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Abstract: The node representation learning capability of Graph Convolutional Networks
(GCNs) is fundamentally constrained by dynamic instability during feature propagation,
yet existing research lacks systematic theoretical analysis of stability control mechanisms.
This paper proposes a Stability-Optimized Graph Convolutional Network (SO-GCN) that
enhances training stability and feature expressiveness in shallow architectures through
continuous–discrete dual-domain stability constraints. By constructing continuous dy-
namical equations for GCNs and rigorously proving conditional stability under arbitrary
parameter dimensions using nonlinear operator theory, we establish theoretical foundations.
A Precision Weight Parameter Mechanism is introduced to determine critical Frobenius
norm thresholds through feature contraction rates, optimized via differentiable penalty
terms. Simultaneously, a Dynamic Step-size Adjustment Mechanism regulates propagation
steps based on spectral properties of instantaneous Jacobian matrices and forward Euler dis-
cretization. Experimental results demonstrate SO-GCN’s superiority: 1.1–10.7% accuracy
improvement on homophilic graphs (Cora/CiteSeer) and 11.22–12.09% enhancement on
heterophilic graphs (Texas/Chameleon) compared to conventional GCN. Hilbert–Schmidt
Independence Criterion (HSIC) analysis reveals SO-GCN’s superior inter-layer feature
independence maintenance across 2–7 layers. This study establishes a novel theoretical
paradigm for graph network stability analysis, with practical implications for optimizing
shallow architectures in real-world applications.

Keywords: stable propagation rule; graph convolutional network; precision weight parameter
mechanism; dynamic step-size adjustment mechanism

MSC: 68T07

1. Introduction
Graph Convolutional Networks (GCNs) have emerged as a fundamental framework

for graph data modeling by extending convolutional operations from Euclidean to non-
Euclidean domains [1–3]. Since the seminal work of Kipf and Welling [4], GCNs have
demonstrated remarkable success in social network analysis [5], recommendation sys-
tems [6], and biomolecular interaction prediction [7]. The core mechanism of GCNs—
spectral-domain filtering for neighborhood information propagation—effectively captures
topological features while maintaining computational efficiency. However, recent studies
reveal that GCNs’ dynamic stability limitations in heterophilic graph structures constrain
both theoretical interpretability and practical applicability [8,9].
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1.1. Related Work

Despite significant advances in GCN performance [10–13], three fundamental theo-
retical gaps persist. First, a comprehensive framework for quantifying dynamic stability
is lacking; while methods such as residual connections [14] and geometry-driven propa-
gation [15] mitigate oversmoothing, rigorous mathematical characterization of Lyapunov
stability remains absent. Although Chen et al. [16] demonstrated that an uncontrollable
spectral radius causes deep GCN failure, stability mapping from parameter to feature space
has not been established.

Second, discretization error control remains inadequate. Traditional forward Euler
discretization often leads to numerical divergence in dynamic graph convolutions, and
while Rusch et al. [17] introduced a gradient gating mechanism, fixed-step-size strategies
still cause superlinear growth of node feature variance in heterophilic graphs, exacerbating
training instability.

Third, existing studies predominantly address oversmoothing in deep networks,
largely neglecting stability optimization in shallow architectures [18], resulting in subopti-
mal performance on complex graph structures.

1.2. Our Approach

To address these challenges, we propose the Stability-Optimized Graph Convolutional
Network (SO-GCN), a dynamically stabilized framework that enhances intrinsic stability
and feature representation in shallow architectures (2–7 layers). The innovations include
the following:

• We developed a time-varying differential equation model for graph convolution
propagation, establishing mathematical criteria for the Precision Weight Parameter
Mechanism through stability mapping analysis.

• We formulated stability domain constraints for the weight matrix through Jacobian
spectral analysis and proposed a Dynamic Step-size Adjustment Mechanism based on
forward Euler discretization, applying stability mapping during gradient descent.

• We designed stable propagation rules integrating dual protection mechanisms with self-
loop factors, optimizing feature stability and independence through quantitative metrics.

Recent theoretical advances, including adaptive frequency response filters [19–21]
and potential connect of Lipschitz stability in graph neural diffusion provide foundational
support for our stability quantification framework [22–25]. These developments not only
validate our approach but also advance robust applications of GCNs in complex systems
and depth optimization in shallow and stable networks.

