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Abstract: This study investigates the nonlocal boundary value problem for generalized
Laplacian equations involving a singular, possibly non-integrable weight function. By
analyzing the asymptotic behaviors of the nonlinearity f = f(s) near both s = 0 and
s = oo, we establish the existence, nonexistence, and multiplicity of positive solutions for
all positive values of the parameter A. Our proofs employ the fixed-point theorem of cone
expansion and compression of norm type, a powerful tool for demonstrating the existence
of solutions in cones, as well as the Leray—Schauder fixed-point theorem, which offers
an alternative approach for proving the existence of solutions. Illustrative examples are
provided to concretely demonstrate the applicability of our main results.

Keywords: generalized Laplacian equations; multiple positive solutions; singular weight
function
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1. Introduction

We consider the following singular ¢-Laplacian problem with integral

boundary conditions

(p() (' (1)) + AR(t) f(u(t)) =0, t (0, 1)

)
u(0) = f u(&)dpy (&), u(1) fo &)dBa(E

Here, ¢ : R — Ris an odd increasing homeomorphism, p : [0,1] — (0, o) is a continuous

function, A € Ry := [0,00) is a parameter, i : (0,1) — R is a continuous function,
f : Ry — Ry is a continuous function satisfying f(s) > 0 for s > 0, and the integrator
functions B; (i = 1,2) are nondecreasing on [0, 1].

All integrals in (1) are meant in the sense of Riemann-Stieltjes. Throughout this paper,

we assume the following hypotheses.

(K1) There exist increasing homeomorphisms 1,9, : [0,00) — [0, %) such that

¢(m)ipr(n) < @(mn) < @(m)gz(n) forall x,y € [0, c0). 0

(Kp) Fori=1,2, B; := Bi(1) — B;(0) € [0,1).
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Let ¥ : [0,00) — [0, c0) be an increasing homeomorphism. Then, we denote by Hy

the set )
{] € C((0,1),R,) : /01‘P1< /7 J(7)dt >ds < oo}.

As is well known, it follows from (Kj) that
o Hm)py H(n) < o Hmn) < o N (m)p; (n) forall m,n € Ry 3)

and
L'(0,1)NC(0,1) € Hy, € Hy C Hy,

(see, e.g., Remark 1 in [1]).

Since Picone’s pioneering work [2] in 1908, the study of nonlocal boundary value
problems has attracted numerous researchers, who have been actively involved in this
area from then until now. Nonlocal boundary value problems appear in various fields
of applied mathematics and physics, modeling numerous phenomena across the applied
mathematical sciences. These applications include, but are not limited to, beam deflec-
tion [3] and thermostatics [4]. A classic example is the vibration of a guy wire with a
uniform cross-section composed of N sections of varying densities, which can be formu-
lated as a multi-point boundary value problem [5]. Furthermore, many elastic stability
problems also give rise to multi-point boundary value problems [6]. To gain a compre-
hensive understanding of the historical development of research in this area, we refer the
reader to the survey papers [7,8]. Driven by these applications, the existence of positive
solutions for nonlocal boundary value problems has been extensively investigated. For
instance, Bachouche, Djebali, and Moussaoui [9] employed fixed-point theorems to estab-
lish the existence of multiple positive solutions for ¢-Laplacian boundary value problems
with linear bounded operator conditions under suitable assumptions on the nonlinearity
f = f(t,0,w) satisfying the L!-Carathéodory condition. Goodrich [10] utilized perturbed
Volterra integral operator equations to study the existence of positive solutions for the
r-Laplacian differential equation with nonlocal boundary conditions. For the nonlinearity
f = f(t,v) satisfying f(t,0) # 0, Kim [11] investigated the existence, nonexistence, and
multiplicity of positive solutions to problem (1) by analyzing the unbounded solution
continuum. Tariboon, Samadi, and Ntouyas [12] studied the existence and uniqueness
of solutions for boundary value problems involving Hilfer generalized proportional frac-
tional differential equations with multi-point boundary conditions, notably pioneering the
investigation of such problems with order in (1,2]. For a two-term nonlinear fractional
integro-differential equation with nonlocal boundary conditions and variable coefficients,
Li [13] established the uniqueness of solutions by utilizing the Mittag—Leffler function,
Babenko’s method, and the Banach contraction principle.

The existence of positive solutions for the p-Laplacian problem (1) in the case when
either fy = foo = @ Or fy = foo = 0 has been investigated by several authors. Here,

f(s) f(s)

= lim ——= and f := lim —=.
Joi= I (o) == B o)
For instance, Agarwal, Lii, and O’Regan [14] established the existence of two positive
solutions to problem (1) with ¢(s) = |s|"~2s for some r € (1,00), 9 = 1, h € H,, and
ﬁl = ﬁz = 0. Subsequent studies by Wang [15] and Lee and Xu [16] extended the result to
more general cases. Recently, Kim obtained the following result for problem (1).

