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Abstract: Using the deep result of Ran & Reunrings, we generalize existing results for
tripled fixed points. In contrast to the previously known results for tripled fixed points of
maps with or without the mixed monotone property in partially ordered complete metric
spaces, we demonstrate that it is possible to obtain results for the existence and uniqueness
of such points for arbitrary maps with a type of monotonicity, with the partial ordering
in the Cartesian product arising from the maps itself. We prove theorems that ensure the
existence and uniqueness for tripled fixed points for maps with different types of monotone
properties. We obtain sufficient conditions for the existence and uniqueness of systems of
three nonlinear matrix equations. The obtained results are illustrated by solving systems of
matrix equations.

Keywords: coupled fixed points; partially ordered metric space; mixed monotone property;
matrix equations

MSC: 15A24; 65H05

1. Introduction

It is well known that algebraic discrete-type Riccati equations play a central role in
modern control theory and signal processing. These equations arise in many important
applications, such as in optimal control theory, dynamic programming, stochastic filter-
ing, statistics, and other fields of pure and applied mathematics [1-3]. Nonlinear matrix
equations are commonly used in many fields of scientific and engineering computing.
Research on the existence and properties of the solution to the matrix equations, as well as
the corresponding numerical methods, has important theoretical significance and practical
value. In recent years, researchers have shown great interest in the matrix equation

m
X— Y AX A= Q,
i=1
where 0 < p; <1(i = 1,2,...,m), with their primary focus being to explore the conditions
for the existence of positive definite solutions, perturbation analysis, and developing
iterative methods to solve these equations. Notably, there have been several noteworthy
studies on the special case for m = 1,2 and p; = 1 [4,5].
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In a series of articles [6,7], authors have studied the system of matrix equation X +
A*X71A = Q and have obtained deep necessary conditions for the existence of a solution.
More complicated matrix equations are studied in [8]. The studies [9,10] are also related
to the presented generalizations in this study. Additionally, in [11], a nonlinear system of
matrix equations is investigated through an approach different from ours.

Fixed point results have been recently used across various fields, including those
assumed not to be a closely related to them and their applications: fixed points of principal
bundles over algebraic curves [12]; fixed points in Higgs bundles over a compact and
connected Riemann surface [13,14] and the Hitchin integrable system [13]; and fixed points
with applications in physics [15].

Let (X, d) be a metric space, and let T : X — X be a self-map. The contraction mapping
theorem [16] and the abstract monotone iterative technique [17] are widely known and
apply in many contexts. The first result on fixed points in partially ordered spaces is found
in [18], but [17] laid the groundwork for numerous studies in this area. Recently [19-23],
a trend has emerged to relax the contraction condition by requiring it only in a partially
ordered metric space (X, d), meaning that instead of requiring d(Tx, Ty) < ad(x,y) for all
x,y € X, the condition is needed only when x < y, where < is a partial order on (X, d).

A recent application of fixed points has arisen in solving matrix equations that include
the inverted matrix X1 [24]. The authors transform the matrix equation X + A*X -
B*X~'B = Q, where A and B are arbitrary N x N square matrices and Q is a positive
definite N x N matrix, into a system of two matrix equations:

X=Q-AX''A+BY 1B 1)

Y=0-AY 1A+ B*X 1B,
and apply the notion of coupled fixed points in metric spaces with a partial ordering
from [25].

The system of Equation (1) can be viewed as a map F : X(N) x X(N) — X(N),
where X' (N) represents the space of N x N matrices, defined by F(X,Y) = Q — A*X~ 1A+
B*Y~1B. We seek the coupled fixed point (X, Y) [26], where X = F(X,Y) and Y = F(Y, X).

It is known that if certain classical assumptions on the map F : X x X — X and
the underlying normed space (X, | - ||) hold, then X =Y, as in [27]. In [27], two maps
F,G : X x X — X are introduced, allowing the system of equations X = F(X,Y) and
Y = G(X,Y) to have solutions where Xy # Yy. If G(X,Y) = F(Y, X), we obtain the
well-known result on coupled fixed points [25].

Following the trend noted above [23,28,29] and the observations in [27], this paper
expands the concept of mixed monotone maps to provide a unified framework for a broader
class of problems, where existing results become particular cases of the new findings. We
establish criteria for guaranteeing the uniqueness and existence of solutions for the matrix
equation system:

X = Q1 + a1 A} X KA + wBiY P By +asCiY ™10
Y = Q)+ m A X KAy + o B Y P By + a3C3YICy )
Z = Q3+ a AX K A3 + aaB3Y P Bs + a3CiYICs

fora; € {—1,+1} fori=1,2,3and k, p,q € (0,1].

Our work generalizes the results of [17] on the existence and uniqueness of fixed points
in partially ordered metric spaces for monotone mappings by removing the assumption
of continuity. We adapt the notion of tripled fixed points so that the solution (X, Y, Z),
X =Y = Z of Equation (2) represents a solution of
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X=0+4a; A" X KA+ 0B X PB+a3C*XC. )

The idea of tripled fixed points was introduced in different aspects in [30-32]. Later
on, a more sophisticated notion of n-tuples of fixed points was proposed in [33].

Starting with the introduction of coupled fixed points, as well as tripled and n-
tuple ones, there has been one drawback: all results lead to solutions (x1,xy,...x) for
k=2,3,...n,s0that x; = Xj fori,j =1,2,...n. This reduction in the classes of possible
systems of equations for which solutions can be found is overcome by using the concept of
generalized coupled fixed points [27] and triples of fixed points [34,35].

It seems that most of the illustrative examples for solving of systems of algebraic
equations in partially ordered space naturally satisfy the contractive type conditions for
all elements x,y € X instead of only for the partially ordered ones. Following [17,24,36],
it seems that a natural application of the fixed point theorem for monotone maps [17,18]
exists in the investigation of matrix equations.

2. Materials and Methods
2.1. Tripled Fixed Point

In what follows, let (X, d) be a metric space, N be the set of natural numbers, and R be
the set of real numbers. Whenever we consider a normed space (X, || - ||), we will assume
that the metric in X is the one endowed by the norm, i.e., d(x,y) = ||x — y||.

Starting with the publications [18,26], it is assumed that a partially ordered set is a
well-known notion. Just for completeness of the presentation, we will recall its definition,
following the presentation from [37].

Definition 1 ([37]). Let X bea set and p C X X X be a relation. The relation p is said to be:

(d1.i) reflexive, provided that (x,x) € p for every x € X
(d1.ii) antisymmetric, provided that if (x,y) € pand (y,x) € pthenx =y
(d1.iii) transitive, provided that (x,y) € p and (y,z) € p then (x,z) € p

Definition 2 ([37]). Let X be a set. A partial order on X is a relation p C X x X that is reflexive,
antisymmetric, and transitive. The ordered pair (X, p) is called a partially ordered set.

For a partially ordered set (X, p), there are various partial orders with their traditional
notations. For example, the relation § C N x N that checks if m € Nis a divisor of n € Nis
denoted by m|n. Therefore, we write m|n to denote that (m,n) € J. This is the well-known
divisibility relation on N. Whenever practical, for generic partially ordered sets, the partial
order relation < is used. Therefore, we will denote (x,y) € p by x < y, which is easier
to perceive.

We will denote by (X, d, <) a metric space with a partial ordering.

Definition 3 ([30]). The ordered triple (§,7,() € X x X x X is said to be a tripled fixed points
for the map F : X x X x X — X if there hold the equalities { = F(&,%,0), y = F(n,&,1),

and § = F(Z,1,8).

The notion of mixed monotone property for a map of two variables is generalized for
a map of three variables F : X X X x X — X in [30].

