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Abstract


This brief tackles the predefined-time attitude tracking problem with guaranteed performance for rigid spacecraft subject to uncertain inertia, external disturbances, and actuator partial failure. Firstly, a nonlinear prescribed performance function (NPPF) is constructed, and a non-singular predefined-time terminal sliding mode (NPTSM) surface integrating with the NPPF is introduced. Secondly, adaptive non-singular predefined-time guaranteed performance control (ANPTGPC) is designed to tackle the robust attitude tracking problem of rigid spacecraft with predefined-time stability. It is proven that attitude tracking errors can be constrained in the preset tracking performance bound within predefined time. They tend to a small region centered around zero in predefined time and then converge to zero asymptotically. Features of the proposed ANPTGPC include an absence of a model, nonsingularity, predefined-time stability with performance quantified, fast transience, and high steady-state accuracy. Numerical simulation results validate the effectiveness and improved performance of the proposed approach.
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1. Introduction


Recently, due to the fast transient, high-precision performance, and better disturbance rejection property of finite-time stabilization [1], several elegant finite-time attitude tracking control schemes of spacecraft have been developed. More detailedly, the authors of [2] explore the finite-time attitude tracking control for spacecraft with external disturbances. The authors of [3] developed an adaptive bounded attitude tracking approach by using non-singular terminal sliding mode (NTSM) finite-time technique. The authors of [4] exploit a finite-time attitude control approach incorporating the finite-time observer for spacecraft. The authors of [5] introduced a new NTSM control to obtain high precision and strong robustness for uncertain rigid spacecraft.



However, the settling time of the above-mentioned finite-time control strategies relies heavily on the initial condition, which is against the essence of the finite-time technique that implies that the tracking error tends to originate in a uniform finite time. To overcome this weakness, the authors of [6] introduced the notion of fixed-time control, which means that the settling time is independent of the initial condition and uniformly bounded a priori. Observing these advantages of fixed-time control, several fixed-time attitude control approaches [7,8,9,10,11,12,13] for spacecraft have been developed. Specifically, the authors of [7] designed a fault-tolerant fixed-time attitude control to achieve the attitude stabilization of rigid spacecraft with actuator faults and saturation. However, unfortunately, the authors of [8] point out that the saturation function of [7] is untenable. The authors of [9] formulated an adaptive fixed-time singularity-free control for spacecraft to solve the attitude stabilization problem, which implies that the desired angular velocity is constant. However, the time-varying desired kinematics and angular velocity may be more realistic in practical engineering. Thus, it is quite essential to focus on the fixed-time attitude tracking problem of rigid spacecraft. Subsequently, based on the Modified Rodrigues Parameters (MRPs), the authors of [10] proposed a fixed-time attitude tracking approach for rigid spacecraft. The authors of [11] explored the fault-tolerant fixed-time control for rigid spacecraft attitude tracking formulated by unit quaternion to avoid the geometric singularity of MRPs. To achieve the low-cost wireless network, the authors of [12] presented a novel fixed-time control with input quantization for spacecraft attitude tracking. However, the foregoing fixed-time control can only assure the tracking errors tend to a small neighborhood of origin instead of origin. In order to overcome this minor defect, the authors of [13] developed the fixed-time integral NTSM attitude tracking control by utilizing the bi-limit homogeneous technique for uncertain rigid spacecraft.



In spite of recognizing these appealing features of fixed-time stability control, it is often difficult, and sometimes impossible, to achieve a desired convergence within a predefined settling time by tuning the controller gains. Hence, the authors of [14,15] introduced the definition of predefined-time stability, which means the settling time can be explicitly designed as a tuning parameter a priori by the user. More specifically, the authors of [16] develop a predefined-time stability controller to tackle the attitude tracking problem of a spacecraft subject to endogenous and exogenous uncertainties. In [17], a novel adaptive predefined-time attitude control is proposed for rigid spacecraft with inertia uncertainties. In [18], an approximation-free predefined-time control scheme with attitude constraint was constructed for rigid spacecraft subject to external disturbances. Utilizing the predefined-time nonsingular sliding mode technique, the authors of [19] explored a predefined-time preset bounded control for rigid spacecraft attitude tracking in the presence of bounded external disturbances. The authors of [20] designed a new predefined-time attitude tracking approach for rigid spacecraft subject to an uncertain inertia matrix and disturbance.



However, the attitude tracking control performances, including overshoot, undershoot, and convergence rate, are another important issue associated with the spacecraft subject to inertia uncertainties and disturbances. This observation can be found in pieces of literature, such as [21,22], which point out that tracking control performance issues including overshoot, undershoot, and convergence rate are hard to be established analytically for a nonlinear system, which may seriously decrease the reliability of the control system. Recognizing this problem, much attention has been paid to the prescribed performance attitude control of rigid spacecraft, and several efficient attitude control schemes have been explored. In [23], an appointed-time attitude control scheme with prescribed performance was developed for spacecraft subject to external disturbances and parameter uncertainties. The authors of [24] proposed an appointed-time fault-tolerant control to address the robust attitude tracking problem of spacecraft suffering from external disturbances and actuator faults. To obtain finite-time stability, a novel nonlinear prescribed performance function was introduced, and the finite-time prescribed performance control was designed for spacecraft in [25].



Up to now, little of the attitude tracking control of uncertain rigid spacecraft with predefined-time guaranteed performance has been reported. As far as we know, only the authors of [26] have exploited the attitude tracking control with predefined-time stability and guaranteed performance for uncertain rigid spacecraft suffering from external disturbances. However, actuator faults of spacecraft may dramatically deteriorate the attitude tracking performance, and even pose a serious hazard for the space task [27]. It is important to note that the problem of a predefined-time guaranteed performance of the fault-tolerant attitude control of uncertain rigid spacecraft with actuator faults has not been addressed. It could be that guaranteed performance attitude control is an effective technique to achieve more safety and high accuracy of the spacecraft with multiple uncertainties [11].



Inspired by the above mentioned observations, this brief presents the ANPTGPC for rigid spacecraft subject to inertia uncertainties, external disturbances, and actuator faults. There are threefold main contributions of this brief.