Theorem 1 ([17], Theorem 1). Assume that (K1), (Kz), and h € Hy, \ {0} hold.
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(1) If foo = fo = 0, then there exists A, € (0, 00) such that (1) has two positive solutions for any
A € (Ay, 00).

(2) If foo = fo = oo, then there exist A* € (0, c0) such that problem (1) has two positive solutions
forany A € (0,A%).

A limitation of Theorem 1 is its inability to determine whether positive solutions exist
for all possible positive values of A. Specifically, the result does not cover the intervals [0, A]
or [A*, o0]. Recently, Jeong and Kim [18] thoroughly analyzed the existence, nonexistence,
and multiplicity of positive solutions under the restrictive condition of zero Dirichlet
boundary conditions (i.e., 31 = 32 = 0). We aim to extend the result as in [18], as well as
those presented in [14-17], by establishing the existence of positive solutions for a wider
range of conditions. Specifically, we consider all positive values of the parameter A and
impose less restrictive assumptions on ¢, p, h, and/or boundary conditions. Our main
theorem is presented below.

Theorem 2. Assume that (Ky), (K3), and h € Hy, \ {0} hold.

(1) If foo = fo = O, then there exist A} > AL > 0 such that problem (1) has two positive
solutions for A > A%, one positive solution for A € [AL, A}], and no positive solutions for A €
(0,A%).

(2) If foo = fo = oo, then there exist A5 > A2 > 0 such that problem (1) has two positive
solutions for A € (0,A2), one positive solution for A € [A2,A3], and no positive solutions for
A> A3

In [11], the condition f(t,v) > 0 for all (t,v) € [0,1] x R4 was imposed on the nonlin-
earity f = f(t,v) to ensure that all non-negative solutions are positive ones. However, in
our study, we relax this restriction by allowing f(v) to satisfy f(0) = 0, which introduces
the possibility of a trivial solution # = 0 for every A € R... To address the challenges posed
by this relaxed assumption, we employ a combination of the fixed-point theorem of cone
expansion and compression of norm type and the Leray—Schauder fixed-point theorem.

The subsequent sections of this paper are organized as follows. In Section 2, we
provide a brief overview of existing results, laying the groundwork for the main theorem.
In Section 3, we establish key lemmas and present the proof of Theorem 2, accompanied
by illustrative examples. Finally, in Section 4, we conclude by summarizing our principal
findings and highlighting potential directions for future research.

2. Preliminaries

Throughout this section, we assume that (K ), (K3), and & € H \ {0} hold. The usual
maximum norm in a Banach space C|0, 1] is denoted by

0|0 := max{|v(t)| : t € [0,1]} for v € C[0, 1].
Let
cp :=inf{t € (0,1) : h(t) > 0}, dy, := sup{t € (0,1) : h(t) > 0},
¢y :=sup{t € (0,1) : h(z) > Oforallz € (cp, t)},

dy :=inf{t € (0,1) : h(z) > Oforallz € (t,d})},

1 i 1. .1
7%= 300+ ), 7 = 3 (i +3d,) and 7 = 5 (7} +2).

Then, since 1 : (0,1) — Ry is a continuous function with /1 # 0, we have two cases:
either
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(i)OSCh<Eh§Jh<dh§1
or
(il.)OSCh:d_h<dh§1a1’ld0§Ch<5h:dh§1.
Hence,
h(t) > 0fort € (cy, &) U (dy,dy), and 0 < ¢ < 7, < 73 < dj < 1. 4)
Let pj, := py min{7},1— 2} € (0,1). Here,
, (1 1\
po :=min{p(t) : t € [0,1]} > 0and p; := ¢, ol T % € (0,1].
Define P as the set of all non-negative continuous functions u satisfying
u(t) > pyllulles for t € [v, 7).
Then, P is a cone in C[0, 1]. For & > 0, let
Poi={ueck : ullo <a},oPy:={ucP : ||u|o=a}
and Py := Py UOP,.
For ¢ € H,, consider the following problem:
(PO (1)) +g(t) =0, te(0,1), )
u(0) = [y (@)dp1 (&), u(1) = [y u(@)dpa(E
Define a function S : H, — C[0,1] by, for g € H,,
S(g)(1) = (1—B1)" fo foglg (s,0)dsdpy (& +f0 Ig s,0)ds,  if0<t<o, ©)
8 - —(1-B2)" fo fé Iy (s, 0)dsdBa(8) ft Ly(s,0)ds, ifoc<t<1,
where
Le(s,x) 1(1/x()d)f (0,1)
5,X):=¢ | —= ors,x € (U,
g q) p(S) s g Q Q
and ¢ = 0(g) is a constant satisfying
1 1 ¢ o
/O /O Io(s, 0)dsdBy () + /O I,(s,0)ds
. 1 1 1
= —(1- ﬁz)—l/o /é Iy(s,0)dsdBy(8) — / I (s, 0)ds. (7)
P JO
From the definition of Ig, it follows that
Io(s,x) >0for0 <s<x <landI(s,x) <Ofor0<x<s <1 8)

