € N(R) for each i and j;

7. Aring R is upper nil M-Armendariz if and only if whenever ®, ¥ € R[M)] satisfy ¥ €
N*(R)[M], then a;b; € N*(R) for each i and j;

8. Aring R is lower nil M-Armendariz if and only if whenever ®, ¥ € R[M)] satisfy O¥ €
N (R)[M], then a;b; € Ny (R) for each i and j.

To characterize the connection between (N, +) and a cancellative, torsion-free Abelian
monoid M, we present the following lemma, which is crucial in this paper.

Lemma 3. Let M be any Abelian monoid that is both torsion-free and cancellative. Assume that
&1, ,&n € M. For each positive integer m, there are n elements r1,- - - ,rn in (N, +) such that

Cil'.'gl‘m :g]l g]m ifﬂndonlylfrl-l{_...-krim :r]-l +...+r]-m’
foreach iy, jx € {1, -+ ,n},k=1,---,m.

Proof. Since M is a torsion-free and cancellative Abelian monoid, we can embed M in its
quotient group G. Let ¢ : M — G be the embedding. As it is torsion-free and Abelian, G
then embeds into V = Q ®7 G, which is a Q-vector space (A similar argument can be found
in the proof of ([26], Theorem 6.31)). Let 6 : G — V be the embedding. As we are only
concerned with a subsemigroup of M generated by {1, - - - , &, }, we can reduce to the case
that the QQ-vector space V is finite-dimensional. After clearing denominators, we can think
of the coordinates of do({;) with respect to a basis as finite tuples of integers. Moreover,
by adding the same sufficiently large positive integer to each entry of these tuples, we can
think of them as finite tuples of nonnegative integers. Without loss of generality, we may
assume that

00 (¢1) = (r10,- -+ ,715),
00 (82) = (120, -+ ,725),

50(@") = (rnOr T rrns)/
where each r;; is a nonnegative integer, 1 < i <n, 0 < j <s. Choose a positive integer

k>max{mr;j:1<i<n,0<j<s}
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Letr; = riop® + -+ risp%i = 1, - -+, n. By the uniqueness of p-ary representation
and the injectivity of o and J, we have

€i1"'§im :le...érjnz ifandonlyifril +- 7, =T1j +"'+1’]‘m,
foreach iy, jr € {1,--- ,n},k=1,--- ,m. O

Example 3. Let M be the submonoid of (Z",-) generated by {1,2,3,4}. The quotient group G of
M is the subgroup of the multiplicative group of positive rational numbers (Q*, -) generated by
{1,2,3,4}. Let 0 : M — G be the embedding. As it is torsion-free and Abelian, G then embeds
into the Q-vector space V.= Q @z G. Let 6 : G — V be the embedding. The set {1®2,1® 3}
is a basis of V. The coordinates of 60 (1),50(2),60(3) and 60 (4) with respect to the basis are
(0,0),(1,0),(0,1) and (2,0), respectively. We think of them as quinary representations, then
r1 = 0,12 = 5,13 = 1, and ry = 10. Therefore iyiy = j1jp ifand only if r;, +r;, = 1, + 71}, for
each iy, iz, j1,j2 € {1,2,3,4}.

It is obvious that ) = #if M = (N, +), where
t € {Arm, QArm, SArm, W Arm, wArm, N Arm, N* Arm, N.. Arm}.

The following theorem shows that the equality fiys = f holds for any cancellative,
infinite, and torsion-free Abelian monoid M.

Theorem 1. If M is an Abelian monoid, then
im =t if and only if M is cancellative, infinite and torsion-free,
where § € { Arm, QArm, SArm, W Arm, wArm, N Arm, N* Arm, N, Arm}.

Proof. If §)1 = f, then M is cancellative and torsion-free by Propositions 1 and 3. Since (.}

coincides with the class of all rings, M is not a singleton. By Proposition 2, M is infinite.
On the other hand, if M is cancellative, infinite, and torsion-free, then fiy; C t by

Proposition 4. For the reverse inclusion, we divide the proof into the following three cases.
Case 1: §f = mArm. Take any R € wArm. Let

Q=ams1+ - +anln, ¥ =0181+ -+ buln € R[M]

with ®¥ € N(R[M]). If the index of nilpotency of ®Y in R[M] is m, then there are n
elements ry,- - -, 1y in (N, +) such that

éril e ériZm = g]l T ngm lf and Ol’lly lf 7’1'1 + e + riZm = rjl + T + erm
foreach iy, jr € {1,---,n},k=1,---,2m, by Lemma 3. Let
flx) =mx" 4+ +a,x™, g(x) = byx" 4+ - - -+ byx’ € Rlx].

Then (f(x)g(x))™ = 0. Thus, a;b; € N(R) for all i and j. So R € 7wArmy by Lemma 2.
Case 2: §f # SArm and § # mwArm. Take any R € §. Let

q>:a1§1+"'+ﬂn§n,T:b1€1+-~~—|—bn§nGR[M].



Mathematics 2025, 13, 874

9 of 22

There are n elements r1, - - -, in (N, 4) such that
(’filéiz = 5]1612 if and only if T, +1i, = i + Tiys
for each iy,ip,j1,j2 € {1, -+ ,n} by Lemma 3. Let
flx) =ax"" 4+ +aux™, g(x) = byx" + - + by’ € Rlx].

