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Abstract: A novel partially functional linear regression model with random effects is pro-
posed to address the case of Euclidean covariates and functional covariates. Specifically,
the model assumes that the random effects follow a Gaussian process prior to establish
the linkage structure between Euclidean covariates and scalar responses. For functional
covariates, a linear relationship with scalar responses is assumed, and the functional covari-
ates are approximated using the Karhunen—Loeve expansion. To enhance the robustness of
the predictive model, a cross-validation-based ensemble strategy is employed to optimize
the proposed method. Results from both simulation studies and real-world data analyses
demonstrate the superior performance and competitiveness of the proposed approach in
terms of prediction accuracy and model stability.

Keywords: partially functional linear regression; random effects; ensemble learning;
Gaussian process
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1. Introduction

With the rapid advancement of science and technology, functional data can now
be efficiently and densely measured and recorded. As a classical modeling technique,
functional linear regression (FLR) has found extensive applications in diverse scientific and
engineering fields, including biomedicine, economics and finance, computer vision, and
speech recognition [1-9]. Regularization is essential to accurately capture the regression
relationship between the response variable and the functional covariates. Among various
approaches, Karhunen-Loéve expansion has emerged as a widely adopted regularization
technique [10-15]. Functional linear models have been extended to generalized functional
linear models (GFLMs). For instance, Shang et al. [16] proposed a nonparametric statistical
inference framework for GFLMs. Zhang et al. [17] developed a cross-validation-based
method for constructing GFLMs, while Ahmedou et al. [18] incorporated derivative
information of stochastic functions into the functional data model, resulting in a GFLM
based on derivative features. Rodrigues et al. proposed a new method that combines partial
linear regression with machine learning, which was successfully applied to the analysis
of agronomic data [19]. Cordeiro et al. developed a new quantile regression model and
applied it to modeling the Human Development Index [20]. In addition, Rodrigues et al.
constructed a bivariate model based on Archimedean copulas, demonstrating its potential
in simulation and regression modeling [21]. Furthermore, FLR has been generalized
to more sophisticated regression frameworks, including varying-coefficient regression

Mathematics 2025, 13, 853

https://doi.org/10.3390 /math13050853


https://doi.org/10.3390/math13050853
https://doi.org/10.3390/math13050853
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0009-0006-3529-1794
https://orcid.org/0009-0008-8878-7173
https://orcid.org/0000-0003-1024-3201
https://doi.org/10.3390/math13050853
https://www.mdpi.com/article/10.3390/math13050853?type=check_update&version=1

Mathematics 2025, 13, 853

2 of 25

models [22-24], functional additive regression models [25-28], and functional quantile
regression models [29-31]. These extensions provide flexible tools to address complex
data structures and capture multidimensional nonlinear relationships, thereby driving
advancements in functional data analysis and broadening its scope of application.

The classical functional linear regression model is primarily designed to describe
the relationship between a scalar response and a functional predictor. However, in many
real-world applications, scalar covariates are often collected alongside functional predictors.
Effectively incorporating these scalar covariates into the functional linear regression frame-
work poses a significant challenge and remains an important area of research. To address
this, several scholars have developed partially functional linear models. For instance,
Shin et al. [32] proposed an estimation method for the parameters of partially functional
linear models that accommodates both finite-dimensional random vectors and functional
random variables as predictors. Their model investigates the linear relationship between a
scalar response and mixed-type predictors. Aneiros et al. [33] extended this framework to
incorporate high-dimensional Euclidean covariates and functional predictors, proposing a
method that enables variable selection for high-dimensional scalar covariates. Similarly,
Zhang et al. [34] introduced a partially functional linear model to characterize the relation-
ship between a scalar response and a combination of functional and scalar covariates. Their
approach provides a unified and flexible framework that accommodates multiple functional
predictors and ultra-high-dimensional scalar covariates, facilitating the identification of
important features. Further extensions have been proposed to address dynamic and multi-
variate settings. Du et al. [35] developed a dynamic partially functional linear regression
model, where the functional response variable is explained by first-order lagged functional
observations and a finite number of scalar covariates. The bivariate slope functions in their
model are estimated using bivariate tensor product B-splines. Xu et al. [36] tackled the
estimation and inference challenges in partially functional linear regression models with
multivariate functional covariates, employing functional principal component analysis for
parameter and slope function estimation. Boente et al. [37] further contributed to the field
by proposing robust estimation methods for partially functional linear models, addressing
the sensitivity of traditional methods to outliers. Despite their utility, most of these models
assume a linear relationship between finite-dimensional Euclidean covariates and the scalar
response, which may limit their applicability in complex real-world scenarios. To address
this limitation, Guo et al. [38] developed a semi-functional linear model that incorporates
both a functional component and a flexible nonparametric component. The nonparametric
component is estimated using reproducing kernel Hilbert space theory, enabling greater
modeling flexibility. Liu et al. [39] introduced a scalable decomposition-based approach
for functional linear regression, leveraging a divide-and-conquer strategy to significantly
reduce computational complexity in terms of both time and memory. In certain practical
contexts, such as stock price prediction and geostatistics, the scalar response variables often
exhibit random effects. To model such scenarios, Xiao et al. [40] proposed a partially func-
tional linear model based on autoregressive structures to capture random effects. Ensemble
learning techniques have demonstrated outstanding performance in various fields. For
example, Papacharalampous et al. leveraged ensemble methods to achieve efficient fusion
and comparison of satellite and gauge-measured precipitation data [41,42]. Panigrahi et al.
employed ensemble learning in conjunction with multiple feature selection strategies to
predict code refactoring [43]. Additionally, Saheed and Misra, as well as Ogundokun et al.,
applied ensemble learning to intrusion detection in the Internet of Things and phishing
detection in blockchain transaction networks, respectively [44,45]. However, their frame-
work relies solely on autoregressive modeling, without incorporating additional covariate
information, and retains a primarily linear structure. Overcoming these above limitations
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through the development of partially functional linear models that flexibly accommodate
random effects and nonlinear relationships is of significant importance for real-world data
modeling. Despite the effectiveness of functional linear regression models in capturing
relationships between scalar responses and functional covariates, they are limited by their
assumption of linearity, which fails to capture complex, nonlinear relationships. While gen-
eralized functional linear models and partially functional linear models attempt to address
these issues, they introduce challenges such as higher computational costs and difficulties
in parameter estimation, especially when dealing with high-dimensional data. Gaussian
process-based models offer greater flexibility by capturing nonlinearities and quantifying
uncertainty, but they are computationally expensive and sensitive to hyperparameters.
Ensemble learning methods, which combine multiple models to improve robustness, also
add computational complexity and may suffer from overfitting. These limitations highlight
the need for more scalable, flexible approaches in real-world applications.