For any ¢ € H, and any ¢ satisfying (7), S(g) is monotone increasing on [0,0) and

monotone decreasing on (¢, 1]. Note that ¢ = ¢(g) is not necessarily unique, but S(g) is

independent of the choice of ¢ satisfying (7) (see Remark 2 in [19]).

Lemma 1 (Lemma 2 in [19]). Assume that (Ky), (Ky), and § € H hold. Then, S(g) is a unique

solution to problem (5) satisfying the following properties:

(1) $(8)(#) = min{S(£)(0), 5(g)(1)} = 0 for t € [0,1];
2) for any g # 0, max{5(g)(0),5(g) (1)} < [[S(&)leo;
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(3) o is a constant satisfying (7) if and only if S(g)(0) = ||S()||cos
(4) S(g)(t) > prmin{t,1 —t}||S(g)|le for t € [0,1] and S(g) € P.

Define a function G : Ry x P — C(0,1) by
G(A,u)(t) == Ah(t) f(u(t)) for (A, u) e Ry x Pand t € (0,1).

Clearly, because h € Hy, G(A, u) € H, forany (A, u) € Ry x P. Let us define an operator
T:Ry xP — Pby

T(A u):=S(G(A,u)) for (A, u) € Ry x P.

By Lemma 1 (4), T(R4 x P) C P, and consequently, T is well defined.

Remark 1. (1) Problem (1) has a solution if and only if T(A, u) = u for some (A, u) € Ry x P.
(2) From T(0, u) = 0 for any u € P, it follows that 0 is a unique solution to problem (1) with
A=0.
(3) For (A, u) € Ry x P, by Lemma 1 (3),

ITA u)|[eo = T(A, u)(0)-

(4) By Lemma 1 (4), if u is a nonzero solution to problem (1) with A > 0, then u is a positive
solution, i.e., u(t) > 0 for t € (0,1).

Lemma 2 ([19], Lemma 4). Assume that (K1), (Kz), and h € Hy \ {0} hold. Then, the operator
T : R4 x K — K is completely continuous.

Finally, we introduce the fixed-point theorem of cone expansion and compression of
norm type and the Leray—Schauder fixed-point theorem.

Theorem 3 ([20]). Let (Z, || - ||) be a Banach space, and let Q be a cone in Z. Assume that Ty and
T, are open subsets of Z with 0 € Ty and Ty C Tp. Let H: QN (T2 \T'1) — Q be a completely
continuous operator such that if either

|Hul| < ||ul| for u € QN 9Ty and |Hu| > ||u|| for u € QN o, or

|Hul|| > ||u]| foru € QN ol and |[Hu|| < ||u|| for u € QN Ty,

then H has a fixed point in Q N (T2 \ I'y).

Theorem 4 ([21]). Let X be a Banach space, and let Q be a closed, convex, and bounded set in X.
Assume that V : Q — Q is completely continuous. Then, V has a fixed point in Q.

3. Proof of Main Results

Lemma 3. Assume that (Ky), (Kz),h € Hy, \ {0}, and foo = fo = 0 hold. Let ] = [a, b]
be a compact interval with 0 < a < b. Then there exist positive constants c; and Cy such that
cj < |Julleo < Cj for any positive solution u to problem (1) with A € .

Proof. Let A := (2b+ 1)1 (C;1) > 0. Here, B := max{(1— 1)1, (1 —B2)"'} and

% : 1 )
C.— B, max{/o 4)1_1 (7?0—1/s h(g)dg) ds, /l 1/11_1 (Pal ,/1 h(Q)@)ds} > 0.

