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Abstract: Langlands duality is one of the most influential topics in mathematical research. It
has many different appearances and influential subtopics. Yet there is a topic that until now
has seemed unrelated to the Langlands program. That is the topic of invariant differential
operators. It is strange since both items are deeply rooted in Harish-Chandra’s representa-
tion theory of semisimple Lie groups. In this paper we start building the bridge between
the two programs. We first give a short review of our method of constructing invariant
differential operators. A cornerstone in our program is the induction of representations
from parabolic subgroups P = MAN of semisimple Lie groups. The connection to the
Langlands program is through the subgroup M, which other authors use in the context
of the Langlands program. Next we consider the group SL(2n,R), which is currently
prominently used via Langlands duality. In that case, we have M = SL(n,R) x SL(n,R).
We classify the induced representations implementing P = MAN. We find out and classify
the reducible cases. Using our procedure, we classify the invariant differential operators in
this case.

Keywords: langlands duality; semisimple lie groups; induced representations; parabolic
subgroups; invariant differential operators; Knapp-Stein duality

MSC: 17B10

1. Introduction

In the last 50 years, Langlands duality has become one of the most influential topics in
mathematical research [1,2]. It has many different appearances and influential subtopics,
cf., an incomplete list: [3-54]. Note that some papers are written by authors who have
created influential topics themselves. The last fact stresses the omnipresence of the Lang-
lands program.

Yet, the concept of invariant differential operators has not been related to the Langlands
program in the literature. That is strange, since both items are deeply rooted in Harish-
Chandra’s representation theory of semisimple Lie groups. In this paper, we start building
a bridge between the two programs.

Our attempt is based on our approach to the construction of invariant differential
operators—for an exposition, we refer to [55], which is based also on many papers;
see loc.cit. Our approach is deeply related to the Langlands general classification of
representations of real semisimple groups G [2], taking into account the refinement by
Knapp-Zuckermann [56].

One main ingredient in [2] is the parabolic subgroups P = MAN, such that M is
a semisimple subgroup of our group G under study, A is an abelian subgroup, and N
is a nilpotent subgroup preserved by the action A. Altogether, there is a local (Bruhat)
decomposition of G using the subgroup G’ = PN, where N is a nilpotent subgroup of G
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isomorphic to N also preserved by the action A, so that G’ is dense in G. According to the
construction of Langlands—-Knapp—Zuckermann, every admissible irreducible represen-
tation of G may be obtained as a subrepresentation of representations of G induced by a
representation of some P (some classes are enough—see details below).

Our construction of intertwining differential operators is based on the fact that the
structure of parabolic subgroups is related to various subgroups of the Weyl groups
W(GC,HT), where G is the Lie algebra of G, and # is the Cartan subalgebra of some
MA. This is also related to various intertwining operators in the Langlands dual group,
of. [11,21].

Another aspect of the above is the Chevalley automorphism in the case of real groups,
which is an exhibition of the local Langlands correspondence over R [3]. This is also related
to the notion of Hermitian dual; see the case of SL(1n,R) below. Another application to
representation theory using Heisenberg modules is done in [8].

Gauge theory aspects of the geometric Langlands program are studied in [31,33,42,51,54].
An exotic ‘Chtoucas’ application of the Langlands program is given in [45]. Similarly,
Langlands duality extends to Poisson-Lie duality via cluster theory [5]. Further, Langlands
duality extends to representations of W-algebras in the quantum framework [6]. A proof of
the global Langlands conjecture for GL(2) over a function field is given in [19].

Further, a two-parameter generalization of the geometric Langlands correspondence
is proved for all simply laced Lie algebras [4]. This is related to two-parameter quantum
groups, e.g., [55], and to 6d conformal supersymmetry [57]. The conformal case is also
studied in [26]. The supersymmetry case is also studied in [7].

Various aspects of the Langlands program are given in [25]. The local Langlands corre-
spondence is studied in [22,23]. Applications to integrability are shown in [18,24,29,52,53].