Definition 4 ([30]). Let (X, <) be a partially ordered set and F : X x X x X — X. We say that
F satisfies the mixed monotone property if F(x,y,z) is monotonely nondecreasing on its first x and
third z variables and monotonely non increasing on its second variable y, i.e., for any x,y,z € X,
the following holds:
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for x1,xp € X, x1 < xp there holds F(x1,y,z) < F(x2,y,2),

for y1,y2 € X, y1 < y2 there holds F(x,y1,z) = F(x,y2,2)

and
for zq1,z3 € X,z1 < zp there holds F(x,y,z1) < F(x,y,22).

A sulfficient condition for the existence and uniqueness of tripled fixed points is
presented in [30], which generalizes the results from [26].

Let (X, p) be a metric space. The Cartesian product space X x X x X is equipped with
the metric p1((x,y,2), (u,v,w)) = p(x,u) + p(y,v) + p(z, w).

Let (X, <) be a partially ordered set. Following [30], we introduce a partial order in
the Cartesian product space X x X x X as follows: for any (x,y,z), (u,v,w) € X x X x X
we say that (1,0, w) < (x,y,z)ifx = u,y < v, and z = w.

Theorem 1 ([30]). Let (X, p, <) be a partially ordered complete metric space and F : X x X X
X — X be a continuous map with the mixed monotone property in X. Let there be constants
a, B,y €[0,1), such that x + B+ v < 1 and there holds the inequality

p(F(x,y,2),F(u,0,w)) < ap(x,u) + Bp(y,v) +vp(z,w) (4)

foranyx =u,y < v,z = w.

If there exist xg,y0,z0 € X so that xo < F(x0,Y0,20), Yo = F(yo,%0,Y0), and zg <
F(zo,Y0,x0), then there are §,n,{ € X, which are a tripled fixed point for F, i.e.,§ = F(¢,1,0),
n="F(@,¢m), and § = F(g,7,8).

If for any ordered triples (x,y,z), (x1,y1,21) € X x X x X there is an ordered tripled
(u,v,w) € X x X x X, which is comparable with both (x,y,z) and (x1,y1,21), then the tripled
fixed point (x,y, z) is unique.

Due the technique of the proof, the tripled fixed point introduced in [30] is defined

as § = F(¢,n,0),y = F(n,&,n),and { = F({,1,&), notas & = F(&,1,0), n = F(n,(,8),
and ¢ = F(¢,1,¢)
We will follow the approach introduced in [34,38].

Definition 5 ([34,38]). Let X beasetand F : X x X x X — X, G : X x X x X — X, and
H : X — X. The ordered triple (F, G, H) is called an ordered triple of maps.

Definition 6 ([34,38]). Let X be a set and (F, G, H) be an ordered triple of maps. An element
(x,y,z) € X x X x X is called a triple fixed point if

F(&,1,0)
G(&n,8)
H(¢,1,0).

G
U
&

If G(x,y,z) = F(y,x,y) and H(x,y,z) = F(z,y,x) we obtain the tripled fixed points
investigated in [30], i.e.,
6 = F(Cr 1, C)
n=F@,8&mn)
C=F(n¢).
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2.2. Fixed Points for Monotone Maps in Partially Ordered Complete Metric Spaces

Definition 7 ([17,37]). Let (X, <) be a partially ordered set. We say that a map T : X — X
is monotone if it is either order preserving, i.e., Tx < Ty for all x XY, or order reversing, i.e.,

f(x) =yforallx < y.

The next result is a slight generalization of the main result from [17].

Theorem 2 ([17,36]). Let (X, d, <) be a partially ordered complete metric space and f : X — X
be a monotone contractive map.
Let one of the following conditions hold:

(th2.i) f is continuous
(th2.ii) for any convergent sequence limy ;00 Zy = 2

o ifzy <X zypqthenz, <z
*  ifzy =z then z, = z.
If there exists zg € X such that either zg < fzg or zg = fzo, then there is a fixed point ¢ € X
of f, which is a limit of the sequence {z,}$°_,, defined by z, = fz,_1 = f"zo.
The error estimations are listed below:

(th2.I) A priori error estimate d(z,, ) < 7- kd(zo,zl)
(th2.11) A posteriori error estimate d(z,41,¢) < g kkd(zn, Zpt1)
(th2.111) The rate of convergence d(z,41,8) < 1 kkd(zn, Zna1)-

The fixed point ¢ is unique if each pair of elements x,y € X additionally has a lower bound
and an upper bound.

Proposition 1 ([36]). Let (X,d, <) be a partially ordered metric space and f : X — X be a
monotone contractive map. Then inequality (4) is also satisfied for any x,y € X that are comparable.

Proposition 2 ([36]). Let (X,d, <) be a partially ordered metric space and f : X — X be a
monotone contractive map. Let ¢ be a fixed point for f and xy € X be comparable with ¢. Then each
element of the iterated sequence x, = fx,_1 = f"xp, for n € N is comparable with ¢.

Proposition 3 ([39]). Let (X, <) be a partially ordered set. Every pair of elements x,y € X has
either a lower or an upper bound if and only if there is z € X, comparable with both of them.

A different approach is used in [33]. Instead of considering a partial order, the notion
of an F-invariant M set is proposed. We will recall the basic notions from [33] for maps
F:X® — X instead of F : X" — X. An element (x1,x, x3) € X? is said to be a fixed point
of order 3 if

x1 = F(x1,x2,x3)
xp = F(x2,x3,x1)
x3 = F(x3,x1,x2).

LetF: X3 = X. A non-empty subset M C X°® is said to be an F—invariant one if for
any xi,x2,x3,Y1,Y2,y3 € X there holds

(x2,X3,Y1,¥2,Y3,%1) €
(xX3,¥1,¥2,Y3, %1, %2) €
(%1,X2,X3,¥1,¥2,Y3) € M & S (y1,Y2,¥3, X1, %2, X3) €
(y2, Y3, %1, X2, %3,41) €
(Y3, %1,X2,X3,Y1,2) €

and if (X1,X2,X3,y1,y2,y3) € M, then
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(F(xll X2, x3>1F(x2/ X3, X]),F<X3, X1, xz)rF(]/lrl/zrl/S)/F(]/ZI]/?,/]/l)/F(]/S/]/l/]/Z)) S M

Theorem 3. Let (X,d) be a complete metric space, F : X*> — X, be a continuous mapping, and
M C X° be a non empty F~invariant set. There is (xq, %, x3) € X° so that

(F(x1,x2,x3), F(x2,x3,x1), F(x3, %1, X2), X1, X2, X3) € M.

Forany (x,y,z,u,v,w) € M there holds the inequality

d(F(x,y,z),F(u,v,w)) <

W =

(d(x,u)+d(y,v)+d(z,w)).

Then, F has a fixed point of order 3. If, in addition, for any (x1,%2,%3), (y1,y2,y3) € X° there is
(z1,22,23) € X3 s0 that (x1,%2,%3,21,22,23), (Y1, Y2, Y3,21,22,23) € M, then the fixed point is
unique and its components are equal.

2.3. Matrix Equations

Throughout this section, we will denote by H(N') the set of all N x N Hermitian
matrices. From [40], we will denote by A* the conjugated A matrix. A is called Hermitian
if A = A*, skew-Hermitian if 4 = —A*, unitary if AA* = I, where I is identity matrix,
and the matrix is normal if 4 A* = A*A. A matrix A is said to be positive semidefinite
if (x, Ax) > 0 for all nonzero vectors x. The notation .A > 0 will be used to express
the fact that A is a positive matrix. If (x, Ax) > 0 for all nonzero x, we will say A is a
positive definite. We will then write A > 0. A positive matrix is strictly positive if and
only if it is invertible. If A and B are Hermitian matrices, then we say A > B(A > B) if
the matrix A — B is positive semidefinite (positive definite), i.e., A — B > 0(A — B > 0).
For any matrix A the matrix AA* is always positive, and its unique positive definite
square root is denoted by |.A|. The eigenvalues of |.A| counted with multiplicities are called
the singular values of A. We will always enumerate these in decreasing order, and use
for them the notation o1(A) > 02(A) > ... > 0,(A). If rank A = k, then o3 (A) > 0,
but 03 1(A) = ... = 0,(A) = 0. Every matrix A is unitarily equivalent (or unitarily
similar) to an upper triangular matrix T, i.e., A = QTQ*, where Q is unitary.