	(1)

	
Different from references [23,24,25], the proposed ANPTGPC provides the proof of the predefined-time stability with the Lyapunov method, and can ensure that the closed-loop system of the spacecraft attitude tracking is predefined-time stability instead of the so-called appointed-time or finite-time stability of the closed-loop system without the proof. Compared with reference [26], this paper develops an NPPF with predefined time convergence instead of exponential convergence.




	(2)

	
A NPTSM surface is constructed with prescribed performance tracking errors, and a robust fault-tolerant ANPTGPC is proposed, which can ensure that the convergence time and transient performances can be easily defined by the user. In contrast to the above fixed time control schemes [7,8,9,10,11,12,13], the maximum upper bound of the settling time with the proposed ANPTGPC can be explicitly designed by the user instead of a complex calculation.




	(3)

	
Contrary to references [16,17,18,19,20], the proposed ANPTGPC can quantify and analyze the transient performances by using the introduced NPPF. It is proven that the attitude tracking error remains in the preset performance bound within a predefined time.




	(4)

	
The proposed ANPTGPC includes appealing features, such as the absence of a model, non-singularity, predefined-time stability, and guaranteed performance (i.e., prescribed transience, steady-state precision, and overshoot).








2. Preliminaries and Problem Statement


2.1. Preliminaries


To facilitate the subsequent stability analysis of our approach, the following preliminaries are first introduced.



Definition 1 

(Fixed-time stability [6]). Suppose the system


   x ˙   ( t )  = f  ( x  ( t )  )  ,   t >  t 0  ,   x  (  t 0  )  =  x 0  ,   x ∈  ℜ n   



(1)




where   f  ( x )  :  ℜ n  →  ℜ n    is a discontinuous nonlinear function on an open neighborhood of the origin. Suppose it is finite-time stable, and the settling time   T (  x 0  )   satisfies   ∃  T max  > 0 : T  (  x 0  )  ≤  T max  , ∀  x 0  ∈  ℜ n   . Then, the origin of (1) is said to be fixed-time stable on the small neighborhood of the origin.





Definition 2 

(Predefined-time stability [14,15]). Consider the system (1). Suppose it is fixed-time stable and the settling-time   T  (  x 0  )  :  ℜ n  → ℜ   is uniformly upper bounded by


   T  (  x 0  )  ≤  T c  ,   ∀  x 0  ∈  ℜ n   



(2)




Then, the origin of system (1) is said to be predefined-time stable, and    T c  > 0   is called the predefined time.





Lemma 1 

([14,15]). Suppose the continuous function   V :  ℜ n  →  ℜ +  U  0    is positive and definite with real numbers   0 < η < 1   and    T c  > 0   such that


   V ˙   ( x )  ≤ −   π  η  T c     (   V  1 −   η 2      x  +  V  1 +   η 2      x   )  



(3)




Then, the origin of system (1) is globally predefined-time stable, and   T c   is the predefined-time.





Lemma 2 

([17]). Consider the system (1). If there is a positive definite continuous function   V :  ℜ n  →  ℜ +  U  0    satisfying


   V ˙   ( x )  ≤ −   π  η  T c        V  1 −   η 2      x  +  V  1 +   η 2      x    +  δ 0   



(4)




where   0 <  δ 0  < ∞  , then the origin of system (1) is approximate predefined-time stable, and    2   T c    is the predefined-time.





Lemma 3 

([28,29]). For real positive numbers    a 1  ,   a 2  ,  … ,   a n  > 0  ,   0 <  p 0  < 2  , and    p 1  > 1  , the following inequality holds:


      a 1 2  +  a 2 2  + … +  a n 2     p 0   ≤     a 1  p 0   +  a 2  p 0   + … +  a n  p 0     2   



(5)






   (  a 1  p 1   +  a 2  p 1   + … +  a n  p 1   )  ≥  n  1 −  p 1      (  a 1  +  a 2  + … +  a n  )   p 1    



(6)










2.2. Spacecraft Model and Properties


The attitude kinematics and dynamics of a rigid spacecraft with partial loss of actuator effectiveness can adequately be formulated as [30,31]


   q ˙  = G  ( q )  ω  



(7)






  J  ω ˙  = −  ω ×  J ω + Γ u + d  



(8)






  G  ( q )  =   1 2        1 −  q T  q  2   I +  q ×  + q  q T     



(9)




where the matrix   Γ = d i a g  (   γ 1   ( t )   ,    γ 2   ( t )   ,    γ 3   ( t )   )  ∈  ℜ  3 × 3     denotes the actuator health condition, and    γ i   ( t )    satisfies   0 <  γ 0  ≤   γ i   ( t )   ≤ 1 ,   ( i = 1 , 2 , 3 )   . It is worth noting that     γ i   ( t )   = 1   represents the actuator fault-free of the spacecraft, and    γ 0  ≤   γ i   ( t )   ≤ 1   indicates the ith actuator of the spacecraft with partial loses its effort [32,33].   q ∈  ℜ 3    is the modified Rodrigues parameter denoting the orientation with respect to an inertial frame,   ω ∈  ℜ 3    denotes the angular velocity,   u ∈  ℜ 3    is the control torque,   J ∈  ℜ  3 × 3     denotes the symmetric positive-definite inertia matrix of the spacecraft,   d ∈  ℜ 3    represents unknown external disturbances, and the operation     ·  ×  ∈  ℜ  3 × 3     is a skew-symmetric matrix and given by


   z ×  =     0    −  z 3      z 2       z 3    0    −  z 1        −  z 2      z 1    0     ,    ∀ z =    z 1  ,   z 2  ,   z 3    ∈  ℜ 3   



(10)







The properties of matrix   G ( q )   are given as follows [34]:


   G T   ( q )  G  ( q )  =      1 +  q T  q  4    2  I  



(11)






    G ( q )   =    1 +  q T  q  4    



(12)







Based on (7) and (8), the spacecraft model can be formed as [31]


  M  ( q )   q ¨  + C  ( q ,  q ˙  )   q ˙  =  P T  Γ u +  P T  d  



(13)




where the matrices P,   M ( q )  ,   C  ( q ,  q ˙  )  ∈  ℜ  3 × 3     are defined as


  P  ( q )  =  G  − 1    ( q )   



(14)






  M  ( q )  =  P T  J P  



(15)






  C  ( q ,  q ˙  )  = − M  ( q )   G ˙  P −  P T    ( J P  q ˙  )  ×  P  



(16)







The following properties and assumptions are exploited for the rigid spacecraft formulated by (7) and (8) (i.e., (13)).