2. Preliminaries
Based on Kipf’s seminal work [4], the standard Graph Convolutional Network (GCN)

propagates node features by spectral filtering. The propagation rule is defined as follows:

H(l+1) = σ
(

D̃−
1
2 ÃD̃−

1
2 H(l)W(l)

)
(1)

Consider an undirected graph G = (V , E), where V = {vi}N
i=1 denotes the node set and E ⊆

V × V represents the edge set. The augmented adjacency matrix is Ã = A + IN ∈ RN×N ,
with A as the original adjacency matrix and IN as the identity matrix. Here, H(l) ∈ RN×dl is
the feature matrix at layer l, W(l) ∈ Rdl×dl+1 denotes the learnable weight matrix, and σ(·)
is the activation function. The initial input is H(0) = X ∈ RN×d0 , the node feature matrix.

Despite its effectiveness in graph modeling, this framework suffers from training
instability and limited noise robustness on heterophilic graphs [8,9]. To address these
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limitations, we reformulate the graph convolution mechanism from a continuous dynamics
perspective and establish a rigorous stability guarantee framework.

2.1. Continuous Dynamics Model

To establish the theoretical connection between graph convolutional networks and
dynamical systems, we extend the discrete layer index l to a continuous time variable
t ∈ R+, deriving the continuous propagation equation for graph convolution as follows:

dH(t)
dt

= σ(LH(t)W), L = D̃−1/2 ÃD̃−1/2 (2)

where H(t) ∈ RN×dt represents the node feature matrix at time t, L ∈ RN×N denotes the
symmetric normalized graph Laplacian operator, W(t) ∈ Rdt×dt+1 is the time-dependent
parameter matrix, and σ(·) indicates the element-wise activation function.

2.1.1. Stability Analysis of Equilibrium State

The existence of an equilibrium state is essential for stable propagation, as it enables
the system to resist noise from minor disturbances or initial condition variations. Using
fixed-point theory [26,27], we establish the following key result:

Theorem 1 (Existence of Equilibrium). The continuous propagation equation guarantees an equi-
librium state when ∥L∥F, ∥W∥F < ∞; the activation function σ is globally Lipschitz continuous.
Then, there exists an equilibrium state H∗ ∈ RN×dt+1 satisfying

H∗ = σ(LH∗W) (3)

This differential equation characterizes the evolution dynamics of node features in
continuous time. We analyze the system’s dynamic behavior near the equilibrium point
H∗, where input and output feature dimensions are identical and Equation (3) holds. To
quantify the system’s convergence rate, we define the feature contraction rate:

Definition 1 (Feature Contraction Rate). The instantaneous contraction rate of the propagation
operator is

γ(t) = sup
H ̸=0

∥LH(t)W∥F
∥H(t)∥F

(4)

when γ(t) ≤ 1 and the system is asymptotically stable.

Based on this, we derive the theoretical foundation for the Precision Weight Parameter
Mechanism (PW Mechanism):

Theorem 2 (Weight Frobenius Norm Constraint). When the weight matrix satisfies

∥W∥F ≤
1

E[σ′] · ∥L∥F
(5)

it ensures γ(t) < 1, where E[σ′] is the expected value of the activation function’s derivative.

2.1.2. Stability Guarantee of the Forward Euler Discretization Scheme

Discretizing Equation (2) by the forward Euler method yields the following:

Ht+1 = Ht + ηtσ(LHtW) (6)
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where ηt denotes the adaptive step size.
The stability of the discrete system depends on the spectral properties of the in-

stantaneous Jacobian Jt, providing the theoretical foundation for the Dynamic Step-size
Adjustment Mechanism (DS Mechanism):

Theorem 3 (Step Size Upper Bound Constraint). The discrete system achieves numerical
stability when the step size upper bound ηt satisfies

ηt ≤ min
(

2
|λmin(Jt)|

,
1

σmax(Jt)

)
(7)

where Jt = L · diag(σ′(LHtW)) ·W represents the instantaneous Jacobian matrix, λmin denotes
the smallest eigenvalue modulus, and σmax signifies the largest singular value.

