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Abstract: This paper proposes a solution to the sideways heat conduction problem (SHCP)
based on the time and space integration direction. Conventional inverse problems depend
highly on the available data, particularly when the observed data are contaminated with
measurement noise. These perturbations may lead to significant oscillations in the solution.
The uniqueness of the solution in this SHCP requires revaluation when boundary conditions
(BCs) or initial conditions (ICs) are missing. First, the spatial gradient between two points
resolves the missing BCs in the computational domain by a one-step Lie group scheme.
Further, the SHCP can be transformed into a backward-in-time heat conduction problem
(BHCP). The second-order backward explicit integration can be applied to determine the ICs
using the two-point solution at each time step. The performance of the suggested strategy is
demonstrated with three numerical examples. The exact solution and the numerical results
correspond well, despite the absence of some boundary and initial conditions. The only
method of preventing numerical instability in this study is to alter the direction of numerical
integration instead of relying on regularization techniques. Therefore, a numerical formula
with two integration directions proves to be more accurate and stable compared to existing
methods for the SHCP.

Keywords: sideways heat conduction problem (SHCP); backward heat conduction problem
(BHCP); Lie group shooting method (LGSM)

MSC: 35K20

1. Introduction
Many engineering systems involve harsh high-temperature environments and have

certain characteristics that prevent direct temperature measurement. Therefore, using
inverse analysis to determine their effects is very important and necessary. For example, the
initial temperature of heat exchangers on ships has a crucial impact on the operation and
efficiency of boilers. Preheating the feed water can reduce the precipitation of dissolved
gases and minerals, thereby reducing the risk of boiler scaling. A higher initial temperature
can remove these impurities before entering the boiler, thereby improving steam quality
and boiler efficiency. It can also ensure the stability and quality of the steam supply, thereby
improving the overall performance of the steam system. The inverse heat conduction
problem (IHCP) can simply and accurately determine the absorption heat flux, internal heat
transfer, combustion water wall coefficient and fluid temperature cavity [1] and improve
the efficiency of the heat exchanger chip [2]. Regularly monitoring the heat flux and tem-
perature distribution in boiler pipes can help detect scaling or deposition issues in a timely
manner. Properly managing boiler heat flux and scaling problems can not only improve the
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boiler’s thermal efficiency but also reduce maintenance costs and extend the equipment’s
lifespan. Subsurface temperature measurements are additionally employed to calculate
the surface heat flux distribution, helping to solve the IHCP related to the application
of thermal barrier coatings (TBCs) on internal combustion engine cylinders [3]. When
the boundary conditions (BCs), initial conditions (ICs), and material parameters are fully
specified, the proposed calculation method accurately predicts the internal temperature
of the studied system. When dealing with unfamiliar ICs, BCs, material properties, or
the inability to monitor temperature or heat flux, it becomes necessary to measure the
temperature at specific locations within the material to identify temperature, heat flux, or
material qualities at a given position.

According to Hadamard [4], the criteria for existence, uniqueness, and continuous de-
pendence are violated in these inverse problems. Solving the IHCP is more challenging than
solving the direct heat conduction problem (DHCP). Predicting temperature distribution,
heat flux distribution, and associated heat transfer processes are all integral components of
solving the IHCP, and ICs and BCs are typically required to ensure the uniqueness of the
solution [5,6]. The challenge of formulating the inverse problem is effectively addressed by
simultaneously reconstructing the surface and domain heat transfer coefficients (HTCs)
and deriving the initial temperature from measurements at two different time points [7].
To distinguish the SHCP from other types of IHCPs, this paper will focus on the SHCP.