We will endow H () with a partial ordering <, i.e., A = (a;;) < B = (b;;) ifa;; < b;
foralli,j =1,2,...N. If A,B € H(N), we will write A = Bif B < A. If A < Band
A # B, we will denote it by A < B. By A = 0 we will denote the N x N matrix, that
satisfies a;; = 0 foralli,j = 1,...N. If A € H(N) by A = 0 (A  0) we will denote that
A is a positive semi-definite (positive definite). For A, B € H(N) by A = B (A » B)
we will assume that A — B is a positive semi-definite (positive definite) matrix. If there
hold the inequalities A < X < B we will use the notation X € [A, B]. We will denote
by A* the conjugated transpose, and by r(A) we will denote the spectral radius of A.
We will denote by ||.|| the spectral norm, i.e., [|A] = /AT (A*A), where AT (A*A) is
the largest eigenvalue of A*A. The N x N identity matrix will be written as I. We will
endow the space H(N') with the norm || - || Let it be recalled, just for completeness, that
| Al = Z]-I\il 0j(A), where c;(A), j = 1,2,..., N are the singular values of A.

The next lemmas will be useful later.

Lemma 1 ([17]). Let A = 0and B = 0 be N x N matrices, then 0 < tr(AB) < || A|tr(B).

Lemma 2 ([40]). If 0 < 08 < 1, and P and Q are positive definite matrices of the same order
with P,Q > bl > 0, then for every unitarily invariant norm ||| - ||| there hold the inequalities
[11P? — Q%[ < 6b°1[||P — Ql|| and |||P~* — Q||| < 66~ @+ D[P - Q.
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Lemma 3 ([40]). Let A € H(N) satisfying —1 < A < I, then ||A|| < 1.

Theorem 4 (e.g., [41]). Let S be a non-empty, compact, convex subset of a normed vector space.
Every continuous function f : S — S mapping S into itself has a fixed point.

3. Results

3.1. Tripled Fixed Points for Maps with the Mixed Monotone Property in Partially Ordered
Metric Spaces

Proposition 4. Let (X, d, <) be a metric space with a partial ordering, F, : X x X x X — X,
k =1,2,3 be such that (Fy, F,, F3) has the mixed monotone property. If (X x X x X, %) is endowed
with the partial ordering w = (x,y,2z) < (p,q,s) = u, provided that x < p, y = q, and z <
then Tz = (Fy(w), F,(w), F3(w)) is monotone increasing map.

Proof. From the mixed monotone property of (F;, F,, F3) forany w = (x,y,z) < (p,4,5) =
u,ie,x < p,y=q,and z < s, it follows

Fe(x,y,2z) < F(p,y,z) < F(p.9,2) < Fe(pq,9)

fork =1,2,3. Thus

Tw=T(x,y,z) = (F(xyz2),k(xyz2), Fxyz)
< (F(p,q,5),R2(p,q,5),F(p,q,5)) = T(p,q,8) = Tu.

Consequently, T is a monotone increasing with respect to the ordering < in the Cartesian
product space (X x X x X,=<). O

Till the end of this subsection we will endow the Cartesian product set X x X x X
with the partial order w = (x,y,z) < (p,q,5) = u, whenever x < p, y = q, provided that
(X, %) be a partially ordered set.

Theorem 5. Let (X, p, <) be a partially ordered complete metric space, and (Fy, Fp, F3) be an
ordered triple of continuous maps with the mixed monotone property. Let there exist « € [0,1), so
that the inequality

3

Y o(Fi(x,y,2), Fe(u,0,w)) < ap(x,u) +p(y,0) + p(z,w)) ()
k=1

holds for all x = u, y < vand z = w.
Let one of the following hold:

(thb5.1) F., k =1,2,3 are continuous maps

(th5.ii) for any convergent sequence limy—seo(Xn, Yn, 2n) = (X,Y,2), (Xn, Yn,2n) € X X X X
X
® if(xn/ynrzi’l) =< (xn+l/yn+lrzn+l) then (xn/ynrzn) < (x/ylz)
o if (X Ynzn) = (g1, Ynsds Zng) then (X, Yn, zn) = (%,Y,2).

If there are xq,Yyo,z0 € X so that one of the following holds
. xgo) <HhH (x§0),x§0),x§0)), xéo) =F (x%o),xg ),xgo)), and xé ) <K (x{ ),xgo),xéo))

. xgo) = (xgo),xg)), xéo)), xéo) <hbk (xgo),xéo),xé())), and xé ) = F (xgo),xgo),xéo»

then, a tripled fixed point ({1,¢2,83) € X x X x X exists which is a limit of the sequence
{(x%”),xé"),xé”))} v defined by x,({") = Fk( () xé ,x3 )fork =1,2,3andn € N.
n=
The following error estimates hold:
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(th5.1) a priori error estimate

el a) ) =

(th5.11) a posteriori error estimate

max () < 1)

(th5.111) the rate of convergence

ma (s 2)) < 15 3 a6l

If each pair of components (x,y,z), (u,v,w) € (X x X x X, <), where (x1,x2,x3) <
(y1,Y¥2,¥3) if x1 < Y1, X2 = Yo, and x3 < y3, has either a lower bound or an upper bound, then
(&1,8&2,E3) is a unique coupled fixed point.

K" 3
S (5" 5")

I Mw

d (xl(cn), x}gn+1)>

Remark 1. It should be pointed out that a particular case of Theorem 5 is proven in [38], where
a variational technique is used, and only the uniqueness and existence result is obtained without
the convergence of the iterated sequence or error estimates. It is also assumed that it holds that
F., k = 1,2,3 are continuous maps and xo < Fi(xo0,Y0,20), and yo = Fx(x0,Yo,20), and
zo < F3(x0, Y0, 20)-

Proof. Let the partial ordering w = (1,v,z) < (p,q,s) = u be assigned to (X x X x X, %),
given that p < x, g = v, and s < z. Let the function T be defined by

T(x,y,z) = (A(x,y,2), B(x,y,2), B(x,y,2)).

From Proposition 4, if X x X x X is endowed with the partial ordering (x,y,z) < (p,q,s),
then T is an increasing map.

We will endow the partially ordered Cartesian product (X x X x X, <) with the metric
o((x1,%2,%3), (Y1, ¥2,y3)) = Ya_; d(xk, yx), which satisfies the property

tim o (7,587, 7). (31, 32,33)) =0

if and only if limy 0 d (xl(cn), xk) =0forallk=1,2,3.
We will rewrite (5) for the map T and the metric p(-, -). Let us denote

x = (x1,x2,x3), u = (uy,up,u3z) € X x X x X
and x >= u. Then

p(Tx, Tu) = p((Fi(x), F2(x), F3(x)), (Fi(u), Fa(u), F3(u)))

3

3
= Y d(Fe(x1,x2,x3), Fe(uq, u2,u3)) Zd Xk, ) (6)
k=1 =1

= kp((x1,x2x3), (uq, uz,u3)) = kp(x,u).