When the forward Euler discretization of the GCN continuous propagation Equation
(Equation (6)) meets the stability condition (Equation (7)), we introduce a self-loop influence
factor α ∈ [0, 1] to enhance stability, yielding the discrete propagation equation:

Ht+1 = σ((I + ηt(L− αI))HtW) (8)

We define Ω̃t = I + η(L− αI) as the discrete adjustment term, which balances node self-
information preservation with neighborhood information aggregation. This formulation
establishes a rigorous theoretical basis for SO-GCN’s stable propagation rule.

The proofs of Theorems 1–3 appear in Appendix A, Appendix B, and Appendix C,
respectively.

3. Stability-Optimized Graph Convolutional Network
3.1. Network Overview

Based on the preceding theoretical results, we propose a stability propagation rule that
integrates dynamic step-size adjustment, weight matrix norm constraints, and an upper-
bound penalty term. By discretizing the propagation equation, we develop a Stability-
Optimized Graph Convolutional Network (SO-GCN) with enhanced training stability,
improved prediction accuracy, and superior loss convergence.The of SO-GCN with two
layers is shown as Figure 1. During training, the network dynamically determines the
weight matrix norm threshold to constrain parameter updates and optimizes parameter
space distribution through a differentiable penalty term. Simultaneously, based on the
spectral properties of the Jacobian matrix, we employ the forward Euler discretization
method to dynamically adjust the step size and introduce a self-loop influence factor to
enhance propagation stability.

This framework incorporates three modules into the GCN feature propagation process:

1. Precision Weight Parameter Mechanism (PW Mechanism): constrains the Frobenius
norm of the weight matrix through stability analysis of differential equations;

2. Dynamic Step-size Adjustment Mechanism (DS Mechanism): adaptively controls the
propagation step size based on the instantaneous Jacobian matrix;

3. Stable propagation rule: combines the PW Mechanism and DS Mechanism to optimize
both numerical stability and model expressiveness.

The basic framework of SO-GCN with two layers is as Figure 2.
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Figure 1. Workflow of stability-Optimized Graph Convolutional Network with Two layers.

Figure 2. Basic framework of Stability-Optimized Graph Convolutional Network with Two Layers.

3.2. Stability-Optimized Propagation Rule

To enhance graph filtering performance, we develop a stable propagation rule based
on discrete dynamical system theory:

H(l+1) = σ
(
(I + ηl · (L− αI))H(l)W(l)

)
(9)

where σ(·) denotes the Leaky ReLU activation function, α ∈ [0, 1] represents the self-
loop influence factor, W(l) satisfies the norm constraint in the Precision Weight Parameter
Mechanism, and ηl is dynamically determined by the Dynamic Step-size Adjustment
Mechanism. This rule maintains node self-information through the αI term while enabling
adaptive neighborhood information aggregation via Ω̃(l).

3.2.1. Precision Weight Parameter Mechanism

To accelerate optimization, we propose the Precision Weight Parameter Mechanism
(PW Mechanism). The Frobenius norm threshold for the weight matrix at layer l is

θ(l) =
(
E[σ′]∥L∥F

)−1 (10)

where E[σ′] = 1
Ndl

∑i,j σ′(Mij) is the expected value of the activation function deriva-

tive, M(l) = LH(l)W(l) is the intermediate feature matrix, and L = D̃−1/2 ÃD̃−1/2 is the
symmetric normalized graph Laplacian.

First, the mechanism inputs node features H(l) into SO-GCN for standard graph
convolution, computes the norm threshold for layer l, and performs two-stage optimiza-
tion based on Theorem 2 to obtain network response distribution characteristics. When
∥W(l)∥F > θ(l), it applies Frobenius norm projection,

Ŵ(l) = θ(l) ·W(l)/∥W(l)∥F (11)
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to constrain parameters within the stability domain. Simultaneously, it constructs a
quadratic gradient penalty term:

P = max
(

0, ∥W(l)∥F − θ(l)
)2

(12)

This penalty term guides parameter convergence through backpropagation, preventing it
from exceeding the predefined range. The pseudocode for the Precision Weight Parameter
Mechanism is as Algorithm 1:

Algorithm 1 Precision Weight Parameter Mechanism

1: Require: Feature matrix H(l), parameter matrix W(l), graph Laplacian L
2: Ensure: Stable parameter matrix Ŵ(l), penalty term P
3: M(l) ← LH(l)W(l)