Beck and Blackwell [8] propose an effective regularization method that improves the
accuracy and stability of the IHCP solution. Carasso [9] studied the regularization and
convergence of iterative methods for nonlinear, ill-posed problems. Murio [10,11] is based
on the finite difference method (FDM) to solve the IHCP. The mollification method signifi-
cantly improves both the accuracy and computational efficiency of numerical solutions for
ill-posed problems. Al-Khalidy [12] proposed a convergent space-marching algorithm used
to estimate the convergence rate for solving the two-dimensional the IHCP. In the context
of the FDM using space-marching techniques, Eldén [13] noted that the regularization
effect of time discretization, combined with Fourier transform techniques, helps prevent
high-frequency noise amplification, thereby enhancing the accuracy of numerical solutions
to inverse problems. Moreover, Krutz et al. [14] determined the heat flux, or surface tem-
perature, of a body from measurements of the temperature inside the body, utilized the
finite element method (FEM) to solve both steady-state and transient IHCPs. An inverse
method was employed to experimentally determine the distribution of the transient heat
transfer coefficient on the circular fins of a staggered finned heat exchanger assembly [15].
It offers accurate data support, improving the efficiency and reliability of heat exchangers,
while also contributing to ship energy conservation, emission reduction, and technological
innovation, thus reducing operating costs and enhancing competitiveness. Reinhardt [16]
extended Beck’s method to address two spatial dimensions and utilized future times to
stabilize the ill-posed IHCP. Numerical methods cannot fully overcome the inherently
unstable nature of inverse problems, demonstrating the limitations of using numerous
elements in FEM and FDM.

To avoid element discretization in the study of IHCPs, the boundary element method
(BEM) was further developed. For example, Brebbia [17] first applied and demonstrated the
effectiveness and superiority of BEM in solving IHCPs. Many researchers, such as Pasquetti
et al. [18], Ingham et al. [19], and Kurpisz and Nowak [20], have further developed various
BEM formulations to overcome the ill-posed inverse problems. Furthermore, Lesnic [21]
combined the BEM with the minimum energy technique to compute the temperature
distribution and heat flux on the remaining boundaries of the IHCP. Al-Najem et al. [22]
proposed a hybrid technique for solving the steady two-dimensional IHCP that combines
the BEM, singular value decomposition, integral transform methods, and a least squares
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method. Singh and Tanaka [23] proposed the dual reciprocity boundary element method
coupled with iterative regularization for solving a transient IHCP. Subsequently, to im-
prove numerical accuracy without requiring domain or boundary discretization, meshless
methods [24,25] were proposed to address the IHCP. In summary, although the BEM does
not require discretization of the computational domain and can provide temperature data
for internal points, its use reduces computational time and storage compared to the FEM
and the FDM. However, numerical instability problems may persist. In addition to discrete
techniques, various solution methods, such as the wavelet method [26,27], Fourier analy-
sis [28,29], and the sequential method [30,31], have been proposed to construct solutions
for the IHCP. By properly considering time, spatial discretization, and continuity, one can
avoid ill-posedness and numerical instability, ensuring the existence, uniqueness, and
continuous dependence of the solution. Therefore, whether studying the DHCP or IHCP,
numerical stability must be preserved, as it is the primary goal of discretization techniques.

To satisfy the well-posed conditions and ensure numerical stability, Liu [32,33] and
Liu et al. [34] first proposed the forward and backward group preserving schemes (GPSs)
to address the IHCP, incorporating a numerical method with physical architecture. Chang
et al. [35] utilized the explicit GPS to tackle the SHCP. However, numerical oscillations
still occurred at the unresolved BCs, necessitating the use of ICs to constrain the solution.
To eliminate numerical integration, Chang et al. [36] and Chang et al. [35] applied the Lie
group shooting method (LGSM) [37], derived from an augmented GPS system, to solve
BHCPs. However, the original LGSM with a minimal regularization parameter [35,36]
cannot avoid numerical instability when the time span increases. To address this issue,
Chen [38,39] utilized ICs and final conditions (FCs) and modified the LGSM by incor-
porating a minimum weight factor to resolve both homogeneous and nonhomogeneous
multidimensional BHCPs. Although the modified LGSM can partially address the long-
term inverse calculation issue, error propagation remains unavoidable when handling
nonhomogeneous boundary conditions over time. Chen [40] derived a vector two-point
solution of the LGSM to simultaneously obtain the ICs and source terms of BHCPs. Chang
et al. [41] investigated the Burgers equation at high Reynolds numbers by employing the
vector two-point solution of the LGSM. Therefore, based on a vector two-point boundary
solution results obtained using the LGSM, it is evident that the boundary missing problems
in both two-dimensional and three-dimensional problems can be effectively addressed
using the BEM. In addition, Liu [42–45] proposed an adaptive Lie group method (LGAM)
for recovering the spatially dependent and time-dependent thermal conductivity function
from the nonlinear heat conduction equation. Hence, whether using a scalar or a vector
two-point solution, the solution satisfies a one-step GPS and avoids numerical integration.

