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Abstract: When collecting data using ERT2D (2D electrical resistivity tomography) and
TDIPT2D (2D time domain-induced polarization), different phenomena can occur, which
can cause natural or anthropogenic noise, contaminating the data and making its process-
ing, analysis, and interpretation difficult. Different techniques have been developed to
eliminate or reduce these effects on the data, such as noise filtering or the development of
new techniques to improve data collection in the field. In the present work, an iterative,
weighted, least-squares filter was employed after voltage normalization using current and
geometrical factor correction on data collected in rough topographic terrains. The selected
filter basis function should be able to represent the natural behavior of the function to be
filtered. Stationary or variable voltages in electrical prospecting decay with the inverse
of the distance, which can be represented by an expansion in Legendre polynomials. On
the other hand, uneven spacing of the electrodes leads to using the incorrect geometric
factor, resulting in an error in the calculation of the electrical anomaly. The efficiency of
the proposed technique was analyzed and tested with field examples using different filters
and by comparing applying and not applying the proposed correction factor. The results
indicated low RMS and L2-Norm errors, and better definition of the inverted resistivity
image was obtained. For the TDIP data, a better correspondence between the inverted
images of resistivity and chargeability was obtained.

Keywords: smoothing filter; Legendre polynomials; ERT2D; TDIP2D; topographical effects;
improving inversion

MSC: 86A20

1. Introduction
In recent years, 2D electrical resistivity tomography (ERT2D) and time domain-induced

polarization (TDIP2D) have been proven to be efficient methods for addressing problems
in near-surface geophysics. These methods have been particularly useful in civil and

Mathematics 2025, 13, 866 https://doi.org/10.3390/math13050866

https://doi.org/10.3390/math13050866
https://doi.org/10.3390/math13050866
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-0537-4605
https://doi.org/10.3390/math13050866
http://www.mdpi.com/2227-7390/13/5/866?type=check_update&version=2


Mathematics 2025, 13, 866 2 of 23

geotechnical engineering [1,2], archeology [3], hydrogeophysics [4], and studying soil
contamination [5], fracture flow paths [6], and dynamic processes such as water movement
in vadose zones [7]. They have also been used to study steam injection [8], air spray [9],
and contaminant transport [10], and in emerging areas such as agriculture [11] and forensic
research [12,13].

Despite their widespread application, ERT2D and TDIP2D are often affected by noise,
particularly in urban or contaminated areas, such as those polluted with hydrocarbons. In
many cases, significant amounts of noisy data must be discarded to improve the inversion
models, which can reduce the resolution. Therefore, it is essential to develop new data
collection techniques and efficient filters to minimize or remove random noise to allow the
computation inversion process to produce more accurate and reliable inversion models.

Noise in ERT data can lead to inaccurate inversion results or artifacts in the models [14].
This noise can be categorized as either systematic or random. Systematic noise includes
electrode noise [15,16], cultural or anthropogenic noise [17], and noise introduced by low-
pass filters in TDIP instruments, which affects early-time decay measurements [18], and
from inductive coupling [19]. Although systematic noise is not the focus of this study,
it is important to mention that it can be mitigated through improved data acquisition
procedures, such as nighttime measurements, techniques to reduce contact resistance noise,
and the development of new electrode arrays for specific objectives as second potential-
difference measurements [20,21].

Random noise (RN) is the subject of this study. Traditionally, RN in ERT surveys
has been addressed using smoothing filters [22], sliding or median averages [23], and de-
spiking filters. Smoothing filters, such as least-squares filters, have been widely used with
polynomial functions [17,24,25] or other methods [26] to reduce the effects of near-surface
inhomogeneities that distort apparent resistivity pseudo-sections. However, these studies
did not explore alternative basis functions for the polynomials, which this work does.

Other approaches to reduce RN include filters based on direct and reciprocal measure-
ments [27] and wavelet-based filters, which were applied to well-log [28], DC resistivity [29],
and TDIP data [30].

For geophysicists working in the frequency domain, it is known that there is limited
literature on filtering time domain IP2D data due to the limited amount of discrete data
available. Filtering TDIP frequency data depends on the equipment’s capabilities and the
number of samples it can acquire. It also requires a regular lattice in both the horizontal
and vertical directions. More recently, full-waveform acquisition has been explored for
noise suppression in TDIP data [17,31], which also requires smoothing and low-pass filters.

Wavelet and frequency filter processes have demonstrated good results; however, their
application requires experience, time, and careful evaluation to decide where to cut signals.

Although other inversion methods have been developed, the most widely used ERT2D
inversion approach remains the least-squares method. This method requires topographical
corrections to reduce false anomalies. Additionally, smoothed data are needed to reduce
root-mean-square (RMS) errors and to ensure that the data converge well during modeling
(L2-Norm < 1.0%). In practice, geometrical factor errors often arise due to inaccurate
electrode spacing. Furthermore, an irregular topography can alter anomalies, as some
software transforms topography into a flat plane before inversion rather than considering
inversion with the terrain profile. Finally, field voltages are measured using different DC
current values injected into the subsoil. Even though these voltages are normalized by their
corresponding current during inversion, errors can occur because the entire dataset is not
standardized under the same current.

In TDIP, chargeability is generally not filtered, as it is considered a normalized parame-
ter [32]. However, during the inversion process, the inverted chargeability model is derived
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from the inverted conductivity model [33]. Thus, any normalization correction or filtering
applied to the resistivity or conductivity data will inherently affect the chargeability.

This study aimed to develop improved smoothing filters for practitioners who fre-
quently use ERT2D and TDIP and require enhanced signal clarity and reduced processing
times. The proposed method involves three steps: voltage normalization, geometrical
factor corrections, and an adaptive least-squares filter based on a fourth-degree Legendre
polynomial (LSFLP) and a seven-sample window. This filter effectively removes random
noise under the condition of equal sampling intervals and can be applied to resistivity and
chargeability data.