The following statements are obvious.
e If®Y =0, then f(x)g(x) =0;
e IfOR[M|Y =0, then f(x)R[x]g(x) =
e If®Y € N(R)[M], then f(x)g(x) € N( )[x];
e If®Y € N*(R)[M], then f(x)g(x) € N*(R)[x];
e If®Y € N,(R)[M], then f(x)g(x) € Ni(R)[x].

Given these facts, it is not hard to show that R € ;.

Case 3: § = SArm. Take any R € SArm with the endomorphism a such that a' = Iy
for some positive integer t. It follows from ([27], Corollary 2) that R € Arm. Since
Arm C Armp; by Case 2, it follows that R € Arm),. Please note that Army; C SArmy,.
Therefore R € SArmy. O

Now, we have a complete classification of these classes of Armendariz-like rings
relative to an Abelian monoid.

Theorem 2. Let M be an Abelian monoid. Then, the following assertions hold for § € {Arm,
QArm, SArm, WArm, wArm, N Arm, N* Arm, N Arm}

1. If M = {e}, then f) coincides with the class of all rings;
2. If M is cancellative, infinite and torsion-free, then fp = f;
3. If M is not cancellative or it is not torsion-free, then fy is empty.

Proof. Assume that M is cancellative and torsion-free. If M = {e}, then (1) holds. If
M # {e}, then M is infinite. Hence (2) holds by Theorem 1. Assume that M is not
cancellative, or it is not torsion-free, then {5 is empty by Propositions 1 and 3. [

In [20], a ring R is called nil-Armendariz relative to monoid Z, if whenever f(x) =
A_mx M4 +apxP, g(x) = b2l 4+ byx € R[x, x| satisfy f(x)g(x) € N(R)[x,x1],

then a;b; € N(R) for each i,j. We denote the additive group of integers by (Z, +). By
Theorem 2, we know that lj(Z,+) = f forf € {Arm, QArm, SArm, WArm, wArm, N Arm,
N*Arm, N.Arm}. So, the class of all nil-Armendariz rings relative to monoid Z coincides
with the class N’ Arm of all nil-Armendariz rings. One may suspect that the only nonempty
class tiy contained in f is § itself. This, however, may not always be the case. Notice that
when a monoid M is not commutative, Arm); may be nonempty and strictly contained in
Arm by ([25], Example 5.2).

3. Applications

The following proposition determines the class of Abelian monoids that admits a
compatible strict total order in a new way.

Proposition 5. Let M be an Abelian monoid. The following are equivalent for each § € { Arm,
QArm, SArm, WArm, wArm, N Arm, N* Arm, N, Arm} :

1. M is cancellative and torsion-free;
2. M admits a compatible strict total order;
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3. fm is nonempty.

Proof. Statements (1) and (2) are equivalent by ([28], Corollary 3.4).

(1) = (3).If M = {e}, then f coincides with the class of all rings. If M # {e}, then
M is infinite because M is cancellative and torsion-free. Thus, #; = § by Theorem 1.

(3) = (1). This follows immediately from Propositions 1 and 3. O

As a consequence of Proposition 5, we obtain the following corollary, which is known
for finitely generated Abelian groups (see ([12], Theorem 1.14), ([14], Theorem 1.16), ([24],
Proposition 2.26), ([17], Theorem 2), ([29], Theorem 2.8), ([19], Theorem 2.10), ([20]
Theorem 2.24) and ([9], Theorem 2.40)).

Corollary 2. If M is a cancellative Abelian monoid, then
M is torsion-free if and only if {1 is nonempty,
where § € {Arm, QArm, S Arm, W Arm, wArm, N Arm, N* Arm, N, Arm}.

The author of [12] asked whether R is M x N-Armendariz if R is M-Armendariz
and N-Armendariz. In ([12], Propositions 2.6 and 2.7), affirmative results exist in the
particular case. In ([22], Theorems 2.7 and 2.8), affirmative results exist in the much more
general cases. In ([15], Theorem 3.3), ([17], Theorem 3), ([18], Theorem 2.17) and ([20],
Theorem 2.29), there are partial answers for QArmy;, WArmy;, mArmy and N Army,,
respectively. The following proposition gives a positive answer to the open question
mentioned above for Abelian monoids.

Proposition 6. If M and N are Abelian monoids, then

fvxn = v [ )N

forall § € {Arm, QArm, SArm, WArm, mArm, N Arm, N* Arm, N Arm}.

Proof. We may assume that M # {e} and N # {e} for the result is trivially true otherwise.
We know that fp«n C MmN is true because both M and N can be considered to be
submonoids of M x N. Let us prove the reverse inclusion. If s or #y is empty, the
reverse inclusion is trivially true. If §)s and fiy are both nonempty, then M and N are both
cancellative, infinite and torsion-free by Theorem 2. So M x N is cancellative, infinite and
torsion-free. Then fp«n = §f = im = iy by Theorem 1. Therefore fprxn = tm Nin. O

We denote by G(M) the largest subgroup of M. G(M) = {e} is an important condition
in much literature. We will show how to obtain the same conclusion without using this
condition in the following three propositions. We know that a ring R is Armendariz if
and only if R[x] is Armendariz by ([30], Theorem 2). From ([12], Proposition 2.6), if R is
Armendariz and M-Armendariz, where M is a commutative and cancellative monoid with
G(M) = {e}, then R[M] is Armendariz. Now, we have the following conclusion.