Existing approaches in functional regression struggle with handling mixed data types,
particularly when combining functional and scalar covariates. Many models either focus
solely on functional predictors or impose rigid linear assumptions on scalar covariates,
limiting their flexibility in complex real-world data. Moreover, traditional methods often
fail to model random effects or non-linear relationships effectively, particularly in high-
dimensional or autocorrelated data. Additionally, challenges like multicollinearity and
overfitting reduce predictive accuracy and stability. The proposed method addresses these
limitations by introducing a partially functional linear regression model with Gaussian
process priors for random effects, enabling the modeling of non-linear relationships and
autocorrelation. The use of an ensemble learning framework with cross-validation and
elastic net regularization enhances robustness, reduces overfitting, and improves prediction
stability, making the model more adaptable to complex, mixed-type data. The objective of
this paper is to develop a partially functional linear model with random effects, wherein the
random effects are assumed to follow a Gaussian process prior. This formulation provides
a flexible nonparametric modeling approach for finite-dimensional Euclidean covariates,
while simultaneously addressing the autocorrelation effects present in the error terms of
functional linear models. Additionally, under the Gaussian process prior assumption, the
proposed methodology offers a framework for quantifying the uncertainty of predictions.
To enhance the robustness of the model, the proposed method is extended within an en-
semble learning framework through the application of cross-validation techniques, thereby
improving the overall model stability while maintaining the functional capabilities of a
single model. Furthermore, this ensemble approach yields a model averaging strategy
for determining the number of Karhunen-Loeve expansion in the context of functional
data. Extensive simulation experiments and real-world data analyses demonstrate that the
proposed approach consistently delivers superior predictive performance across diverse
data scenarios. Although previous studies have explored the framework of partial func-
tional linear models (PFLMs), the approach proposed in this paper achieves significant
innovation. First, existing PFLMs usually assume a linear relationship between scalar co-
variates and response variables, but this study introduces Gaussian process (GP) priors into
random effect terms for the first time, allowing for nonlinear, unstructured dependencies
between scalar covariates and response, such as periodic or multi-scale interactions. This
non-parametric extension breaks through the limitation of traditional linear assumptions
and can capture complex data patterns adaptively. Secondly, traditional PFLM relies on a
single model for prediction, but this study proposes an elastic network integration strategy
based on cross-validation, which significantly improves the robustness of the model to
dimensionality reduction errors and noise of functional data through dynamic screening
and weighted submodel prediction. This integrated framework provides a new model
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averaging paradigm for functional regression. Then, through Gaussian process posterior
distribution, the model not only provides point prediction, but also generates prediction
confidence interval to support interpretability analysis of decision risk. In addition, the
cross-validation in the integration process automatically optimizes the truncation param-
eter Q of the Karhunen-Loeve expansion, avoiding the subjective bias of the traditional
fixed threshold method. Finally, compared with the existing work, this method achieves
the unity of nonlinear joint modeling of functional data and scalar covariates, integration
robustness enhancement and uncertainty quantization for the first time, providing a more
flexible modeling tool for complex realistic data, such as non-stationary time series and
heterogeneous spatial data.

The organization of this manuscript is outlined as follows. Section 2 presents an
innovative partially functional linear regression framework incorporating random effects,
which includes a comprehensive description of the model structure and the methodologies
for parameter estimation. Section 3 assesses the efficacy of our proposed approach via both
simulated experiments and real-world data applications. Section 4 provides concluding
remarks and a summary of the principal insights.

2. Methodology
2.1. Functional Gaussian Process Regression Model with Random Effects

Let 7 denote a compact set and £?(7T) be a squared integrable space on 7. Assume
that there exists a partially functional linear model with no noise item between multivariate
functional covariates X := (X, X, -+, Xj) where X; € L2(T)and t € T, D-dimensional
Euclidean covariates S = (S1,S,,---,Sp) € RP, and a scalar response Y € R, expressed
as follows:

Y = Z/ (H)dt + £(8) (1)

where B := {B1,B2,---, B} are slope functions of X. Consider that the function f(S)
satisfies a Gaussian process prior:

f(8) ~ GP(m(S),k(S,8)), @)

where m(S) = E[f(S)] is a mean function and k(S, §') = E[(f(S) — m(S))(f(S) —m(S)) ']
is a covariance function, denoted by some specific kernel functions, such as Gaussian kernel,
exponential kernel and polynomial kernel. Then, the link function R between the response
and the predictors satisfies a Gaussian process prior:

gP(Z/ dt+m(5),k(5,5’)>. 3)

Gaussian process (GP) priors implicitly define the structured constraints of function space
through covariance kernel functions in this model. First, the kernel function of GP regulates
the smoothness of the function estimation via the bandwidth parameter k. This flexibility
enables the model to approach complex nonlinear relationships without explicitly setting
the basis function. Second, the GP posterior distribution directly provides the confidence
interval of the function estimation, and its width is determined by the hyperparameter of
the covariance kernel, which enhances the decision credibility of the model in risk-sensitive
scenarios. Finally, the conjugate prior property of GP makes Bayesian inference analytically
solvable and ensures the asymptotic consistency of parameter estimation.
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For the mean function m(S), we can use parameter or non-parameter settings, as follows:
m(S):=8"y or m(S):=g(S) 4)

where S ' indicates that there is a linear structure for the mean function and 7 is a cor-
responding slope vector. The function g(S) indicates a nonlinear structure for the mean
function, such as a polynomial function, spline function, etc. Furthermore, the mean
structure also accommodates complex predictors from various feature spaces beyond just
Euclidean predictors, such as

m(0,S) :=g(0,5) ®)

where g is a nonlinear function, O € () and Q) is a non-Euclidean space. As an initial
example, we assume that the mean function m(S) = 0 for the subsequent analysis. The
core role of random effect in this model is to introduce structured non-parametric flexi-
bility through Gaussian process priors, which is embodied in the following three aspects.
First, the covariance kernel of the Gaussian process (GP) implicitly defines the nonlinear
mapping space between the scalar covariable and the response. Compared to traditional
linear random effects, such as S 7, GP can adaptively capture complex relationships, such
as periodic and multi-scale fluctuations, through kernel hyperparameters, such as band-
width h, without presetting function forms, thereby avoiding bias caused by model errors.
Second, the covariance matrix k(S, S’) of random effects encodes the spatial or temporal
dependencies between scalar covariables. For example, in time series data, by setting a
time decay kernel, the model can automatically identify the correlation between adjacent
time points and enhance the ability to model the series trend. Finally, the GP posterior
distribution not only provides a point prediction Y*, but also generates a prediction interval
Var(Y*|S*), quantifying the propagation path of randomness to the response introduced
by scalar covariates. This explicit expression of uncertainty is of great value in decision
support scenarios such as medical risk assessment.

The advantages and disadvantages of assuming that random effects obey Gaussian
processes (GPs) are as follows. On the one hand, GP implicitly defines high-dimensional
feature spaces through kernel functions, which can capture complex nonlinear relationships
between scalar covariates and responses, as shown in Equation (3). The GP posterior distri-
bution directly provides the prediction confidence interval, enhancing the interpretability
of the model. On the other hand, the O(n%) complexity of GP limits its application in large
samples (n > 10%) and relies on sparse approximation or block computation [46].

In the context of functional data analysis, the Karhunen-Loeve expansion [47] is a
commonly employed technique when | = 1. This approach estimates each functional
covariate by representing it as a finite combination of principal components. In detail, the
random function X(#) can be represented in the following form:

X(t) =u(t)+ Y ap(t), 1>1, (6)
i=

where 1i(t) denotes the mean function of X(t), and a; = [, (X(t) — u(t))y(t) dt for
[ > 1 are the principal components. The functions 1;(#) constitute an orthonormal system
of eigenfunctions linked to the covariance operator of X(t). They satisfy the following
condition:

teTCov(X(t),X(s))zpj(s) ds = Ayy(t), VteT. (7)

To simplify the analysis, we assume that X(t) is a stochastic process with a zero mean,
meaning y(t) = 0. This assumption helps in focusing on the variability captured by
the principal components. By arranging the principal components in descending order
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according to their eigenvalues Ay > Ay > - - -, we can approximate X Q) by truncating the
series after the first Q terms, with Q > 1. This approximation, denoted as X(Q), is given by:

Q
XQ@) =Y ap(t), Q>1 (8)

=1

In scenarios where | > 1, indicating multivariate functional covariates, the multivariate
Karhunen-Loeve expansion can be employed, as described in [48]. Next, the approximate
link function R between the response and the predictors satisfies a Gaussian process prior:

gP(ZZaﬂ/ i (t ﬁ]()dt,kg(s,s’)>. 9)

j=1i=1

where a;; denotes the j-th principal component score of X;(t), and ¢;;(#) is the j-th principal
component of X;(t). kg is a specific kernel function with parameters 6. In the following
section, we will introduce the estimation process for the slope functions § and kernel
function parameters 0, as well as the prediction process of the model (9).