4: E[σ′]← 1
Ndl

∑i,j σ′(Mij) ▷ Expectation of activation derivative

5: θ(l) ← (E[σ′]∥L∥F)
−1

6: if ∥W(l)∥F > θ(l) then
7: Ŵ(l) ← θ(l)W(l)/∥W(l)∥F ▷ Parameter projection
8: else
9: Ŵ(l) ←W(l)

10: end if
11: P ← max(0, ∥W(l)∥F − θ(l))2 ▷ Quadratic penalty term
12: return Ŵ(l),P

This strategy combines hard constraints with soft penalties to maintain numerical
stability while preserving end-to-end differentiability, preventing extreme weight variations
during iterations and ensuring smooth feature updates. After integrating the Precision
Weight Parameter Mechanism into the baseline GCN, we refer to the resulting model as the
Precision Weight Graph Convolutional Network (PW-GCN).

3.2.2. Dynamic Step-Size Adjustment Mechanism

To enhance inter-layer propagation stability, we propose the Dynamic Step-size Ad-
justment Mechanism (DS Mechanism). The instantaneous Jacobian matrix is defined as

J(l) = L · diag(σ′(M(l))) ·W(l), M(l) = LH(l)W(l) (13)

Based on Theorem 3’s analysis of J(l)’s spectral properties, the upper bound of the step
size is

ηl ≤ min
(

2
|λmin(J(l))|

,
1

σmax(J(l))

)
(14)

where λmin denotes the smallest eigenvalue modulus and σmax represents the largest
singular value.

Using the power iteration method to estimate the principal eigenvector, we set the step
size as ηl ← 0.85ηmax, where the safety factor of 0.85 compensates for spectral estimation
errors and ensures numerical stability. This strategy maximizes information propagation
efficiency while maintaining discrete system stability. The pseudocode for the Dynamic
Step-size Adjustment Mechanism is as follows Algorithm 2.

Integrating the Dynamic Step-size Adjustment Mechanism into the baseline GCN
yields the Dynamic Step Graph Convolutional Network (DS-GCN). The Precision Weight
Parameter Mechanism ensures weight matrix stability through Frobenius norm projec-
tion and gradient penalties, while the Dynamic Step-size Adjustment Mechanism further
optimizes discrete error accumulation via safety-factor-adjusted step sizes. The stable



Mathematics 2025, 13, 761 7 of 13

propagation rule, combining both mechanisms, provides theoretical support for enhancing
feature output stability.

Algorithm 2 Dynamic Step-size Adjustment Mechanism

1: Require: Feature matrix H(l), parameter matrix W(l), graph Laplacian L
2: Ensure: Stable step size ηl , propagation matrix H(l+1)

3: J(l) ← L · diag(σ′(M(l))) ·W(l) ▷ M(l) = LH(l)W(l)

4: v← random unit vector in RN

5: for k = 1 to K do
6: vk ← J(l)vk
7: vk+1 ← vk/∥vk∥2
8: end for
9: σ̂← ∥J(l)v∥2 ▷ Spectral norm estimation

10: ηmax ← min
(

2
|λmin(J(l))| ,

1
σ̂

)
11: ηl ← 0.85ηmax ▷ Safety factor
12: H(l+1) ← σ

(
(I + ηl · (L− αI))H(l)W(l)

)
13: return ηl , H(l+1)

4. Experiments
This study conducts systematic validation on three homophilic graph datasets (Cora,

CiteSeer, and PubMed) [20] and three heterophilic graph datasets (Chameleon, Texas,
and Squirrel) [5]. We perform comprehensive ablation studies with four architectures:
GCN, PW-GCN, DS-GCN, and SO-GCN. Model performance is evaluated through semi-
supervised node classification tasks and compared to the performance of mainstream
methods including GIN, GraphSAGE, GAT, and GCN. Our experimental setup adopts a
learning rate of 0.01, 64-dimensional embeddings, a dropout rate of 0.5, and an α parameter
of 0.5. Table 1 summarizes the topological statistics of the datasets, where homophily
metrics quantitatively verify structural heterogeneity.

Table 1. Dataset statistics.