P.S. Some more recent references are added in [58-65].

Further, the present paper is organized as follows. In the next section, we give a
synopsis of our approach. Then we apply this to the group SL(2n,R), using the Langlands
duality of the subgroup M used in the example. The cases n = 2,3,4 are exposed in
separate subsections.

2. Preliminaries

We start by giving a synopsis of our program of canonical construction of invariant
differential operators.

Let G be a semisimple, non-compact Lie group, and K a maximal compact subgroup
of G. Then, we have an Iwasawa decomposition G = KAgNp, where Ay is an Abelian simply
connected vector subgroup of G and Nj is a nilpotent simply connected subgroup of G
preserved by the action of Aj. Furthermore, let My be the centralizer of Ay in K. Then,
the subgroup Py = MyAoNy is a minimal parabolic subgroup of G. A parabolic subgroup
P’ = M'A’N’ is any subgroup of G which contains a minimal parabolic subgroup.

Furthermore, let G, KC, P, M, A, N denote the Lie algebras of G,K, P, M, A, N, resp.

Further, for simplicity, we restrict it to maximal parabolic subgroups P = MAN,
i.e., rank A = 1, resp., to maximal parabolic subalgebras P = M & A® N with dim A = 1.

Let v be a (non-unitary) character of A, v € A*, parameterized by a real number 4,
called (for historical reasons) the conformal weight or energy.

Furthermore, let y fix a discrete series representation D¥ of M on the Hilbert space V),
or the finite-dimensional (non-unitary) representation of M with the same Casimirs.

We call the induced representation x = Indg( 1 @ v ® 1) an elementary representation of
G [66]. (These are called generalized principal series representations (or limits thereof) in [67]).
Their spaces of functions are
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Cx = {F € C*(G, V)| F(gman) = e ") . DF (m ™) F(g)} (1)

wherea = exp(H) € A/, He A, m € M', n € N'. The representation action is the left
reqular action:

(TX(9)F)(g) =F(g's), 88 €G. 2)

Animportant ingredient in our considerations is the highest/lowest-weight representations
of GC. These can be realized as (factor-modules of) Verma modules V* over G€, where
b € (H%)*, HC is a Cartan subalgebra of GC and the weight £. = L()) is determined
uniquely from x [55].

Actually, since our ERs may be induced from finite-dimensional representations
of M (or their limits), the Verma modules are always reducible. Thus, it is more convenient
to use generalized Verma modules V* such that the role of the highest/lowest-weight vector
vp is taken by the (finite-dimensional) space V), vy . For the generalized Verma modules
(GVMs), the reducibility is controlled only by the value of the conformal weight d. Relatedly,
for the intertwining differential operators, only the reducibility with regard to non-compact
roots is essential.

Another main ingredient of our approach is as follows. We group the (reducible)
ERs with the same Casimirs in sets called multiplets [55]. The multiplet corresponding to
fixed values of the Casimirs may be depicted as a connected graph, the vertices of which
correspond to the reducible ERs, and the lines (arrows) between the vertices correspond to
intertwining operators. The explicit parameterization of the multiplets and of their ERs is
important in understanding the situation. The notion of multiplets was introduced in [68]
and applied to representations of SO, (p, q) and SU(2,2), resp., induced from their minimal
parabolic subalgebras. Then it was applied to the conformal superalgebra [69], to quantum
groups, and to infinite-dimensional (super)algebras; see later volumes of [55].