The LSFLP can be applied independently, but when combined with voltage normal-
ization and geometrical factor corrections, the resulting inversion models display better-
defined anomalies without requiring increased smoothing or damping factors to reduce
RMS and L2-Norm errors to below 1.0%.

Unfiltered data and data filtered using the LSFLP, a three-point moving average filter
(MA), and a least-squares polynomial filter (Savitzky–Golay filter) were compared to test
the performance of voltage normalization, geometrical factor corrections, and the different
filters on two different ERT2D field datasets. The results highlight the improvements in
identifying small resistivity and chargeability anomalies using the LSFLP.

2. Materials and Methods
The main issue is obtaining a numerical filter that is capable of eliminating or attenuat-

ing the effects of RN without altering or modifying the true pattern of the data. In this study,
we designed a least-squares weighted filter (LSF) [34] with Legendre polynomials as the
basis function (LSFLP) to process the data and compared it with other well-known filtering
processes: a three-point moving average filter (MA) and Savitzky–Golay filter (Python
library SciPy; modules scipy.signal and savgol-filter, using the same x, window_length,
and polyorder as the LSFLP, which were iteratively applied 3 times). These three filtering
methods were applied to each ERT2D and TDIP2D dataset level by level.

2.1. Smoothing Filter

An iterative least-squares smoothing method can be applied to efficiently smooth the
original data. Such a filter (F in Equation (1)) can be defined by a Legendre polynomial
function of the 4th degree, employing a window of 7 samples, and normalized by a rank of
[−1, 1] (LSFLP).

F =
i=3

∑
i=−3

l=4

∑
l=0

al,iPl

(
i
3

)
. (1)

where Pl

(
i
3

)
are Legendre polynomials and al,i are polynomial coefficients.

An LSF considers equally spaced samples and the smoothed filtered sample sj is
computed using Equation (2), written as follows:

sj =
i=3

∑
i=−3

yj+i

l=4

∑
l=0

al,iPl

(
i
3

)
. (2)

where j = 4, 5, 6, · · · , N − 3, where N is the number of data points to be filtered.
However, interpolation can be carried out to avoid losing the first and last three data

points using Equation (3), written as follows:

s3−k = ∑i=3
i=−3 y4+i∑l=4

l=0 al,iPl(i/3), (3a)
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sN−k = ∑i=3
i=−3 yN−3+i∑l=4

l=0 al,iPl(i/3).
k = 2, 1, 0.

(3b)

The sum of the coefficients (Equation (4)) must be equal to one.

i=3

∑
i=−3

l=4

∑
l=0

al,i = 1. (4)

Figure 1 depicts the application of the filter to a noisy voltage signal from the archaeo-
logical zone of Mitla.
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of coefficients, a data point Pl is obtained (C). The filter window moves from the first to the nth data
point. The calculation of sj will depend on the zone it is in (E).

2.2. Coefficient Calculation

From Equation (1), it follows that the coefficients al,i have 7 values, one for each value
of the 7-sample window. However, the solution of the equations to find the coefficients will
be considered as a single value of al,i to make the writing more concise. At the end, when
the equations have been established, how each value for al,i was deduced will be explained.
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− 3

3
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− 3

3
)
+ a4P4
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)
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)
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( 0
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( 0
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)
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( 0
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)
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(
+ 1

3

)
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)
+ a2P2

(
+ 1

3

)
+ a3P3

(
+ 1

3

)
+ a4P4

(
+ 1

3

)
= 1

a0P0
(
+ 2

3
)
+ a1P1

(
+ 2

3
)
+ a2P2

(
+ 2

3
)
+ a3P3

(
+ 2
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)
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3
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+ 1

3
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Equation (5) is written in matrix notation as Pa = I (Equation (6)), where P is a
7-row × 5-column matrix, a is a 5-row × 1-column matrix, and I is a 7-row × 1-column
unitary matrix.

P0
(
− 3

3
)

P1
(
− 3

3
)

P2
(
− 3

3
)

P3
(
− 3

3
)

P4
(
− 3

3
)

P0
(
− 2

3
)

P1
(
− 2

3
)

P2
(
− 2

3
)

P3
(
− 2

3
)

P4
(
− 2

3
)

P0

(
− 1

3

)
P1

(
− 1

3

)
P2

(
− 1

3

)
P3

(
− 1

3

)
P4

(
− 1

3

)
P0
( 0

3
)

P1
( 0

3
)

P2
( 0

3
)

P3
( 0

3
)

P4
( 0

3
)

P0

(
+ 1

3

)
P1

(
+ 1

3

)
P2

(
+ 1

3

)
P3

(
+ 1

3

)
P4

(
+ 1

3

)
P0
(
+ 2

3
)

P1
(
+ 2

3
)

P2
(
+ 2

3
)

P3
(
+ 2

3
)

P4
(
+ 2

3
)

P0
(
+ 3

3
)

P1
(
+ 3

3
)

P2
(
+ 3

3
)

P3
(
+ 3

3
)

P4
(
+ 3

3
)




a0

a1

a2

a3

a4

 =



1
1
1
1
1
1
1


. (6)

Equation (6) is solved using weighted least squares; the normal equations can be
expressed as follows:

PTWPa = PTWI, (7)

where PT is the transpose matrix of P and W is the weighted matrix. The elements of the
square matrix PTWP (5 × 5) can be expressed as Equation (8), written as follows:

i=3

∑
i=−3

Pl(
i
3
)Pk(

i
3
)Wi. (8)

where row l = 0, 1, 2, 3, 4 and column k = 0, 1, 2, 3, 4. The elements of PTW (5 × 1 vector)
can be written as follows:

∑i=3
i=−3 Pl(

i
3
)Wi, (9)

In an LSFLP, each element al,i (coefficients of Legendre polynomials) is determinate for
each sample. For example, to calculate the value of al,−3 (in sample i = −3), the equations
to be solved can be expressed using Equations (7) and (9):

PTWP


ao,−3

a1,−3

a2,−3

a3,−3

a4,−3

 =


W−3P0(−1)
W−3P1(−1)
W−3P2(−1)
W−3P3(−1)
W−3P4(−1)

. (10)

To calculate the other values of al,i, only the value of i in Equation (10) is changed.
From Equation (10), vector al,i is a matrix (A) with 5 rows and 7 columns, which can be
expressed as shown in Equation (11).