Dataset Nodes Edges Classes Features Homophily Level

Cora 2708 5429 7 1433 0.81
CiteSeer 3327 4732 6 3703 0.74
PubMed 19,717 44,338 3 500 0.80
Chameleon 2277 36,101 3 2325 0.18
Texas 183 309 5 1703 0.11
Squirrel 5201 217,073 3 2089 0.018

4.1. Experiment Results and Analysis

Table 2 presents a classification accuracy comparison for GCN, PW-GCN, DS-GCN,
and SO-GCN across six benchmark datasets. The results demonstrate significant synergistic
optimization effects between the Precision Weight Parameter Mechanism and the Dynamic
Step-size Adjustment Mechanism in SO-GCN.

Table 2. Mean accuracy (%) of SO-GCN in two-layer ablation experiment.

Method Cora CiteSeer PubMed Texas Chameleon Squirrel Avg

GCN 83.60 50.23 75.70 44.74 46.55 68.08 61.48
PW-GCN 84.50 50.53 77.53 50.36 46.20 67.13 62.71
DS-GCN 84.20 58.07 76.07 51.30 52.25 70.18 65.34

SO-GCN 84.70 60.90 78.40 56.8 57.77 71.07 68.01
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On homophilic datasets such as Cora and PubMed, PW-GCN improves accuracy by
0.9–1.8% through the Precision Weight Parameter Mechanism’s optimization of information
propagation efficiency. However, its accuracy decreases by 0.35% on heterophilic graphs
such as Chameleon, suggesting that using this mechanism alone can amplify noise. In
contrast, DS-GCN achieves performance gains of 6.56% and 5.7% on Texas and Chameleon,
respectively, through the Dynamic Step-size Adjustment Mechanism, effectively suppress-
ing noise propagation in heterophilic graphs. The combined model SO-GCN achieves
an average 11.65% improvement in accuracy on heterophilic datasets, demonstrating the
complementary nature of the dual stabilization mechanisms.

Figure 3 further reveals the dynamic properties of the four models’ training: SO-GCN’s
loss curve fluctuates significantly less than GCN’s, confirming the improvement in training
stability due to the Dynamic Step-size Adjustment Mechanism. On PubMed’s sparse graph,
PW-GCN converges the fastest, but its overall performance is best, with faster convergence,
lower training loss (on average), and smoother accuracy curves.

Figure 3. Training process of four networks with two layers on homophilic graph datasets.

This paper validates the effectiveness of SO-GCN through semi-supervised node
classification tasks across six benchmark datasets. As shown in Table 3, SO-GCN achieves
an average classification accuracy of 68.01%, a 10.8% improvement over baseline GCN.
Notably, on heterophilic graphs, the model achieves 56.83% and 71.07% accuracy on the
Texas and Squirrel datasets, respectively, significantly outperforming models such as GAT.

Table 3. Mean accuracy (%) comparison across six benchmark networks with two layers.

Method Cora CiteSeer PubMed Texas Chameleon Squirrel

MLP 57.00 53.35 72.90 67.18 51.44 38.56
ChebNet 73.60 53.85 69.00 73.78 55.77 39.75
GIN 64.20 44.80 73.30 59.46 68.64 42.75
GraphSAGE 78.00 52.19 76.00 56.76 65.67 53.20
GCN 83.60 50.23 75.70 44.74 46.55 68.08
GAT 84.10 48.57 77.70 46.85 57.31 43.65

SO-GCN 84.70 60.90 78.40 56.83 57.77 71.07

This indicates that the stability propagation rule based on stability theory effectively
optimizes information flow and enhances the network’s ability to capture graph signals.

4.2. Depth Analysis and Feature Preservation

To explore performance variations in shallow networks, we compare SO-GCN and
GCN on classification accuracy across two- to seven-layer configurations on six benchmark
datasets, as shown in Table 4:
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Table 4. Performance comparison across models with different layer configurations.

Dataset Model 2 Layers 3 Layers 4 Layers 5 Layers 6 Layers 7 Layers

Cora GCN 0.836 0.750 0.707 0.472 0.431 0.413
SO-GCN 0.847 0.791 0.738 0.574 0.568 0.557

CiteSeer GCN 0.502 0.413 0.302 0.273 0.277 0.274
SO-GCN 0.609 0.519 0.460 0.381 0.374 0.369

PubMed GCN 0.757 0.749 0.758 0.532 0.479 0.458
SO-GCN 0.784 0.761 0.759 0.684 0.607 0.554

SO-GCN consistently outperforms GCN across all six benchmark datasets and layer
configurations, particularly showing a 15.2% improvement in accuracy on the five-layer
configuration of PubMed. This validates the framework’s ability to alleviate vanishing
gradients by optimizing gradient stability and feature smoothness.