Proposition 7. Let R be a ring and M an Abelian monoid. The following are equivalent:

1.  Ris M-Armendariz;

R[x] is M-Armendariz;
R[x, x~1] is M-Armendariz;
R[M)] is M-Armendariz.

LS N
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Proof. We may assume that M # {e} and that Arm, is not empty, for the result is trivially
true otherwise. By Theorem 2, we have Army; = Arm = Arm(z, +) and M is a cancellative,
infinite and torsion-free Abelian monoid. Statements (1) and (2) are equivalent by ([30],
Theorem 2). If (3) or (4) holds, then (1) holds true because a subring of an M-Armendariz
ring is M-Armendariz.

(1) = (3). If R € Armyy, then R[x] € Armyp by ([30], Theorem 2). So R[(N, +)] €
Armz .y because R[x] = R[(N, +)]. It is well known that if R is M-Armendariz and N-
Armendariz, then R is M x N-Armendariz if and only if R[N] is M-Armendariz, if and
only if R[M] is N-Armendariz (see [12]). So R[(Z, +)] € Army;. Then Rlx,x~1] € Army
because R[x, x~1] = R[(Z, +)].

(1) = (4). LetR € Army,. Since M x M is also a cancellative, infinite, and torsion-free
Abelian monoid, we have Army; = Arm = Armp p by Theorem 1. Then R[M] € Arm,
because R € Armpiupr. O

Proposition 7 gives the following:

Corollary 3. Let R be a ring and M an Abelian monoid. If R is Armendariz and M-Armendariz,
then R[M] is Armendariz.

Proof. If M = {e}, then R[M] = R is Armendariz.
If M # {e}, then Army; = Arm by Theorem 2. As an immediate consequence of
Proposition 7, we have R[M] € Arm. O

Remark 2. Notice that the converse of Corollary 3 is not always true. On the one hand, it is true
when M = (N, +) is the additive Abelian monoid of nonnegative integers. On the other hand, it
is not true when M = ({1, —1}, x) is the multiplicative Abelian group of +1 and R = Z, is the
ring of integers modulo 2.

It was shown in ([15], Propositions 3.5 and 3.6) that if R is M-quasi-Armendariz and
quasi-Armendariz where M is an Abelian monoid with G(M) = {e}, then R[M] is quasi-
Armendariz and R[x] is M-quasi-Armendariz. Now, we have the following conclusion.

Proposition 8. Let R be a ring and M an Abelian monoid. If R is M-quasi-Armendariz, then R|x|
and R[M] are M-quasi-Armendariz.

Proof. If M = {e}, then QArm (e} coincides with the class of all rings, and the result is
trivially true.

If M # {e}, then M is cancellative and torsion-free by Propositions 1 and 3. Thus, M
is infinite and so QArmy; = QArm by Theorem 2. Hence R € QArm and so R[x] € QArm
by ([3], Theorem 3.16). Therefore, we have R[x] € QArm);. Next, we show that R[M] €
QArmy,. Suppose that

(@) (RIM])[x] (L ¥;2) =0,
! ]

where ®; = Y, a;,6p, ¥; = Y, bjgny € RIM] and &y, 7 € M. We will show that
®;R[M]¥; = 0 foralli and j. It is easy to see that there exists an isomorphism of rings

(R[M]) [x] = (R[x])[M]

Z(; aipgp)xi = ;(Z ”ipxi)gp-

i
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Thus, we have (¥, (¥; aipx )Cp)( [x])[M ](Zq(zj bjax)175) = 0. Since R[x] is M-quasi-
Armendariz, it follows that (2; a;,x") R [x] (¥ bjsx/) = 0. Thus, alpr]q =0foralli, j, pand
qsince R € QArmy C QArm. Now it easy to see that ®;R[M]|¥; = O foralliand j. [

Proposition 8 gives the following:

Corollary 4. Let R be a ring and M an Abelian monoid. If R is M-quasi-Armendariz and quasi-
Armendariz, then R[M)] is quasi-Armendariz and R[x] is M-quasi-Armendariz.

Proof. If M = {e}, then R[M] = R is quasi-Armendariz and QArm, coincides with the
class of all rings. If M # {e}, then QArmy; = QArm by Theorem 2. As an immediate
consequence of Proposition 8 we have R[M| € QArm and R[x| € QArmy. O

It was shown in ([17], Propositions 7) that if R is a semicommutative and weak M-
Armendariz where M is an Abelian and cancellative monoid such that G(M) = {e}, then
R[M] is weak Armendariz. Now, we have the following conclusion.

Proposition 9. Let M be an Abelian monoid. If R is semicommutative and weak M-Armendariz,
then R[M)] is weak M-Armendariz.

Proof. If M = {e}, then WArm,, coincides with the class of all rings, and the result is
trivially true.

If M # {e}, then M is cancellative and torsion-free by Propositions 1 and 3. Thus,
M is infinite and WArmp; = W Arm by Theorem 2. Next, we show that R{]M| € WArm.