A(5, 7) =


a0,−3 a0,−2 . . . a0,0 . . . a0,+2 a0,+3

a1,−3 a1,−2 . . . a1,0 . . . a1,+2 a1,+3

a2,−3 a2,−2 . . . a2,0 . . . a2,+2 a2,+3

a3,−3 a3,−2 . . . a3,0 . . . a3,+2 a3,+3

a4,−3 a4,−2 . . . a4,0 . . . a4,+2 a4,+3

. (11)

If Equation (11) is known, then we can interpolate the first three and last three data
points of the function being filtered by applying Equation (3). We can also say that the
coefficient value represents a weighted value for the contribution of each sample.

Figure 2 shows a flux diagram describing the filtering process. Through trial and error,
it was found that the first iteration still presented values with RN. In the second iteration,
the RN decreased, but with a third, the relative error became very low and convergent.
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2.3. Error and Weighted W Functions

In a traditional LSF, the coefficients remain constant; however, the LSFLP was designed
as a least-mean-squares adaptive filter algorithm, which can be summarized as a two-step
procedure to smooth ERT data [35]:

• Filtering process: An input signal produces a computing output response from a linear
filter, and an estimation error is generated by comparing this output to a desired or
reference signal.

• Adaptive process: This process involves the automatic adjustment of the parameters
of the filter in accordance with the error estimation.

The coefficients are updated in each iteration to decrease the error of a reference signal
(rj), which is considered a freed signal of noise and the output signal (sj) (Figure 3).
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)
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e∗j = rj − sj. (12)

The function error of Equation (12) is not adequate for electrical prospecting because
the reference signal is free of noise or it is a known signal. Our reference signal is the same
as the input signal; thus, it is also contaminated with noise. The question now is how
to update the coefficients; the answer is that it can be solved by treating the LSFLP as a
weighted least-squares filter. Thus, a better definition for the function error when both
functions are contaminated with noise can be defined [22], written as follows:

ej =
e∗j√

2
=

rj − sj√
2

, (13)

where the error is presented as the distance from the intersection point of e∗j and sj, which
is projected onto a line at a forty-five-degree angle (Figure 2). If this projected point is lower
than the horizontal axis, it would be

rj+sj
2 (Figure 2). Based on Equations (12) and (13), a

relative error function Rej can be estimated to better deal with the error (Equation (14)).

Rej =
√

2

(
rj − sj

rj + sj

)
. (14)

The elements of the weighted function W are defined as the inverse of the relative
error function, written as follows:

Wj = abs

(
1

Rej

)
=

1√
2

abs

(
rj − sj

rj + sj

)
. (15)

2.4. Proposed Smoothing Process and Correction Factor

The proposed smoothing process consists of correcting the stationary and transient
voltages using a correction factor that eliminates or reduces the effects of unequal electrode
spacing and unequal injected currents, such that the voltages collected in the field are only
contaminated by systematic and random noise. Once the voltages are corrected, they are
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filtered, and the new resistance, apparent resistivity, and chargeability are calculated. The
new recalculated parameters are considered corrected and filtered.

The electrical anomaly for a homogeneous and isotropic half-space, where the electrode
spacing and the injected current remain constant, is used to determine the correction factor.

2.4.1. Stationary Voltage Smoothing and Apparent Resistivity

The LSFLP has two valuable characteristics: (1) it preserves the shape of the function
and (2) it maintains its peak values. However, one condition should be satisfied: the data
should be equally spaced to obtain better filter performance. This condition is difficult to
satisfy for field data. Therefore, it is worthwhile to study the apparent resistivity (ρa) as
an anomaly since the resistivity value is expected to be constant for a homogeneous and
isotropic half-space. If the values of ρa diverge from a constant value, it means that the
half-space is heterogeneous, and different structures could be immersed in it. In Table 1,
the electrical response of a homogeneous half-space is shown, where the spacing S among
electrodes remains constant, and a fixed current of 1000 mA was applied. In Table 1, the
apparent resistivity, voltage, and voltage/current (resistance) values show a linear behavior.
However, in Table 2, where the current and spacing S were not constant, the voltage and
voltage/current no longer showed linear behaviors (Figure 4).

Table 1. Values from a constant depth in a homogeneous half-space.

x (m) FGFs Current (A) Voltage (V) (V/A) ρa

7.54 31.57 1000 3167.56 3.17 100
12.56 31.57 1000 3167.56 3.17 100
17.58 31.57 1000 3167.56 3.17 100
22.61 31.57 1000 3167.56 3.17 100
27.63 31.57 1000 3167.56 3.17 100
32.66 31.57 1000 3167.56 3.17 100
37.68 31.57 1000 3167.56 3.17 100
42.70 31.57 1000 3167.56 3.17 100
47.73 31.57 1000 3167.56 3.17 100
52.75 31.57 1000 3167.56 3.17 100

Linear behaviors for voltage (V), resistance (V/A), and apparent resistivity (ρa) were obtained from a horizontal
line (x (m)) at a depth of 2.6 m in a homogeneous and isotropic half-space medium. The data were collected with
a constant current (A) and equal spacing between electrodes. FGFs: field geometric factors.

Table 2. Comparison of field and corrected data with unequal electrode spacing.