First, we show the existence of ¢; satisfying ||u||cc > ¢; > 0 for any positive solution u
to problem (1) with A € J. In contrast, we assume that there exists a sequence { (A, 1)}
such that u,, is a positive solution to problem (1) with A = A, € Jand ||uy||ec — 0asn — oo.
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Since fy = 0, there exists 6 > 0 such that f(s) < Ag(s) for s € [0,d]. Since ||uy||cc — O as
n — oo, there exists N > 0 such that ||uy||c < ¢ and

flun(t)) < Ag(un(t)) < Ag([lun|le) forall ¢ € [0,1]. ©)

We restrict our attention to the case where oy > %, because the case where oy < % can be
treated analogously. From the definition of T and (8), it follows that

T(An,un)(on)

—(1- 52
-(1- B2
—(1- B2

(1-p

—(1—- B2

1 r1 1
)—1 /0 /(: IG()\N/uN)(S/ O'N)dsdﬁz((f) — /UN IG(/\N,uN)(S/ (TN)dS
1 r1 1 1
) [/0 /é‘ Lg(ayuy) (5, 0n)dsdPa(E) + (1—/0 dﬁz(f)) /UN Ig(Ayuy) (8, 0n)ds
1 ron 1
)*1 |:/0 /C IG(/\N/”N) (S, UN)dsdﬁz(C) + /UN IG(/\N,MN)(S/UN)dS]

¢

ON  [ON 1
1[‘ /0 /é, LG (A ) (8, 0N )dsdPa(C) + I6 (g ) (55 O )dsd B2 (E)

ON JON

1
_ /UN Ic(anun) (8 UN)ds}

1
)t / Ig(anun) (8,0N)ds
oN

a-p)" | o (1 “Anh(e)f <uN(e>)de> ds. (10)

p (5) ON
Then, by (3) and (9) and the definition of A,

ON

|unlle = T(An,un)(oN)

I
=
*
—
>,
<
AN
VN
‘H
\m
>
z
=
&>
™
=
Z
=
=
o)
N———
2
195}

IN
»
h

IN

Catpy  (A)Jun oo < [N ] co-

This is a contradiction, and thus there exists c; > 0 such that ||u|[c > ¢ > 0 for any positive
solution u to problem (1) with A € J.

Next, we show the existence of C; satisfying ||u|lcc < Cj for any positive solution
u to problem (1) with A € J. It follows from f., = 0 that there exists s, > 0 such that
f(s) < Ag@(s) fors € [s4,00). Let C4 = max{f(s) :s € [0,54]} > 0. Then,

f(s) <Caq+ Ag(s) fors € R,. (11)

In contrast, we assume that there exists a sequence {(A,, 1)} such that u, is a positive
solution to problem (1) with A = A,, € J and ||y ||ec — 00 as n — 0. Then, for sufficiently
large N > 0, Cq < A¢(|lun]|e), and by (11),

flun(t)) <2A¢(|lun|le) for t € [0,1]. (12)
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IN

Let oy denote a positive real number such that ||ux]||c = tn(0n). We restrict our attention

to the case where oy < 1, because the case where oy > 1 can be treated analogously.

From (8), it follows that

T(An,un)(oN)

" 1 ¢ oN
(1*51)_1/0 /0 IG(AN,uN)(SrUN)deﬁl(é‘)+/0 Ig(anun) (8,0N)ds
R Ml r& 1 ON
(1-p)" /o /0 IG(AN,uN)(SrUN)deﬁ1(C)+(1/0 dﬁl(”)) /0 Ig(Agun) (8,0N)ds

PO e oN
(1—-p1) 1_/0 /(TNIG(AN,uN)(S/UN)deﬁl(g)+/O IG(AN,uN)(S/UN)dS]

- ON  [ON 1 ,C
(-] - /O /,; Iy (5,0 ) dsdBs (€) + /UN [ T (5w (2

0N
+ '/0 IG(/\N’MN)(S,(TN)CZS}

ON
Be | ot (s on)ds. (13)

Then, by (3) and (12) and the definition of A,

lunllo = T(An,un)(on)

—1(1 " ANh@)f(uN(e))de)ds

IN
=
x
s

IN
s>
*
o\‘
%I

)
1 » %
<Po /S h(e)dQZbAqv(lluNIw)>ds

1 1
< /3*/0 ¢;1<p51/s h(e)de>dS(P‘l(ZbAqv(IIuNIIoo))
< G (2bA)[Junleo < [funleo-

This is a contradiction, and thus there exists C; > 0 such that ||u |« < Cj for any positive
solution u to problem (1) with A € J. [

Lemma 4. Assume that (K1), (K2),h € Hy, \ {0}, and foo = fo = 0 hold. Then, there exists
A > 0 such that problem (1) has no positive solutions for A € [0, A).

Proof. Let A be a positive constant satisfying that problem (1) has a positive solution u,,
and let o be a constant satisfying u, (0) = ||u)||ce- Since fo = foo = 0, there exists Cy > 0
such that f(s) < Coe(s) fors € R, and

fua(e)) < Cop(ua(e)) < Cog([ual) forall ¢ € [0,1]. (14)

Let
hy = max{foﬂy” ¥ () h(o)do)ds, f;h I (f,;h h(g)dg)ds} > 0.