In fact, the multiplets contain explicitly all the data necessary to construct the inter-
twining differential operators. Actually, the data for each intertwining differential operator
consist of the pair (8,m), where  is a (non-compact) positive root of Q(C, m € N, such that
the BGG Verma module reducibility condition (for the highest-weight modules) is fulfilled:

(E+p,p)=m, B'=28/(BP) 3)

where p is half the sum of the positive roots of G&. When the above holds, then the Verma
module with shifted weight VE="# (or V2= for GVM and f non-compact) is embedded
in the Verma module V¥ (or V*). This embedding is realized by a singular vector v
determined by a polynomial P, 5(G ™) in the universal enveloping algebra (U(G-)) vo,
and G~ is the subalgebra of GC generated by the negative root generators [70]. More
explicitly [55], vfn,ﬁ = Pu,p 0o (Or U;Sn,ﬁ = Pu,p Vi vo for GVMs). Then, there exists an [55]
intertwining differential operator

Dunp : Cyr) — Cx(p—mp) (4)

given explicitly by
Dm,ﬁ = Pm,ﬁ (g_) (5)

where G denotes the right action on the function F.
3. Main Results

3.1. Restricted Weyl Groups and Related Notions

In our exposition below, we shall use the so-called Dynkin labels:
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miE(L+p,aiv), i=1,...,n, (6)
where L. = £(), p is half the sum of the positive roots of G©.
We shall also use the so-called Harish—Chandra parameters:
mg = (L+p,8"), @)

where f is any positive root of GC. These parameters are redundant, since they are expressed
in terms of the Dynkin labels; however, some statements are best formulated in their terms.
(Clearly, both the Dynkin labels and Harish—-Chandra parameters have their origin in the
BGG reducibility condition (3)).

Next, we recall the action of the Weyl group on highest weights:

wp(k) = L—(L+p,p")B (8)

and thus,

and the shifted weight in (4) results by the action of the Weyl group as in (9).

Next, we mention the important notion of restricted Weyl group. We first need the
so-called restricted roots.

Let A 4 be the restricted root system of (G, A’):

Ap = {Ae A" |A#£0, G #0},
Gh ={XeG|[Y,X] =AY)X, VY € A'}. (10)

The elements of A 4 are called A’-restricted roots.
[The terminology comes from the fact that things may be arranged so that these roots
are obtained as a restriction to A" of some roots of the root system A of the pair (G€, H).]
ForA € Ay, gjl, are called A'-restricted root spaces, dimg gjl, > 1.
Next we introduce some ordering (e.g., the lexicographic one) in A 4 . Accordingly,
the latter is split into positive and negative restricted roots: A 5 = Ajt, UA .
Furthermore, we introduce the simple restricted root system Ai, , which is the simple
root system of the restricted roots. Next we introduce the restricted Weyl reflections: for each
root A € A;, we define a reflection s, in A" :

MW)EV—Zgﬁ}M peA” (11)

Clearly, s;(A) = —A, S%\ =id 4« .

The above reflections generate the A’-restricted Weyl group W(G, A’).

The above may be applied to the case when, instead of some A’, we use an arbitrary
subalgebra 1’ of H.

3.2. The Case of SL(2n,R)

In this paper, we treat the case of G = SL(2n,R), G = sl(2n,R). We restrict it to
maximal parabolic subalgebra

P Mae AN (12)
M = sl(n,R)@®sl(n,R), dimA=1, dimN = n? (13)
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In the context of relative Langlands duality, this case was studied in, e.g., [10], as the
subcase of hyperspherical dual pairs [71]. There, the relation to physics appeared as
an arithmetic analog of the electric-magnetic duality of boundary conditions in the four-
dimensional supersymmetric Yang-Mills theory. This aspect will be recovered for n = 2 below.