Property 1 

([3]). The unknown symmetric and positive inertia matrix J is bounded as    J m    z  2  ≤  z T  J z ≤  J M    z  2   , where   J m   and   J M   are positive constants.





Property 2 

([31]). The matrix    M ˙   q  − 2 C  ( q ,  q ˙  )    is skew symmetric, and satisfies the equation    z T     M ˙   q  − 2 C  ( q ,  q ˙  )    z = 0   for any vector   z ∈  ℜ 3   .





Assumption A1 

([3]). Suppose the external disturbance d is bounded as    d  ≤ ϑ   with unknown positive constant ϑ.






2.3. Problem Statement


Our objective is to design a singularity-free and fault-tolerant ANPTGPC for the rigid spacecraft subject to uncertainties and actuator faults such that the attitude tracking errors tend to a small region centered on zero in predefined time with guaranteed performance.



To quantify this objective, the prescribed performance of the attitude tracking error is defined by


   κ 1  ρ  ( t )  <  e i   ( t )  <  κ 2  ρ  ( t )   



(17)






   κ 1  =      − κ ,     e i   ( 0 )  ≥ 0       − 1 ,     e i   ( 0 )  < 0      ,     κ 2  =      1 ,     e i   ( 0 )  ≥ 0       κ ,     e i   ( 0 )  < 0       



(18)




where   ρ ( t )   is the prescribed performance function, and is designed subsequently,   0 < κ < 1  , and the tracking error   e  ( t )  ∈  ℜ 3    is defined as [31]


  e  ( t )  = q  ( t )  −  q d   ( t )   



(19)




where    q d  ∈  ℜ 3    denotes the desired attitude.



Using (19), (13) can be rewritten as


  M  ( q )   e ¨  + C  ( q ,  q ˙  )   q ˙  = − M  ( q )    q ¨  d  +  P T  Γ u +  P T  d  



(20)









3. Control Development


3.1. Nonlinear Prescribed Performance Function (NPPF)


First, the NPPF is introduced to obtain the guaranteed performance within predefined time   T c  :


  ρ  t  =     s i  g λ    1 −   t  T c         ρ 0  −  ρ ∞    +  ρ ∞  ,   if  t ≤  T c       ρ ∞                                          ,   if  t >  T c       



(21)




where   λ > 2  ,   s i  g λ   ( · )  =   ·  λ  s i g n  ·   ,   ρ 0   and   ρ ∞   are positive constants,   0 <  T c  < ∞   is predefined convergence time,    ρ 0  = ρ  0  ≥    e i   0    , i = 1 , 2 , 3   indicates the maximum initial error, and    ρ ∞  <  ρ 0    represents the maximum allowable steady-state error.



Taking the time derivative of   ρ ( t )  , it yields


   ρ ˙   t  =     −   λ  T c        1 −   t  T c        λ − 1      ρ 0  −  ρ ∞    ,   if  t ≤  T c      0                                       ,   if  t >  T c       



(22)







Remark 1. 

It is worth noting that the designed NPPF   ρ ( t )   and the first derivative    ρ ˙   t    are continuous and smooth. In contrast to the existing prescribed performance function (PPF) [21,22] given by    ρ ¯   t  =    ρ 0  −  ρ ∞    exp   − l t   +  ρ ∞    with a positive constant l, the proposed NPPF can ensure that the guaranteed performance is achieved within predefined time   T c  , which means    lim  t →  T c    ρ  t  =  ρ ∞    instead of    lim  t → ∞    ρ ¯   t  =  ρ ∞   . The prescribed bounds with different NPPF are shown in Figure 1, where    T c  = 5 ,  10 ,  20  ,    ρ 0  = 0.1  ,    ρ ∞  = 0.001  , and   κ = 0.8  .






3.2. Error Transformation


The transformation function is directly borrowed from the work of [21,22]


   ε  1 i    t  = Y      e i   t    ρ  t       



(23)




where   Y  ·    is a strictly increase and smooth function, and given by


  Y  x  = ln     κ + x  t    κ   1 − x  t        ,   x  0  ≥ 0  



(24)






  Y  x  = ln     κ   1 + x  t      κ − x  t      ,   x  0  < 0  



(25)




where   Y  0  = 0  , and   Y  ·    satisfies


  Y :   − κ , 1   →   − ∞ , ∞   ,    e i   0  ≥ 0  



(26)






  Y :   − 1 , κ   →   − ∞ , ∞   ,    e i   0  < 0  



(27)







The derivative of (23) with respect to time yields


    ε ˙   1 i    t  =  α i      e ˙  i   t  + γ  t   e i   t     



(28)






   α i  =    ∂ Y   ∂     e i   t         e i   t    ρ  t         ρ  t          1  ρ  t     > 0  



(29)






  γ  t  = −     ρ ˙   t    ρ  t      



(30)







From (28), the vector form can be written as


    ε ˙  1   t  = A  ε 2   



(31)






   ε 2   t  =  e ˙   t  + γ  t  e  t   



(32)




where   A = d i a g   α i     is a diagonal positive-definite matrix.