We only consider the case o < 7, since the case o > 7, can be proved similarly. By
the similar argument as in (3), (13), and (14),

up (o)

b [0t (555 Ao flunede s

[ leo

IN
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Yh Y
<5 q01</s h(e)depo1AC04’(||MA||oo))dS
< Bulng (py ' ACop([lua o))
< By (pg "AC) ([ [lo-

Consequently,
A= poCo (B hy ) = A,
and problem (1) has no positive solutions for A € (0,A). O

Lemma 5. Assume that (Ky), (Kp),h € Hy, \ {0}, and foo = 0 hold. If (1) has a positive solution
at A = Ay, then (1) has at least one positive solution for all A € [Aq,00).

Proof. Let uj be a positive solution to problem (1) with A = A; and let A € (A1, 00) be fixed.
Consider the following modified problem

(15)

(P() (' () + AR(E) f (72 (t,u(£))) = 0, £ € (0,1),
= [y u(@)dpi (&), u(1) = [, u(€)dpa(C),

where 71 : [0,1] x Ry — Ry is a continuous function defined by, for (t,s) € [0,1] x R,

s, if s > uq(t),
,Yl(trs) = { 1( )

up(t), if 0<s <uq(t).

Define Hy : P — P by Hy(u) = S(G1(u)) for u € P, where Gy (u)(t) = Ah(t) f(y1(t, u(t)))
foru € Pandt € (0,1). Since Gy (u) € Hy, forany u € P, by Lemma 1, H; is well defined.
It is easy to see that H; is completely continuous on K, and u is a solution to problem (15)
if and only if u = Hyu.

First, we show the existence of a solution to problem (15).

(i) Assume that f is bounded on R. From the definition of /1 and the continuity of
f, it follows that there exists » > 0 such that ||Hj(u)||c < 7 for all u € P, and
Hy(Pr) C Pr. Then, by Theorem 4, there exists u € P, such that Hy(u#) = u, and
consequently, problem (15) has a non-negative solution u.

(ii) Assume that f is unbounded on R. Let 6 € (0, A1y (C; 1)) be given. Here, C is
the constant in the proof of Lemma 3. Since fo = 0, there exists s; > 0 such that

f(s) <é¢(s) forall (¢,5) € [0,1] X [s1,00). (16)

Since f is unbounded on Ry and (¢, s) = s for (¢,5) € [0,1] X [||u1]|e, 00), there exists
sp > 0 such that s, > s1 and

f(m(ts)) < f(sp) forall (t,s) € [0,1] x [0, s2]. (17)
Let u € Ks, be given. Then, by (16) and (17),
f(ri(tu(e))) < f(s2) < d¢(s2) forall ¢ € [0,1]. (18)

Let o denote a positive constant satisfying ||Hj (u)|lcc = Hi(u)(0). We restrict our attention
to the case where o > %, since the case where ¢ < % can be treated analogously. Then, by
the similar argument as in (10),

Il < 02 Lo (1 [ M@ (e ute)de s
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From (3) and (18) and the choice of 4, it follows that

A

1Hy ()]0 < /%*/; 4’1<P01/lsh(Q)dQ[§A¢(sz)])ds

2 2

C*(P_l(e)\(l)(sz)) S C*lpl_l(é)\)SZ < 87.

IA

By Theorem 4, there exists u € Ps, such that Hy(u) = u, and consequently, problem (15)
has a non-negative solution u.

Finally, we prove that if u is a non-egative solution to problem (15), then u(t) > u;(t)
for t € [0,1]. If it is true, by the definition of 71, we can conclude that problem (1) has a
positive solution u for all A € [A1, ), and thus, the proof is complete.

Assume, on the contrary, that there exists a solution u to problem (15) such that
u(t) # up(t) fort € [0,1]. Let x(t) = uq(t) — u(t) for t € [0,1]. We claim that x(0) < 0. If
not, x(0) > 0 and there exists t* € [0,1) such that x(t*) = max{x(t) (te o, 1]} > 0. Then,

0<x(0 fo &)dB1 (&) < x()Br < x(t*) and x( fo &)dBa(8) < x(t%),
which imply that t* € (0,1) and there exists t. € [0, *) such that
0 < x(ts) < x(t) < x(t*) for t € (., t*] and ¥/ (t*) = 0.