Consequently, T : X X X x X — X x X x X satisfies (4), i.e., T is a monotone contrac-
tive map.
If F, k = 1,2,3 are continuous in (X, d), then T is continuous in (X x X x X, p).
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Assumption (th5.ii) in Theorem 5 is the assumption for the map f in Theorem 2 to be a
contractive one.
If

xgo) <F (xgo), xgo), xéo)), xéo) =F (xgo), xéo), xéo)), and xéo) <K (xgo), xéo), xg()))

then gxgo),xgm,xgo)) < T(xg)),xéo),xéo)).
I

xgo) =F (xgo),xgo),xéo)),xéo) <hk (x%o),xéo),xéo)),and xéo) = F3 (xio),xgo),xgo))

then (xgo),xg}),xgo)) = T(xgo),xéo),xéo)).

As a result, it can be concluded that there is a tripled fixed point for the ordered triple
of maps (Fy, F,, F3), or that there is a fixed point ({1, 2,{3) € X x X x X of T, because all
the conditions in Theorem 2 are fulfilled.

The error estimates follow directly by the definition of the metric function p(-,-) in
XxXxX. 0O

Theorem 6. Adding to the hypotheses of Theorem 5 the following conditions:

(th6.i) F(8n,8) = F(y,{,¢) and F5(¢,7,8) = F (L, ¢, 1)

(thé6.ii) if each pair of components (x,y,z), (u,v,w) € (X x X x X, X), where (x1, x2,x3) <
(y1,Y2,y3) if x1 < Y1, X2 = Yo, and x3 < ys, has either a lower bound or an upper
bound.

Then the components of the tripled fixed point (&1, &, &3) are equal, i.e., & = & = (3.

Proof. The proof follows directly from [33]. Indeed, let define the F invariant set M by
(x,y,z,u,v,w) € M, ifand only if either (x,y,z) < (u,v,w) or (x,y,2) = (u,v,w), matching
all the conditions of Theorem 3. [

3.2. Tripled Fixed Points for Maps with the Total Monotone Property in Partially Ordered

Metric Spaces

Definition 8. Let (X, <) be a partially ordered set and (Fy, F,, F3) be an ordered triple of maps.
We say that (Fy, F,, F3) has the total monotone property if for any x, x1,x2,Y,Y1,Y2,2,21,22 € X
the following holds:

Fi(x1,9,z) < Fi(x2,y,2), holds for every i =1,2,3, provided that x; < xp

Fi(x,y1,z) < Fi(x,y2,2), holds for every i =1,2,3, provided that y; < y»

and
Fi(x,y,2z1) < Fi(x,y,22), holds for every i =1,2,3, provided that z; < z,.

Till the end of this subsection, we will endow the Cartesian product set X x X x X
with the partial order w = (x,y,z) < (p,q,5) = u, whenever x < p, y < g, provided that
(X, <) be a partially ordered set.

Theorem 7. Let (X, p, <) be a partially ordered complete metric space, and (F;, F,, F3) be an
ordered triple of continuous maps with the total monotone property. Let there exist « € [0,1), so
that the inequality

3

];P(Fk(x/ Y,:2), Be(u,0,w)) < ap(x,u) +p(y,0) + p(z,w)) (7)
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holds forall x = u, y = vand z = w.
Let one of the following hold:
(th7.1) F., k =1,2,3 are continuous maps
(th7.ii) for any convergent sequence nlgn (Xn, Yn,zn) = (%,Y,2), (Xn,Yn,2n) € X x X x X

o i (Xn,Yn,zn) S (Xns1, Yns1, Znt1) then (Xn, Yn, z2n) < (X, Y, 2)
o i (Xn,Yn, Zn) = (Xns1, Yn+1, Zns1) then (Xp, Yn, 2n) = (X, Y, 2).

If there are xEO), xéo), xéo) € X so that one of the following holds

. xgo) <F (xg ),xéo),xé )), xéo) <k (x%o),xé ),xgo)), and xéo) <K <x§0),x£0),xéo))
. xgo) =F (xgo), xé()), xéo)), xgo) =F (xgo), xéo), x§0>), and xéo) = F3 (xio), xgo), xéo))

then a tripled fixed point (§1,2,E2) € X x X x X exists.
The following error estimates hold:

(th7.1) a priori error estimate

max {a(x,0)} < 15

(th7.11) a posteriori error estimate

(th7.11I) the rate of convergence

man fa(s0, 8} < 1 a6,

If each pair of components (x,y,z), (u,v,w) € (X x X x X, <) also has a lower bound or an
upper bound, then (&1, &, &3) is a unique coupled fixed point.

Proof. Let the partial ordering w = (u,v,z) < (p,q,5) = u be assigned to (X x X, <),
given that p < x, 9 < v, and s < z. Let the function T be defined by

T(x,y,2) = (F(xy,2), B2(x,y,2), B3(x, Y, 2))-

From Proposition 4, if X x X x X is endowed with the partial ordering (x,y,z) < (p,q,s),
then T is an increasing map.
We will endow the partially ordered Cartesian product (X x X x X, <) with the metric

p((x1,x2,%3), (y1,Y2,Y3)) = Zi’:l d(xg, yx ), that satisfies the property

Jim (", 55" 357, (v x2,33)) = 0

if and only if limy e d(x\"), x;) = 0 for all k = 1,2, 3,

We will rewrite (7) for the map T and the metric p(-,-). Let us denote x =
(x1,x2,x3),u = (uq,up,u3) € X x X x Xand x 3= u. Then

p(Tx, Tu) = Pa((Fl(x),Fz(X),Fa(X))r(Fl(u),Fz(u),Fagu)))

= ) d(F(xx x2,x3), F(u, u,u3)) < ) d(xy, uy) (8)
=1

= ap((x1,x2x3), (11, up, u3)) = ap(x, u).
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Consequently, T : X x X x X — X x X x X satisfies (4), i.e., T is a monotone contrac-
tive map.

If Fy, k = 1,2,3 are continuous in (X, d) then T is continuous in (X x X x X, p).

Assumption (th7.ii) in Theorem 5 is the assumption for the map f in Theorem 2 to be a
contractive one.

If

xgo) <F (x%o),xé ),xgo)),xéo) <FK (xgo),xéo),xéo)),and xéo) ) (xgo),xéo),xéo))

then (xg ),xéo), (O)> < T( ( ) xéo),xéo)).

If

50) = F (xgo),xéo),xéo)),xéo) = b (x%o),xgo),xéo)),and xéo) = F (xio),xgo),xéo))
then (xgo),xg}),xgo)) = T(xgo),xéo),xéo)).

As a result, it can be concluded that there is a tripled fixed point for the ordered triple
of maps (Fy, F,, F3), or that there is a fixed point (1,2, {3) € X x X x X of T, because all
the conditions in Theorem 2 are fulfilled.

The error estimates follow directly by the definition of the metric function p(-,-) in
XxXxX. O

Theorem 8. Adding to the hypotheses of Theorem 7 the following conditions:

(th8.i) F(8,n,8) = F(y,{,¢) and F5(¢,7,8) = Fi(C, ¢, 1)

(th8.ii) any two triples (x,vy,z), (u,v,w) € X x X x X there is a triple (p,q,r) € X x X X
X)), comparable with both (x,y,z), (u,v,w).

The components of the tripled fixed point (§1,G2, 3) are equal, i.e., {1 = Gy = C3.

Proof. The proof follows directly from [33]. Indeed, let us define the F invariant set M
by (x,y,z,u,v,w) € M, if and only if either (x,y,z) < (u,v,w) or (x,y,z) = (u,v,w),
matching all the conditions of Theorem 3. [J

4. Applications of Theorems 5 and 7 in Solving of Systems of
Matrix Equations

4.1. Application of Theorem 5
We will use the notation Q;; = {X € H(N) : X = al}. Let the system of matrix
Equation (9)
X—@+2 A5 X " Ay, i,k =1,2,3 )
k=1

be considered, where 6, € (0,1], Ay € X(N), Q; € H(N) and Q;, A} Ay, € P(N) for
i,k=1,23.