The simultaneous occurrence of BHCPs and SHCPs remains unresolved to date. The
author constructs a two-point spatial solution using the boundary and termination condi-
tions, thereby avoiding the divergence and non-convergence issues typical of traditional
methods caused by nonlinearity and numerical discretization errors. This study presents
a novel numerical method for solving the SHCP with unspecified initial and boundary
conditions. Initially, an IHCP is decomposed into the SHCP and BHCP, both of which
are extremely ill-posed problems. The LGSM method is employed to consider spatial
directions, facilitating the computation of the transfer gradient in these directions and
resolving the remaining boundary conditions at the boundaries. Lastly, an explicit BHCP is
used in the two-point LGSM solution to determine the ICs and incorporate the ratios of the
FCs to the ICs.

Section 2 presents the mathematical equation for the instantaneous temperature gra-
dient at a specific heat transfer rod boundary, detailing its derivation and underlying
principles. In Section 3, the temperature distribution function is derived by integrating
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over the time direction and the temperature at the boundary is determined by further
integrating over the spatial direction, thereby ensuring a complete understanding of the
distribution process. Section 4 introduces the LGSM, a novel method for solving the initial
temperature value, highlighting its application and advantages. Three calculation examples
demonstrate the stability and reliability of the study’s solution in Section 5. Finally, the
study’s conclusions and implications are presented in Section 6.

2. Governing Equation
The SHCP aims to estimate the external temperature of an object based on internal

temperature data collected by a measuring device. The physical model is illustrated in
Figure 1.

∂2T(x, t)
∂x2 =

∂T(x, t)
∂t

, 0 < x < l, 0 < t ≤ t f (1)

with a left-side boundary condition:

T(0, t) = T0(t). (2)

and final condition:
T
(

x, t f

)
= Tf (x). (3)

where Ω :=
{
(x, t)

∣∣∣0 < x < l, 0 < t < t f

}
, T0(t) is the temperature of the left-hand side

rod, Tf (x) is the final condition, l is the length of the heat conduction rod, and t f is the
terminal time.
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Figure 1. Schematic diagram of the SHCP.

The SHCP equation is commonly encountered in engineering applications where the
goal is to infer the surface temperature of an object from internal temperature measurements.
As illustrated in Figure 1, the SHCP contains an unknown T(x = l, t), which cannot be
solved directly. An internal temperature measurement at xm is provided as follows:

T(xm, t) = Tm(t). (4)

Thus, the SHCP aims to determine the internal temperature field and BCs of the rod
using Equations (1)–(4).

3. The Numerical Procedures
The SHCP is ill-posed because the solution does not depend continuously on the

given or measured data. As displayed in Figure 2, to recover the temperature on the other
side at x = l, Equation (1) used a semi-discretized method to discretize the quantities of
T(x, t) and S(x, t). This yields a coupled system of ordinary differential equations and the
numerical method of lines is applied for spatial integration as follows:

∂Ti

∂x
= Si(x), i = 1, . . . , n, (5)

∂S1(x)
∂x

=
T2(x)− T1(x)

∆t
, (6)
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∂Si(x)
∂x

=
Ti+1(x)− Ti−1(x)

2∆t
, i = 2, . . . , n − 1, (7)

∂Sn(x)
∂x

=
Tn(x)− Tn−1(x)

∆t
. (8)

where ∆t = t f /n is a uniform increment and ti = i∆t are the discrete times. Ti(x) = T(x, ti)

and Si(x) = S(x, ti) are discretized at the nodal points in time. To enhance boundary
accuracy, when a second-order central difference is employed in Equation (7) to improve
overall precision, a second-order backward difference from Equation (8) is used at the final
time step. To clearly describe the time domain and spatial domain integrals for SHCPs and
BHCPs, the schematic diagrams of the two integrated directions are displayed in Figure 2,
respectively. When solving over extended time periods and as the termination condition
approaches zero, the numerical solution may diverge, which is a limitation of the method
used in this study.
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Figure 2. Schematic diagram of two integrated directions: (a) the spatial direction and (b) the
time direction.