2.2. Parameter Estimation and Prediction Process

In this part, we demonstrate parameter estimation using sample data. We model the
functional covariates X using the same orthogonal basis for both X;(t) and g;, particularly
utilizing the basis of Karhunen-Loeve Expansion (KLE), which is a standard approach in
functional data analysis [5]. The Karhunen-Loéve expansion was chosen as the functional
data approximation method based on the following theoretical advantages. KLE uses
the eigendecomposition of the covariance operator to maximize the explanatory variance
with the least number of principal components, thus achieving optimal compression of
functional data in the sense of minimum mean square error. The basis function of KLE is
orthogonal, and the principal component scores are not correlated, which effectively elimi-
nates redundant information in functional data and simplifies the parameter estimation
of subsequent regression models. Unlike fixed basis functions, such as Fourier bases and
B-splines, KLE’s basis functions are data-driven and can adaptively capture local features
of functional covariates, such as peaks or non-stationary properties. In contrast, Fourier
bases are suitable for periodic data, while wavelet bases are good at multi-scale analysis,
but need to presuppose the basis function form, which can introduce subjective bias. KLE’s

“no parameters” feature makes it more suitable for a wide range of functional data scenarios.

The dataset consists of independent and identically distributed observations, represented
as {X;
The covariance function is defined as:

ijs i=12,...,nj=1,273,...,]}, whereitis assumed that each XZ-]' is fully observed.

Zj(s,t) = E[(Xj(s) — pj(s)) @ (Xj(8) — pi(1))], (10)

where ® denotes the tensor product, which generates a higher-dimensional tensor by
considering all possible combinations of the elements from two vectors or matrices. For
finite sample sizes, the covariance function can be estimated by:

_1
n

¥ (6) = 56)) (35— 5,0), an

and, according to Mercer’s theorem, we can express the covariance function as:

()

Z AgiCai(8)Gai(t),  Ejs,t) = Y AgiCai(s)Gg;(t), (12)

q=1
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where /'\q] and {,; are the eigenvalues and eigenfunctions of the covariance operator %;,
wh11e Aq] and { gj are the corresponding components of the empirical covariance operator

j- These eigencomponents are then utilized to represent the functional data X;;(¢) and the
Coefﬁcient functions B;(t) as follows:

(13)

where (-,-) denotes the inner product in the functional space £2(7). For a specified
truncation level Q, the coefficients are defined as:

aigj = (Xij(1), §oj(1)), by = (B;(1), Lgj(1), (14)

whereg =1,2,...,Q;. These coefficients are then used to approximate the functional data
X;j(t) and B;(t) as follows:

Q; Qj .
Xijl(t) = Z aiqqu]( ) - az] gQ]]( )
q; (15)
. i
ﬁjQJ(t) = Z‘ibqjgw( )= ngQ]]( ), i=1...]
q=

T T N . . T
where ajj = (aﬂ]‘, ... ,{lin]‘) , b] = (blj/ ... ,ij]‘) , and CQj]-(t) = (Cl]’(t)/ ... ,ngj(i'))
In practice, the truncation level Q; can be determined based on criteria like the proportion
of explained variance or using cross-validation methods.

Next, for the observation data {X;, S;, Y;}!_,, the finite sample version of the approxi-
mate link function R satisfies an n-dimension normal distribution prior, that is,

(R(A1,81),R(A2,82), - ,R(An, Sn)) ~ N(V,Kg(S,S)), (16)

where A; = (a;,- - ,ui])T,i =12,---,nV = (Z]_l uljb],f,] 1 a2] ],~~ Z]] 1aTb ).
Kg(S,S) is an n x n kernel matrix, where the ii’-th element iskg(S;, Siv),i,i' =1,2,-

The parameter estimation of this model is based on the Penalized Maximum Likeli—
hood Estimation (PMLE) framework. First, the negative log-likelihood loss is introduced by
combining the likelihood function in Equation (17) with the Gaussian process, and the L2
regularization term in Equation (18) is combined to form an optimizable convex function.
Regularization item A Z;.zl 16 |5 aims to constraint slope function j(t) coefficient b;, to
prevent the parameterization. Secondly, this paper uses the L-BFGS-S algorithm to solve
the minimum value of the loss function. The algorithm approximates the Hessian matrix
by quasi-Newton method, and deals with high-dimensional parameter space efficiently,
while supporting boundary constraints. Then, PMLE replaces the Bayesian prior by explicit
regularization, avoiding the computational overhead of posterior sampling, such as MCMC
O(n3T) complexity; T is the number of iterations, more suitable for medium-scale func-
tional data scenarios. Finally, compared to random gradient descent (SGD), L-BFGS-S does
not need to manually set the learning rate and is more robust to non-smooth targets, making
it suitable for joint optimization of mixed-type parameters (continuous ¢ and discrete Q).
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—In(L(B,d%,0)) :

Then, the parameters B = (b{,by,---, b}r) and 6 can be achieved by maximizing the
likelihood function:

CATBYTK=1(y — AT
L(B,0?,0) = ! 1Y-AB) Ky (Y- A B)) 17)

ex —_— =
2r0?) " 7[Ky| p( 2 o?

where A = (A{,A,,---,A})T, || denotes determinant. ¥ = (Y1,Ya,---,Yy)". Kq :=
Kp(S,S'). Taking the negative log-maximum likelihood transformation, the loss function
with L2 penalty is then defined as:

1 - ]
= ﬁ(y —A"B) "K' (Y = ATB) +nln(0?) + In(|Kp|) + A Z% 1b;ll3 (18)
]:
where A is a regularization parameter and || - |2 denotes the L2 norm. To solve this

optimization problem efficiently, we employ the L-BFGS-S algorithm (Limited-memory
Broyden-Fletcher—Goldfarb—Shanno with Stabilization). In this study, we use a squared
exponential kernel:

IS — 8|2

ko(S,8') =aS'S’ exp(— 52

) +(1—w)é(S, 8, (19)
where 8 = (a,h). ||S — §'||? is the squared Euclidean distance, (S, §’) is the Kronecker
delta function (1 if S = §’, otherwise 0), and « represents the noise variance. The linear
kernel captures the linear dependencies among the covariates, the RBF kernel captures
smooth, nonlinear relationships, and the white noise kernel accounts for observational
noise. The combination of these kernels allows the model to simultaneously capture linear
and nonlinear trends while accounting for noise, enhancing its flexibility and robustness.
We define that when Equation (19) reaches a local optimal solution, the parameter esti-
mators are denoted by B and 8, respectively. In this study, combined kernel functions,
shown as Equation (19), are used to cover a wider function space through multi-scale
and multi-mode kernel structure, while ensuring the stability and generalization ability of
the model. First, the global smoothing trend between scalar covariates and responses is
captured by the bandwidth parameter / to suppress the high-frequency noise interference.
Secondly, the linear principal effects of scalar covariates are explicitly modeled to enhance
the interpretability of simple relationships. Then, the independent variance term of the
observed noise is quantified by the parameter a to prevent the model from over-fitting
random fluctuations. This combination strategy balances the flexibility and robustness of
the model, and can adapt to linear, non-linear and noise-dominated data modes at the same
time. Finally, the combined kernel function is guaranteed to meet the Mercer condition
by legal kernel operation, which ensures the mathematical completeness of the Gaussian
process prior.

The performance of GPR is highly dependent on the choice of kernel hyperparam-
eters such as bandwidth /1 and noise variance a of the RBF kernel. Firstly, for the kernel
hyperparameter 6 = {h,a}, a Gaussian process proxy model is constructed to search the
optimal value efficiently through the collection function, avoiding the computational waste
of grid search. Secondly, the generalization error of the hyperparameter combination is
evaluated by K-fold cross-validation, and the elastic network regularization imposes sparse
constraints on the weight of the submodel to restrain the risk of overparameterization.
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The joint distribution of the output data Y with noise 72 and the output at the test points
{X*,8"} is defined as follow:

Y ATB\ (K4S, 8)+~9* Ky(S*,S)
(Y*)NN<<A*TB>'< K;(5%,8)  ky(5",8%) @0

* * % *
where A* = (af, a3, - ,u]) and

af = (0 (0,80, (X (0,810, =+, (X (0,80, (0)), T = 1,23, .

K4(S*,S)is a1 x n matrix, where the i-th element is k4(S*,S;),i = 1,2,--- ,n. Iisann x n
identity matrix.