Since y1(t, u(t)) = uy(t) for t € [t,, 1],

—(p()e(' (1)) = A(t) f(ur(t)) = Ah(t)f(ur(£)) = —(p(£)@(uy(£))) for t € [t £7]. (19)
)

—(p(Oe'(1))" =

For t € (t,,t*), integrating (19) from ¢t to t*, p(t)@(u'(t)) > p(t)(u}(t)). Since p(t) > 0
forall t € [0,1] and ¢ is increasing on R,

u'(t) > uj(t) for t € (t,t%). (20)

Integrating (20) from ¢t to t*, x(t*) = uy(t*) — u(t*)
contradicts the choice of * and t.. Consequently, x(0)
x(1) <o0.

Since x(0) = u1(0) — u(0) <0, x(1) = u1(1) —u(0) < 0and x(t) = uy(t t) £0
for t € [0,1], there exists a subinterval (t1,f) C (0,1) such that x(t) = u(t) — ( ) > 0 for
t € (t1,t2) and up(t1) — u(ty) = up(t2) — u(tz) = 0. From the fact u; — u € C|[0, 1], it follows
that there exists I € (#1,t2) such that u (f) — u(f) = max{uy(t) —u(t) : t € [t1,£2]} >0
and u/ (F) = u/(F). For t € (t1,t2),

AR()f(r1(tu(t))) = Ar(t) f(ur () = Ah(t) f(ur(t)) = = (p(H) (4 (1)),

ie.,

1(t) — u(ts) = x(t«), which

<u
< 0. Similarly, we can show that

—(p(e'(1))) = = (p(O)p(uy(1))) for t € (ty, £2). (21)
For t € (t1,1), integrating (21) from t to £, p(t)@(u'(t)) > p(t)e(uj(t)). Since p(t) > 0 for
allt € [0,1] and ¢ is increasing on R,

u'(t) > uj(t) for t € (ty,1). (22)

Integrating (22) from t; to £, 11 (f) — u(f) < 0, which contradicts the choice of f. Thus, the
proof is complete. [J

Lemma 6. Assume that (Ky), (Kz),h € Hy, \ {0}, and fo = foo = oo hold. Let | = [a,b]
be a compact interval with 0 < a < b. Then, there exist positive constants cj and Cj such that
cj < |lulleo < Cj for any positive solution u to problem (1) with A € J.
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Proof. Let C* € (y(B™1), o) be given. Here,
% 2
B = min{ vhys" (allpl [ nieide), (1= 2ps (allld 7 ncerae ) b

Recall v; = 271(7} +77) > 0 and note that B > 0 by (4).

First, we show the existence of c; satisfying ||u||c > ¢j > 0 for any positive solution
u to problem (1) with A € J. By contradiction, we assume that there exists a sequence
{(An, un)} such that u, is a positive solution to problem (1) with A = A,, € Jand ||uy|cc — 0
as n — 0. Since fy = oo, there exists sy > 0 such that f(s) > C*¢(s) for s € [0, so]. Since
lt4n]|eo — 0 as n — oo, there exists n > 0 such that ||u,]|c < sp and

Fun(t)) > C*(un(t)) forall £ € [0,1]. (23)

We restrict our attention to the case where 0, < 7, because the case where 0;, > 7} can be
treated analogously. Since 1, (t) > un(’yﬁ) fort € [(fn,'y%], by (23),

Auh(Q) f (1n(0)) > aC*h(0)@(un(v3)) for all ¢ € [, 77]. (24)

By Lemma 1 (1), u,(1) = T(Ay, u,)(1) > 0, and thus, by (3) and (24) and the definition
of C¥,

() = = Lo (s [ Ab@)s i (@)e) s

o (s
1 <
> Iz 4’_1 (PSS) . Anh(@)f(”n(@))dg) ds
>

/i 9! <a||r)||o<>1 /n h(@)dec*qv(un(vﬁ))> ds
Y Y

h h

h

> (17D’ (a|p||ool /;hh(e)de>¢1(C*(P(un(7ﬁ)))

> By H(CHun(92) > un(v2),

which is a contradiction. Thus, there exists c; > 0 such that [|u||« > ¢; > 0 for any positive
solution u to problem (1) with A € |.

Next, we show the existence of C; satisfying ||u|lc < C; for any positive solution u to
problem (1) with A € . By contradiction, we assume that there exists a sequence { (A, u,) }
such that u, is a positive solution to problem (1) with A = A, € J and ||uy||cc — o0 as
n — oo.

By foo = o0, there exists L > 0 such that f(s) > C*¢(s) fors > L. For all n, u, € P,
and 1, (t) > pyllunlle for t € [y}, 2] For sufficiently large n > 0, |||l > p;, 'L and
un(t) > Lfor t € [y}, ~?]. Thus,

flun(t)) = C*(un(t)) forallt € [y, 7).