In this section, we start with G = SL(m, R), the group of invertible m x m matrices
with real elements and determinant 1. Then G = sl(m,R), and the Cartan involution is
given explicitly by X = — !X, where /X is the transpose of X € G. Thus, K & so(m), and is
spanned by the matrices (r.l.s. stands for real linear span)

K= I‘.l.S.{Xij =ejj—¢ji, 1<i< ] < m} , (14)

where ¢;; are the standard matrices with only nonzero entry (=1) on the i-th row and j-th
column, (el-]-) ke = dixdj¢ - (Note that G does not have discrete series representations if m > 2.)
Further, the complementary space P is given by

P = rls{Yjj=ej+e;i, 1<i<j<m, (15)

H] = 6]] — €j+1,]'+1 , 1 S ] S m — 1} . (16)

The split rank is * = m — 1, and from (15) it is obvious that in this setting one has
H=rls{H;, 1<j<n—-1=r}. (17)
The simple root vectors are given explicitly by

X;' = €ji+1 X]-_ = €it1,j s I<j<m-1. (18)

Note that matters are arranged so that

X, X;] = H

+1 _ +
i, [H, XF] = £2XF, (19)

and further we shall denote by s/(2,R); the s/(2,R) subalgebra of G spanned by X]i Hj.
In our case of consideration, m = 2n, we have

M = sl(n) ®sl(n) (20)

and we use representations of M indexed as follows:

~

M= (my, ... My Myi,... Moy—1) (21)
When all m; are natural numbers, M indexes the unitary finite-dimensional irreps of M.

3.3. s1(4)
In the case of s/(4), the parabolic M factor is

My = sl(2) ®sl(2) (22)

the representations being indexed by the numbers 1, m3.
Relatedly, the representations of G are indexed by

X4 = [my,ma,m3] (23)

It is well-known that when all m; are natural numbers, x4 exhausts the finite-dimensional
representations of G. Each representation x4 is part of 24-member multiplet naturally
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corresponding to the 24 elements of the Weyl group of s/(4). When we consider induction
from My, we have six-member multiplets (sextets) parametrized as follows:

X~ = A{my,my,mz}, (24)
X {mip, —my,mys}, V'™ =1~ —moay
X" {my, —mip,miz}, L'~ =17 —mjarp
s {miz, —mos,my}, V' =17 — mzazs
X" {mys, —myz,mp}, VT =1"" —mzaos = 1" — myay,
xt = {mg,—mz,m}, LT =1t —mony

where mp = my + my, myz = my + mz, my3 = my + my + m3. Note that the & pairs are
related by Knapp-Stein [72] integral intertwining operators G* so that the operators G*
act from x~ to x, while G~ act from x* to x , etc.

Thus, the Knapp—Stein duality is a manifestation of the Langlands duality.

We recall the number Ny of ERs in a multiplet corresponding to induction from a

parabolic given by [55]
(W(G,H)|
Ny = 25
M TWOM, Ho) >
which in our case (M = My) gives
Ny = % — 6. (26)

This is what we have obtained.
An alternative parametrization stressing the duality is given as follows:

Xt = {(m;my)E; 0= £ (my+ i(mp+m3))},
X = {(ma,mp)*;c = £im+m)},
X% = {(my,mp3)*; c = £1(m —ms)},

where (p;q)" = (4;p), (p;9)” = (p4),

The irreducible subrepresentations £ of x~ are finite-dimensional, exhausting all
finite-dimensional (non-unitary) representations of s/(4), and of all real forms.

Note also that the dimensions of the +-inducing pair of M are the same, namely,
myms for x*, miamos for x'*, and mymy3 for x"'*.

Finally, we use the simplest case m; = my = m3 = 1 to exhibit the electro-magnetic
duality which has transparent physical meaning for the conformal real form su(2,2). The
multiplet is depicted on Figure 1 (complete treatment may be found in [55]).

Multiplets containing the finite-dimensional subrepresentations are called main mul-
tiplets. The other multiplets are called reduced multiplets. These contain inducing finite-
dimensional representations of M.