According to Bayesian statistical inference, the predictive distribution at the test points
{X*,S"} is defined as follows:

Y {X:.8;, Vi, {X*, 5"}, B,0 ~ N(A*TB+ K} (Ky+9°1) (Y —ATB), o
ké + KZT (K@ + 721)71K3)
where K := Kg (§%,S) and Kj := K;(S,S"). The maximum a posteriori (MAP) estimate
from this predictive distribution can be used as the predicted value at the test point {X*, S* },
that is:
V' =A"TB+K; KN (Y - ATB). (22)

We refer to the above method as Functional Gaussian Process Regression (FGPR), and the
specific implementation process is shown in Algorithm 1.

Algorithm 1 Functional Gaussian Process Regression (FGPR).

Input: The train data {X;, S;, Y;}" ; and the test point {X*, §*}.
1: Calculate the coefficient matrix A based on Equations (14)-(16);
2: Calculate the parameter estimators B and # based on minimizing Equation (18);
3: Calculate the noise estimator 4 of Equation (20) based on the marginal likelihood
function maximization;
4: Calculate the predictive distribution p(Y*|{X;.S;,Y;}",, {X* §*},B,0) based on
Equation (21);
Output: The prediction Y* = A* "B + KZT (Kg+9*1)"1(y — ATB).

This model assumes that random effects obey Gaussian processes, which is valid in
most scenarios, but may have limitations in practical application. Problems may arise if
the random effect actually follows a non-Gaussian distribution, such as a heavy-tailed
distribution, a skewed distribution, or heteroscedasticity. The symmetry and light tail char-
acteristics of Gaussian processes can lead to insufficient sensitivity to extreme values, which
in turn biases parameter estimates, such as covariance function parameter 6. Confidence
intervals or prediction intervals based on Gaussian assumptions may not accurately cover
the distribution of true values, such as low interval coverage when the actual error has
a thick tail. Non-Gaussian noise, such as outliers, can significantly affect the predictive
performance of Gaussian process regression, while models based on robust loss functions,
such as Huber losses or non-parametric methods, such as quantile regression, may be
more adaptable. In order to alleviate the above problems, the following directions can
be explored in the future. The Student-t Process [49] can be used to replace the Gaussian
process, and its freedom parameters can flexibly capture thick tail characteristics. Modeling
the conditional quantile directly instead of the mean avoids specific assumptions about the
error distribution [50].
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2.3. Ensemble Learning for FGPR

Considering that a single model is prone to overfitting and lacks robustness, this
section extends FGPRs to an ensemble learning framework. We employs cross-validation
and the leave-one-out method to generate random training data. Specifically, the training
dataset was randomly divided into K subsets {D;}X_,. Each subset is sequentially used
as a test set, while the remaining K — 1 subsets serve as the training set. The FGPR model
is trained on each training set, and predictions are generated for the corresponding test
set. This process is repeated for all K subsets, ultimately reconstructing the predicted
outcomes for the entire training dataset. The above process is repeated B times, yielding
B-dimensional prediction vectors for both the training and test datasets. These prediction
vectors are then used to enhance the robustness and generalization ability of the model.
The output results of samples from the training and test sets under B-fold cross validation
are shown below:

Dtrain = {W1/W2/ Tt rwn}; Dtest = {W{/ Wé/ e /Wé} (23)

where W; = (Wi, Wi, - -+, W;p) and Wj, is the i-th prediction value of the b-th cross-
validation. A common strategy in ensemble learning is to combine the outputs of different
sub-models on the test set using simple arithmetic averaging:

1

B
V==Y w. (24)
b=1

=

K-fold cross-validation approximates the expected error of the model on the real distribu-
tion by reducing the estimation variance. In order to ensure the generalization ability and
reliability of the model, a multi-level verification framework was adopted in this study. The
dataset was randomly divided into K subsets; each subset was taken as the verification set,
and the rest as the training set. The train—verification process was repeated, and the average
performance index was finally taken. This method effectively uses limited data to evalu-
ate model stability, especially for medium-sample-size scenarios. For classification tasks
or unbalanced data, stratified data are divided according to the distribution of response
variables to ensure that the proportion of categories in each compromise is consistent with
the whole to avoid the introduction of bias.

The necessity of ensemble learning in this study stems from the multiple challenges of
high-dimensional functional data, noise sensitivity and model complexity. First, the single
Gaussian process regression (FGPR) model is sensitive to random partitioning or noise
perturbation of the training data, especially when the sample size is limited. Ensemble
learning generates multiple sub-models through cross-validation, and weights the pre-
diction results to effectively reduce variance and improve robustness to data fluctuations.
Secondly, different submodels capture different variation patterns of functional data, such
as local fluctuations or global trends, through randomly divided training sets. The elastic
net regularization then automatically screens information-rich submodels in the process,
suppressing redundant or noise-dominated predictions to achieve deviation—variance equi-
librium optimization at the integration level. Finally, the integrated framework dynamically
adjusts the weight of the submodels (such as sparsity constraints) to avoid overfitting of a
single model due to excessive complexity (such as selecting too many principal components
Q). Compared to traditional Bagging or Boosting, elastic mesh integration shows greater
flexibility in multi-modal functional data. However, in certain cases, this straightforward
approach may not be ideal. For the multicollinearity problem that may be caused by
high-dimensional Euclidean covariates, the model adopts the following dual strategies to
ensure the stability of the estimation. In the predictive fusion phase of ensemble learning in
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Equation (25), the weights of the submodels are constrained by elastic networks (L1 + L2
regularization). L1 regularization A reduced dimensionality by sparse screening of signifi-
cant submodels; L2 regularization lambda, suppresses parameter variance and alleviates
estimation oscillations caused by collinearity. In the Gaussian process covariance function,
the square exponential kernel implicitly contracts the influence of independent features
through the bandwidth parameter & in Equation (19), which acts like continuous feature
selection. Given the typically large number of sub-models and the repeated resampling
process used to generate their training datasets, multicollinearity often arises among the
outputs of the sub-models. Additionally, when some predictors are unrelated to the re-
sponse variable, the outputs of certain sub-models may exhibit significant deviations from
the true values. Simply averaging these outputs ignores the varying importance of different
sub-models in predicting the response variable, which may reduce overall prediction accu-
racy. On the other hand, methods that assign linear weights based on residuals can suffer
from overfitting. To address these limitations, this paper proposes a novel approach that
aggregates the outputs of sub-models using elastic net regularization. By incorporating
both L1-norm and L2-norm penalties, the elastic net not only eliminates outputs irrelevant
to the response variable but also effectively handles multicollinearity among sub-model
outputs. This enhances the stability and accuracy of the overall predictive model. The
mathematical formulation of the elastic net is as follows:

N [ 1 2
) = arg min (Z(Yi—wf ) +/\1||11||1+Az|11||§> (25)
1

yeRBA\ N ;=

where 7 are coefficient vector estimates of § = (11,72, -+ ,75) . A1 is an L1-norm reg-
ularization parameter and A, is an L2-norm regularization parameter. After solving the
estimator 7 using an optimization algorithm, the predictions on the test point are calculated
as follows:

Y =W, (26)

where W = (W], Wy, ---,Wg). We refer to the above method as Functional Gaussian
Process Ensemble Regression (FGPER), and the specific implementation process is shown
in Algorithm 2.

Note that stack generalization [51] is another efficient ensemble method. The core idea
is to optimize a combination of predictions from a base model, such as an FGPR submodel,
by training a meta-model, such as linear regression, random forest, or neural network.
Specifically, the predicted values of the base model are first generated as meta-features by
cross-validation, and then the meta-model is trained based on these features to minimize
the final prediction error. Compared with linear weighting of an elastic network, the
stacking method can capture the nonlinear interaction between base models, which may
improve the prediction accuracy. In the same way, K-fold cross-validation [52] can also
have the same effect. Users can choose the appropriate method according to the specific
scenario and specific requirements.

Algorithm 2 Functional Gaussian Process Ensemble Regression (FGPER).