Suppose that
(@) (L ¥j) =0,
i j

where ®; = Y0 a;p8p, ¥j = L1 bjpCp € R[M] and § € M. By the isomorphism of rings
in the proof of Proposmon 8, we have

n n )
(Z Z”sz p) (X (L bjpx))Ep) =0.
p=1 p=1 j

There are n elements r1, - - - , 1, in (N, 4) such that

$iCi, = gh gjz ifand only if r;, +1;, = i 7y,

for each iy,ip,j1,j2 € {1,--- ,n} by Lemma 3. Let

= i (deg( Zuwx + deg( Zb X))
p:

where the degree is as polynomials in x and the degree of the zero polynomial is taken to
be 0. Then

n n )
2 (U apa)xr, 3 (b )x'r € Rl
p:l i p=1 j

and the set of coefficients of the }; aipxi’s (resp., X b]-pxj ’s) equals the set of coefficients of
T (53 ) (resp, Ty (5 byl V). Since

ZZazp )&M) ZD’ #)xr) =0
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and R € WArm, we have each a;,bj; € N(R). From ([6], Lemma 3.1), ®;¥; € N(R)[M].
Thus, we have ®;¥; € N(R[M]) by ([17], Lemma 3). [

Example 4. Let us consider the additive Abelian group (Z, +) of integers. Obvious G((Z,+)) =
(Z,+) # {€}. If R is semicommutative and weak (Z,+)-Armendariz, then R[(Z,+)] is weak
(Z,+)-Armendariz by Proposition 9.

Proposition 9 gives the following:

Corollary 5. Let M be an Abelian monoid. If R is semicommutative and weak M-Armendariz,
then R[M] is weak Armendariz.

Proof. If M = {e}, then R[M] = R is weak Armendariz by ([6], Corollary 3.4).
If M # {e}, then WArmp C WArm by Proposition 4. As an immediate consequence
of Proposition 9 we have R[M] € WArm. [

Let M be any Abelian monoid that is both torsion-free and cancellative. By Lemma 3,
given a finite set of elements of M, their multiplication behaves in the same way as addition
does for a finite set of nonnegative integers. However, as in Example 3, we have 2 < 3
while r3 < ry. This further motivates our discussion of another choice for 7; in Theorem 3.
In the proof of Theorem 3, it will be convenient to use the following definition.

Definition 1. Let m be a positive integer. Assume that two Abelian monoids (M, <) and
(N, <n) admit a compatible strict total order, respectively. Two n-tuples (&1, -+ ,&n) € M" and
(m, -+ ,mn) € N" are in the same order of degree m if for each (i1, - ,in), (j1, -+ ,ju) € N"
withiy + -+ - +iy = j1 + - - - + ju < m, all the following three conditions hold:

Lo &G <m @& ifandonly if gy <n oy -

2. 111 A 21 — ér]ll gﬁ;z ?fﬂnd only Zfﬂil . 17;{1 — 17{1 . 77;17[; |

3. & Tw >mE - Gn ifandonly if it -t >Ny

Example 5. Let (Z*,-) and (N, +) be Abelian monoids with the usual ordering.

Two 3-tuples (1, 2, 3) € (Z*)3 and (0, 7, 11) € N> are in the same order of degree 10.
However, they are not in the same order of degree 11, as

2 14 .37 while 11 x7=4x0+7 x 11.

Two 4-tuples (1, 2, 3, 4) € (Z*)* and (0, 7, 11, 14) € N* are in the same order of degree 6.
Howeuver, they are not in the same order of degree 7, as

2145 « 37 while1 x 7+5x 14 =7 x 11.

Two 5-tuples (1, 2, 3, 4, 5) € (Z1)° and (0, 7, 11, 14, 16) € N° are in the same order of
degree 2. However, they are not in the same order of degree 3, as

2-3-4<1-5-5while7+11+14 =0416+16.

Theorem 3. Assume that the Abelian monoid (M, <) admits a compatible strict total order. Let

(&1,--,8n) € M". For each positive integer m, there are n elements r1,--- ,ry in (N,+)
such that (&1, -+ ,&n) € M"and (r1,- -+ ,rn) € N" are in the same order of degree m.
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Proof. Let n > 2. It suffices to assume that §; < --- < ¢,. Choose a positive integer m.

By induction hypothesis, there exists (ry,- -+ ,7,_1) € N*~! such that (&1, -+ ,&,_1) and

(ry,---,ry—1) are in the same order of degree m’ (in Case 1 it suffices to take m’ = 2m?).
Case 1. There exists an equality

AR ff:ffjlll---f,‘{;”withi1+---+in:j1+-~~+jngm )

such that i, #jy,.
Without loss of generality, we may assume that i, > j,. By replacing each r; with m!-r;,
we can assume that all the integers r1, - - - ,r,_1 are divisible by m!. We define

T =

(it jpe1teer — (o ige1rat)). )

In—In

Since i, - j,? < m‘an'd each r; is divisible by m!, it follows that r, is an integer. Further-
more, since (_fll” I < @It follows from (1) that

i in—1 in jl jnfl jn
1 Gl <& Gd
and since (r1,--- ,r,—1) and (&, - - ,&,_1) are in the same order of degree m’, we obtain
iry 4 tigatp—1 +igtt < i1+t jp-1rn—1 + jut1
It follows from (2) that (i, — ju)r1 < (in — jn)r» and thus r{ < r,,, which shows that r,,

is a positive integer.
Now, let us consider any expression

il""ﬁz"*‘sil”' b withs) + -4+ sp=H+-+t, <m 3)
such that s, > t,, where x € {<, =, >}. We show that
S171 + -+ -+ Sprp x vy + - - - + tyry. 4)
It follows from (1) and (3) that
(@ G @ )T @ )T )
and since (r1,- - ,r,—1) and (&1, - - ,&,—1) are in the same order of degree m’, we obtain

(Sn - tn)(jlrl + - +]'n717’n71) + (i'rl _jn)(slrl +- Sn,ﬂ’n,l)
*(sn —tn)(irr1 4+ Fip1rp1) + (i — ju) (bir1 + -+ b 1rp1).