The time derivative of (32) is


    ε ˙  2   t  =  e ¨   t  +  γ ˙   t  e  t  + γ  t   e ˙   t   



(33)







Both sides of (33) multiply by   M ( q )  , we have


  M  ( q )    ε ˙  2   t  = M  ( q )   e ¨   t  + M  ( q )     γ ˙   t  e  t  + γ  t   e ˙   t     



(34)







After substituting   M  ( q )   e ¨   ( t )    from (20) into (34), we obtain


     M  ( q )    ε ˙  2   t  = − M  ( q )    q ¨  d  − C  ( q ,  q ˙  )   q ˙  +  P T  Γ u +  P T  d                            + M  ( q )     γ ˙   t  e  t  + γ  t   e ˙   t        



(35)








3.3. NPTSM Design


The definition of matrices   F   ε 1   ∈  ℜ  3 × 3    ,   W  (  ε 1  )  ∈  ℜ  3 × 3    , and vectors   s i g  ·  ∈  ℜ 3    are given by


  F  (  ε 1  )  = d i a g   ν   ε 11   ,  ν   ε 12   ,  ν   ε 13      



(36)






  W  (  ε 1  )  = d i a g       ε 11    μ  ,      ε 12    μ  ,      ε 13    μ     



(37)






  s i g  z  =    s i g n   z 1   , s i g n   z 2   , s i g n   z 3     T  ,  z ∈  ℜ 3   



(38)






  s i  g α   z  =        z 1    α  s i g n   z 1   , … ,     z 3    α  s i g n   z 3     T   



(39)







Motivated by the work of [5,26], the NPTSM is designed as


  S =  ε 2  +   π   λ m   A  μ  T 1       α s i  g  1 + μ    (  ε 1  )  + β f  (  ε 1  )     



(40)




with   0 < μ < 1  ,   α =   2   1 +   μ 2      3   μ 2     ,   β =  2  1 −   μ 2      ,   f  (  ε 1  )  =    g  (  ε 11  )  ,  g  (  ε 12  )  ,  g  (  ε 13  )    T   ,   T 1   is user-defined convergence time, and   g ( · )   is given by


  g  ( x )  =      s i  g  1 − μ    x          if  x  > δ       a x + b s i  g  r 0    x     if  x  ≤ δ       



(41)




where  δ  is a small positive constant, and   x ∈ ℜ  ,   1 <  r 0  ≤ 2  , a and b are given as follows, respectively:


  a =       r 0  − 1   + μ     r 0  − 1      δ  − μ   ,    b =   μ   1 −  r 0       δ  1 − μ −  r 0     



(42)







Remark 2. 

Note that the proposed NPTSM given by (40) is quite different from the one in [5,11,13,16,17,18,19,20]. The prescribed performance errors   ε 1   and   ε 2   are constructed in the proposed NPTSM that implies the tracking errors satisfy the NPPF given by (21) all the time and converge to a preset small set centered on zero within predefined time, while the conventional NTSM in [5,11,13,16,17,18,19,20] only involves the attitude and angular velocity tracking errors.





Taking the derivative of   g ( x )   yields


  ν  ( x )  =        1 − μ      x    − μ          if  x  > δ       a + b  r 0     x     r 0  − 1        if   x  ≤ δ       



(43)







In order to facilitate the subsequent stability analysis, we first propose the following proposition.



Proposition 1. 

Given the spacecraft described by (7) and (8) (i.e., (13)) with NPTSM (40),   S = 0   can assure that   ε 1   tends to a preset small region centered on zero in predefined time and then goes to zero asymptotically.





Please see the proof in Appendix A.





4. Uncertain Inertia Matrix Linear Parametrization


Taking derivative of (40) with respect to time leads to


   S ˙  =   ε ˙  2  +   π   λ m   A  μ  T 1       α   1 + μ   W  (  ε 1  )  + β F  (  ε 1  )      ε ˙  1   



(44)







Both sides of (44) multiply by   M ( q )  , we obtain


  M  ( q )   S ˙  = M  q      ε ˙  2  +    π   α   1 + μ   W + β F     ε ˙  1     λ m   A  μ  T 1        



(45)







Substituting   M  ( q )    ε ˙  2    from (35) into (45) yields


  M  ( q )   S ˙  = χ − C  ( q ,  q ˙  )  S +  P T  Γ u +  P T  d  



(46)






     χ = − M  ( q )    q ¨  d  + M  ( q )     γ ˙   t  e  t  + γ  t   e ˙   t                  + C  ( q ,  q ˙  )   ( S −  q ˙  )  +      π M  ( q )    α   1 + μ   W + β F      λ m   A  μ  T 1       ε ˙  1        



(47)







To isolate the uncertain inertia matrix J from  χ , a linear operator   L :   ℜ 3  →  ℜ  3 × 6     acts on  χ , and we can obtain [31]


  χ = φ   q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d    θ  



(48)




where   φ   q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d    ∈  ℜ  3 × 6     and   θ ∈  ℜ 6    are given by


  φ =  P T       − L   P   q ¨  d    + L   P  G ˙  P    q ˙  − S           +   ( P  q ˙  )  ×  L   P    q ˙  − S           + L   P    γ ˙   t  e  t  + γ  t   e ˙   t            + L     π P   α   1 + μ   W + β F     ε ˙  1     λ m   A  μ  T 1            



(49)






  θ =     J 11  ,  J 22  ,  J 33  ,  J 12  ,  J 13  ,  J 23    T   



(50)




where   J  i j    denotes the component of the inertia matrix J.



Based on (48), (46) can be expressed as


  M  ( q )   S ˙  = φ   q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d    θ − C  ( q ,  q ˙  )  S +  P T  Γ u +  P T  d  



(51)








5. Controller Formulation


The adaptive nonsingular guaranteed performance control (ANGPC) is proposed as follows:


  u =  u 0  +  u 1  +  u 2   



(52)






   u 0  = −  G T   ( q )    φ   q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d     θ ^  +    4 S   S     ϑ ^     



(53)






   u 1  = −  k 0   G T   ( q )  S  



(54)






   u 2  = −    1 −  γ 0    γ 0       u 0  +  u 1       P S    P S      



(55)




where   k 0   and   γ 0   are positive constants,   θ ^   and   ϑ ^   denote the parameter estimate of  θ  and  ϑ , respectively, and the adaptation update laws (AULs) are given by


    θ ^  ˙  = Λ  φ T    q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d    S −  k 3   θ ^   



(56)






    ϑ ^  ˙  = 4 k  S  −  k 4   ϑ ^   



(57)




where k,   k 3   and   k 4   are positive constants,  Λ  is a diagonal positive-definite constant matrix, and the estimation error   θ ˜   and   ϑ ˜   are given by


    θ ˜  = θ −  θ ^   



(58)






    ϑ ˜  = ϑ −  ϑ ^   



(59)







After replacing   Γ (  u 0  +  u 1  )   as    u 0  +  u 1  −  (  I 3  − Γ )   (  u 0  +  u 1  )   , and the closed-loop dynamics (51) can be rewritten as


     M  ( q )   S ˙  = φ   q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d    θ − C  ( q ,  q ˙  )  S +  P T  d                      +  P T       u 0  +  u 1    −  (  I 3  − Γ )   (  u 0  +  u 1  )  + Γ  u 2        



(60)







Theorem 1. 