In the case at hand, there are three such cases so that each is a doublet (containing two
ERs). Explicitly, the three cases are

Xi = A{Uma,mp)™;c = +jms}, bf =1 —maax (27a)
Xa = {(m;m)*; ¢ = £3(m+ms)}, (27b)
X5 = {(mp,m)*;c= £Im} Lf =15 —map (27¢)

Note that here the invariant operators are deformations of the Knapp-Stein integral op-
erators from the sextet picture. Thus, those from x* to x are still integral operators,
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while those from x~ to x* are differential operators via degeneration of the Knapp-Stein
integral operators. Yet, in the first and third case, these are differential operators inherited
from the sextets, and only the operators in (27b) from x, to )(;“ are obtained due to
genuine degeneration of the Knapp-Stein integral operators [55]. This is the standard
degeneration of the two-point function-kernel, which at the reducibility points is a gener-
alized function with regularization, turning it into delta-function (cf. Gelfand et al. [73]).
Finally, we add that in the case my = m3 = n the operators (27b), which become a degree
of the d”Alembert operator

Dun = constn® = constO" (28)

Figure 1. Simplest case of conformal invariant differential operators F* depict the duality
decomposition of the electromagnetic eld Fy,. Ay, resp., J,, is the electromagnetic potential, resp., the

+ . . . . . X .
current. I~ depict the differential operators which come from the equation dj, 4,)— F,, Knapp-Stein
operators relate cases symmetric w.r.t. the central black dot.

3.4.s1(6)
Here, we take up the case sl(6) with the parabolic M factor

Ms = sl(3,R) ®@sl(3,R) = My & Mg (29)
We start with elementary representations of sl(6, R) indexed by five numbers
x = {my,mp,mg,my,ms}, (30)

so that my, m;, index the representations of My, my, ms index the representations of Mg,
while mj3 indexes the representations of the dilatation subalgebra A.

When all m; are positive integers, we use Formula (25) so we have a multiplet of 20
members, since

W@l e
Nu = Wines Hal e ey

Theorem 1. The signatures of the reducible induced representations are
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x1 = {my,my,mz,my,ms}, (32)
X2 = {my,my3,—m3,may,ms}, Ly = Ly —mza3
X3 = {mip,mz,—ma3,myy,ms}, b3 =ty — moaos
X4 = {my,mog, —mzy,m3,mys}, by =¥y —myaz
X5 = {my,mg, —myz, my,ms}, bs =tz — miag3
Xo = {mip,mas, —mps, moz,mys }, Le = Ly — maazy
X7 = {ml,m25,—m35,m3,n14 }, L7 = L4 — MsX35
Xs = {mo,may, —myg,miz, mys}, kg = L —myai3
X9 = {m13,m4, —Mlpy , My , M35 }, Lg = L6 — M3Kp4
X1 = {mia,mas, —mos,my3,my }, £19 = L — msazs
X1 = {ma,my,—myy,my,mss}, by = kg — maaoy
X2 = {ma,mas, —my5,myz,my }, Lo = bg — msazs
X13 = {mi3,my5,—mos,my,mzy }, L3 = Eyg — maan
X = {mz,myg,—myy, my,mos}, by =L — monyy
X15 = {ma,my5,—my5,mip,may }, L5 = £y — msazs
X6 = {mis,ms,—mys, my,m3}, L3 = L9 — maazs
X7 = {m3,mys,—ms5,my,myy }, L1y = Li5 — monyy
X8 = {mos,ms,—m5,mip,mz}, big = Lis — maans
X19 = {maq,ms,—my5,my,my}, big = Li7 — myars
Xoo = {mg,ms,—mys,my,my}, Lo = L9 — m3ass

Proof. The Proof is constructive. We start with the representation x1; then, by our proce-
dure, we find the embedded representation x». Then from the latter we find the embedded
representations x3 and x4. We proceed to the last case )2, which is reducible only by the
Knapp-Stein operator intertwining it with its Langlands dual ;. O

Note that we have indicated some embeddings between the representations, but not

all in order not to clutter the formulae. The full picture is seen in Figure 2.