Geometric Factor Field Data Corrected Data
Field Theoretical (A) (V) (V/A) ρa V (V/A) ρa

1 2 3 4 5 6 7 8 9

29.49 31.57 1000 3390.979 3.390979 107.0532 3167.56414 3.167564 100
39.46 31.57 1000 2534.211 2.534211 80.00506 3167.56414 3.167564 100
27.03 31.57 900 3329.633 3.699593 116.7961 3167.56414 3.167564 100
37.36 31.57 900 2408.993 2.676659 84.50214 3167.56414 3.167564 100
28.95 31.57 900 3108.808 3.454231 109.0500 3167.56414 3.167564 100
32.82 31.57 810 2468.007 3.046922 96.19134 3167.56414 3.167564 100
26.13 31.57 891 3409.873 3.827018 120.8189 3167.56414 3.167564 100
37.47 31.57 801.9 2140.112 2.668801 84.25406 3167.56414 3.167564 100
23.29 31.57 882.09 3787.419 4.293688 135.5517 3167.56414 3.167564 100
41.43 31.57 793.881 1916.198 2.413709 76.20082 3167.56414 3.167564 100

Columns 4, 5, and 6 depict the behaviors when the condition of Table 1 is not satisfied. Columns 7, 8, and 9 depict
the behaviors when a corrected factor CF (Equation (14)) is applied.
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However, it is important to emphasize that the voltage measured in the field is correct,
and if the apparent resistivity is calculated with the real field geometric factor (FGF) for a
half-space or topographic relief, it would also be correct. However, most of the time, it is
not possible to precisely position the electrodes. Therefore, it is suggested to measure the
actual distances to calculate the real geometric factor (FGF).

FGF = 2π

(
1

AMF
− 1

BMF
− 1

ANF
+

1
BNF

)−1
, (16a)

where AMF, BMF, ANF, and BNF are the distances between electrodes, obtained as a
function of the field coordinate positions.

On the other hand, when calculating the apparent resistivity, it is customary to use
a theoretical geometric factor (TGF), which is calculated by considering a constant spac-
ing between electrodes (16b) that leads to the wrong apparent resistivity value (Table 2,
column 6) and the creation of spurious anomalies [33,36–38].

TGF = 2π

(
1

AMT
− 1

BMT
− 1

ANT
+

1
BNT

)−1
, (16b)

where AMT, BMT, ANT, and BNT are the distances between electrodes, obtained as a
function of the theoretical coordinate positions.

A correction factor should be applied to the collected voltages, such that all three
parameters have a linear behavior (i.e., as if the medium was a homogeneous and isotropic
half-space). This can be achieved under two conditions: (1) equal spacing between elec-
trodes and (2) with the application of an arbitrary constant current of 1000 mA (Table 1).

To determine the correction factor (CF), we assume that the subsoil is a homogeneous
and isotropic half-space. It is important to establish that the corrected data will reflect
the surface of the true terrain (topography), whether rough or flat, and only the spacing
between electrodes is corrected to an equal spacing, and the injected current is kept constant.
The steady and transient voltages, as well as the apparent resistivity and chargeability, are
all functions of the spatial coordinates (x, y, and z), and the transient voltage is a function
of time. Spatial coordinates, except for the temporal variable, are not written explicitly to
make the writing more concise.
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The observed ρa will remain unaltered after correction. Thus, from the definition of
apparent resistivity, the following is obtained:

Vc

Ic
TGF =

Vf

I f
FGF. (16c)

The sub-indexes c and f define the corrected and observed parameters for voltage
V and current I, respectively. If is the real current injected into the subsoil, TGF is the
theoretical geometric factor, and FGF is the field geometric factor.

From Equations (16a)–(16c), the corrected voltage (Vc) is as follows:

Vc = Vf

(
Ic

I f

FGF
TGF

)
. (17)

From Equation (17), the correction factor (CF) is defined as follows:

CF =
Ic

I f

FGF
TGF

. (18)

The corrected resistance Rc is defined as follows:

Rc =
Vc

Ic
=

Vf

Ic
CF =

Vf

I f

(
FGF
TGF

)
. (19)

The corrected apparent resistivity ρa,c will be unaltered and is expressed as follows:

ρa,c = RcTGF =
Vf

I f

(
FGF
TGF

)
TGF. (20)

By applying Equations (17)–(20) to the field data in Table 2, we obtain the corrected data
(columns 7–9). However, if the half-space is a heterogeneous medium, the corrected voltage,
corrected resistance, and corrected apparent resistivity will show the same deviation from
linear behavior.

Once the voltage is corrected, it is smoothed by applying the proposed LSFLP
(Equations (2) and (3)) to obtain the corrected and filtered Vc,f voltage, Rc,f resistance, and
ρa,f apparent resistivity.

2.4.2. Transient Voltage Smoothing and Chargeability

It is important to note that chargeability data are not collected in the field. Chargeability
(µ) is the relationship between the transient voltage Vf (t) and the stationary voltage Vf,
both of which are acquired in the field but at different moments. We used the instantaneous
chargeability, as defined by [20], to clarify the filtering procedure for this parameter, written
as follows:

µ(t) =
Vf (t)

Vf
. (21)

According to Equation (14) where Vf has been corrected to be filtered, Vf (t) should be
corrected and a corrected chargeability µc should be defined. Vf (t) is measured in the field
but is not recorded; it can be recovered using Equation (21), written as follows:

Vf µ(t) = Vf (t). (22)

Equation (22) is applicable if you have equipment capable of recording the IP drop
curve in at least 20 time windows. In a case where only the overall chargeability is recorded,
Equation (22) can still be applied.
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The transient voltage must be corrected before any filtering process is applied. In
Equation (22), Vf (stationary voltage) is substituted with its corrected value (Equations (17)
and (18)) to obtain the following:

Vc(t) = Vf (t)CF = Vf CFµ f (t). (23)

Based on the previous equations, it is possible to define the following:

µc(t) =
Vf CFµ f (t)

Vf CF
= µ f (t). (24)

The corrected chargeability (Equation (24)) is not the filtered function. The corrected
transient voltage Vc(t), defined by Equation (23), is the one that is filtered; we then obtain
a filtered Vc, f (t). Vc, f (t) is a function of time and distance, so it should be filtered in
terms of both variables (the same LSFLP filter is applied). The new corrected and filtered
chargeability can be recovered using Equation (25), written as follows:

µc, f (t) =
Vc, f (t)

Vc, f
. (25)

However, there is a question of whether Equation (25) provides a valuable smoothed
µc, f (t) chargeability function of µ f (t). To answer this, it is important to analyze the
chargeability from the point of view of the expected value if there is a relationship between
two functions contaminated with RN. Since they were recorded at different times, they are
considered uncorrelated.