By the same reasoning as above, we can easily see that the choice of C* leads a contradiction.
Thus, there exists C; > 0 such that ||u[| < Cj for any positive solution u to problem (1)
withA € J. O

Lemma 7. Assume that (K1), (Kz),h € Hyp, \ {0}, and foo = fo = oo hold. Then, there exists
A > 0 such that problem (1) has no positive solutions for A € (A, ).



Mathematics 2025, 13, 847

11 0f 15

Proof. Let A be a positive constant satisfying that problem (1) has a positive solution u,,
and let o be a constant satisfying u, (0) = ||u) || Since fo = foo = 00, there exists C > 0
such that f(s) > Ce(s) for s € R,.. We only consider the case o > 7y}, since the case o < 7y,
can be proved similarly. Since 1, () > u, (i) fort € [}, 0],

f(ur(e)) > Co(up(v})) for ¢ € [, 7).

Then, by (3),
nh) = w0+ [Nt (5 [ e e s
> /Ovh ¢! (/;h h(Q)dQHp'wlAC¢<uA(7}z>)>ds
> 09 (hollpllS' ACe(ur (1)) = vous ! (hollpllc! AC)uA (7))
Here,

Y "
Yo :=min{y},1— 72} > 0and g := min{/ll h(g)dg,/ ' h(Q)dQ} > 0.
Yy Yh

Consequently,

A< ||P||oo(hoc)_11/1z(’70_1) =: A,

and we can conclude that problem (1) has no positive solutions for A € (A,c0). O

Lemma 8. Assume that (Ky), (Kz),h € Hy, \ {0}, and fo = oo hold. If (1) has a positive
solution at A = Ay, then (1) has at least one positive solution for all A € (0, A,].

Proof. Let u; be a positive solution to problem (1) with A = A and let A € (0, A,) be fixed.
Consider the following modified problem

(p(O)p(' (1)) + Ah(t) f(r2(t u(t))) =0, te€(0,1), 25)
u(0) = Jy u(@)dpr(2),u(1) = Jy w(§)dp2(8),

where 7, : [0,1] x Ry — Ry is a continuous function defined by, for (t,s) € [0,1] x R,

ra(ts) = {uz(t), if s> uy(t),

s, if 0<s<uy(t).

Define Hy : P — P by Hy(u) = S(Gp(u)) for u € P, where Gy (u)(t) = Ah(t) f(y2(t, u(t)))
foru € Pandt € (0,1). Since Go(u) € Hy, forany u € P, by Lemma 1, H is well defined.
It is easy to see that H; is completely continuous on P, and u is a solution to problem (25)
if and only if u = Hpu. By the definition of 72, f(72(t,s)) < max{f(s) : 0 <s < |[uz]/e} €
(0,00) for all (t,s) € [0,1] x R4 and there exists s; > 0 such that ||H;(v)||e < s1 for all
v € P, which implies

|H2(?)]|co < ||7]|eo for v € 9Ps,. (26)

Let uy = min{uy(t) : t € [y}, 73]} > 0. For (t,5) € [7}, 73] x [0,u3], 72(t,s) =5, and

i, RIn{f(r2(t8) € [ il L f(s) = fo=
s—0+ (P(S) s—0* (P(S) ¢

Let
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vt ([ ve)e] Yoo ()] )}

be fixed. Then, there exists s, € (0,13) such that

F(12(t,5)) = Ag(s) forall (£,5) € [r},72] x (0,5.):
Take s, € (0, min{sy,s+}), and let v € 0Ps, be given. Then 0 < v(t) < sp < s, and

f(ra(t,o(t) > Ap(o(t) > Ag(pyl|vlle) forall t € [, 77]. 27)

Let ¢ denote a positive real number such that H(v)(0) = ||Hz(v)||. We have two cases:
either ¢ > <} or o < ;. We restrict our attention to the case where o > <}, since the case
where ¢ < 7} can be treated similarly. By (3) and (27), it follows from (H,(v))(0) > 0 that

)l = [T (5 [ Mef e ote))de Jas
[ (1p1=280lele) [ e)de ) as

h

Y

Y

[ ([ werde )ase™ (el angpulol)
(/" nerde sy A ol

which implies, by the choice of A,

| H2(9)||eo > [|0]|eo for v € 0P, (28)

By (26) and (28), in view of Theorem 3, problem (25) has a non-negative solution u € P
with [|s2]Jec < [|tt]|eo < ||51]/co- By Lemma 1 (4), u is a positive solution to problem (25).

By similar reasoning as that in the proof of Lemma 5, we can show that if u is a positive
solution to problem (25), then u(t) < uy(t) for t € [0,1]. Thus, by the definition of ,, we
can conclude that problem (1) has a positive solution u forall A € (0,A;]. O

For the sake of completeness, we provide a proof of Theorem 2, which follows similar
arguments to those given for Theorem 2 in [18].