We quantify feature preservation through Hilbert–Schmidt Independence Criterion
(HSIC) analysis between network layers. As shown in Table 5, SO-GCN reduces inter-
layer HSIC values by 16.7% in seven-layer PubMed configurations compared to GCN,
demonstrating effective prevention of feature homogenization while preserving original
graph structural information.

Table 5. HSIC values across different datasets and models.

Dataset Layers Model HSIC (Layers 1–2) HSIC (Input–Layer 1)

Cora 2 GCN 0.18 ± 0.02 0.40 ± 0.03
SO-GCN 0.10 ± 0.01 0.38 ± 0.02

4 GCN 0.25 ± 0.03 0.32 ± 0.04
SO-GCN 0.15 ± 0.02 0.35 ± 0.03

7 GCN 0.29 ± 0.04 0.28 ± 0.05
SO-GCN 0.18 ± 0.03 0.33 ± 0.04

CiteSeer 2 GCN 0.22 ± 0.03 0.35 ± 0.04
SO-GCN 0.12 ± 0.02 0.34 ± 0.03

4 GCN 0.31 ± 0.04 0.25 ± 0.05
SO-GCN 0.20 ± 0.03 0.30 ± 0.04

7 GCN 0.36 ± 0.05 0.21 ± 0.06
SO-GCN 0.25 ± 0.04 0.28 ± 0.05

PubMed 2 GCN 0.15 ± 0.02 0.45 ± 0.03
SO-GCN 0.08 ± 0.01 0.43 ± 0.02

4 GCN 0.20 ± 0.03 0.38 ± 0.04
SO-GCN 0.12 ± 0.02 0.40 ± 0.03

7 GCN 0.26 ± 0.04 0.30 ± 0.05
SO-GCN 0.20 ± 0.03 0.40 ± 0.03

4.3. Computational Complexity Analysis

The above experimental results from multiple dimensions confirm that the SO-GCN
framework, through the synergistic Precision Weight Parameter Mechanism and Dynamic
Step-size Adjustment Mechanism, enhances model performance. However, its computa-
tional complexity inevitably increases in the following two aspects: (1) dynamic learning
rate calculation and spectral analysis of density matrix squared neighborhoods introduce
O(N2dout) extra overhead; (2) the Precision Weight Parameter Mechanism requires calculat-
ing the Frobenius norm, resulting in an additional O(Ndindout) cost, where din and dout are
the input and output feature dimensions. For large-scale graph data, Nyström low-rank ap-
proximation can be applied to reduce matrix computation complexity to O(Nr2) (r ≪ N),
achieving a balance between efficiency and performance.
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5. Conclusions
This study systematically validates the effectiveness of the SO-GCN model in semi-

supervised node classification tasks. Experimental results demonstrate that the stability
propagation rule, combining the Precision Weight Parameter Mechanism and the Dy-
namic Step-size Adjustment Mechanism, significantly enhances model performance: on
homophilic graphs such as Cora and CiteSeer, SO-GCN improves classification accuracy
by 1.1–10.7% compared to traditional GCN; on heterophilic graphs such as Texas and
Chameleon, accuracy increases by 11.22–12.09% over the baseline model through dynamic
adjustment of neighborhood information aggregation intensity. HSIC analysis further
reveals that SO-GCN reduces inter-layer feature homogenization by 16.7% compared to
GCN, effectively mitigating the gradient vanishing problem in shallow networks through
optimized gradient propagation stability.

From an application perspective, SO-GCN’s architectural characteristics provide sig-
nificant advantages in the following scenarios:

• In heterophilic graph settings such as social network anomaly detection, the Dynamic
Step-size Adjustment Mechanism dynamically suppresses noise propagation through
spectral characteristic perception;

• On knowledge graphs with sparse features but complex structures, such as biomed-
ical networks, the Precision Weight Parameter Mechanism optimizes information
propagation efficiency through Frobenius norm constraints;

• In industrial-grade graph computing systems (e.g., multi-hop inference in recom-
mendation systems), the synergistic effect of dual stabilization mechanisms ensures
numerical stability during higher-order propagation.
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Appendix A. Proof of Theorem 1
Appendix A.1. Existence of Theorem 1

Proof. Define the nonlinear mapping Φ : RN×dt+1 → RN×dt+1 as

Φ(H) = σ(LHW), L = D̃−1/2 ÃD̃−1/2 (A1)

where σ(·) is an activation function satisfying the global Lipschitz condition with con-
stant Lσ.