Given the spacecraft described by (7) and (8), S,   θ ˜   and   ϑ ˜   are uniformly ultimately bounded (UUB) with the proposed ANGPC (52)–(55) and AULs (56)–(57).





Please see the proof in Appendix B.



In order to achieve predefined time stability, the partial control   u 1   of the ANGPC is modified as


   u  1 M   =    − π  G T   ( q )     k 1  s i  g  1 +  μ 1     S  +  k 2  s i  g  1 −  μ 1     S       μ 1   T 2      



(61)




where    k 1  =     1 2     1 +    μ 1  2      3    μ 1  2      and    k 2  =     1 2     1 −    μ 1  2       are positive constants, and   0 <  μ 1  < 1  ,    T 2  > 0   is the user-defined time.



Substituting (53) and (61) into (60), we obtain


     M  ( q )   S ˙   = φ   q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d     θ ˜  −    4 S   S     ϑ ^  +  P T  d            −     π    k 1  s i  g  1 +  μ 1     S  +  k 2  s i  g  1 −  μ 1     S       μ 1   T 2     − C  ( q ,  q ˙  )  S            +  P T    −  (  I 3  − Γ )   (  u 0  +  u 1  )  + Γ  u 2        



(62)







Theorem 2. 

Given the rigid spacecraft described by (7) and (8) (i.e., (13)) subject to uncertainties and the actuator effectiveness faults, the proposed ANPTGPC defined by (52), (53), (61), and (55) guarantees that the tracking errors remain within the preseted performance bound (17) in predefined time   T <  T max  =  T 1  +  2   T 2   .





Please see the proof in Appendix C.



Remark 3. 

In accordance with the existing [3,9,10], the sliding surface S cannot reach   S = 0  , we can only obtain approximatively   S = 0  . For this case, S converges to the following region by using Lemma 2.






    Δ 2  =      lim  t →   T ¯  c    S    V 3  ≤ min [   Δ 1   2  2 −  μ 1      ,  Δ 1   2  2 +  μ 1       ]     



(63)





After the sliding surface reaches to the region   Δ 2  , (41) can be rewritten as


   S i  =  ε  2 i   +    π  ρ 0    2 μ  T 1       α s i  g  1 + μ    (  ε  1 i   )  + β f  (  ε  1 i   )    =  ψ i   



(64)






    ψ i   ≤  Δ 2   



(65)




Thus, Equation (64) also can be rewritten as


   ε  2 i   +    π  ρ 0    2 μ  T 1        α ¯  s i  g  1 + μ    (  ε  1 i   )  + β f  (  ε  1 i   )    = 0  



(66)






   α ¯  = α −     ψ i  2 μ  T 1    π  ρ 0  s i  g  1 + μ    (  ε  1 i   )      



(67)







Similar to [9], as long as the parameter  α  is chosen satisfying    α ¯  = α −     ψ i  2 μ  T 1    π  ρ 0  s i  g  1 + μ    (  ε  1 i   )     > 0  , the equivalent sliding surface (66) can directly use Proposition 1, we can obtain that attitude tracking error will go to a small region in predefined time   T <  T max  =  T 1  +  2   T 2   .



Remark 4. 

In contrast to the appointed-time prescribed performance attitude tracking control schemes of the rigid spacecraft [23,24], the proposed ANPTGPC can ensure that the closed-loop system of the spaceraft approximate predefined time stability instead of asymptotic stability.





Remark 5. 

To eliminate chattering of the proposed controller, the following vector function   H  S    is adopted to replace the discontinuous vector functions in (53) and (55)


      H  S  =         Q T   Q             Q  >  δ 5                Q T   δ 5             Q  ≤  δ 5             



(68)




where   Q = S   or   P S   and   δ 5   is a small positive constant denoting the width of commonly-used boundary layer.






6. Illustrative Example


Simulations are conducted on the rigid spacecraft to demonstrate the effectiveness performance of ANPTGPC. Similar to [10], the inertia matrix of the rigid spacecraft is   J =   20  0  0.09 ; 0  17  0 ; 0.09  0  15   kg · m  , the initial angular velocity and attitude are selected as   ω  ( 0 )  =   [ 0 ,  0.05 ,  0 ]  T   rad / s    and   q  ( 0 )  =   [ 0.11 ,  − 0.08 ,  − 0.06 ]  T   , respectively, and the initial desired angular velocity is    ω d   ( t )  =  [ 0.15 sin  (    π t  100   )  , 0.2 sin  (    π t  150   )  , − 0.3 sin  (    π t  200   )  ]    rad / s   , and the initial attitude is selected as    q d   ( 0 )  =   [ 0 ,  0 ,  0 ]  T   , and the bounded external disturbances are chosen as   d ( t ) = [ 0.3 sin ( t ) ,  0.4 cos ( 1.5 t ) ,  0.5 sin ( 2 t + 1 ) ]  N · m  .



6.1. Validation the Proposed ANPTGPC


Firstly, the numerical simulation is demonstrated to verify the effectiveness of the proposed ANPTGPC. It is assumed that the spacecraft subject to the actuator partially loses its effort, and the actuator fault matrix is formulated as   Γ = d i a g ( 0.95 + 0.03 sin ( 10 t ) ,     0.85 + 0.02 sin ( 20 t ) ,  0.75 + 0.01 sin ( 30 t ) )   and    γ 0  = 0.74  . The parameters of the proposed ANPTGPC are selected as    ρ 0  = 0.15  ,    ρ ∞  = 0.01  ,   λ = 2  ,    T c  = 8  ,   μ = 0.3  ,    T 1  = 3  ,    T 2  = 3  ,    r 0  = 1.5  ,   δ = 0.1  ,    μ 1  = 0.8  ,   k = 15  ,    k 3  = 1  ,    k 4  = 0.1  ,   Λ = d i a g   1 , 1 , 1 , 1 , 1 , 1    , and    δ 5  = 0.01  .