The following is well known:

E
(

Vf

)
= E

(
Vf + δ f

)
= V̂f , (26a)

E
(

Vf (t)
)
= E(V̂f (t) + δt) = V̂f (t), (26b)

where E is the expected value, and δf and δt are the RN functions for the stationary and
transient voltages, respectively.

The expected value for chargeability can be calculated as follows:

E(µ(t)) = E
(

V̂f (t) + δt

V̂f + δ f

)
= E

 V̂f (t)

V̂f

(
1 +

δt

V̂f (t)

)(
1 +

δ f

Vf

)−1
. (27)

Using the Newton general binomial and calculating the product, we obtain the following:

E(µ(t)) = E
(

V̂f (t)

V̂f
+

V̂f (t)

V̂f

δt

V̂f (t)
−

V̂f (t)

V̂f

δ f

Vf
−

V̂f (t)

V̂f

δtδ f

V̂f (t)Vf
+ · · ·

)
. (28)

The expected value for chargeability from Equations (26) and (28) can be expressed
as follows:

E(µ(t)) = E
(

V̂f (t)

V̂f

)
=

V̂f (t)

V̂f
=

E
(

V̂f (t) + δt

)
E
(

V̂f + δ f

) . (29)
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If we now consider the ratio of the expected values of Vf and Vf (t), then from
Equation (29), we obtain the following:

E
(

Vf (t)
)

E
(

Vf

) =
E
(

V̂f (t) + δt

)
E
(

V̂f + δ f

) =
V̂f (t)

V̂f
= E(µ(t)). (30)

Equation (30) is a second-order approximation, which means the following:∣∣∣∣∣∣E
(

Vf (t)
Vf

)
−

E
(

Vf (t)
)

E
(

Vf

)
∣∣∣∣∣∣ ∼ O(2). (31)

Then, from Equation (30), it is possible to deduce that the expected value of the ratio
V̂f (t)

V̂f
would be equal to the ratio of the expected values of Vf (t) and Vf.

Based on Equations (25) and (30), it is possible to state the following:

E
(

Vf (t)
Vf

)
= E

(
Vc, f (t)

Vc, f

)
= µc, f (t), (32)

where µc, f (t) is the chargeability, Vc,f (t) is the transient voltage, and Vc,f the stationary
voltage, where all three functions have been corrected and smoothed. Figure 2 shows the
flow chart of how both the correction factor (CF) and the filter (LSFLP) are applied. Figure 5
depicts a flow chart of the correction and filtering process that is applied to electrical data.
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3. Results
3.1. Archaeological Site of Mitla

The ruins of Mitla are the remains of an ancient Zapotec city originally called Ly-
obaa, the sacred city for the veneration of death, and whose apogee occurred during the
postclassic period, between 1200 and 1521 AD, when it concentrated the political and
religious power of the central valleys of Oaxaca, Mexico. The architectural group known
as the Calvary Group belongs to Mitla’s archaeological zone. It has a quadrangular plaza
surrounded by four mounds dating back to the early stages of the Zapotec occupation
of Mitla. The largest of these mounds, located to the east of the complex, is in the shape
of a 9 m tall, stepped pyramid built of adobe, with its main stairs facing west. In 1547, a
chapel, known by the locals as El Calvario (the Calvary), was built in the upper part of
this pyramid (Figure 6). It is worth noting that the existence of this historic chapel has
prevented archaeological explorations of this mound. Figure 3 shows El Calvario chapel
and its 2D Schlumberger–Wenner profile.
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An ERT2D analysis with a Schlumberger–Wenner array was carried out on El Calvario
to study the conditions of the ground under the pyramid (Figure 7). The Schlumberger–
Wenner profile was designed with an electrode spacing of 1.5 m, and 34 electrodes were
used. Because the topography is rough, the data were corrected to a flat topography, as
suggested in [32], to improve the performance of the inversion program employed for
analyzing the ERT2D data.

The El Calvario field data were first inverted without using the process proposed
in this article. Afterwards, the field data were filtered (no correction was applied) and
inverted, and finally, the field data were corrected, filtered, and inverted. Three smoothing
filters were applied: a moving average (MA) filter, a Savitzky–Golay (SG) filter (using an
inner subroutine available from Python software 3.7), and finally the proposed LSFLP.

Table 3 shows the parameters and the commercial inversion software used. It is worth
mentioning that the three filters allowed a damping factor of 10 and a smoothing factor of 1
with only a minor amount of data requiring manual removal. An outer loop of 2 iterations
and an inner loop of 12 iterations were used for all the inversions.
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Figure 7. ERT2D images of the Calvary. Seven resistivity sections were obtained from the following
data: (a) raw resistivity data; (b) MA-filtered data; (c) MA-filtered and corrected data; (d) SG-filtered data;
(e) SG-filtered and corrected data; (f) LSFLP-filtered data; and (g) LSFLP-filtered and corrected data.

Table 3. Inversion data from each section in Figure 7.