Input: The train data {X;, S;, Y;}! ; and the test point {X*, §*}.
1: Calculate the Dyain and Diest based on FGPR model (1) and CV method;
2: Calculate the coefficient vector estimates 7 based on minimizing Equation (25);
3: Calculate the predictive value Y* = W'ij;

Output: The prediction Y*.

The proposed partially functional linear regression model with Gaussian process prior
and ensemble learning is motivated by the need to address real-world data complexities
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where both functional and Euclidean covariates coexist. Traditional functional regression
models often focus solely on functional predictors, neglecting scalar covariates, or impose
restrictive linear assumptions on scalar terms, limiting their flexibility. By integrating a
Gaussian process prior for the random effects associated with Euclidean covariates, the
model captures nonlinear relationships and autocorrelation structures, while the Karhunen-
Loeve expansion efficiently reduces the dimensionality of functional data. The ensemble
learning framework further enhances robustness by mitigating overfitting and stabiliz-
ing predictions through cross-validation and elastic net regularization. Key advantages
include its ability to handle mixed data types, superior prediction accuracy demonstrated
in Section 3, and applicability to high-collinearity scenarios like spectral analysis. How-
ever, challenges arise from computational demands of Gaussian processes, sensitivity to
hyperparameter selection, and the need for fully observed functional data. Compared to
baseline methods—such as XGBoost, RF, and SVR—the model outperforms in accuracy
and stability, particularly when functional and scalar predictors interact nonlinearly. While
computational scalability remains a limitation for large datasets, the framework’s flexibility
in accommodating diverse covariate structures positions it as a valuable tool for modern
functional data analysis.

3. Data Analysis

This section presents a thorough assessment of the proposed method’s predictive
capabilities through both simulated and real-world data analyses. The simulation studies
are structured with a range of configurations, such as different sample sizes and connec-
tion functions. Monte Carlo simulations are employed across all experiments, with the
Mean Square Error (MSE) as the key performance indicator. The RMSE is mathematically

expressed as:
n

1 AV,
MSE = - izzl(yi -Y:)?, (27)
where {Y;}"_, denotes the actual values, and {Y;}_, denotes the forecasted values. For
every experimental setup, the average and standard error (SE) of the performance metrics
are calculated from 10 Monte Carlo Markov Chain (MCMC) simulations, serving as the
definitive evaluation criteria. In each trial, the dataset is randomly split into a training
subset (60%) and a testing subset (40%), utilized for model training and validation, respec-
tively. With a limited sample size, a 60% training set (#4in, = 60) ensures the stability of
the model parameter estimates, while retaining a sufficiently large test set (11test = 40) to
reduce the variance of the evaluation results. Compared to more extreme divisions such
as 30-70, 6040 strikes a balance between model training reliability and generalization
ability verification. In functional regression analysis, the 60-40 division is commonly used
in medium-size datasets because it can effectively avoid the risk of overfitting caused by
small training sets. Fixed-proportion partitioning simplifies experimental design, facilitates
fair comparisons across different parameter configurations, such as A and Q, and reduces
conclusion instability due to random partitioning fluctuations. Although the 70-30 parti-
tion is often recommended in traditional machine learning, it is assumed that the training
data are sufficient (1 > 10%), and in small sample functional data scenarios, excessively
reducing the training set may exacerbate model bias. To facilitate a broad comparison,
the Karhunen-Loeéve expansion technique is applied to preprocess the functional predic-
tors, with the derived FPCA scores serving as inputs for a variety of machine learning
algorithms, such as Gaussian Process Regression (GPR), XGBoost, ElasticNet, Random
Forest (RF), and Support Vector Machines (SVM). By comparing the proposed method with
these established techniques, the goal is to highlight its superior ability to manage mixed
predictors, especially when combining functional predictors with vector-valued predictors.
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3.1. Simulation Studies

The data {X;,S;, Y;} ; were generated using the following partial functional lin-
ear model:

Y, = /tem X:(DB(Hdt+ f(S) +e, i=12,...,n, (28)

where X;(t) = Y12, agk=3/4¢;(t). In this setup, {px(t)}1% denote Fourier basis functions,
and the coefficients {ﬂik}?;ll({;(z:l are drawn from a standard normal distribution N(0, ¢2),
with {a;}}% being mutually independent. The coefficient function B(t) is defined as
211(0:01 k=2¢y(t). Each functional predictor is observed at 100 equally spaced points within
the interval [0,1]. The error term € follows a normal distribution A (0, 0.01). The per-
formance of the model is influenced by various hyperparameters, which play a critical
role in determining its effectiveness. Now, we set the default total number of samples to
100, 0, = 0.01, D = 1, B = sin(37/4t) and f(S) = sin(2/371S). To evaluate the impact
of various model hyperparameters on model performance, we configured various model
hyperparameters, as outlined below:

(1) Assume a truncation level Q € N*, where Q < 99, a regularization parameter A = 0.1,
and the number of sub-models fixed at 2, while keeping all other parameters constant.

(2) Explore different values of the regularization parameter A = 0.1,0.2,0.5,1, with the
number of sub-models set to 2, and all other parameters held fixed.

(3) Investigate the impact of varying the number of sub-models H € N*, with the regular-
ization parameter A = 0.1 and all other parameters unchanged.

Figure 1 displays the MSE graph corresponding to different truncation levels. As
can be observed, with the increase in truncation level, the overall trend of MSE decreases
from higher values and eventually converges to a range between 0.10 and 0.15. In prac-
tical operations, we simply need to select a relatively large truncation level. When Q
is much lower than the true intrinsic dimension of the functional data, the truncated
Karhunen-Loeve expansion cannot adequately capture the key variation patterns of the
covariates, resulting in increased model bias. For example, if the real function space re-
quires Q* = 10 principal components to explain 90% of the variance, and set Q = 3, the
ignored higher-order principal components may contain systematic correlations of the
response variables (such as high-frequency fluctuations), resulting in information loss.
Excessive increases in Q introduce noise-dominated, higher-order principal components,
such as Q > QF, that slow down the interpretive variance gain, and these components
are often coupled with random errors, resulting in higher model variance. Especially in
the small sample scenario (n < 100), the high-dimensional parameter space easily causes
overfitting, and the MSE of the training set is significantly lower than that of the test set.
Increasing Q linearly increases the number of basis functions for FGPR submodels, which
in turn increases the computational complexity of a single model (O(Q?)). At the same time,
redundant principal components may induce multicollinearity and reduce the numerical
stability of parameter estimates, such as deterioration of covariance matrix conditions. In
practice, the optimal selection of Q balances the following criteria. Principal components
with a cumulative interpretive variance of more than 85-95% are usually retained to balance
dimensionality reduction efficiency with information integrity. K-fold cross-validation
minimizes test set prediction errors, dynamically determines data-driven Q values, and
avoids subjective preset biases. By sparing the weight of the submodel, the elastic network
indirectly inhibits the negative effects of redundant principal components, and partially
alleviates the risk of excessive selection.
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Figure 1. The MSE for various values of truncation levels. This figure shows the mean squared error
(MSE) corresponding to different truncation levels used in the model. The graph demonstrates that,
as the truncation level increases, the MSE decreases and eventually stabilizes within the range of 0.10
to 0.15, helping to identify the optimal truncation level for minimal error.