The simulation results performed on the actuator faulted spacecraft with ANPTGPC is illustrated in Figure 2, Figure 3 and Figure 4. It is clear that attitude tracking errors and angular velocity tracking errors remain the preseted region in predefined time. The proposed ANPTGPC obtains a favorable tracking performance for the spacecraft in the presence of partial loss of actuator effectiveness faults in Figure 2. It should be pointed out that the corresponding parameters of the prescribed performance function and predefined time function can be defined by the user a priori according to the requirement of engineering, and the result will change dynamically.



Secondly, the numerical simulation is illustrated to verify the predefined-time feature of the proposed controller that the convergence time can be defined by the user a priori and is independent on the initial conditions. This numerical simulation is accomplished with three different initial conditions (simpified as IC),   q  ( 0 )  =    0.11 ,  − 0.08 ,  − 0.06   T    (IC1),   q  ( 0 )  =    1.11 ,  − 1.08 ,  − 1.06   T    (IC2), and   q  ( 0 )  =    2.11 ,  − 2.08 ,  − 2.06   T    (IC3).



The control parameters are the same as mentioned above. Clearly, the rapid convergence under three initial conditions can be assured, as we see in Figure 5 and Figure 6. The convergence time of the system with these three different initial conditions is almost the same, which shows an independence on the initial conditions.




6.2. Comparison with the FDTC


Comparison with the fixed-time attitude tracking control (FDTC) [10] is performed on the fault-free spacecraft to illustrate the effectiveness and improved performance of the proposed approach.



The FDTC of [10] is given by


   u A  =  G T   (  M 1   e ˙  +  G  − T   N +  u n  )  +  u S  +  u M   



(69)






   u n  = −   J ¯  0     ∑  j = 1  2    l  1 j   s i  g  ν j    (  x j  )   +  ∑  j = 1  2    l  2 j   s i  g  υ j    (  x j  )      



(70)






   u S  = −  G T    J ¯  0     β 1   S   p 3       p 3   q 3        q 3    +  α 1   S  γ 2   + κ s i g n  ( S )     



(71)






   u M  =  G T    ϑ ^  2   



(72)




where e is the attitude tracking error, and    x 1  = e  ,    x 2  =  e ˙   ,   l  1 j   ,   l  2 j   ,    ν j  > 1  ,   0 <  υ j  < 1  ,   α 1  ,   β 1   and  κ  are positive constants.    γ 2  =   p 1       p 1   2  q 1         2  q 1    +   m 1       m 1   2  n 1         2  n 1    +  (   m 1       m 1   2  n 1         2  n 1    −   p 1       p 1   2  q 1         2  q 1    )  s i g n  (  S  − 1 )   . These odd integrators   p 3  ,   q 3  ,   p 1  ,   q 1  ,   m 1  , and   n 1   are positive, S,   M 1  , N, and    J ¯  0   are given as follows:


  S =  e ˙  −  ∫   t 0   t     J ¯  0   u n  d r   



(73)






      M 1  = −  G  − T      J 0   G  − T    G ˙  +   (  J 0  R  ω d  )  ×     G  − 1          +  G  − T       ( R  ω d  )  ×   J 0  +  J 0    ( R  ω d  )  ×  −   (  J 0   G  − 1    e ˙  )  ×     G  − 1       



(74)






  N =   ( R  ω d  )  ×   J 0  R  ω d  +  J 0  R   ω ˙  d   



(75)






    J ¯  0  =  G  − T    J 0   G  − 1    



(76)




and the output of the observer is    ϑ ^  2   given as follows:


     ϑ ^  ˙  1  = − ι   ϑ ^  1  + ι   ϑ ^  2  −  ϑ sgn  −  κ 2   ε 1   



(77)






     ϑ ^  ˙  2  = −  κ 3   ε 1  −  κ 4   ϑ  sgn    p 0       p 0   q 0        q 0    −  κ 5   ϑ  sgn   γ 4   −  κ 6  s i g n  (  ϑ sgn  )   



(78)




with    ε 1  =   ϑ ^  1  −  ϑ 1   ,  ι ,    κ i  ,   i = 2 … 6   are positive numbers.    ϑ sgn  =  κ 1  s i g n  (  ε 1  )   ,    ϑ  sgn  e  =   ϑ sgn       ϑ sgn  ι      ι   ,    γ 4  =   p 0       p 0   2  q 0         2  q 0    +   m 0       m 0   2  n 0         2  n 0    +  (   m 0       m 0   2  n 0         2  n 0    −   p 0       p 0   2  q 0         2  q 0    )  s i g n  (   ϑ  sgn  e   − 1 )   .   p 0  ,   q 0  ,   m 0  , and   n 0   are positive odd integrators.



The parameters of the FDTC are selected same as in [10] as:    l  1 i   = 0.3  ,    l  2 i   = 0.6 , i = 1 , 2  ,    v 1  =  19 / 17   ,    v 2  =  19 / 18   ,    υ 1  =  17 / 19   ,    υ 2  =  17 / 18   ,    α 1  =  β 1  = 1  ,    m 1  = 5  ,    n 1  = 3  ,    p 1  = 7  ,    q 1  = 9  ,   ι = 11  ,    m 3  = 11  ,    n 3  = 9  ,    p 3  = 9  ,    q 3  = 17  ,   κ = 0.02  ,    κ 1  = 0.17  ,    κ 2  = 0.074  ,    κ 3  = 0.056  ,    κ 4  =  κ 5  = 0.1  , and    κ 6  = 0.2  .



Due to the comparisons conducting on the fault-free spacecraft, the actuator fault matrix is chosen as   Γ = d i a g ( 1.0 ,  1.0 ,  1.0 )  , and    γ 0  = 1  . The other parameters are selected as    ρ 0  = 0.15  ,    ρ ∞  = 0.01  ,   λ = 2  ,    T c  = 10  ,   μ = 0.3  ,    T 1  = 3  ,    T 2  = 5  ,    r 0  = 1.5  ,   δ = 0.1  ,    μ 1  = 0.8  ,   k = 15  ,    k 3  = 1  ,    k 4  = 0.1  ,   Λ = d i a g   1 , 1 , 1 , 1 , 1 , 1    , and    δ 5  = 0.01  .