Hence

((Sn - tn)(ilrl + ity + inrn) +(in _jn)(slrl + -+ Sn—lrn—l))
*((sn —tu)(i1r1 + - Fig_17n—1) + (Sn — tu)jntn + (in — ju)(lir1 +- - -+ t_179—1))

by (2). Then (4) holds.
Case 2: The following three conditions are established simultaneously.

o Eachequationg?u- ;”:g{l-..g{;”withi1+~~~+in:j1+---+jn§mhasin:jn;
-/ ./ i -/
*  Each inequality ¢ -+~ & < &' & with i, + -+, = ji +--- +j, < m has
il <j;/1;

n =
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e Each inequality Cl gl gh - & with 4+ =+
1
ln — ]}’l

-+ ji < m has

Without loss of generality, we may assume these inequalities can be reduced to

. ; -
(’7!1111“ (';rln 1 <C}11“.§]1,n11 51,

‘31121" 6:12”11 < 5]121_ Jon-1

nl”

i fn-1 Jin-1
111”671 <(’;’]ll. ‘;:nl n,

where 0 < py,p2,- -+, p; < m. Multiplying the appropriate power of the inequalities in (5)
by some of ¢1,- - - ,G,—1, we have

i1 i141,n-1 Ji+11 ]I+1n 1 P1+1
R e A A TR s

with the unified right side, where p; 1 is the lowest common multiple of py, - - - , p;. Let
i12,1 i4on-1
g=g/m g

be the maximum amount of these &, flann gl Thereis r, € Z* sufficiently large to

make the inequality

g1+t n—1rn—1 < ji+117M + T+ it n—1"n—1 1 Pi1’n

true. Since (rq, - - -

,tn—1) and (&, -+ ,{,—1) are in the same order of degree m’, we have

ipar + - F 11 < Jlera71 + - Jien-1n-1 + Prgara
by the maximality of . Then, we have the following inequalities

innr1 + ot ip—1re—1 <juti -+ jia—1ta—1+ P1ta,

11+ iy p_1tp—1 < o171+ F jou—1"n—1+ P2ru,

(6)

inr1+- g1t <jnri+-+jia—1rn-1+ pira-

Case 3: The following three conditions are established simultaneously.

. Eachequationéi1 N §]1 @ with iy 4 -+ iy =j1+ - +jn <mhasiy, = ju;
*  There exist inequalitles

1111 .. lln < g]ll - é’{/lln

such that i1y + - + iy, = ji1 + -+ j1, <mand iy, < jiu;
*  There exist inequalities

g]fl é’]Zn < é’k21 . é’fZZn
such that jo1 4+ o = koi+---+ky, <m anden > koy.

As in Case 2, we may assume that those inequalities can be rewritten as

6131 X 613}1 1 < 6]31 . C]Sn 1(:71 (7)

al’ld
A3 ]‘37[ 1 k3 k3 VI 1
é]] b é 1 Yl < é . é (8)
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with the unified item (3’431 e fo;l P where 0 < p < m. Lety = {;’341 . -Ciff{l be the
maximum value of the left side of (7) and { = Cll(“ . (';Z“ff !

side of (8). By the density of rational numbers, there is a rational number r,, satisfying the

the minimum value of the right
following inequality
g+ Fignarp—1 < jsr ot jaa-1ru—1+ pra <kari+ -+ Kkapo1rn-a
Since ({1, ,¢y—1) and (r1,- -+ ,r,—1) are in the same order of degree m’, we have
ity + - Fizp-1rn—1 < jair1+ -+ j3u-1Tn—1+ Pru )

and
3+ 3 a—1rn—1 + pra < ksiri+ -+ k3p_1rn—1, (10)

by the maximality of 7 and the minimality of {, respectively. Choose a positive integer A
such that Ar,, is an integer. By replacing each r; with Ar; for alli € {1,--- ,n}, we still have
(9) and (10). O

The value of r; can be calculated using various methods (detailed discussion can be
found in Appendix A).