Table 1 presents error metrics for various models evaluated on synthetic datasets. It
reports the mean and standard deviation of the MSE across different models under different
A and four scenarios regarding the number of sub-models. The table helps highlight the
effectiveness of the proposed FGPER model in minimizing prediction errors compared to
traditional methods. For example, across all settings, FGPER consistently shows lower
error metrics than the other models, demonstrating its robustness and accuracy. We can
see that smaller lambda can lead to better results. When the functional data are smooth or
low-noise, a smaller A allows the model to be more flexible in capturing subtle associations
between the functional covariates and the response, avoiding underfitting due to over-
regularization. FGPER’s elastic mesh integration strategy itself partially replaces the role
of A in a single FGPR model by punishing the submodel weights with L1 + L2, thereby
reducing the reliance on explicit regularization A. When the sample size is sufficient,
the multi-shape model generated by cross-validation has strong generalization ability,
which further weakens the necessity of large A values. In ensemble learning, the number
of different sub-models has little impact on the performance of the model. First, the
high correlation of the submodels causes the “multiplicity—accuracy” balance of ensemble
learning to fail, and the additional H does not significantly improve the information gain.
Secondly, the L1 regularization A automatically reduces the submodel weights in the
fusion phase. When H = 10, only 3.2 submodels have non-zero weights, and the excess
submodels are effectively eliminated, so the increase in H makes a limited contribution
to the final prediction. In the simulation experiment, the true relationship between the
functional covariates and the response can be fully captured by the first Q principal
components. In this case, increasing the number of submodels H will only introduce
redundant combinations of basis functions, and no additional information can be mined.
Figure 2 visualizes the results of various A from the experiments in Table 1 as boxplots.
These plots compare the distribution of prediction MSE for each model under the different
experimental settings. The boxplots provide an intuitive overview of the performance
variance for each model. The FGPER model generally shows smaller MSE values, with less
variation, which further supports its stability and predictive power in handling functional
and Euclidean data together. The FGPER model consistently shows smaller MSE values
with less variation, especially at lower A values. This suggests that the FGPER model
is more stable than the other models across different regularization levels. Models like
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XGBoost and Random Forest exhibit more variance, indicating that they are more sensitive

to changes in A.

Table 1. Error Metrics for different model hyperparameters.

A=0.1 A =02 A=05 A=1
Models Mean Std Mean Std Mean Std Mean Std
FGPER 0.098640 0.126373 0.126025 0.186339 0.086953 0.069864 0.045491 0.021083
XGBoost 0.549197 0.116231 0.590441 0.148662 0.563402 0.128894 0.560581 0.098390
RF 0.477162 0.086327 0.523641 0.139252 0.471567 0.065941 0.478471 0.080250
SVR 1.764694 0.250082 1.621323 0.262005 1.581664 0.172967 1.684526 0.148351
ElasticNet 1.136556 0.191602 1.085996 0.245034 1.034616 0.143284 1.063093 0.131600
GPR 1.581396 0.165444 1.568276 0.256959 1.454183 0.166309 1.526595 0.169808
H=2 H=3 H=5 H =10
Models Mean Std Mean Std Mean Std Mean Std
FGPER 0.050228 0.022433 0.050691 0.021653 0.049281 0.021083 0.049491 0.021083
XGBoost 0.570704 0.217868 0.661106 0.212304 0.573672 0.100748 0.560581 0.098390
RF 0.510012 0.138543 0.596936 0.183002 0.540912 0.065173 0.478471 0.080250
SVR 1.616256 0.333460 1.693738 0.312784 1.680597 0.185740 1.684526 0.148351
ElasticNet 1.187757 0.272964 1.202594 0.315123 1.052653 0.117864 1.063093 0.131600
GPR 1.613746 0.275219 1.607003 0.255500 1.474043 0.112316 1.526595 0.169808
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Figure 2. Boxplot of MSE values for various A hyperparameters. This figure visualizes the distribution

of mean squared errors for various values of the regularization parameter A in a boxplot format. The

MSE values are shown for different experimental setups, demonstrating how FGPER consistently

outperforms other models in terms of stability and predictive power.

To thoroughly evaluate the model’s applicability and robustness, we configured

various model parameters, as outlined below:

@

@

®)

4)

©)

Consider that different total sample n = 100,200,400, 600, S is a scale random variable
with standard normal distribution and the other parameters remain unchanged.
Consider that the different variance of coefficient o, = 0.01,0.1,0.5,1, n = 100, S is a
scale random variable with standard normal distribution and the other parameters
remain unchanged.

Consider that the different dimension of vector-valued predictors S ~ N(0,Ip),
D =1,3,5,10, n = 100 and the other parameters remain unchanged.

Let X(t) be a standard Brownian motion; consider that the different slope functions,
B(t) = sin(37t/4t) or B(t) = cos(7t/2t) or B(t) = t? or B(t) = rt/2arcsin(t), n = 100,
S is a scale random variable with standard normal distribution and the other parame-
ters remain unchanged.

Consider that the different link functions, f(S) = cos(7t/2S), f(S) = ¢%5°, £(S) =
sin(2/37S) or f(S) = 0.55> —S+3, n = 100, S is a scale random variable with
standard normal distribution and the other parameters remain unchanged.

In all experimental settings, the hyperparameters of the proposed method (FGPER) and

the comparison methods were optimized using five-fold cross-validation. The experimental

results are presented in Table 2 and Figure 3. Both the table and the figure are in a
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5 x 4 format, with the elements in the figure corresponding one-to-one with the elements
in the table.
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Figure 3. Boxplot for various values of model parameters. This boxplot compares the MSE distribution
for various model parameters. It highlights the performance variation across models, indicating that
FGPER generally shows lower MSE values and reduced variation, supporting its robustness and
effectiveness in handling both functional and Euclidean data.

Table 2 presents error metrics for various models evaluated on synthetic datasets. It
reports the mean and standard deviation of the MSE across different models under different
experimental conditions. The table helps highlight the effectiveness of the proposed
FGPER model in minimizing prediction errors compared to traditional methods. For
example, across all settings, FGPER consistently shows lower error metrics than the other
models, demonstrating its robustness and accuracy. Figure 3 visualizes the results from
the experiments in Table 2 as boxplots. These plots compare the distribution of prediction
MSE for each model under the different experimental settings. The boxplots provide an
intuitive overview of the performance variance for each model. The FGPER model generally
shows smaller MSE values, with less variation, which further supports its stability and
predictive power in handling functional and Euclidean data together. FGPER consistently
demonstrates the smallest MSE with relatively low variance compared to other models like
XGBoost, Random Forest, Support Vector Regression, ElasticNet, and Gaussian Process
Regression. This is particularly noticeable in the boxplot, where FGPER shows a smaller
range between the upper and lower quartiles of MSE values. This indicates that FGPER
is less sensitive to fluctuations in the data or hyperparameters, which implies higher
stability in its predictions. The variance of the MSE is much lower for FGPER. For the
other models, such as XGBoost and RF, while their MSE values may not be as low as
FGPER’s, the spread of their boxplots is much wider. This highlights that these models
experience higher variability in their predictions under different experimental settings. This
variance can be problematic, especially in cases where consistent performance is crucial.
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The experimental settings vary across different dimensions such as sample size, variance of
coefficients, number of sub-models, and different functional forms for B(t) and f(S). The
figure suggests that regardless of these changes, FGPER maintains a consistently low error
and stable performance. This makes FGPER particularly useful for real-world applications
where both the data and the conditions may vary. The boxplot for FGPER’s MSE values
shows a tight cluster with minimal variation, confirming its robustness. While other models
like XGBoost and RF may perform well in some settings, their higher variance could make
them less reliable in certain cases where stability is required. The tighter MSE distribution
for FGPER, even in the face of varying experimental conditions, supports its superior
predictive power, particularly when handling functional and Euclidean data together.

The experimental results show that the performance of the model increases gradually
with the increase in sample size. For small sample scenarios (n < 200), the model is mainly
dominated by high variance, and insufficient training data lead to unstable parameter
estimation. Although the integration strategy can alleviate some overfitting through
diversity, the test error is still high. When the sample size is medium (200 < n < 400), with
the increase in sample size, the model gradually approaches the optimal complexity of its
hypothesis space, and the variance decreases and the bias becomes the main error source. At
this time, the principal component estimation accuracy of functional covariates is improved,
and the test error is significantly reduced. For large sample scenarios (n > 400), the model
enters the “asymptotically stable region”, and the deviation is further reduced, but it is
limited by the expression ability of the functional basis function. The non-parametric
property of the Gaussian process allows it to approximate any continuous function in
theory, but in practice, it is constrained by the choice of kernel function and computational
resources. With the increase in sample size, the model’s ability to capture the nonlinear
relationship between functional covariates and responses is enhanced. For example, the
kernel function bandwidth & can be adjusted adaptively, which verifies its theoretical
consistency under big data.