4. Mathematical Backgrounds
4.1. The GPS

To find the solution to the two-point boundary value problem, Equations (1) and (5)–(8)
are reformulated as:

.
u = f(x, u), (9)

where

u =

[
T
S

]
, (10)

f :=

[
S

H(x, T)

]
. (11)

in which T =
(
T1, . . . Tn)t, S =

(
S1, . . . Sn)t, and the superscript t denotes the transpose. H

represents the component of Equations (6)–(8) in the right-hand side.
Liu [32] states that Equation (9) can be embedded into an augmented dynamical system:

X’ :=

02n×2n
f(x,u)
∥u∥

ft(x,u)
∥u∥ 0

[ u
∥u∥

]
:= AX. (12)

where A represents an element of the Lie algebra SO0(2n, 1).
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According to Liu [33], a GPS is proposed where each augmented variable Xk can be
viewed as a point in Minkowski space M2n+1 ensuring that it is located on the cone:

Xk+1 = G(k)Xk. (13)

While an exact solution of G is not available, an exponential mapping of A (k) by a
closed-form expression is as follows:

exp(∆xA(k)) =

I2n +
(ak−1)

∥fk∥2 fk
(

fk
)t b

k
fk

∥fk∥
b

k
(f k

)t

∥fk∥ ak

. (14)

where ak := cosh(
∆x∥fk∥
∥uk∥ ), b

k
:= sinh(

∆x∥fk∥
∥uk∥ ) and ∆x = l/K is the discrete spatial size.

4.2. One-Step Lie Group Transformation

For the convenience of description, the superscripted symbols u0 denote the value of
u at x = 0, and ul the value of u at x = l. This is a one-step transformation from X0 to Xl ,
and G(µ) with a real parameter µ ∈ [0, 1], it can be expressed by:

G(µ) =

I2n +
(a−1)
∥fb∥2 fbft

b
bfb
∥fb∥

bft
b

∥fb∥
a

. (15)

where
xb = (1 − µ)l, (16)

ub = µu0 + (1 − µ)ul , (17)

fb = f(ub, xb), (18)

a = cosh
(

l∥fb∥
∥ub∥

)
, b = sinh

(
l∥fb∥
∥ub∥

)
. (19)

4.3. The Lie Group Shooting Equation

Let G(l) = G(µ), a Lie group element G(l) mapping X0 onto Xl is given by:[
ul∥∥∥ul
∥∥∥
]
= G(l)

[
u0∥∥u0

∥∥
]

. (20)

where

G(l) =

I2n +
(a−1)
∥F∥2 FFt bF

∥F∥
bFt

∥F∥ a

, (21)

a = cosh(l
∥∥F

∥∥), b = sinh(l
∥∥F

∥∥), and F =
fb

∥ub∥
. (22)

By substituting Equation (20) into Equation (21), it follows that

ul = u0 + ψF, (23)

∥∥∥ul
∥∥∥ = a

∥∥∥u0
∥∥∥+ b

[
u0·F

]
F

. (24)
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where

ψ :=

[
(a − 1)F·u0 + b

∥∥F
∥∥∥∥u0

∥∥]∥∥F
∥∥2 . (25)

By substituting Equation (23) into Equation (24), a quadratic equation for β can be
derived by:

(1 + cosθ)β2 −
2
∥∥∥ul

∥∥∥
∥u0∥ β + 1 − cosθ = 0. (26)

where

β := exp

 l
∥∥∥ul − u0

∥∥∥
ψ

, (27)

cosθ =

(
ul − u0

)
·u0∥∥ul − u0

∥∥∥u0∥
. (28)

The solution β can be obtained from Equation (26) as follows:

β :=

∥ul∥
∥u0∥ +

√(
∥ul∥
∥u0∥

2)
− (1 − cosθ)(1 + cosθ)

1 + cosθ
. (29)

When considering cosθ = 1 in Equation (29), a forward solution can be obtained
as follows:

β f =

∥∥∥ul
∥∥∥

∥u0∥ . (30)

However, when substituting cosθ = −1 into Equation (29), β approaches infinity and
diverges. Consequently, it is possible to deduce a backward solution from Equation (26)
when considering cosθ = −1 and it follows that:

βb =
(1 + cosθ)

∥∥u0
∥∥

2
∥∥ul

∥∥ ∼=
∥∥u0

∥∥∥∥ul
∥∥ . (31)

According to Equations (30) and (31), β f = 1/βb establish a reciprocal relationship
between the ul and u0 for forward and backward problems.

To avoid numerical divergence by Equation (32) in spatial direction integration, by
inserting Equation (23) for F into Equation (25), we can obtain:∥∥∥ul − u0

∥∥∥2
= (a − 1)

(
ul − u0

)
·u0 + b

∥∥∥u0
∥∥∥∥∥∥ul − u0

∥∥∥. (32)

Dividing both sides by
∥∥u0

∥∥∥∥∥ul − u0
∥∥∥, a quadratic equation for β can be derived by:

(1 + cosθ)β2 − 2

cosθ +

∥∥∥ul − u0
∥∥∥

∥u0∥

β − 1 + cosθ = 0. (33)

From Equations (26) and (33), the solution to the quadratic equation can be obtained:

β =
(cosθ − 1)

∥∥u0
∥∥

cosθ∥u0∥+
∥∥ul − u0

∥∥− ∥∥ul
∥∥ . (34)
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Then from Equations (29) and (31), we can find:

ψ =
l
∥∥∥ul − u0

∥∥∥
lnβ

. (35)

Therefore, the right boundary ul can be obtained by using the Equations (23) and (35),
and µ of G(µ) is 0.5, which is decided by the left boundary u0 at x = 0 and um.

4.4. To Estimate u0 by a Backward-in-Time Explicit Procedure

For the convenience of describing time direction integration, as displayed in Figure 2b,
the subscripted symbols T0 denote the value of T at t = 0, and Tf the value of u at t = t f .
According to the equation of the LGSM, we can obtain the two-point solution in the time
direction as follows:

Z =
∥T0∥
∥Tf∥

. (36)

From the previous references, we can observe the phenomenon of solution discontinu-
ity within the computational domain. For numerical oscillation of the BHCP close to the
initial condition, we use the backward second-order finite difference scheme as follows:

Ti = Ti+1 + [1.5Ti − 2Ti+1 + 0.5Ti+2]. (37)

5. Numerical Examples
In this paper, the homogeneous thermally conductive material is considered the same

in all cases. The noise effect is added to the measured data to test the viability and stability
of this study approach. In all cases, the noise is generated by the following equation:

∼
T

m
= Tm[1 + sδ]. (38)

where Tm represents the measured data, δ is a random number, and −1 ≤ δ ≤ 1. s is the
amplitude of the noise level. The noise data were generated using the rand function in

MATLAB R2023a. The final noise data
∼
T

m
are applied in the numerical experiments.

5.1. Example 1

Considering the homogeneous heat transfer problem with the governing equation is
as follows:

Tt(x, t) = Txx(x, t), 0 < x < 1, 0 < t ≤ 1, (39)

with an exact solution
T(x, t) = exp(−t)cosx. (40)

According to Equation (39), the left boundary condition and measured point xm can
be obtained.

T(0, t) = exp(−t). (41)

T(xm, t) = exp(−t)cosxm (42)

The Ics and right-hand BCs are obtained from the exact solutions, considering NT = 11,
NS = 41, xm = 0.01, and ε = 10−12, which denote the number of grid points in the time and
spatial directions, internal position measurement, and the criteria condition, respectively.
The residual errors in the spatial direction at each time step are used as the convergence
criterion. As seen in Figure 3, the number of LGSM iterations in this example is 4, which
can satisfy the convergence requirements. The temperature at x = 1 of the numerical results
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and the exact solutions are illustrated in Figure 4a. The absolute maximum errors occur at
an initial time and are less than 7.99 × 10−2 as shown in Figure 4b.
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absolute errors at x = 1.