Theorem 9. Let there be 0 < ay,a3 < ap, so that

(th9.i) Qi —ay AL Ay —ay B AL A = arl, fori = 1,2,3
(th9.ii)

0, 0,
< a'aya (Qr —ml),

0, 0,
a2 (Qy — al),  (10)
<

a?laeza?(Qg, —a3l)

*
aé a3 1A — a1 a3 AL + al a2 13413
a22a3 A — a1 a3 A22A22 + ”1 a22A§3A23

6> 0 01 03 px 01 62 g%
a2 a3 31./431 - al a3 A32A32 + al ﬂ2 ./433./433
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(tl’l9lll) 0= max{ 91“ Z lf,*l le , 92” ): eszz zZH , 93“ E 63:':‘,3»'413“ } <1
1 l 1
are satisfied. Then the system (9) has a unique solution X;, € Qg fori =1,2,3.
[e9)
Moreover the sequences {Xi(”) } o i =1,2,3, defined as follows
n=
x9 = a1,
—601 —0,
X () = g, — 1 (XYZ)) " A+ A (X(n)) " A — Al (Xén)> * Ais, (11)
fori=1,2,3

converge to the solution X;, i = 1,2,3 of considered system of matrix equations, in the space
(H(N), [ lltr, <), respectively.

The following error estimations are listed below:

(th9.1) a priori error estimate

o" 1 0) (1) (0) w(1) (0
< 7MY e, x, x, x, x{)

max {HXI(") — f(i
i=1,23
(th9.11) a posteriori error estimate

max {HXI-("H) — }2,-

L (n+1) (n) v(n+1) (1) (n+1) (n)
=123 tr} = M(Xl XX X, X3, X )

1-96 L

(th9.11I) the convergence rate

max {HXS’HU - )?i

4 ) 3 () 3 ) 3
<
max, tr} 1_5M<X1 X4, X", X0, X3 ,X3),

where we use the notation M(Uy, Vq, Uy, Vo, Uz, V3) = 213:1 1U; — Vil
If, in addition, fori = 1,2,3 Q;, Q; —a;, "AjAn — al-_es 5Ai3 = a;1 € P(N) and F; are

continuous, then there is ny € N so that (}N(l,}N{z,/Xvi) € [a11,n9 Q1] X [a11,n9 Q3] X [a11, 19 Q3.

Proof. Let us define the maps F; : H(N) x H(N) x H(N) — H(N) b
Fi(X1, X2, X3) = Qi + Z 5 X A

Let X; € Qg ie., X; = a11,i = 1,2,3. Then, from Q;, A} Ay, € P(N) fori k =1,2,3
and (th9.i) we obtain

—9
Fi(X1, X2, X3) = Qi+ Yi_q(—1)FA;X ™ Ay
Qi — A Xy " Ay — A13X_93A13

-
9
= Qi —ay AL AL —a P AL A = L

Thus F; : Qall X Qall X QalI — Qall'

We will show that the ordered triple of maps (Fy, F,, F3) satisfies the mixed monotone
property. Let X, U € (), be such that X = U then X% < U~b%. Therefore, by AjAix €
P(N) we get

E(X,Y,Z) = KUY, Z) = —AR (X" —U ") Ap = Af(U " = X)) A = 0,

E(Y,X,Z) = B(Y,U,Z) = Ap(X™% = U"®)Ap = —Ap(U™" - X"*) A <0
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and

FE(Y,Z,X)—F(Y,Z,U) = —A5(X % —U %) A5 = AU % — X %) A5 = 0.

Thus, the ordered pair of maps satisfies the mixed monotone property.

If we set Xi(o) = a;I, for i = 1,2,3 using (th9.ii), we can easily show that X( )
A (x, X3, X0, X0 B (x0, x3, X0 ) and X8 < B (x1”, x{7, x§).

The inequalities

Fl (ﬂ] I, ﬂzl, ll3I) Q] — ﬂl ./411./41] + ’12 ./412./412 - ﬂs A13A]3 EllI

Fy(a1,apl,a31) = Qp — a; " Ay Agy + ay 2 A% Agy — a3 % Ay Agy < a3,
Fy(ar1,apl, a31) = Q3 — a; ' A%y Agy + 4y 2 A%, Azg — a3 A3y Asy 3= asl

are equivalent (th9.ii). Thus there holds x <
some (x,,z).
There exists a greatest lower bound and a least upper bound for each X, Y € H(N).
The maps F;, i = 1,2,3 are continuous.
Let us put

Fi(x,y,2),y = F(x,y,z) and z < F3(x,y,z) for

T(x,y,2) = (Fi(x,Y,2), F2(x,y,2), F3(x,,2)) - Qay1 X Qay1 X Qayp = Qayp X Qa1 X Qg

and (Qu,1 X Q1 X Q1. |[] - |[], <), where (x,y,2) < (w,0,w) ifx S u,y =v,andz g w
and |[||(x, v, 2)|]] = [|x]le + |[Y|ler + ||2]|tr- We can write down the chain of inequalities
5 = |||T(X1/ XZrX3) - T(ul/ Uy, u3)|||

= ||3|(F1(X)_Fl(u)’FZ(X)_F(u) ,F3(X) = F(U))][]
= Z | Ei(X1, X2, X3) — F;(Uy, U, U3) ||

i= l
( 9")“417'

IN

IN
e

IN

9~|| z-, : || 3

7] i=1 1] l]

= max —_— tr(X; — U;

=123 a(jﬁ-l ]; ( ] J)
S0 1) = Ujllee

5|||(X1/ Xo, X3) - (ul/ U, U3)|||,

9]- ” Z A* Az ] H
where § = max #
=123 a) +
Consequently, the ordered pair of maps (Fj, F,, F3) satisfies the assumption in
Theorem 5, and thus a unique ordered pair (X1, Xy, X3) € Qa1 X Q1 X Q1 exists, which
is a solution to system (9).
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We have proven the existence of unique solutions X1, Xa, X3 = a11. We will give a
shorter interval where the solutions are situated.
Let there hold the inequalities

Qi, Q; — AzlAﬂ A13A13 a1l € P(N) fori=1,2,3 (12)
For any Q; € P(N) there is ny € N so that
—1, elNAnQ YA +ay 2 AL A - no 1391 S A1z < (19 —1)Q4,

—6,N —6 —6 05N -0
—ny AR QA+ ay P AR Ap — g Ay QP A < (9 — 1)L,
and

—oN —0 -0 03N )
—ny AR QT A+ ay P AR Az — g’ Ay QP Ass < (9 — 1) Qs,

The last three inequalities are equivalent to

S1 = F(noQ1,aml,ngQs)
Q1 — Aj; (n0Q1) "1 Auy + Ajy (a1 1) =2 Asp — Aj3 (10 Q3) % Ars

Q1 — n glN-Aﬁ Q1 o ./411 + aq 62A12A12 — Ny 03NA13 Q3 93-’413
< nQs,
52 = FQ(”OQ],H]I, nOQ3)
= Q— A3 (n0Q1) " Ayy + A3, (a1 1) %2 Ay — A3 (9 Q3) % Ans (14)
= Q—n, N 51 Qfel Az + “1_€2A§2A22 - 793NA23 Q3 % A
< n9Qy,
and
S3 = F(n9Q1,a11,n9Q3)
= Q3— A} (n0Q1) " Az + Ay (a11) "2 Az, — Aly(n9Q3) % Ass (15)
= Qs —ny N AL QM Ay +a P AR Ay — g N A QT Ay
< nQs.
From (12) it follows
Sy = Fi(a1l,ngQy, a1l)
= Q1 — A} (ﬂ11)_91A11 + A3y (19Q2) %2 A1y — Ajy(a11) =% Ay (16)
= Q1 — ﬂl_elAi‘lAn «413A13 a1,
and
S5 = F(a1l,ngQ,a1l)
= Q- A (ﬂ11)_91A21 + A3, (19Q2) %2 Ay — A3y (a11) 7% Aps (17)
= Qa—a; AL Ay — a P AR Ags =
and
Se¢ = F(a1l,n9Qy, a1l)
= Q33— A3 (ﬂ11)_91A31 + Ay (19 Q2) %2 Az — Ay (a11) %3 Az (18)
= Q—a; “ A% Az — A33A33 arl.