We quickly observe that the representations x, and x;_, are Langlands duals
related by Knapp-Stein operators. More explicitly, this duality is given by the following
presentation of the same multiplet:

{(my,my; my,ms)*; c = £(ms + Iminas) },
{ (my,maz; mag,ms)*; c = +iminas },

{ (m1a,m3; myg,ms)*; c = +imias},

{ (my,mag; m3, mys)™; c = +imins ),

{(ma, mz; myg,ms)*; c = £1(mgs —my) },
{ (m1a, maq; mos, mas)™; c = £1(mq +ms) },
{ (my,mps; my,my)*; c = £L(mpp —ms) },
{ (my,mag; miz,mas)™; c = £1(ms —my) },
{ (m13,ma; my, mas)*; c = £1(my +ms) },
{ (m1p,ma5; mys,mg)*; c = £L(my —ms) },

(33)
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where (p,q;7,8)" = (r,s;p,9), (p,g;r,s)” = (p,q;1,5), and the inducing number
of the dilatation subalgebra A is replaced by the conformal factor c. Clearly, x;; = xu,
Xt = X21-n for 1 < n < 10.

Figure 2. Main multiplets for s/(6, R).

3.5. Reduced Multiplets

Here, we just list the reduced multiplets which contain finite-dimensional irreps of the
inducing M.

1 x5 = {(ma,mz;moy,ms)™; c=+dmys }, (34a)
Xoo = {(ma,maq; myz, mys)™; c = +3ms},
X;i = {(ma3,my; mz,m35)i; c= :I:%m5 1,

13 x/F = {(ma,my; my,mys)™; c=tims},

14 Xclsli = {(ma,m3; my,ms)*; c = j:%m5 1,

15 x5 = {(ma,my; my,mag)™;c=0}, (34b)
135 x6 = {(my,my;my,my);c=0}, (34¢)
2 x5 = {(my,my; mas,ms)=; c=LtImyss}, (35)
Xt = {(my,mas; my,mes)*; c=£imys},
Xy = { (my,mas; my,my)™; ¢ = +3(my —ms) },
24 x5E = {(my,ms; m3,ms)=; c=+lms},

{
25 Xffi - {(m1,m34;m3,ﬂ14)i;c:j:%m1 },

3 X’li = {(m1,my; my,ms)*; c= i%m12,45 |2 (36)
Xléi = {<m121m4; m21m45)i; c= :t%ml/{—} }’

X = {(ma,my; mip,mys)™; ¢ = £5(ms —my) },
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Note that the numbers on the left indicate which representation numbers are missing in the
displayed signatures.

Further, note that the & pairs are Knapp-5Stein pairs, except (34b), where the operator
is just a flip of the finite-dimensional inducing irreps. Note also that the case (34c) is
a singlet.

Note that we do not display reduced multiplets with the missing labels m4 and ms
since due to duality they are equivalent to multiplets with missing labels m;, m;, resp.

4. Case sl(8)

Here we consider the case s/(8) with the parabolic M factor
My = sl(4, R) @sl(4,R) = My & Moy (37)

Analogously to the previously considered cases, the representations of s/(8,R) are
indexed by seven numbers

X = {m11m2lm3/m4/m5/m6//m7}/ (38)

so that my,my, m3 index the representations of My, ms, mg, my index the representations
of Mjg, and my indexes the representations of the dilatation subalgebra A.

When all m; are positive integers, we again use the formula (25) so we have a multiplet
of 70 members, since

_ wGH)| 8
N = (W(M7, Hy)| (412 70. (39)