4. Conclusions

In this paper, we explore the necessary and sufficient conditions under which the
class of all Armendariz-like rings, relative to an Abelian monoid M, coincides with the
class of all Armendariz-like rings. We have shown that M-Armendariz-like rings are,
indeed, Armendariz-like rings for any nontrivial Abelian monoid M. We have established
a connection between a cancellative, torsion-free Abelian monoid M and the monoid of
nonnegative integers under addition. We provide a partial affirmative resolution to an open
question posed by Liu in 2005. All monoids considered in this paper have been assumed to
be commutative but some of the results in this paper are meaningful for noncommutative
monoids. For instance, we have that Propositions 1 and 2 hold for noncommutative monoid
when f§ # QArm. In addition to these classes of Armendariz-like rings relative to a monoid
mentioned above, many papers further propose the study of rings with an analog of the
Armendariz condition defined concerning power series rings where the Lemma 3 seems to
not be generalizable to infinitely many elements.
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Appendix A

The existence of r; is guaranteed by Theorem 3. The value of r; can be calculated
in three methods: linear programming, curve straightening, and traversal algorithm. To
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illustrate these, we consider Example 3 again. Let (Z",-) and (N, +) be Abelian monoids
with the usual ordering.

Before presenting Method 1, let us first describe a graph that is helpful for our dis-
cussion. For the convenience of judging whether two tuples are in the same order of
some degree, we can use the multiplication table of them. Take {1,2,3,4} C (Z",-) and
{1,4,6,7} C (N,+) for example. The multiplication tables of them are illustrated in
Figures Al and A2.

3
3
6
9 12
12 16

AW N PR

2
2
4
6
8

A WO DN B

Figure A1. The multiplication table of {1,2,3,4} C (Z™,-).

+/1 4 6 7
112 5 7 8
4|5 8 10 11
6|7 10 12 13
718 11 13 14

Figure A2. The multiplication table of {1,4,6,7} C (N, +).

We connect the equal values in the tables of Figures Al and A2 with curves. If a
value is unique, then draw a curve passing through it (see Figures A3 and A4). Because
Figures A3 and A4 are the same at any curves, they are in the same order of degree 2. It is
easy to see that they are in the same order of degree 2 if and only if the curves in Figures A3
and A4 are the same.

1 2 3
1|42 -3
2|2/4 6 _-8
313/ 6/9 12
4,4 8 12 1o

Figure A3. The multiplication table of {1,2,3,4} C (Z™,-) with curves.

+/1 4 6 7
1|25 -7 -8
4 \5/,8 1011
6|7/ 10/¥2 13
718 11 13 ¥4

Figure A4. The multiplication table of {1,4,6,7} C (N, +) with curves.

Since we are in order monoids, the column and row headers of the tables can always
be arranged from small to large. Select different values in Figures Al and A2 to form
the column headers of Figures A5 and A6, respectively. We now have the following two
multiplication tables.
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1 2 3 4 6 8 9 1216

1 12 _A16
//

2 g 4732
3 4 247 27 /36 48
4 1/ 24 /327 36 48 64

Figure A5. The multiplication table of degree 3 of {1,2,3,4} C (Z™, ) with curves.

+(2 5 7 8 10 11 12 13 14

4 _A45

16 17 18

18 19 20

19 /17 18 190 20 21

Figure A6. The multiplication table of degree 3 of {1,4,6,7} C (N, +) with curves.

Because Figures A5 and A6 are different at some curves, they are not in the same order
of degree 3.

Method 1: Assume that two 4-tuples (1,2,3,4) € (Z*)* and (x1, x2, x3,x4) € N* are
the same order of degree 2. By Definition 1, we derive the equations that (x1, X2, X3, x4) € N4
needs to satisfy based on the types of equations that (1,2,3,4) € (Z")* can generate. By
simplifying the equations satisfied by (x1, x2, x3,%4) € N*, we transform the search for x;
into the following LP problem:

min x;+x2 + X3+ x4
s.t. x1 < xp,
Xy < X3,
x3 < X4,
2xp = X1 + X4,
Xy + x4 < 2x3,
x; >0, x; € N,

The optimal solution is (x1, xp, x3,x4) = (0,3,5,6). Because Figures A3 and A7 are
same at any curves, we have (1,2,3,4) € (Z+)4 and (0,3,5,6) € N* are in the same order
of degree 2. Generally, the LP problem obtained in this way has feasible solutions by
Theorem 3.

Method 2: If we let the column and row headers in Figure A7 grow continuously from
0, these curves in Figure A7 will be straightened in Figure AS.

+/o 3 5 6
0|(f 3 -5-6
3|3/ 8 9
5|5/ d,

6l6 9 11 ¥

Figure A7. The multiplication table of {0,3,5,6} C (N, +) with curves.
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Figure A8. The multiplication table of {0,3,5,6} C (N, +) with straight lines.

replace the values in the multiplication table with e (see Figure A9).

+/01 23 4586
0|9 3 5 56
1 ; ,
5 ;

3|3 5" 8 9
B ; /
5|57 8 /1011
66 9 7T1iw

Enlightened by this, we can find r; right on the graph. To take the graph seriously, we

1

2

3

4

B W NP

F 1

/&

]

Figure A9. The graph of {1,2,3,4} C (Z™, -) with curves.

+]0 1 rg
o s
7/
7/
7/
/ /
1 o P 0
/ /
4 7/ ’
3 o of p

Figure A10. The graph we need.

If r; = 0 and 7, = 1, then two 2-tuples (1,2) € (Z*)? and (0,1) € N? are in the same
order of degree 2. If there is r3 € N such that (1,2,3) € (Z*)? and (0,1,73) € N3 are in the
same order of degree 2, then we need to have a graph like Figure A10 (where we denote
the values relative to r3 by o and the curves relative to o by dashed lines). Although this
is impossible in N, there is a solution in Q. (1,2,3) € (Z*)3 and (0,1,1.5) € (Q*)° are
in the same order of degree 2 (see Figure A11), where (Q*, +) is the additive monoid of
nonnegative rational numbers with the usual ordering.