When the number of grid points in the time and space directions is increased to NT = 41
and NS = 201, the relationship between the numerical results and the exact solutions is
illustrated in Figure 5a. The absolute maximum errors are demonstrated to be less than
9 × 10−3 illustrated in Figure 5b. The numerical results illustrating the effect of varying
NT and NS are summarized in Table 1. The results conclude that although the integration
direction is spatial, the discrete time number also depends on the numerical accuracy.
When the number of spatial grids is sparse, the heat conduction gradient is almost zero,
the spatial integral decomposition accuracy is low, and the errors between the numerical
solution and the analytical value are enormous.
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Table 1. Example 1: Maximum absolute errors under different time and space discretizations.

NT NS Maximum Absolute Errors

11
41 7.99 × 10−2

101 6.86 × 10−2

201 6.49 × 10−2

41
41 2.52 × 10−2

101 1.28 × 10−2

201 8.72 × 10−3

To assess numerical stability, we consider a noise effect of s = 1%. Using NT = 41 and
NS = 201, the number of iterations for the LGSM is 4. The numerical results and absolute
errors are displayed in Figure 6. The maximum absolute errors are less than 1.10 × 10−2.
The accuracy of the numerical solutions can be enhanced by increasing the number of time
discretization in the same number of grids. When 1% noise is added to the measurement
point, the errors between the numerical and exact solutions can still be maintained at
order 10−2.
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5.2. Example 2

Considering a heat transfer problem, the equation is as follows:

Tt(x, t) = Txx(x, t), 0 < x < 1, 0 < t ≤ 1, (43)

with an exact solution
T(x, t) = exp(−t)sinx + x2 + 2t. (44)

Homogeneous boundary conditions:

T(0, t) = 2t, T(1, t) = exp (−t)sin1 + 12 + 2t. (45)

Final condition:
T
(

x, t f

)
= exp

(
−t f

)
sinx + x2 + 2t f . (46)

Setting the following parameters: l = 1, t f = 1, xm = 0.1, and ε = 10−12, considering
that NT = 11 and NS = 41, the iterative number of LGSM is 5, and satisfactory accuracy
can be obtained, as displayed in Figure 7. The numerical results and absolute errors are
displayed in Figure 8. The maximum absolute errors are less than 1.23 × 10−1.
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When NT = 41 and NS = 201, the numerical results and absolute errors are as displayed
in Figure 9. The maximum absolute errors are less than 1.91 × 10−2.
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When further considering a noise effect s = 1%, using NT = 41 and NS = 201, the
numerical results and absolute errors are as displayed in Figure 10. The maximum absolute
errors are less than 2.09 × 10−2.
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Therefore, Table 2 summarizes the maximum absolute errors under various time and
spatial discretizations. With identical time discretization conditions, increasing the spatial
discretization degree leads to a smaller numerical absolute error. As both time and spatial
discretization increase, the numerical solution tends to converge toward the exact solution.
The time step size is a critical factor that significantly affects the numerical absolute errors.

Table 2. Example 2: Maximum absolute errors under different time and space discretizations.

NT NS Maximum Absolute Errors

11

41 1.23 × 10−1

101 7.55 × 10−2

201 5.97 × 10−2

501 5.02 × 10−2

41

41 7.83 × 10−2

101 3.25 × 10−2

201 1.91 × 10−2

501 1.11 × 10−2

5.3. Example 3

Consider a heat conduction problem with a closed-form solution for

T(x, t) =
1√

1 + 4t
exp

(
− x2

1 + 4t

)
. (47)

The initial conditions are obtained T(x) = exp(−x2) when t = 0, and the temperature
history measured at location xm is exactly

T(xm, t) =
1√

1 + 4t
exp

(
− x2

m
1 + 4t

)
. (48)