Theorem 2. The signatures of the reducible induced representations using only the Knapp—Stein
dual signatures are

xi = {(my,my,mg,my,ms,mg,ms)*, c& = £ (mg+imizs)},
Xo = {(m,my,mag, —my,mys,mg,my)=, & = *(§my)} (40)
X5 = {(my,may,my, —mss, mzs,mg,my)*, ¢t = £ (imipsy)}
xi = {(my,my,mas, —mys,my, ms,my)*, ¢t = £ (imizer)}
X3 = {(mio,mg,my, —mpy,mos,mg,mz)=, & = £ (kmysy)}
Xe = {(my,ma,mys, —mas, mas, msg,mz)*, ¢t = £ (Imingr)}
X;E { (my,mp, mze, —mag, my, ms, mez) ™, ¢ = :i:(%m137)}
Xz = {(my,mz,my, —my (m15,mse, mz)=, & = + (3m_157)}
Xa = {(mia,mg,mys, —mys (mag, mse, mz)=, & = £ (kmyer) }
Xio = {(my,myy,ms, —mzs (m3,mag, my)*, & = £ (3mipg)}
X = {(my,maz, mye, —mze (mas, ms,mez)™=, & = £ (kmppz)}
x5 = {(my,my,may, —myz,mg,ms,me)*, ¢t = £ (imyz_7)}
x5 = {(ma,mg,mys, —mis (mig, msg, mz)=, & = £ (3m_167)}
Xﬁ = {(m12,mzy, ms, —mos (m231m461m7)i/ c* = i(%ml,@)}
Xis = { (mia,mz,mae, —moe (mag, ms ,mez)=, ¢ = £ (3miz)}
X1i6 = { (mq,moy,mse, —m3g (m3/m45/m67)i/ ot = i(%mlzy)}
X5 = {(my,ma, myy, —msz, maq, ms,me)*, c& = £ (Imip_7)}
X = {(ma,my,mys, —myg, mig, ms, mey)*, & = £ (Im_q7)}
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Xoo = {(miz,my,ms, —mos,my,mag,my)*, & = £ (Imier)}
X = {(mip,may, mse, —mmog, Mg, mys, mez) >, & = £ (imyy)}
Xop = {(m1,mas,me, —mae,ms,my,msy)*, & = £ (Imy)}
Xz = {(my,moy,msy, —msz,ms,mas,meg)=, c& = £ (3myp_7)}
Xor = {(mia,my, myz, —moyz,mog,ms,me)*, & = £ (Imy_7)}
Xos = {(my,my,myz, —miz, mig, ms,mg)=, ¢t = F(3myz)}
Xog = {(ma,may,mse, —mmig, miz, mas, mez)™=, ¢ = £ (Im_17)}
Xor = {(moz,my,ms,—mys,mip, mae,my)>, & = £ (Im_y67)}
Xog = {(mi3,my,mse, —mag,my,mas, mez) ™, & = £ (Imyy)}
Xao = {(mip,mas,mg, —mog, mas, my, msz)*, & = £ (myz)}
Xao = {(m1,mos,mez, —maz,ms,my,mse)*, & = £ (Imip_7)}
X5 = {(mip,may,msy, —moz,ma, mas, me) =, & = £ (3my_7)}
X;,E = {(mz,m34,m57,7m17,m13,m45,m6)i, = IF(%WM)}
Xz = {(my,mas,mg, —mg, miz, my,msy)*, c& = £ (Am_17)}
Xa1 = {(mx,my,mse, —mig,miz, mas, mez)=, c& = £ (Im_17)}
Xas = {(m3,my,ms, —mis,my, my,my)=, ¢t = £ (3m_1n467)}
where (p,q,u;1,8,0)" = (r,5,0,p,9,u), (p,qu;r,s9)" =(p,q,u7,5,0).

Proof. The Proof is constructive. We start with the representation x;, then by our proce-
dure we find the embedded representation ), . Then from the latter we find the embedded
representations x5 and x, . We proceed to the last case Xf, which is reducible only by the
Knapp-Stein operator, intertwining it with its Langlands dual x; . O

5. Conclusions

In the example of the group SL(2n,R), we started building a bridge between the
Langlands program and our approach to the construction and classification of invariant
differential operators. We have obtained full new results in the cases of s/(6, R) and s/(8, R).

Our paper opens the perspective of applications to many other groups, in particular,
the group SL(2n + 1,R), which looks similar but has different families of intertwining
differential operators—this work is already in progress.
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