Proof of Theorem 2. (1) Let A] := inf{v : problem (1) has at least two positive solutions
for A > v} and Al := inf{A : problem (1) has at least one positive solution }. By
Theorem 1 (1) and Lemma 4, A} and Al are well defined and Al > Al > A > 0. From
Lemma 5, it follows that problem (1) has two positive solutions for A > A}, one positive
solution for A > Al, and no positive solutions for A € (0,Al). To complete the proof, it is
enough to show that problem (1) has a positive solution for A = Al. By the definition of A!,
there exists a sequence {(Ay, u,)} such that A < Al< A, <Al4nlandu,isa positive
solution to problem (1) with A = A;,,. Then, A, — Al asn — o0, and by Lemma 3, there
exist positive constants ¢ and C such that ¢ < ||u||e < C for all n. Since {u,} is bounded
and T = T(A,u) is compact, there exist a subsequence {T(Ay,, 1y, )} of {T(Ay, uy)} and
uy € P such that T(Ay,, uy, ) — s as ny — oo. Since T(Ay, uy) = uy for all n, uy, — u, as
ny — oo. In view of the continuity of T,

e = n}}l)noo Une = nliinoo T(A”k’u”k) = T(A*/u*)'

Because ||un]|ec > ¢ > 0, for all n, u, # 0. Thus, by Lemma 1 (4), (1) has a positive solution
u, for A = AL
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(2) Let A2 := sup{v : problem (1) has at least two positive solutions for A € (0,v)}
and A} := sup{A : problem (1) has at least one positive solution }. By Theorem 1 (2) and
Lemma 7, A5 and /\E are well defined and A* > A, > A > 0. From Lemma 8, it follows that
problem (1) has two positive solutions for A € (0, A2), one positive solution for A € (0,1%),
and no positive solutions for A > AJ. To complete the proof, it is enough to show that
problem (1) has a positive solution for A = AJ. By the same reasoning as that in the proof
of Theorem 2 (1), we can prove it, and thus, the proof is complete. [

We conclude this section by presenting examples to illustrate Theorem 2.

Example 1. Consider the following problem

(Hltmu’(t))) +Ah(t)f(u(t)) —0, 1e ()
= Jo w(@)dpi( = Jo u(&)dpa(

where ¢ : R — R is an odd increasing homeomorphism defined by

(29)

¢(s) =s+s*fors € Ry,
h:(0,1) — Ry is a continuous function defined by
h(t) =0fort € [0, §]and h(t) = (t— §)(1 —t)“fort € (3,1),

and
Bi(r) = pa(r) = %rzforr €[0,1].

It is evident that ,31 and ,[32 are both equal to %, which lies within the interval [0,1), and thus, the
assumption (Ky) holds. Moreover, by defining functions

¥1(y) = minf{y, y*} and ¢, (y) = max{y,y*} fory € Ry,

we can verify that the assumption (Ky) is also met (see, e.g., [1]). Since the inverse function .,
denoted by ;! is given by ;' (s) = max{+/s,s} for s € Ry, it follows that h € Hy, \ L(0,1)
forany a € [1,2).

Let f1 and f, be continuous functions on R defined by

s2, fors e [0,1],
s, fors € (1,00).

Here, c1 € (1,2), ¢y € (0,1), and c3 € (2, 00) are fixed constants. Then,

(f1)o = (fi)oo =0and (f2)0 = (f2)e0 =

As a consequence of Theorem 2, we can conclude that there exist positive constants A; > AL > 0
and A3 > A2 > 0 such that problem (29) with f = f1 has two positive solutions for A > A%, one
positive solution for A € [AL, A3], and no positive solutions for A € (0,AL), and problem (29) with
f = fa has two positive solutions for A € (0,A2), one positive solution for A € [A2,A}], and no
positive solutions for A > A3.

fi(s) = s fors € Ry and fo(s) = {

4. Conclusions

This study delved into the existence, nonexistence, and multiplicity of positive solu-
tions to problem (1) across all positive values of the parameter A. Our analysis hinges on
the application of two pivotal fixed-point theorems: the cone expansion and compression
of the norm type theorem, and the Leray-Schauder fixed-point theorem.
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Despite our progress in understanding problem (1), there are still open questions
that warrant further exploration. Specifically, it is still unknown whether A} = Al or
A% = A3 in Theorem 2. Exploring the behavior of solutions near the bifurcation points may
provide deeper insights into the qualitative properties of the problem. While this work
has established the foundation, a more comprehensive analysis of the bifurcation points is
necessary to fully understand the existence of positive solutions and will be the focus of
future studies.
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