Initial
Data

Final
Data

Discarded
Data RMS% L2-Norm Damping

Factor
Smoothing

Factor

Raw Data 247 227 20 0.40 0.02 10.0 1.0
MA-Filtered 247 227 20 0.97 0.10 10.0 1.0

MA-Filtered and Corrected 247 236 11 0.98 0.11 10.0 1.0
SG-Filtered 247 235 12 2.05 0.47 10.0 1.0

SG-Filtered and Corrected 247 235 12 2.05 0.47 10.0 1.0
LSFLP-Filtered 247 238 9 2.05 0.47 10.0 1.0

LSFLP-Filtered and Corrected 247 236 11 2.43 0.66 10.0 1.0
Moving average (MA), Savitzky–Golay (SG), and least-squares weighted filter with Legendre polynomial as basis
function (LSFLP).

From Table 3, it can be observed that 20 data points were manually discarded from
the field data (without applying filtering or corrections). The RMS and L2-Norm errors in
the inversion process were the lowest (0.40% and 0.02%). Using the moving average filter,
20 data points were manually discarded after only filtering and inversion, and when they
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were filtered, corrected, and inverted, only 11 data points were discarded. The errors of the
moving average inversions remained low and acceptable.

However, when the Savitzky–Golay filter was applied to the El Calvario data, 12 data
points were manually discarded (from filtered data and filtered and corrected data), but
the errors remained low and equal for both cases (RMS: 2.05%; L2-Norm: 0.47%). Using
the LSFLP filter data (only filtered and inverted), nine data points were discarded, and the
errors were 2.05% and 0.47%. When the data were filtered and corrected, 11 data points
were discarded, and the errors slightly increased to 2.43% and 0.66%.

The greatest discrepancies between the different inverted profiles were found towards
the sides of the structure. On the left side of the structure (Figure 7, box 1), the greatest
discrepancy in the raw data profile (Figure 7a), which does not define the different sections
(resistivity around 40 Ohm*m, yellow color), was the presence of two low-resistivity rounded
anomalies enclosed by a high-resistivity medium, where resistivity values similar to those of
the right side were expected (box 5, resistivity around 20 Ohm*m, green color) due to similar
filling materials and slopes. In boxes 1 and 2 (Figure 7), there were better correlations between
the MA, SG, and LSFLP filters, although the correlations were weaker for MA.

The analysis of the profiles of the right flank of the structure (boxes 4 and 5) showed
better correlations between the filters used, especially box 4.

The analysis of the central part of El Calvario (box 3) is important because of the high
probability that there is a hall at the top of the buried pyramid (centered at X = 22.5 and
Z = 3.0 m), but so far, no excavation has been carried out at that site due to the existence of
the historic chapel of the Calvary.

The analysis of the central part of the ERT profile using the different filters clearly showed
the existence of a possible hall (on the top, horizontal side, and two vertical limits). However,
the raw data profile did not show the existence of such a structure. The LSFLP profile showed
better definition of a hall (a high-resistivity rectangular shape, surrounded by a medium-to-low-
resistivity medium), but so far, no excavation has been carried out at this site.

In summary, the left flank produced the noisiest data; however, the LSFLP-inverted
image showed better agreement with the filtered-only data (Figure 7f) and the filtered and
corrected image (Figure 7g; fewer transitions between red and green and between green
and dark blue) (see Table 4). On the right flank, the filtered and the filtered and corrected
images (Figure 7b–g) showed a good agreement, especially in box 4.

Table 4. Qualitative interpretation of Figure 4.

Section Name

Best
Definition of

Left Side
Flank (Box 1)

Best Definition of
Possible Hall, Vertical
and Horizontal Sides

(Box 3)

Coherent
Flank Sides

(Boxes 2 and 4)

Coherent
Bottom Side

(Box 5, Green
Color)

(a) Raw Data
(b) MA-Filtered
(c) MA-Filtered and Corrected X
(d) SG-Filtered X X
(e) SG-Filtered and Corrected X X X
(f) LSFLP-Filtered X

(g) LSFLP-Filtered and
Corrected X X X X

X indicates that the section showed the attribute in the column heading.

Finally, in the central area (box 3), the filtered and the filtered and corrected images
(Figure 7b–g) showed the existence of a structure (a possible hall), which is better defined
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than in Figure 7g. The raw data (Figure 7a) do not indicate the existence of the structure,
and a possible explanation could be that the data were not corrected for a flat surface.

Tables 3 and 4 show, with the SG and LSFLP filters, the best definition of the flank
sides and less discarded data. However, the LSFLP-filtered data had less discarded data
and similar RMS and L2-Norm errors compared to the SG filter (filtered and filtered and
corrected data).

To visualize where the hall response can be detected in Figure 8, the resistance curve
for a depth of 3 m is depicted. The electrical resistivity response of the hall can be visualized
at X = 22.5 m.
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3.2. Hydrocarbon-Contaminated Site North of Mexico City

This study area is within the Mexican Neovolcanic Belt and is located towards the
northern part of Mexico City, a heavily populated metropolis. This place used to be an
important refinery owned by a Mexican oil company. Today, this plant has been converted
into a park and a place of coexistence for the surrounding population. On the other hand,
this place has also become a huge laboratory that has allowed soil researchers to learn
about the effects of hydrocarbons in the subsoil. Exploration methods, such as ERT-2D,
have been of great help in detecting electrical anomalies that correspond to regions with
high pollutant concentrations.

The zone is made up of volcanic–sedimentary materials from the Guerrero Terrain,
covered by alluvium of sedimentary rocks from the Zimapán basin [39]. Superficially, the
site is covered by a gently sloping fill. There was no evidence of a regular distribution
of sand and silts and there is information about a body of water around 3.5 m deep. The
geological and pedological studies of this place showed that the study area was in chaos,
and lenses of sand, silt, and clay were found, many of which were produced by the rise
and fall of the surrounding water bodies. These strong variations at different depths have
caused further oil pollution.