For any convergent sequence Hk
F−→ H, consider the continuity of the linear operator

C(H) = LHW:

∥C(Hk)− C(H)∥F ≤ ∥L∥F∥W∥F∥Hk − H∥F → 0 (k→ ∞) (A2)

https://pytorch.org/docs/stable/
https://pytorch.org/docs/stable/
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From the finiteness of the Frobenius norms of L and W, we conclude that C(·) is continuous.
When we compose it with the Lipschitz continuous function σ(·), Φ remains continuous in
the Frobenius norm topology.

Define the closed ball:

BM =
{

H ∈ RN×dt+1
∣∣ ∥H∥F ≤ M

}
(A3)

Choosing M ≥ Lσ∥L∥F∥W∥F M, we can show by induction that Φ(BM) ⊆ BM. By the
Heine–Borel theorem, BM is a compact convex set in finite-dimensional space.

Applying Brouwer’s Fixed Point Theorem, the continuous mapping Φ : BM → BM

has at least one fixed point H∗ ∈ BM satisfying

H∗ = σ(LH∗W) (A4)

Appendix A.2. Uniqueness of Theorem 1

Proof. We prove the contractive property of mapping Φ in the Banach space (RN×dt+1 , ∥ · ∥F).
For any H1, H2 ∈ RN×dt+1 :

∥Φ(H1)−Φ(H2)∥F ≤ Lσ∥L(H1 − H2)W∥F (A5)

≤ Lσ∥L∥F∥W∥F∥H1 − H2∥F (A6)

Let the contraction coefficient be κ = Lσ∥L∥F∥W∥F. When κ < 1, Φ is a strict contrac-
tion mapping.

To achieve a globally unique equilibrium state, we impose the following weight
constraint:

∥W∥F <
1

Lσ∥L∥F
(A7)

By the Banach Fixed Point Theorem, there exists a unique H∗ ∈ RN×dt+1 satisfying
H∗ = Φ(H∗).

Appendix B. Proof of Theorem 2
Proof. Let the perturbation of the equilibrium state be δH(t) = H(t)− H∗; its dynamic
equation is given by:

d
dt

δH = σ(L(H∗ + δH)W)− σ(LH∗W) (A8)

Perform Frechet differentiation at δH = 0:

J = L⊤ ⊙
[
σ′(LH∗W)

]
·W⊤ (A9)

γ(t) = sup
δH ̸=0

∥LδHW∥F
∥δH∥F

≤ ∥L∥F∥W∥F (A10)

where σ′ denotes the derivative of the activation function and ⊙ represents the Hadamard
product.

LetE[σ′] = 1
Ndt+1

∑i,j σ′(M∗ij) be the spatial mean of the derivative, where M∗ = LH∗W.
By Jensen’s inequality,

∥L∥F∥W∥FE[σ′] ≤ γ(t) (A11)

When ∥W∥F ≤ (E[σ′]∥L∥F)
−1 is satisfied, we have γ(t) ≤ 1, and the system exhibits

asymptotic stability.



Mathematics 2025, 13, 761 12 of 13

Appendix C. Proof of Theorem 3
Proof. Consider the forward Euler discretization scheme Ht+1 = Ht + ηtσ(LHtW), where
the local truncation error is controlled by the Jacobian matrix Jt = L · diag(σ′(Mt)) ·W.

Spectral Constraint Condition

To ensure numerical stability, the following condition must be satisfied:

ρ(I + ηt Jt) ≤ 1 (A12)

where ρ(·) denotes the spectral radius. Using the Gershgorin circle theorem, we obtain

|λmin(Jt)|−1 ≥ 2
tr(Jt)

(A13)

σmax(Jt)
−1 ≥ ∥Jt∥−1

2 (A14)

By choosing the step size upper bound ηt ≤ min
(
2|λmin(Jt)|−1, σmax(Jt)−1), we ensure

that the eigenvalue distribution remains within the unit circle, and the discrete system
remains Lyapunov stable.
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