0 1 15

Figure A11. The graph of (0,1,1.5) € (Q*,+).

N

w

Figure A12. The graph of {0,2,3} C (N, +).
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If we straighten the curves in the multiplication table of {0, 2, 3} C (N, +), then we
have Figure A12. Because multiplying by a positive integer does not change the order
between two rational numbers, we have (1,2,3) € (Z*)3 and (0,2,3) € N3 are in the
same order of degree 2. If two 4-tuples (1,2,3,4) € (Z+)4 and (0,2,3,x4) € N* are in
the same order of degree 2, then2 x 2 =1 x4 ifand only if 2 +2 = 0+ x4. So x4 = 4.
However, (1,2,3,4) € (Z+)4 and (0,2,3,4) € N* are not in the same order of degree 2 (see
Figure A13).

+/0 2 3 4
0|g 2 _3 4
2|2/4 5 &
) Vs
3/3/5 6.7
/7
414 & 7 8

Figure A13. The multiplication table of {0,2,3,4} C (N, +) with curves.

The reason for this is that the degree of the same order between (1,2,3) € (Z*)% and
(0,2,3) € N3 is not large enough. In fact, (1,2,3) € (Z*)% and (0,2,3) € N are not in the
same order of degree 3, as 2> < 3-1-3 while 2 +2 +2 = 3 4 0+ 3. We go back to the case
of 2-tuple and replace (r1,72) € N? with (0,3). This gives us a chance to choose a better
value for r3. In fact, if 73 = 5, then (1,2,3) € (Z*)3 and (0,3,5) € N3 are in the same order
of degree 4. We can check this by the multiplication tables in Figures A14 and A15.

1234 6 89 12 18 27

1 | ¥ / 4 9 2 18 P
2 |2 // B//L%’ 3677 54
3 |3 2 18 24 27 36 54 81

Figure A14. The multiplication table of degree 4 of {1,2,3} C (Z™,-) with curves.

+ 0356 8 9 10 11 13 15
0 /9356 8 910 11 13 s
3 WG/// 18
5 10 11 13 1 5 16 18 20

Figure A15. The multiplication table of degree 4 of {0,3,5} C (N, +) with curves.

Since rp + 1, = r1 + 14, we have ry = 6. Because Figures A3 and A7 are same at any
curves, we have (1,2,3,4) € (Z*)*and (0,3,5,6) € N* are in the same order of degree 2.
Figures A3-AS8, the whole process is like straightening the curves.

Method 3: We can search in the subset {(x1, x2, x3,x4) € N*|xy = 2x, — x1} of N* by
traversal algorithm. Then we have that (1,2,3,4) € (Z*)4 and (0,3,5,6) € N* are in the
same order of degree 2. When the data are large, Method 3 is more effective. For example,
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we have that (1,2,---,10) € (Z*)'% and (0, 41, 65,82,95,106,115,123,130,136) € NV are
in the same order of degree 2 (see Figures A16 and A17) by traversal algorithm.

y
24
34
44
54
64
74
84

94

Figure A16. The graph of {1,2,---,10} C (Z™,-).

i

20

40,

60

120

0 20 40 60 80 100 120

Figure A17. The graph of {0,41, 65,82,95,106,115,123,130,136} C (N, +).



Mathematics 2025, 13, 874 22 of 22

References

1.

O XN o U

11.
12.
13.
14.
15.
16.
17.
18.

19.

20.
21.
22.

23.

24.
25.

26.
27.
28.
29.
30.

Rege, M.B.; Chhawchharia, S. Armendariz rings. Proc. Jpn. Acad. 1997, 73, 14-17. [CrossRef]

Armendariz, E.P. A note on extensions of Baer and P.P.-rings. J. Aust. Math. Soc. 1974, 18, 470-473. [CrossRef]

Hirano, Y. On annihilator ideals of a polynomial ring over a noncommutative ring. J. Pure Appl. Algebra 2002, 168, 45-52.
[CrossRef]

Hong, C.Y,; Kim, N.K.; Kwak, T.K. On Skew Armendariz Rings. Commun. Algebra 2003, 31, 103-122. [CrossRef]

Moussavi, A.; Hashemi, E. On (&, §)-skew Armendariz rings. J. Korean Math. Soc. 2005, 42, 353-363. [CrossRef]

Liu, Z.-K.; Zhao, R.-Y. On Weak Armendariz Rings. Commun. Algebra 2006, 34, 2607-2616. [CrossRef]

Huh, C; Lee, C.I,; Park, K.S.; Ryu, S.J. On IT-Armendariz rings. Bull. Korean Math. Soc. 2007, 44, 641-649. [CrossRef]

Antoine, R. Nilpotent elements and Armendariz rings. J. Algebra 2008, 319, 3128-3140. [CrossRef]

Alhevaz, A.; Moussavi, A. On monoid rings over nil Armendariz ring. Commun. Algebra 2014, 42, 1-21. [CrossRef]

Jung, D.W.; Kim, N.K; Lee, Y.; Yang, S.P. Nil-Armendariz rings and upper nilradicals. Int. ]. Algebra Comput. 2012, 22, 1250059.
[CrossRef]