Therefore, the aim of this study was to delimit the contaminated regions through the
anomalies (resistivity and chargeability anomalies) produced by hydrocarbons (benzene).
The hydrocarbon-contaminated site (HC) data were inverted without applying the pro-
posed process. Then, these data were corrected, filtered, and inverted. Three smoothing
filters were applied: MA, SG, and LSFLP. Figure 9 shows the results for seven dipole–dipole
resistivity sections (left column) and their corresponding IP sections (right column).
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The resistivity sections (left side in Figure 9) showed low values (5 Ohm*m, shown as
blue) around a depth of 3 m and in boxes 1–3. These anomalies correlated with the body of
water described above. In addition, all the resistivity sections exhibited anomalies with simi-
lar patterns, except for the IP anomalies (right side in Figure 9): Figure 9b,f (box 2) does not
exhibit the low IP responses (dark blue color) seen in the rest of the sections (Figure 9d,h–n).
Another situation occurred in the zone within box 4: Figure 9b,f show green IP responses
(around 2 mV/V), while the others showed high IP values (35 mV/V in Figure 9d,h–n).
It is also interesting that there were anomalies between boxes 2 and 3 (Figure 9d,f,h,j,l,n),
where the high (red) IP values showed different patterns. However, these anomalies were
similar between Figure 9h (SG-filtered) and Figure 9l (LSFLP-filtered) and between Figure 9j
(SG-filtered and corrected) and Figure 9n (LSFLP-filtered and corrected).

It is important to note that a negative IP response is related to the internal chargeability
values that the bodies present. If a smaller IP-response body is embedded in a larger
IP-response body, the anomaly would be negative. Very low IP responses may respond to
moisture content.

Additional information is presented in Tables 5 and 6. Table 5 shows the data of
benzene concentrations in soil and water obtained in some points collected at different
locations in the study area. At the time of data acquisition, there was a PVC pipe installed
in a well (MF21) located at position x = 50.7 m (Figure 9). Furthermore, it is important
to mention that the half-left zone was almost remediated before the geoelectrical data
were recorded.

Table 5. Benzene concentration in the soil and water samples.

Depth
(m)

21
(mg/L)

25
(mg/L)

MF21
(mg/kg)

A11
(mg/kg)

1.2 0.78 0.80
2.4 3.46 0.82
3.6 57.77 19.17
4.8 362.79 21.90
6.0 860.55 157.06

7.2 * 40.891 399.753 265.85 507.23
8.4 3329.74 896.92

* Only two water samples were collected: one at drill number 21 and one at drill number 25.

Table 6. Inversion data from each section in Figure 9.

Initial
Data

Final
Data

Discarded
Data * RMS % L2-Norm

Raw data Resistivity
Chargeability 189 171 18 16.27

37.87 0.25

MA-filtered Resistivity
Chargeability 189 176 13 6.99

18.92 0.52

MA-filtered and corrected Resistivity
Chargeability 189 168 21 4.78

6.83 2.53

SG-filtered Resistivity
Chargeability 189 166 23 7.59

15.21 0.60

SG-filtered and corrected Resistivity
Chargeability 189 171 17 4.74

10.74 0.53

LSFLP-filtered Resistivity
Chargeability 189 164 25 10.85

14.75 0.57

LSFLP-filtered and corrected Resistivity
Chargeability 189 174 15 10.84

11.32 0.72

* Data were discarded using a tool within the inversion software, which suggests which data to delete to obtain a
better RMS value. This option is displayed using a histogram data option.
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Table 6 shows that each section had the same number of initial data points (189). The
smoothing and inversion damping factors were set to 10 for all sections. The number of
discarded data points ranged from a minimum of 13 (MA-filtered) to a maximum of 25
(LSFLP-filtered). The RMS error values varied between 4.78 (MA-filtered and corrected)
and 15.17 (SG-filtered) for resistivity and 6.83 (MA-filtered and corrected) to 37.87 (raw data
inversion) for IP. The L2-Norm ranged from a minimum of 0.25 (for raw data inversion)
to a maximum of 2.53 (for MA-filtered and corrected data). Additionally, five sections
exhibited IP RMS values approximately two-fold higher than the resistivity RMS values
(raw data inversions, MA-filtered, MA-filtered and corrected, SG-filtered, and SG-filtered
and corrected). Two sections, however, showed low RMS values for both resistivity and IP
within the same range; these sections had the fewest discarded data points (MA-filtered
and corrected data: RMS values of 4.78 and 6.83, and 13 discarded data points; LSFLP-
filtered and corrected data: RMS values of 10.84 and 10.29, and 15 discarded data points).
Notably, the MA-filtered and corrected data had the highest L2-Norm (2.53), while the
LSFLP-filtered and corrected section showed a significantly lower L2-Norm (0.72).

The left side of all the IP sections (boxes 1 and 2) had moderate IP values (green color;
around 2 mV/V). This behavior can be explained by the remediation process mentioned
earlier. However, within box 1, some IP sections (d, j, and n) had light blue anomalies
(−12 mV/V) in front of the orange-yellow medium (31–12 mV/V), showing that there were
contaminants remaining in this zone (see Table 7).

Table 7. Inversion data for each section in Figure 9.

IP Section
Traces of

Contamination
(Box 1)

Existence of Low
IP (Box 2)

PVC Pipe
Definition (Box 3)

High IP Response Due
to Contamination

(Box 4)

(b) Raw Data
(d) MA-Filtered X X X

(f) MA-Filtered and
Corrected

(h) SG-Filtered X X

(j) SG-Filtered and
Corrected X X X

(l) LSFLP-Filtered X X

(n) LSFLP-Filtered and
Corrected X X X X

X indicates that the section showed the attribute in the column heading.

Box 2 also exhibited various anomalies. Figure 9b,f do not show a low IP response
(dark blue; −31 mV/V), whereas Figure 9d,h,j,l,n do.