The computational complexity of the proposed model is mainly derived from the train-
ing and integration strategies of the Gaussian process regression submodel. Specifically, the
time complexity of FGPR'’s covariance matrix inversion and hyperparameter optimization
is O(n?), where n is the training sample size. This complexity is significantly higher than
that of tree-based integration methods, such as XGBoost and random forest, whose training
complexity is usually O(Bnlogn) (B is the number of trees). FGPER generates B submodels
through K-fold cross-validation, increasing the overall complexity to O(BKn3). In contrast,
Bagging or Boosting methods, such as XGBoost, have an integration cost of O(Bnlogn)
and a significant efficiency advantage. Although FGPER is computationally expensive on
large data (n > 10%), it can be reduced to O(m?n) (m < n is the number of induction points)
by sparse Gaussian processes, such as the induction point method [46]. Alternatively, Gpus
can be used to accelerate covariance matrix operations [53]. The experiment shows that
when n = 1000, the training time after reduction decreases from 120.3 s to 28.9 s, and the
loss of prediction accuracy is less than 2%.

Note that while FGPER performs well in most scenarios, there are certain conditions
in which the baseline model may be more advantageous. When the number of principal
components of functional covariates is very small (such as Q = 1), the mean MSE of
traditional linear models (such as ElasticNet) will be slightly better than FGPER due to low
complexity and avoidance of overfitting. Strong linear relationship: If the scalar covariate
and the response variable are strictly linear, the performance will be close to FGPE due to
direct modeling of linear structure.
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Table 2. Error metrics for different model settings.
n = 100 n = 200 n = 400 n = 600

Models Mean Std Mean Std Mean Std Mean Std
FGPER 0.016246 0.008267 0.012357 0.003467 0.008798 0.000595 0.006431 0.000450
XGBoost 0.456975 0.092263 0.355759 0.052515 0.169690 0.033911 0.136347 0.030885
RF 0.411981 0.057457 0.336377 0.035882 0.213647 0.057039 0.147035 0.024851
SVR 1.468370 0.199291 1.581824 0.140730 1.410424 0.088077 1.806797 0.084530
ElasticNet  0.960186 0.196202 1.067378 0.131210 1.009096 0.098717 1.048206 0.079734
GPR 1.345697 0.234150 1.422681 0.114619 1.387111 0.099932 1.620321 0.090787

o, = 0.01 o, =0.1 0, =05 o, =1

Models Mean Std Mean Std Mean Std Mean Std
FGPER 0.016001 0.002432 0.018172 0.003003 0.017709 0.005288 0.032225 0.019281
XGBoost 0.119501 0.067353 0.256691 0.098530 0.655191 0.177373 0.766155 0.172835
RF 0.161083 0.053426 0.244419 0.050225 0.594436 0.111841 0.748457 0.167476
SVR 0.598816 0.080846 0.663162 0.158682 1.176169 0.144068 1.468506 0.155171
ElasticNet  0.516020 0.045591 0.614075 0.120212 1.101984 0.215307 1.132061 0.168248
GPR 0.517602 0.042629 0.601169 0.102787 1.132612 0.181640 1.243282 0.159892

D=1 D=3 D=5 D =10

Models Mean Std Mean Std Mean Std Mean Std
FGPER 0.017960 0.002631 0.030871 0.021008 0.014782 0.001973 0.017069 0.002587
XGBoost 0.161433 0.041098 0.461541 0.140316 0.165535 0.040279 0.473812 0.205849
RF 0.172224 0.044897 0.448965 0.099995 0.193968 0.051856 0.521034 0.181238
SVR 0.556252 0.080299 1.431950 0.335770 1.127610 0.159568 1.705314 0.202938
ElasticNet  0.538738 0.088997 0.917172 0.254743 0.597466 0.162669 1.161193 0.220416
GPR 0.531335 0.087021 1.263785 0.243585 0.970141 0.243721 1.494299 0.264008
B(t) = sin(37/4t) B(t) = cos(mt/2t) B(t) = t? B(t) = rt/2arcsin(t)

Models Mean Std Mean Std Mean Std Mean Std
FGPER 0.011461 0.002973 0.015561 0.006532 0.021902 0.014374 0.021902 0.014374
XGBoost 0.049655 0.015798 0.058902 0.027072 0.093646 0.048543 0.093646 0.048543
RF 0.026991 0.009399 0.027774 0.008165 0.050808 0.028309 0.050808 0.028309
SVR 0.495724 0.072706 0.560857 0.083317 0.489487 0.068534 0.489487 0.068534
ElasticNet  0.460491 0.067577 0.531369 0.065401 0.456434 0.064485 0.456434 0.064485
GPR 0.452279 0.068317 0.527670 0.057472 0.447556 0.070704 0.447556 0.070704
f(S) = cos(7/2S) f(S) = e f(S) = sin(2/37S) f(S) =055>-S+3

Mean Std Mean Std Mean Std Mean Std
FGPER 0.029017 0.009425 0.016963 0.006344 0.019385 0.005082 0.052358 0.041435
XGBoost 0.594788 0.126136 0.331461 0.070165 0.771248 0.209477 1.469129 0.746415
RF 0.521808 0.125378 0.342783 0.050232 0.740279 0.222310 1.320688 0.824698
SVR 1.950513 0.293679 0.947603 0.150999 1.779695 0.284965 3.023473 1.165839
ElasticNet  0.889827 0.254545 0.772006 0.180410 1.451167 0.428549 1.948809 1.179469
GPR 1.769385 0.253185 0.981258 0.160671 1.632196 0.352799 3.112119 1.114236

In order to evaluate the overfitting risk of the model in a small sample scenario, we

analyzed its inhibition effect on overfitting by adjusting the elastic network regularization

parameters A and Ay. Results show that when Ay = 0.1, A; = 0.5, the standard deviation

of test set MSE decreases from unregularized 0.25 to 0.12, and the sparsity of parameter

weights, the proportion of non-zero weights, decreases from 100% to 35%. It is shown that

regularization effectively inhibits overfitting of redundant submodels. Under the condition
of a small sample (n = 50), FGPER’s test set MSE is 0.23, which is better than XGBoost (0.31)
and random forest (0.28), but worse than strongly regularized ElasticNet (0.19). This shows
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that although the integration strategy improves generalization, it still relies on stronger
explicit regularization, such as L1 penalties for extremely small samples. Validation set
losses are monitored during cross-validation, and training is terminated when losses do
not improve for three consecutive times to prevent overfitting.

3.2. Real Data Analysis

This paper assumes that the dataset is complete. For incomplete data, interpolation
techniques [54] or missing data mechanism modeling [55] can be introduce to deal with
incomplete data.

3.2.1. Tecator Data

The first dataset we used is the Tecator dataset, which can be downloaded
from https:/ /lib.stat.cmu.edu/datasets/tecator (accessed on 15 June 2024). This dataset
comprises 240 meat samples, where each sample contains a 100-dimensional functional
predictor derived from near-infrared absorbance spectra measured between 850 and
1050 nanometers. Additionally, the dataset contains three scalar variables: the moisture, fat,
and protein content of the samples. The absorbance spectra are calculated as the negative
base-10 logarithm of the transmittance values obtained from the spectrometer, while the
contents of the three components are determined using analytical chemistry methods and
are expressed as percentages. The absorbance spectra data are visualized in Figure 4, where
the left panel shows the spectra and the right panel presents a heatmap of the correlations
between the discrete points. From the figure, it is evident that the data exhibit the character-
istics of functional data. Moreover, due to the high collinearity among the discrete points,
directly applying multivariate regression models for modeling is not appropriate.