Let X € [011, noQﬂ, Y e [Llll, non], and Z € [ﬂll, 1’10Q3], ie.,

MmlIx XxngQrand ;I K Y xngQrand 11 < Z < npQs.
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Using the mixed monotone property of (Fy, F>, F3) and (13)—-(18), we obtain
ml < Fi(aI,ngQy, ml) < Fi(X,Y,Z) < Fi(ngQ1,a11,n0Q3) < npQx, (19)
ml < F(a11,ngQ,mlI) S (XY, Z) < F(ngQ1,a11,10Q3) < noQy, (20)
and
al < B(a11,ngQa,a11) S B(X,Y, Z) < F3(n9Q1,a11,1m0Q3) < 10Q3. (21)

Consequently, from (19)—(21), it follows that

T : [a11,n0Q1] x [a11,n0Q2] X [a11,1n9Q3] — [a11,1n9Q1] X [a11,1n9Q2] x [a11,10Qs3],

where T(X,Y,Z) = (F1(X,Y,Z2),R(X,Y,Z),F(X,Y,Z)). As far as T is a continuous map
and [a11,n9Q1] x [a11,n9Qz] X [a11,npQ3] is compact and convex according to Theorem 4,
it follows that T has at least one fixed point in [a1],19Q1] X [a11,n0Q2] X [a11,19Q3]. O

We will use the notation O, 1 = {X € H(N) : X = a11}. Let the matrix Equation (22)
X=0-AXA+BXx°B-CXxC (22)

be considered, where, 8 € (0,1], A,B,C € X(N), Q € H(N) and Q, A*A,B*B,C*C €
P(N).

Theorem 10. Let there be 0 < a < b, so that
(th10.1) Q—aA*A—a0C*C = al
(th10.i1)
WA*A—-a®B*B+1°C*C < a®b?(Q — al)
and
VA* A —a®B*B+1°C*C 3= a®b®(Q — bI),
(th10.ii)) 6 = max{9|‘A*A|‘ it 9”‘7*6”} <1/3.

Then the system

X():IZI Y():bl Z()—IZI
Xpi1=0— A X 0A+BYPB—C*Z-0C
Y, = Q- AYY, YA+ B7 "B crx;oc
Zni1=Q— A Z 0 A+ BX OB - C*Y, °C

has a unique solution (X,Y,Z), such that X = Y = Z, which is the unique solution of Equa-
tion (22).

4.2. Application of Theorem 7

We will use the notation Q,;; = {X € H(N) : X = a11}. Let the system of matrix
Equation (23)

3
Xi=0Qi— Y ApX %Ay, i=1,2,3 (23)
k=1

be considered, where 6, € (0,1], Ay € X(N), Q; € H(N) and Q;, A} Ay, € P(N) for
i,k=1,23.

Theorem 11. Let there be 0 < aq,az < ay, so that
(th11.i) Qi — Y3y ay %Az Ay = ay I, fori = 1,2,3
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(th11.i1) agzag3 1AL+ ay ag HAp +ay ag A < a§1a92a§3(Q —ml), fori =
1,2,3
(th]]lll) (5 — max{ 91”): lfl*l zl”/ 92”): 62:—41*2 zZH, 93“2 93ff3 13H } < 1
1 l 1
are satisfied.
Then the system (23) has a unique solution X;, € Qg fori =1,2,3.
()
Moreover, the sequences {X (n) } ,1=1,2,3, defined as follows
! n=0
x =4,
—0 —0 —0
X("H) Qi — Ay (X)) A — A (X)) T A5(X)) s, @)
fori=1,2,3

converge to the solution X;, i = 1,2,3 of considered system of matrix equations, in the space

(H(N), [ - lltr, <), respectively.
The error estimations are listed below:

(th11.1) a priori error estimate

mas {7 =X b= (o x !, x)

(th11.11) a posteriori error estimate

max {HXi(nH) - }~(Z-

}< ) M(X(nJrl) X(”) X(”+1) X(”) X(”+1) X(”)>
i=1,23 tr o

- 1— 1 71 2 72 7423 7423

(th11.11I) the convergence rate

max {HX}”H) — }?i

6 (n) (n) ¥ (n) <
< —
i=1,2,3 tr} =1 ,(5M(X XerZ , X2, X5 ,X3>,

where we use the notation M(Uy, Vy, Uy, Vo, U3, V3) = Z?zl Ui — Vil

Proof. Let us define the maps F; : H(N) x H(N) x H(N) — H(N) b

Fi(X1,Xp, X3) = Z As X, % Ay
Let X; € Qg1 ie, X; = a1,i =1,2,3. Then, from Q;, A% Ay, € P(N)forik=1,2,3
and (th11.i) we obtain

F(X1/X2/X3 ZA X Alk all

Thus, F; : Qaﬂ X Qaﬂ X Qall — Qall.
We will show that the ordered triple of maps (Fy, F,, F3) satisfies the total monotone
property. Let X, U € Q| be such that X = U then X% < U~?%. Therefore, by A% Aj €
P(N) we obtain
F(X,Y,Z) - F(U,Y,Z) = — A5 (x7°

— U™ Ay = —Af (U =X Ay =0,

E(Y,X,Z) = K(Y,U,Z) = ~AL(X 2 — U ") Ap = AH(U " —X"2)Ap = 0,
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and
FE(Y,Z,X)—F(Y,Z,U) = —A5(X % — U %) A5 = A5(U %2 — X %2)A;5 = 0.

Thus, the ordered pair of maps satisfies the total monotone property.
If we set Xl.(o) = a;l fori = 1,2,3 using (th11.ii), we can easily show that

X <R (x?,x", x{),

X < B (x0, x", x{),

and
X < B (x)”, x5, x5).

The inequalities
Fi(llll, al, 1131) =Q,— {Ill ]AllAﬂ AZZAZZ .A%Al’g = a;l

for every i = 1,2,3 are equivalent (th11.ii). Thus, there holds x < F;(x,y,z), y < Fa(x,y,2)
and z < F3(x,y,z) for some (x,y,z).
There exists a greatest lower bound and a least upper bound for each X,Y € H(N).
The maps F;, i = 1,2, 3 are continuous.
Let us put

T(x,y,z) = (Fi(x,y,2), 2(x,y,2), F3(%,y,2)) : Qa1 X Qa1 X Qa1 = Qapp X Qupp X Qg

and (Qg,1 % Q1 X Qa1 ||| - ][, <), where (x,y,2) < (,0,w)ifx S u,y<v,andz 5 w
and |||(x, v, 2)|]] = [|x]lee + ||¥|ler + ||2]|tr- We can write down the chain of inequalities

S

T (X1, X2, X3) — T(Uy, Uz, Us) ]|
= ||3|(F1(X)—Fl(U),Fz(X)—F(U) B(X) = EU))]]

= Z'IFi(X1/X2/X3) _Fi(ullu2/u3)||fr

i=1
X]. ]>Aij

i
/~
=

[ LDe L
/2\
N gl

D>

D>

—

\:

=

j=1
: * 79] 79]
< Y ALAy (U, 7 —X; )
j=1|i=1
3| 3 0;
*
< | A4 9+1tr(X uj)
j=1li=1 a;
= ].71 { ZAIJAIJ }Zaeﬂ X U)
, j=1a,

0jll iy A Al
j ij
= jglﬁ(s{a(l;ﬂ Z’f (X; —Uj)

52?:1 HX] - U]’Htr
S|[(X1, X2, X3) — (U, Uz, Uz)]]],

0;1 =iy Af Ayl
where § = max {M < 1.
=123

0;+1
a
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Consequently, the ordered pair of maps (Fj, F,, F3) satisfies the assumption in
Theorem 7, and thus a unique ordered pair (X1, X1, X3) € Qar X Q1 X O,y exists, which is
a solution to system (23). [

Following the ideas from [24] we will try to solve the matrix equation
X=Q-AX ' A-BXB-CXx"C. (25)

Letusput Aj; = Ay = Az1 = A, Ap = Ap = Asp = B, Az = Ay = Az = C,
0 =6, =03 =60,and Q1 = Q, = Q3 = Qin (23). Let us denote F(X,Y,Z) = Q0 —
A XA+ B*Y B —C*Z79C. Then, itholds that F| (X, Y, Z) = F{(X,Y,Z), K(X,Y,Z) =
F(Y,Z,X),and F3(X,Y,Z) = F(Z,X,Y), and consequently, we can apply Theorems 7 and
11.

Theorem 12. Let there be O < a, so that

(th12.1) Q—a A A—-a9B*B-atCC:
(th12ii) 6= max{""A*A|‘, "”ﬂ{j’f”, blic* C"} < 1/3

are satisfied.
Then, Equation (25) has a unique solution X, which is the solutions of the system of matrix
equations
X() = YO = Z() = aI
n+1 Q A* GA B*Y 98 C*7 C

26
n+1 =Q- .A* GA B*7Z 98 C*X C ( )
Zpi1= Q- AZ9A - B*X,9B—C*Y,fC,
whereX =Y =7 € Q1. The error estimations from Theorem 11 hold.
5. Illustrative Examples
Let us put
0.021 0.01 0.1 0.01875 0.00438 0.125
Ann =101 0.03 0.1],A2n =]0.125 0.05 0.00625 |,
1 0.01 0.2 0.0025 0.0125  0.0625
0.03667 0.00333  0.00333 0.08333 —0.01667 —0.01667
Azp = | —0.01667 0.66 —0.06 ,A1p = [ 0.025 0.08333 —0.025 ,
—0.03333 0.06333  0.79333 0.03333  0.03333  0.08333
0.18 0.54 —0.54 0.015 0.0005 0.0005
Ay =1072 1.8 0.72 , Az = 0 0.014 —0.001 |,
0.9 0.9 1.8 —0.001 0.0015 0.017

02 —007 011 0.0066 0.0066 0.016
A3 =007 0.06 —013], Axz = |0.0024 0.0072 0.01 ,

0.11 013 0.14 0.064 0.1426 0.00268
0.02  0.025 0.006 35 05 05
Az =10 007 006 [,1=]05 35 1 |,
0.005 0.005 —0.16 05 1 4
75 05 25 105 75 1.5
Q=05 75 45 [,Q3=| 75 1245 15|,

25 45 34 1.5 15 12
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and ay =2,a, =45,a3 =25,0, = %, 0, = %, and 03 = %

We give four numerical examples to illustrate that the matrix sequences Xy, Y} and Zj,

generated by the relevant systems, converge to the positive definite solutions (X, Y, Z). We

use the stopping criterion

maX{ HXTlJrl — }’Z YnJrl — ?

7

tr

7

tr

5.1. Application of Theorem 9

Example 1. Let us consider the system of matrix equations

Zn+l - Z

tr} <1070,

X=09— T1X_91A11 + ATZY_GZ.AH — T3Z_93.A13
Y=0;— .A;lX_el.Aﬂ + A§2Y_92A22 — A§3Z_93.A23
Z=0Q3— §1X_91 Az + A§2Y_92A32 - A§3Z_93.A33.

(27)

To solve (27) we will apply Theorem 9. It is easy to calculate A} A = 0, Q;, Aj Ay, €

P(N).

0.56873
Q1 —ay A A —a; B A A — a] ~ | 048442
0.28972

5.48233
Qp — ay M A5 Ay — a7 B A A —ay ] = | 0.49104
2.496 87

8.497 24
Qs —a; A3 Agy — a; B A Az — m] = | 751083
1.52266

0.48442
1.476 04
0.99233

0.491 04
5.48133
4.498 32

7.51083
10.062 26
1.487 51

0.28972
0.99233 | >0,
1.90375

2.496 87
449832 | >~ 0,
31.98263

1.522 66
1.48751 | =0,
9.422 47

6 —0 0
S7 = Q1 —ay "A A +ag AR AR —ap PARA — o]

457683 0.48590 0.29110

Q

0.29110 099313 5.91099

0.48590 5.48298 0.99313 | =0,

Sg = Qp—a; AL Ax +ay P AL Ay — a] B A Axs — anl
—36.50218 2.13523 4.01993

Q

213523 —34.27858 6.45655 | <0,

4.01993 6.45655 —7.99542

and

4 —0, —0
Sg = Q3— a, 1./4}:1./431 +a, 2A§2A32 —a, 3A§3A33 — a3l

799742 751085 1.52263

%

1.52263 1.48762 8.92352
It holds that

AJF(.ATZ.A]Q + AEZAzz + A§2A32) < 8.16296,

and

751085 9.56257 1.48762 | = 0.

AT (Aj3 A1 + A3 Ags + Al Asz) < 0.10286.

Consequently, we obtain

61||“4Tl“411 + A§1A21 + A§1-A31 ||
gk+1

< 0.0921,
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)

A A1z + A% A + A Asy | < 0.1042,

and
63

g+

| A3 A1z + Ajs Axs + Al Ass|

Thus, the assumptions of

pre < 0.0207.

Theorem 9 are satisfied. It remains to find the interval, where the

coupled fixed point is situated. From

Fi(a11,n0Qy,m11)

F1(ngQ1,a11,n9Q3)

<

Fy(a11,n0Qp,m11)

Q1 — ﬂfel Aj A + HO_QZN.ATQ Qz_nglz - a;93A1‘3A13
257112 0.48487 0.28983
0.48487 3.47833 0.99249
0.28983 0.99249 390577

= = ml,

—0IN -6 —0 —03N —6
= Qung UARQ Ay P A A — g T AR QP AL

346108 0.50102 0.48938
0.50102 3.50547 1.00068 | < npQ1,
048938 1.00068 4.00030

Q —a; i A3 A + 1y GZN.AEZ Q, % Ay — a, 93./453-/423
783296 1.07306 3.01249
1.07306 8.66008 5.16682
3.01249 5.16682 35.01603

= = alll

Fy(ngQi,a1,m0Q3) = Qo —ng N As Q7" Ay +a; 245,450 — 1y PN A3,0,% A
878918 258797 4.43509
< 258797 11.61436 6.98805 | < nyQ»,
443509 6.98805 37.83901
Fs(mLngQyal) = Q3 —a A% Az + 1y 2N A% Q)2 Az — a B AL Az
10.49730 7.51083 1.52266
= 7.51083 12.06232 1.48751 | > a4,
1.52266 1.48751 11.42254
and
F3(noQ,ml,n0Qs) = Qs —ny®NA% 07 Az +a; 245, A3 — ny N A3,0,% Az
10.50007 7.50055 1.50091
< 750055 12.43414 149972 | < n9Qs,
1.50091 1.49972 11.97628
it follows that
257112 0.48487 0.28983 3.46108 0.50102 0.48938
X e 0.48487 3.47833 0.99249 |, | 0.50102 3.50547 1.00068 | |,
0.28983 0.99249 390577 0.48938 1.00068 4.00030
7.83296 1.07306 3.01249 878918 2.58797 4.43509
Y € 1.07306 8.66008 5.16682 |, | 2.58797 11.61436 6.98805 ,
3.01249 5.16682 35.01603 443509 698805 37.83901
and
10.49730 7.51083 152266 10.50007 7.50055 1.50091
Z € 751083 12.06232 1.48751 |, 750055 1243414 1.49972