As we see from the comparisons in Figure 7, Figure 8, Figure 9, Figure 10 and Figure 11, FDTC in [10] fails to constrain the attitude tracking error to the prescribed transient and steady-state error bounds, whereas the proposed ANPTGPC can achieve the guaranteed tracking performance. Furthermore, the developed approach is simple and obtains a fast transient in Figure 10 and Figure 11. It is worth pointing out that a quite favorable faster transient of the proposed ANPTGPC is achieved without an excessive control input over that of the DFTC in Figure 9.





7. Conclusions


This paper introduces a nonlinear prescribed performance function (NPPF), and a simple ANPTGPC based on NPPF and NPTSM is proposed to address the predefined-time attitude tracking for rigid spacecraft with model uncertainties, bounded external disturbances, and actuator faults. Lyapunov stability theory is used to prove the predefined time stability of closed-loop systems with guaranteed performance. The appealing features of the proposed ANPTGPC include the absence of a model, fault-tolerance, non-singularity, and predefined-time stability with guaranteed performance. Numerical simulations and comparisons are illustrated to validate the effectiveness and improved performance of the proposed control. However, we can only obtain approximate predefined time stability instead of the strict predefined time stability. Our future work can address this weakness.







Author Contributions


Conceptualization, L.H. and Z.W.; methodology, Z.W.; software, C.C.; validation, H.Y., Z.W. and C.C.; formal analysis, Z.W.; investigation, L.H.; resources, L.H.; data curation, L.H.; writing—original draft preparation, Z.W.; writing—review and editing, Z.W.; visualization, C.C.; supervision, L.H.; project administration, Z.W.; funding acquisition, Z.W. All authors have read and agreed to the published version of the manuscript.




Funding


This work was supported by the Education Department of Shaanxi Province with Grant/Award Numbers 21JK0675 and the Natural Science Foundation of Shaanxi Province with Grant/Award Numbers 2023-JC-QN-0738.




Data Availability Statement


The data that support the findings of this study are available from the corresponding author upon reasonable request.




Acknowledgments


The authors would like to thank the anonymous reviewers, Associate Editor, and Editor for their valuable comments, which were helpful in improving the quality of this article.




Conflicts of Interest


The authors declare no conflicts of interest.





Appendix A. Proof of Proposition 1


Proof. 

Once the sliding surface   S = 0   is achieved, from (40), we have


   ε 2  = −   π   λ m   A  μ  T 1       α s i  g  1 + μ    (  ε 1  )  + β f  (  ε 1  )     



(A1)







For system (A1), the following positive-definite Lyapunov function candidate is selected:


   V 1  =   1 2    ε 1 T   ε 1   



(A2)







Taking the derivative of   V 1   with respect to time along (A1), we obtain


    V ˙  1  =  ε 1 T    ε ˙  1  =  ε 1 T  A  ε 2   



(A3)












	(i)

	
For the case     ε  1 i    > δ  









Using the definitions of (A1), (39), and (41), (A3) can be rewritten as


    V ˙  1  ≤ −    π  λ m   A     λ m   A  μ  T 1       α  ∑  i = 1  3      ε  1 i      2 + μ   + β  ∑  i = 1  3      ε  1 i      2 − μ      



(A4)







Recalling the definitions of  α  and  β  in (40), (A4) can be explicitly expressed as


    V ˙  1  ≤ −   π  μ  T 1        2  1 +   μ 2      3   μ 2     ∑  i = 1  3      ε  1 i      2 + μ   +  2  1 −   μ 2      ∑  i = 1  3      ε  1 i      2 − μ      



(A5)







Applying Lemma 3 yields


    V ˙  1  ≤ −   π  μ  T 1              ε 1    2     1 +   μ 2     +        ε 1    2     1 −   μ 2        



(A6)







In light of (A2), it is obvious that (A6) is given by


    V ˙  1  ≤ −   π  μ  T 1        V 1  1 +   μ 2     +  V 1  1 −   μ 2        



(A7)







It is clear that, by invoking Lemma 1,   ε  1 i    converges to a small region in predefined time   T 1  .








	(ii)

	
For the case     ε  1 i    ≤ δ  









By virture of the definition of (41), we have


       V ˙  1  = −  ε 1 T  A   π   λ m   A  μ  T 1       α s i  g  1 + μ    (  ε 1  )  + β f  (  ε 1  )               ≤ −   π   λ m   A  μ  T 1      α i          r 0  − 1   + μ     r 0  − 1      δ  − μ     ∑  i = 1  3    ε  1 i  2                   −   π   λ m   A  μ  T 1      α i     μ   1 −  r 0       δ  1 − μ −  r 0      ∑  i = 1  3       ε  1 i      1 +  r 0         



(A8)







Utilizing the fact    δ  1 −  r 0    ≤    ε  1 i     1 −  r 0      for the selection of   1 <  r 0  ≤ 2  , we obtain


       V ˙  1   ≤ −   π   λ m   A  μ  T 1      δ  − μ     ∑  i = 1  3     α i   ε  1 i  2   ≤ 0     



(A9)







Clearly, we have     V ˙  1  ≤ 0   from (A9). Furthermore,     V ˙  1  = 0   means that    ε 1  = 0  . Thus, utilizing the LaSalle’s invariance theorem [35], we can conclude that the transformed error   ε  1 i    will converge to zero asymptotically. In light of (23), we can obtain that the attitude tracking error will go to a small region in predefined time, and then converge to zero asymptotically. □






Appendix B. Proof of Theorem 1


Proof. 