Han, J.; Kim, HK; Lee, Y. Armendariz property over prime radicals. ]. Korean Math. Soc. 2013, 50, 973-989. [CrossRef]

Liu, Z.-K. Armendariz rings relative to a monoid. Commun. Algebra 2005, 33, 649—-661. [CrossRef]

Hashemi, E. Some examples of quasi-Armendariz rings. Bull. Korean Math. Soc. 2007, 44, 407-414. [CrossRef]

Hashemi, E. Quasi-Armendariz rings relative to a monoid. J. Pure Appl. Algebra 2007, 211, 374-382. [CrossRef]

Liu, Z.-K.; Zhang, W.-H. Quasi-Armendariz rings relative to a monoid. Commun. Algebra 2008, 36, 928-947. [CrossRef]

Habibi, M.; Manaviyat, R. A generalization of nil-Armendariz rings. J. Algebra Appl. 2013, 12, 1350001. [CrossRef]

Zhang, C.-P; Chen, J.-L. Weak M-Armendariz rings. J. Southeast Univ. (Engl. Ed.) 2009, 25, 142-146. [CrossRef]

Ouyang, L.-Q.; Liu, J.-W. On a generalization of the m-Armendariz condition. Int. Math. Forum 2011, 6, 3349-3356.
https:/ /www.semanticscholar.org/paper/On-a-Generalization-of-the-

Habibi, M.; Moussavi, A. Nilpotent elements and nil-Armendariz property of monoid rings. J. Algebra Appl. 2012, 11, 1250080.
[CrossRef]

Hashemi, E. Nil-Armendariz rings relative to a monoid. Mediterr. ]. Math. 2013, 10, 111-121. [CrossRef]

Ouyang, L.-Q.; Liu, J.-W. Nil-Armendariz rings relative to a monoid. Arab. J. Math. 2013, 2, 81-90. [CrossRef]

Alhevaz, A.; Hashemi, E.; Ziembowski, M. Nilradicals of the unique product monoid rings. J. Algebra Appl. 2017, 16, 1750133.
[CrossRef]

Marks, G.; Mazurek, R.; Ziembowski, M. A unified approach to various generalizations of Armendariz rings. Bull. Aust. Math.
Soc. 2010, 81, 361-397. [CrossRef]

Paykan, K.; Moussavi, A. Quasi-Armendariz generalized power series rings. J. Algebra Appl. 2016, 15, 1650086. [CrossRef]
Mazurek, R.; Ziembowski, M. On a characterization of distributive rings via saturations and its applications to Armendariz and
Gaussian rings. Rev. Mat. Iberoam. 2014, 30, 1073-1088. [CrossRef]

Lam, T.Y. A First Course in Noncommutative Rings; Springer: New York, NY, USA, 1991.

He, J.-W.; Guo, L.-Q. Armendariz rings and a-skew Armendariz rings. Basic Sci. |. Text. Univ. 2010, 23, 4-6. [CrossRef]

Gilmer, R. Commutative Semigroup Rings; The University of Chicago Press: Chicago, IL, USA, 1984.

Wang, Y.; Jiang, M.-M.; Ren, Y.-L. t-Armendariz rings relative to a monoid. Front. Math. China 2016, 11, 1017-1036. [CrossRef]
Anderson, D.D.; Camillo, V. Armendariz rings and Gaussian rings. Commun. Algebra 1998, 26, 2265-2272. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.3792/pjaa.73.14
http://dx.doi.org/10.1017/S1446788700029190
http://dx.doi.org/10.1016/S0022-4049(01)00053-6
http://dx.doi.org/10.1081/AGB-120016752
http://dx.doi.org/10.4134/JKMS.2005.42.2.353
http://dx.doi.org/10.1080/00927870600651398
http://dx.doi.org/10.4134/BKMS.2007.44.4.641
http://dx.doi.org/10.1016/j.jalgebra.2008.01.019
http://dx.doi.org/10.1080/00927872.2012.657382
http://dx.doi.org/10.1142/S0218196712500592
http://dx.doi.org/10.4134/JKMS.2013.50.5.973
http://dx.doi.org/10.1081/AGB-200049869
http://dx.doi.org/10.4134/BKMS.2007.44.3.407
http://dx.doi.org/10.1016/j.jpaa.2007.01.018
http://dx.doi.org/10.1080/00927870701776698
http://dx.doi.org/10.1142/S0219498813500011
http://dx.doi.org/10.3969/j.issn.1003-7985.2009.01.030
http://dx.doi.org/10.1142/S0219498812500806
http://dx.doi.org/10.1007/s00009-012-0202-8
http://dx.doi.org/10.1007/s40065-012-0040-3
http://dx.doi.org/10.1142/S021949881750133X
http://dx.doi.org/10.1017/S0004972709001178
http://dx.doi.org/10.1142/S0219498816500869
http://dx.doi.org/10.4171/rmi/807
http://dx.doi.org/10.13338/j.issn.1006-8341.2010.01.008
http://dx.doi.org/10.1007/s11464-016-0561-8
http://dx.doi.org/10.1080/00927879808826274

	Introduction
	Classifications of These Classes
	Applications
	Conclusions
	AppendixA
	References