1.000
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0.995
5.0

-0.990
45

-0.985

-0.980

3.0

-0.975

25 0.970

20 0.965

X1 xi1 x21 x31 x41 X51 X61 X71 X8l xol
Index

Figure 4. Spectra curve (Left) and heatmap (right) of the Tecator dataset*. This figure presents the
absorption spectra data of meat samples from the Tecator dataset. The left panel shows the spectra
curve, while the right panel depicts a heatmap of correlations among discrete data points. This
visual representation underscores the functional structure of the data, which suggests the need for
specialized functional data analysis techniques.

It is evident that the data exhibit a functional trend, so we have decided to treat it as
functional data. Our objective is to predict the protein content of meat samples based on
their absorption spectra data, along with moisture and fat content. For the vector-valued
covariates, we use the moisture and fat as covariates, with the protein serving as the
response variable. To assess the performance and robustness of our proposed model, we
performed 10 MCMC simulations, comparing it against five baseline models that utilize
Karhunen-Loeve expansion: XGBoost, Random Forest (RF), Support Vector Regression
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(SVR), ElasticNet Regression (ElasticNet), and Gaussian Process Regression (GPR). For
each simulation, the dataset was randomly divided into a training set (60%) and a testing
set (40%) to validate the models. The hyperparameters in the models were selected by
cross-validation. The experimental results are shown in Table 3 and Figure 5.

EFGPR  XGBoost RF SVR  ElasticNet  GPR

Models

MSE

w

S

Figure 5. Boxplot for the Tecator dataset. This boxplot compares the performance of different models
on the Tecator dataset, displaying the error distribution for each. The EFGPR model shows superior
performance, with the smallest and most stable error distribution.

Table 3 and Figure 5 present the error metrics of various models on the Tecator dataset.
Table 3 lists the mean and standard deviation of the models” performance. The results
indicate that EFGPR performs the best among all models, with the lowest MSE and standard
deviation, highlighting its excellent performance in handling both functional and scalar
data. Figure 5 provides a boxplot that visually shows the distribution of errors across these
models, further illustrating EFGPR’s superiority over other models. Specifically, the error
distribution for EFGPR is more stable and lower, indicating its strong predictive stability
and accuracy.

Table 3. Error metrics for different models on Tecator data.

Models Mean Std

EFGPR 1.570512 0.245816
XGBoost 1.713891 0.625767
RF 3.009488 1.202091
SVR 4.187361 0.706389
ElasticNet 2.282835 0.718402
GPR 3.553845 0.599632

3.2.2. Corn Data

The second dataset utilized in this research is the Corn dataset, available at http:
/ /www.eigenvector.com/data/Corn/index.html (accessed on 15 June 2024). This dataset
includes 80 corn samples analyzed with a near-infrared (NIR) spectrometer. The spectral
data cover a wavelength range from 1100 to 2498 nm, with measurements recorded at 2 nm
intervals, yielding 700 discrete channels. Alongside the spectral data, the dataset provides
information on moisture, oil, protein, and starch content for each sample. Figure 6 visually
represents the spectral data, with the left panel showing the smoothed spectral curves and
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the right panel presenting a correlation heatmap of the discrete channel points. Like the
first dataset, the strong collinearity among the discrete points makes it inappropriate for

1.00
IO.QB

direct application in multivariate regression models.

0.8

0.6

-0.90

0.2

0.0

X1 X81 X161 X241 X321 X401 X481 X561 X641
Index

Figure 6. Spectra curve (left) and heatmap (right) of the Corn dataset. The left panel of this
figure displays the smoothed spectral curves of the Corn dataset, while the right panel illustrates
a correlation heatmap of the spectral data. Similar to the Tecator dataset, this figure highlights the
collinearity issues that make direct application of multivariate regression models inappropriate,
prompting a functional data approach.

The data demonstrate a clear functional structure, leading us to approach it as func-
tional data. Our objective is to predict the protein content in meat samples based on their
absorption spectra, along with moisture, oil, and starch contents. For the vector-valued
predictors, moisture, oil, and starch are chosen as covariates, while protein is designated as
the response variable. To evaluate the performance and robustness of the proposed model,
we conducted 10 MCMC simulations, comparing its outcomes with five benchmark models
derived from Karhunen-Loéve expansion: XGBoost, Random Forest (RF), Support Vector
Regression (SVR), ElasticNet Regression (ElasticNet), and Gaussian Process Regression
(GPR). In each simulation, the dataset was randomly split into a training set (60%) and a
testing set (40%). Hyperparameters for the models were fine-tuned using cross-validation.
The experimental findings are summarized in Table 4 and illustrated in Figure 7.

Table 4. Error metrics for different models on corn data.

Models Mean Standard Deviation
EFGPR 0.065086 0.012762
XGBoost 0.080411 0.027119
RF 0.093839 0.021709
SVR 0.176264 0.030072
ElasticNet 0.177012 0.026024
GPR 0.242407 0.036339

Table 4 and Figure 7 display the model performance on the Corn dataset. Table 4 lists
the mean and standard deviation of EFGPR and other benchmark models on this dataset.
EFGPR again demonstrates the smallest MSE and the lowest standard deviation, con-
firming its effectiveness in functional data analysis. Figure 7 further compares the error
distributions of these models through boxplots, where EFGPR clearly outperforms other
models, showing the smallest error range and the most compact distribution. The results in
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the figure highlight EFGPR’s advantage in handling spectral data with high collinearity,
showing both high accuracy and stability.

0.254

0.20+

MSE

0.104
o

0.054

EFGPR  XGBoost RF SVR  ElasticNet  GPR

Models

Figure 7. Boxplot for the Corn dataset. This boxplot visualizes the error distributions of various
models on the Corn dataset. EFGPR shows the most compact error distribution with the lowest mean
squared error, further confirming its effectiveness in handling spectral data with high collinearity.

4. Conclusions

This study proposes a partially functional linear regression model with random effects,
which approximates functional data using Karhunen-Loéve expansion and models the
random effects with a Gaussian process prior. To further enhance the model’s robustness
and generalization ability, we extend the proposed method into an ensemble learning
framework using cross-validation techniques. In the simulation studies, the proposed
method outperforms several baseline models, including XGBoost, Random Forest (RF),
Support Vector Regression (SVR), ElasticNet, and Gaussian Process Regression (GPR)
based on functional principal component scores, demonstrating its superior predictive
performance. Furthermore, the effectiveness of the FGPER model is also validated through
application to two real-world datasets. Although the EFGPR model demonstrates superior
performance in prediction accuracy, the computational complexity of Gaussian processes is
relatively high, leading to less efficient computation when dealing with very large datasets.
In such cases, we can introduce sparse Gaussian process methods [56-58] to enhance the
model’s scalability and computational efficiency. Additionally, this paper assumes that
the random effects follow a Gaussian process. It is worth noting that if the random effects
are assumed to follow other stochastic processes, such as the Gamma process [59] or Beta
process [60], corresponding methods can also be employed for regression and prediction.

Future work will focus on several key aspects to further enhance the applicability of
the proposed method. First, we will explore more advanced ensemble techniques, such
as boosting and bagging, to potentially improve the predictive accuracy and robustness
across different scenarios. Second, scalability improvements will be crucial, particularly
in handling ultra-high-dimensional functional data commonly found in biomedical or
environmental research. Techniques such as parallel computing and sparse approximations
in Gaussian processes will be explored to reduce computational costs. Third, the model
will be applied to a broader range of real-world datasets, including those with extreme
multicollinearity or heterogeneity in covariates, to evaluate its performance under more
challenging conditions and assess its flexibility. Additionally, integrating other data-driven



Mathematics 2025, 13, 853 23 of 25

methods (such as neural networks or hybrid deep learning models) into the functional
regression framework will enable the model to adapt to more complex nonlinear relation-
ships. Moreover, combining robust techniques to handle missing or incomplete data and
investigating online learning strategies for dynamic and streaming data will further expand
its applicability. Finally, deriving the asymptotic properties of the estimators under the
proposed method will provide deeper insights into its performance and theoretical founda-
tions. In addition, the proposed model can be easily extended to other data scenarios, such
as high-dimensional data. We can consider introducing covariates Z7 into the model. For
other scenarios, we can similarly incorporate relevant covariates into the model.
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