We select the positive definite-Lyapunov function candidate as follows:


   V 2  =   1 2    S T  M  q  S +   1 2     θ ˜  T   Λ  − 1    θ ˜  +   1 2    ϑ ˜   k  − 1    ϑ ˜   



(A10)







After taking the time derivative of Equation (A10), we have


    V ˙  2  =   1 2    S T   M ˙   q  S +  S T  M  q   S ˙  +    θ ˜   T   Λ  − 1     θ ˜  ˙  +  ϑ ˜   k  − 1     ϑ ˜  ˙   



(A11)







If (60) and (53) are substituted into (A11), and Property 2, Assumption 1, and     P T   ≤ 4   are utilized, then


       V ˙  2  ≤  S T  φ   q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d     θ ˜  + 4  S   ϑ ˜  −    θ ˜   T   Λ  − 1     θ ^  ˙  −     ϑ ˜    ϑ ^  ˙   k                 +  S T     P T   u 1  −  P T   (  I 3  − Γ )     u 0  +  u 1    +  P T  Γ  u 2        



(A12)







Using (54) and (55) and the facts that      I 3  − Γ   =  λ M   (  I 3  − Γ )  ≤ 1 −  γ 0    and    γ 0  ≤  λ m   ( Γ )   , we obtain


       V ˙  2  ≤  S T  φ   q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d     θ ˜  + 4  S   ϑ ˜               −    θ ˜   T   Λ  − 1     θ ^  ˙  −     ϑ ˜    ϑ ^  ˙   k   −  S T   k 0  S              +    P S     1 −  γ 0       u 0  +  u 1                 −   1 −  γ 0       u 0  +  u 1      P S       



(A13)







Substituting (56) and (57) into (A13), and applying the facts that     θ ˜  i    θ ^  i  =   θ ˜  i     θ i  −   θ ˜  i    ≤ −     θ ˜  i 2  2   +    θ i 2  2     and    ϑ ˜   ϑ ^  ≤ −      ϑ ˜   2  2   +    ϑ 2  2     yields


       V ˙  2  ≤ −   ∑  i = 1  6    Λ  i i   − 1    k 3        θ ˜  i 2  2   −    θ i 2  2                    −    k 4  k          ϑ ˜   2  2   −    ϑ 2  2     −  S T   k 0  S            = −  S T   k 0  S −   1 2    k 3     θ ˜   T   Λ  − 1    θ ˜  −   1 2    k 4   ϑ ˜   k  − 1    ϑ ˜                 +   1 2    k 3   θ T   Λ  − 1   θ +   1 2    k 4  ϑ  k  − 1   ϑ     



(A14)







By utilizing the fact that    S T   k 0  S ≥    k 0   8  J M       1 2    S T  M  q  S  , we have


    V ˙  2  ≤ − ι  V 2  +  δ 1   



(A15)






  ι = min      k 0   8  J M     , 1   ,   δ 1  =   1 2    k 3   θ T   Λ  − 1   θ +   1 2    k 4  ϑ  k  − 1   ϑ  



(A16)




Clearly, using Theorem 4.18 in [36], we obtain that S,   θ ˜   and   ϑ ˜   are UUB. Furthermore, based on the definitions in (40), (32), (23), and (19),   ε 1  ,   ε 2  , e,   e ˙  , q, and   q ˙   are also UUB.



Hence, this term    S T  φ  θ ˜  + 4  S   ϑ ˜    is bounded and is assumed as


     S T  φ   q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d     θ ˜  + 4  S   ϑ ˜    ≤  δ 2   



(A17)




where   δ 2   is a positive constant. □






Appendix C. Proof of Theorem 2


Proof. 

We propose the positive definite-Lyapunov function candidate as follows:


   V 3  =   1 2    S T  M  q  S  



(A18)







Differentiating   V 3   with respect to time, it can be concluded that


    V ˙  3  =   1 2    S T   M ˙   q  S +  S T  M  q   S ˙   



(A19)







Substituting   M  ( q )   S ˙    from (62) into (A19), and utilizing property 2, assumption 1,     P T   ≤ 4  , it can be concluded that


       V ˙  3  ≤  S T  φ   q ,  q d  ,  q ˙  ,   q ˙  d  ,   q ¨  d     θ ˜  + 4  S   ϑ ˜               +    − π  S T     k 1  s i  g  1 +  μ 1     S  +  k 2  s i  g  1 −  μ 1     S       μ 1   T 2                  +  S T    −  P T   (  I 3  − Γ )     u 0  +  u 1    +  P T  Γ  u 2        



(A20)







Similar to (A13), after substituting   u 2   from (55) into (A20), and utilizing (A17), we obtain


    V ˙  3  ≤ −    π  S T     k 1  s i  g  1 +  μ 1     S  +  k 2  s i  g  1 −  μ 1     S       μ 1   T 2     +  δ 2   



(A21)







By utilizing the definition of    k i  , i = 1 , 2   and the fact that    V 3  ≤ 8  J M    S  2  = 8  J M   S T  S  , as well as Lemmas 3 and 4, we have


       V ˙  3  ≤ −    σ π    μ 1   T 2        V 3  1 +    μ 1  2     +  V 3  1 −    μ 1  2       +  δ 2      



(A22)




where   σ  = min         1  8  J M        1 +    μ 1  2     ,      1  8  J M        1 −    μ 1  2        . From Theorem 1, it is clear that S is UUB, which means that   V 3   is bounded, and     π   μ 1   T 2        V 3  1 +    μ 1  2     +  V 3  1 −    μ 1  2       ≤  δ 3    with the positive constant   δ 3  . Hence, (A22) can be rewritten as


    V ˙  3    ≤ −   π   μ 1   T 2        V 3  1 +    μ 1  2     +  V 3  1 −    μ 1  2       +  δ 4   



(A23)




with the positive constant    δ 4  = max    δ 2  ,  δ 2  +   σ − 1    δ 3     .



According to Lemma 2, it is clear that S converges to a small region in predefined time from (A23). In light of Proposition 1, we can obtain that attitude tracking error will go to a small region in predefined time, and then converge to zero asymptotically. □
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Figure 1. NPPF with different predefined time   T c  . 
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Figure 2. Attitude tracking errors. 
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Figure 3. Angular velocity tracking errors. 
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Figure 4. Control inputs. 
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Figure 5. Attitude tracking errors with different IC. 
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Figure 6. Angular velocity tracking errors with different IC. 
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Figure 7. Comparison of attitude tracking errors. 
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Figure 8. Comparison of angular velocity tracking errors. 
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Figure 9. Comparison of control inputs. 
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Figure 10. Comparison of zoomed attitude tracking errors. 
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Figure 11. Comparison of zoomed angular velocity tracking errors. 
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