Setting the following parameters: l = 1, t f = 1, xm = 0.01 and ε = 10−12. Considering
that NT = 11, NS = 41 according to the LGSM, the number of iterations of LGSM is 4, and
satisfactory accuracy can be obtained, as displayed in Figure 11. The numerical results
and absolute errors are displayed in Figure 12. The maximum absolute errors are less than
8.33 × 10−2.
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When NT = 41 and NS = 201, the numerical results and absolute errors are displayed
in Figure 13. The maximum absolute errors are less than 1.27 × 10−2. When considering a
noise effect, s = 1%. Using NT = 41 and NS = 201, the numerical results and absolute errors
are less than 2.71 × 10−2. The maximum absolute errors are displayed in Figure 14.
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Therefore, the maximum absolute errors under various time and spatial discretizations
are summarized in Table 3. Through the combination of time and space discretization, a
set of numerical solutions with better accuracy can be obtained and better accuracy can
be obtained.

As demonstrated in the previous two examples, when accounting for measurement
noise, maintaining the spatial discrete number fixed and increasing the discrete time
number can help keep the absolute errors within a certain level 1× 10−2. Whether the exact
solution is expressed in exponential or polynomial form, the method utilized in this study
can attain stable numerical accuracy.
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Table 3. Example 3: Maximum absolute errors under different time and space discretizations.

NT NS Maximum Absolute Errors

11

41 7.76 × 10−1

101 8.51 × 10−2

201 8.76 × 10−2

501 8.91 × 10−2

41

41 1.80 × 10−2

101 8.32 × 10−2

201 1.27 × 10−2

501 1.53 × 10−2

In order to emphasize the stability of the proposed method, the right-hand side
boundary condition is solved using the two-stage conventional Lie group shooting method
(CLGSM) and the one-stage approach of the present method. Considering the same
parameters, the results are as follows:

Figure 15 presents a comparison of the numerical solutions and maximum absolute
errors between the present LGSM and the CLGSM. The results indicate that the CLGSM
produces diverging and unstable oscillations in the computed values as time approaches
zero, whereas the present LGSM method effectively addresses this issue, as illustrated in
Figure 15a. The maximum absolute error of the present LGSM method is approximately
10−2, while that of the CLGSM is around 1, as shown in Figure 15b. The primary reason
for this discrepancy is that the present LGSM employs a single-stage backward integration
method, which ensures the stability of the integration process. In contrast, the CLGSM ex-
hibits oscillatory divergence as time approaches zero, leading to larger errors. Consequently,
the present LGSM demonstrates superior solution stability.
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6. Conclusions
This study presents a robust framework for addressing heat conduction problems

involving incomplete or noisy data, with specific applications in marine engineering. By
reformulating the problem and employing advanced numerical techniques, we provide
an effective solution for determining missing boundary conditions within computational
heat conduction domains. The IHCP is systematically divided into two sub-problems: the
SHCP and the BHCP. Initially, the heat conduction gradient is calculated by integrating the
LGSM along the spatial direction. At each time step, the temperature distribution in the
computational domain and the right-boundary condition are obtained. Subsequently, the
SHCP is treated as the BHCP and backward time integration is performed.

The results demonstrate that simply altering the integration direction in conventional
methods does not resolve numerical divergence issues. The presence of only a left boundary
and a measurement boundary can lead to a multi-solution phenomenon due to the two-point
nature of the problem. Numerical oscillations arise as the methods encounter multiple solutions
while satisfying energy conservation constraints. By leveraging the two-point solution and
closing the Lie group, the computational domain’s temperature at each time step is accurately
determined through backward time integration. This numerical approach is highly efficient and
reliable, requiring no regularization techniques to mitigate numerical instability. As a result, the
proposed algorithm for solving inverse heat conduction problems outperforms existing methods
in terms of effectiveness, stability, and accuracy. Based on these facts, the current research can
simplify two- or three-dimensional problems into one-dimensional, two-point solutions along
the time dimension. By employing single-point reverse integration in the time dimension, the
temperature at each time step can be used to construct a two-point solution to derive the initial
temperature. In future work, the LGSM can be extended to variable-coefficient heat conduction
problems using the vector-boundary two-point solution.
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