1.522 66

148751 11.42254 1.50091 149972 1197628
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We calculate the first iteration by putting Xo = a11, Yo = a2l and Zy = a3l.

kI, AjAall 1 2 ApApl 7l N ApAi|| } = 0.10418 < 1 the approxi—

From § = max s , piEs ’ paa

mate solutions with ¢ = 1019, using the a posteriori error estimate, will be

2.65564 0.48345 0.30662
X7~ 1048345 3.4719 098924 |,
0.30662 0.98924 3.89897

8.52857 221300 4.04991
221300 10.95537 6.49705 |,
4.04991 6.49705 37.11390

Yy

%

10.49742  7.50890 1.52009
Z7~ | 7.50890 12.09889 1.50965 |,
1.52009 1.50965 11.46865

and the a posteriori error is 0.177145 10~ 11.

5.2. Application of Theorem 10

Example 2. Let us consider the matrix equation
X=Q-A'XA+B'XB-C'x*C
with Q = Q3, A= A3z, B= Az, C=As3,a=ay,b=ayand 6 = 0.
We will apply Theorem 10 using similar equations, and we obtain
Qs — a; M A5 Agy — a] M Al Azs — a1 - 0,

—0 —0 —0
Q3 — a, ]A§1A31 +a, ]A§2A3z —a, ]A§3A33 —a1I >0,

—0 —0 —0
Q3 — a, ]A§1A31 +a, ]A§2A3z —a ]A§3A33 —ar] <0,

and
01| A3 Asi| 1

(28)

The approximate solutions with ¢ = 107'9, using the a posteriori error estimate. We
calculate the first iteration by using Xo = 411, Yo = a1, and Zy = a;1. Since X, Y, and Z

are solutions in the system of matrix equations

X=Q-A*XPA+B*Y%B-Cz7oC
Y=Q-AYPA+BZB-C*XC
Z=Q-AZPA4+B*X ?B—C*YfC,

we obtain
10.49758  7.50948 1.51646

750948 12.15627 1.49521 |,
151646 1.49521 11.56359

%

X7

10.49814 751053 1.51603
Y7~ | 751053 12.16282 1.49843 |,
1.51603 1.49843 11.59221

(29)
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10.49597 751482 1.54115
Zy~ | 751482 11.75557 1.46112
1.54115 146112 10.96544

The solution of the matrix equation X = Q — A*X YA + B*X B - C*X~%Cis

10.49852 7.51085 1.51504
X~ | 751085 1216908 1.50299
151504 1.50299 11.62825

and the a posteriori error is 0.73220 * 1012,

5.3. Application of Theorem 11

Example 3. Let us consider the system of matrix equations

X=01— ‘ATlX*el A — AT2Y792A12 - AT32793A13
Y =0, — §1X761 A — A§2Y792822 — A332793A23 . (30)
Z=Q3— A§1X791 Az — A§2Y762A32 — A§3Z793.A33

We will apply Theorem 11. It is easy to check the conditions of the theorem. The ap-
proximate solutions with e = 107!%, can be found using the a posteriori error estimate.
For Xo = m11, Yy = apI and Zy = a3l, after ten iterations, we obtain

2.64049 0.48059 0.30594
X1o~ | 048059 3.45778 0.98833 | = a1l,
0.30594 098833 3.88657

Yo~ | —1.38652  3.64197 2.3888

6.37028 —1.38652 0.89325
= a1 I,
0.89325 2.3888  30.80573

Zip~ | 7.50889 12.09826 1.50972

10.49703 7.50889 1.52012
= a1 I/
1.52012 1.50972 11.46785

and the a posteriori error is 0.442151 10~ 11.

5.4. Application of Theorem 12

Example 4. Let us consider the matrix equation
X=Q-AXA-BX*B-CX"C (31)
with @ = Q1, A = Az, B= Aqp, C = Az and 6 = 0.
We will apply Theorem 12 using similar calculations and obtain
Q1 —ay AL Mgy — a] M A Ay — a] T A3 Ay — anT > 0,

and

5:

W=

ax{ 01/| Az Azl 011 Afp Ara]l 01| A3z Azl

P, A ST L & 0.06935 <
aq a4 a
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The approximate solutions with ¢ = 1010 are found using the a posteriori error estimate.
We calculate the first iteration by using Xo = a11, Yy = 411, and Zy = a11. Since X, Y, and
Z are solutions in the system of matrix equations

X=Q— A3 XUy — ALY 0 A — A5, Z70 A5
Y =Q— A5 Y A5 — ALZ A — A X0 A5 (32)
Z=Q— A§1Z79A31 — .ATZX*G.AQ — A§3Y79.A33,

we obtain
3.49096 0.50839 0.52003

X7~ 050839 3.13866 1.01389 |,
0.52003 1.01389 3.46439

3.49096 0.50839 0.52003
Y7 ~ | 050839 3.13866 1.01389 |,
0.52003 1.01389 3.46439

3.49096 0.50839 0.52003
Z7 ~ | 050839 3.13866 1.01389
0.52003 1.01389 3.46439

The solution of the matrix Equation (31) is

349162 050911 0.51900
X~ | 050911 3.14736 1.02078
051902 1.02078 3.51266

and the a posteriori error is 0.425568 + 10~ 11.

6. Discussion

We would like to comment on the connection between the presented results and those
known so far. Similar results for the existence and uniqueness of fixed point triples were
obtained in [35], without requiring the mixed monotone property for the considered triple of
maps, but of course the contraction condition (5) needs to be satisfied for all ordered triples.
We will mention that the application of the results [35] and the illustrative example [30] are
related to linear maps, for which if the inequality is satisfied under the requirements only
for comparable triples of elements, then it is satisfied for all ordered triples. In contrast to
the above, when applying results from the theory of fixed points in solving matrix equations
or systems of matrix equations, the assumption that the contraction holds only for elements
that are comparable is of essential importance [17]. This illustrates the deep observation
and the proposed technique in [17] for the study of nonlinear matrix equations [17] and
systems of nonlinear matrix equations [24].

In [42], comprehensive observation in solving matrix inequalities systems is offered.
Is it possible to solve the system of matrix inequalities involved in the current study using
the method from [42].

A very natural generalization can involve obtaining sufficient conditions for the
existence and uniqueness of n-tupled fixed points introduced in [33], but in the context of
the presented investigation, i.e., for n ordered maps (Fy, ..., F,), and applying it in solving
matrix equations.

An interesting application in obtaining exact solutions for nonlinear systems of equa-
tions [27], where the approximate methods do not find the exact solution as shown in [27],
is to change the system of equations to a best proximity points problem. Is it possible to
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apply the ideas from [27] in the context of matrix equations, maps with the mixed monotone
property, and to obtain the exact solutions?

7. Conclusions

In the present paper, with the help of the deep results in [17,36,43,44], we have con-
structed a generalization of the coupled fixed points introduced in [25,26]. We have demon-
strated that there is a close connection between the type of monotonicity of the maps under
study and the definition of partial ordering in the proposed idea in [26] of studying coupled
fixed points for maps with the mixed monotone property in partially ordered metric spaces.
This allows us to solve various classes of systems of matrix equations. The presented
idea of considering an ordered pair of maps instead of one map generalizes the technique
proposed by [24] for solving only symmetric systems of matrix equations.
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