Analyzing box 3 using soil sample data from Table 5 revealed strong red anomalies
(70 Ohm*m) correlated with high benzene concentrations (up to 860.55 mg/kg for MF21
and 507.23 mg/kg for A11). This was particularly evident in Figure 9k,l (LSFLP-filtered)
and Figure 9m,n (LSFLP-filtered and corrected), where high values were observed for both
resistivity and IP. A closer examination of Figure 6 shows a well-defined vertical anomaly
structure in box 3 in the soil samples, which was approximately 1.5 m in diameter and
extended almost the entire depth of the section. This structure corresponds to the PVC pipe
mentioned above.

In box 4 in Figure 9b (raw IP data inversion) and 9f (MA-filtered and corrected
data), the IP responses showed moderate values (around 2 mV/V). This geoelectrical
response indicated that this zone was not contaminated. However, the other IP sections
(Figure 9d,h,j,l,n) showed the opposite (high IP values: 35 mV/V; red color). Moreover,
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the anomaly in box 4 had different shapes and lengths. Nevertheless, the SG-filtered data
(Figure 9h) were similar to the LSFLP-filtered data (Figure 9l), and the SG-filtered and
corrected data (Figure 9j) were similar to the LSFLP-filtered and corrected data (Figure 9n).

In summary, based on Figure 9 and Tables 5–7, sections (m) and (n) demonstrated
that the LSFLP-filtering and correction approach is the best option, both mathematically
and qualitatively. The samples from drill number MF21 (box 3) and A11 exhibited high
benzene concentrations with increasing depth (Table 5). At MF21, there was a decrease in
the benzene concentration at the bottom (265.85 mg/kg at a depth of 7.2 m). The resistivity
(Figure 9m) and IP (Figure 9n) responses of the samples from these two drills correlated
well. In addition, these two sections achieved good L2-Norm values, minimal data losses,
and consistent RMS values for their resistivity and IP responses.

4. Discussion
4.1. El Calvario (The Calvary) Archaeological Zone in Mitla

The analysis of the errors obtained from the ERT2D images of the archaeological site of
El Calvario (Table 3) showed that both the RMS and the L2-norm values were low. From the
analysis of the RMS and L2-norm errors alone, any of the seven inverted images (Figure 7)
would be acceptable; however, there were differences between them depending on the filter
applied and whether the correction factor was applied.

We will focus the discussion on the central area since we can analyze the contribution
of the proposed smoothing filter and correction factor here. It is important to note that
the subsoil of El Calvario has not been subject to any archaeological exploration, so if
only the raw data section had been analyzed (Figure 7a), the possible existence of the hall
would have gone unnoticed. The ERT2D data (Figure 7b–g) filtered and corrected using
the moving average (MA), Savitsky–Golay (SG), and least-squares Legendre filter (LSFPL)
filters showed the existence of a rectangular structure (box 3). The use of the MA filter
showed a well-defined and isolated hall (Figure 7b,c), while the SG-filtered data showed a
slightly longer hall (Figure 7d,e).

Finally, the inverted ERT2D data filtered using the LSFLP showed evidence of the
possible existence of a well-defined hall (Figure 7f–g), especially the image shown in
Figure 7g. In summary, the ERT2D study of El Calvario shows the valuable contribution of
applying a smoothed filtering and correction factor for ERT2D data collected in difficult
terrain to improve inversion models.

4.2. Discussion of Hydrocarbon-Contaminated Site North of Mexico City

In the case of the hydrocarbon-contaminated site, differences were observed between
the filtered and filtered and corrected datasets. For instance, in the resistivity data (left
column of Figure 9) at the bottom of box 3, the MA-filtered and corrected (Figure 9e) and
LSFLP-filtered and corrected data (Figure 9m) showed strong and defined anomalies with
high resistivity values (red color). These anomalies correlated with high benzene concen-
trations. In contrast, these red anomalies did not appear in the filtered data (Figure 9c) and
the SG-filtered sections (Figure 9g,i).

In box 3 in the IP sections (right side Figure 9), the SG-filtered and corrected section
(Figure 9j) showed better correlation with benzene concentrations. However, the LSFLP-
filtered and corrected section was unique in its delineation of a pipeline along the line
where the soil samples were collected.
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5. Conclusions
Any filtering process applied to a dataset influences the interpretation of the electrical

anomalies. Therefore, it is recommended that the filter and any other process used to
improve the data alter it as little as possible, particularly the original shape of the ERT and
TDIPT anomalies. The proposed process of employing a smoothing filter and correction
factor seeks to preserve these anomalies as much as possible. In the examples discussed,
resistivity data from electrical resistive tomography was less affected by the smoothing filter
used; however, the proposed LSFLP filter in the present paper showed a better performance,
as deduced from the 2D electrical resistivity tomography results for the archaeological zone
of Mitla in Southern Mexico.

To filter the resistivity data with the proposed process, it is recommended to use a
maximum of three iterations and apply the correction factor (CF), in addition to collecting
the field data level by level.

On the other hand, the chargeability anomaly was more affected by the treatment
applied, as shown in the case of the soil contaminated with hydrocarbons. For the charge-
ability of the raw data, a clear correlation between resistivity anomalies and chargeability
could not be defined, as expected.

Using the moving average filter produced a better result in terms of anomaly shape,
and differences were observed between the filtered (Figure 9d) and filtered and cor-
rected data (Figure 9f), but a better correlation between resistivity and chargeability could
be established.

Using the Savitzky–Golay filter, a better image of the inverted chargeability was
obtained, although there were some differences between the filtered (Figure 9h) and filtered
and corrected data (Figure 9j).

Finally, in the ERT and TDIPT data, no correction was made for the electrode position;
however, a constant current was applied.

It should be noted that the MA and Savitzky–Golay filters were used as feedback
filters. It was not possible to apply a correction for electrode positioning, but a constant
current of 1000 mA was applied.

Finally, the LSFLP-inverted chargeability images showed a better correlation with
resistivity, but there were differences between the filtered (Figure 9l) and filtered and
corrected data (Figure 9n). The LSFLP filter was designed as an iterative filter, and three
iterations were allowed.
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