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Abstract: As dynamic systems, social networks exhibit continuous topological changes
over time, and are typically modeled as temporal networks. In order to understand
their dynamic characteristics, it is essential to investigate temporal community detection
(TCD), which poses significant challenges compared to static network analysis. These
challenges arise from the need to simultaneously detect community structures and track
their evolutionary behaviors. To address these issues, we propose TCDA-NE, a novel
TCD algorithm that combines evolutionary clustering with convex non-negative matrix
factorization (Convex-NMF). Our method innovatively integrates community structure into
network embedding, preserving both microscopic details and community-level information
in node representations while effectively capturing the evolutionary dynamics of networks.
A distinctive feature of TCDA-NE is its utilization of a common-neighbor similarity matrix,
which significantly enhances the algorithm’s ability to identify meaningful community
structures in temporal networks. By establishing coherent relationships between node
representations and community structures, we optimize both the Convex-NMF-based
representation learning model and the evolutionary clustering-based TCD model within
a unified framework. We derive the updating rules and provide rigorous theoretical
proofs for the algorithm’s validity and convergence. Extensive experiments on synthetic
and real-world social networks, including email and phone call networks, demonstrate
the superior performance of our model in community detection and tracking temporal
network evolution. Notably, TCDA-NE achieves a maximum improvement of up to 0.1
in the normalized mutual information (NMI) index compared to state-of-the-art methods,
highlighting its effectiveness in temporal community detection.

Keywords: temporal community detection; social networks; network embedding; evolutionary
clustering; convex non-negative matrix factorization

MSC: 90C35

1. Introduction

With the rapid advancement of internet and 5G communication technologies, social
networks have grown increasingly complex and dynamic. These networks encompass
diverse forms, including author collaboration networks (comprising authors and arti-
cles), social communication platforms (e.g., WeChat, QQ, Facebook, WhatsApp), blogging
platforms (e.g., Weibo, X), self-media channels (e.g., Bilibili, YouTube), and professional
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mobility networks (e.g., LinkedIn). These platforms serve as critical links both within and
between groups, embedding rich information about community structures and complex
relationships. The extraction and analysis of such information holds significant academic
and practical value, enabling efficient mining of actionable data and uncovering patterns in
community evolution. This in turn supports more accurate predictions of future trends [1].

While previous research on community detection has predominantly focused on
static networks [2], there is increasing acknowledgment of the dynamic nature of network
structures. Most real-world networks, such as transportation and social networks, are
inherently dynamic, being characterized by evolving node attributes, relationships, and
community structures [3,4]. This dynamism introduces unique challenges in community
detection, particularly in capturing the temporal evolution of networks. Specifically, the
dynamic nature of network structures, manifested through variations in the number of
nodes and communities as well as changes in link densities between nodes, gives rise
to evolutionary behaviors [4]; furthermore, community sizes expand as data volumes
grow, leading to increased time and space complexity in traditional methods [5,6], which
ultimately results in inefficient community detection.

A key innovation of our method lies in the integration of network embedding (NE),
which maps network nodes to continuous low-dimensional representations, thereby en-
hancing the capture of structural features within the network [7-10]. TCDA-NE employs an
advanced NE technique that integrates both first-order and second-order proximities [11,12],
effectively transforming the high-dimensional sparse vector space of the network into a
low-dimensional dense representation. This transformation facilitates more comprehen-
sive and precise extraction of the fundamental structural characteristics of the original
network, particularly in the context of temporal evolution. To address the challenges of
community detection in complex networks, we utilize non-negative matrix factorization
(NMF) [4,13,14], which not only improves computational efficiency and simplifies matrix
operations but also enhances the interpretability of the decomposition results. Specif-
ically, TCDA-NE incorporates Convex-NMF, which imposes convex constraints on the
centroid matrix to effectively mitigate the persistent issue of data sparsity in dynamic
networks [15,16]. Our study investigates various combinations of NMF methods and
network embedding techniques, with a particular emphasis on integrating first-order and
second-order proximities in temporal community detection using Convex-NME. The results
demonstrate the efficacy of this approach in preserving microscopic topological struc-
tures, accurately capturing node relationships, and addressing data sparsity challenges in
dynamic network analysis. The key contributions of this study are as follows:

1.  Enhanced Network Representation: We propose a novel approach integrating net-
work embedding (NE) with first-order and second-order proximity considerations.
We generate more effective node embeddings by employing a similarity matrix rather
than a traditional adjacency matrix, facilitating more precise representation of the
network’s microscopic community structure. This approach significantly enhances
the quality of community detection in complex networks.

2. Advanced Temporal Community Detection: Unlike traditional two-step or incremen-
tal clustering methods, TCDA-NE utilizes evolutionary clustering to enforce temporal
smoothness between consecutive time steps. This innovative strategy enables more
refined and precise tracking of community evolution in dynamic networks, effectively
addressing a critical challenge in temporal network analysis.

3.  Optimized Matrix Factorization: We employ Convex-NMF to derive community
membership matrices, which exhibit superior performance over Semi-NMF and
other mainstream NMF methods. This optimization substantially improves both the
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quality and interpretability of community detection results, especially in the context
of temporal networks.

4. Comprehensive Experimental Validation: The effectiveness of TCDA-NE is rigor-
ously validated through comprehensive experiments on both real-world and synthetic
datasets. We propose a novel evaluation framework that assesses static and dy-
namic performance metrics. The results conclusively show that TCDA-NE not only
surpasses existing methods in community detection quality but also demonstrates
superior dynamic performance, which is primarily attributed to its integration of
temporal smoothness constraints.

5. Bridging Static and Dynamic Network Analysis: TCDA-NE represents a significant
advancement in bridging the gap between static and dynamic network analysis
techniques. By integrating advanced network embedding, evolutionary clustering,
and optimized matrix factorization, our method provides a more holistic approach to
understanding complex network dynamics over time.

The remainder of this paper is structured as follows: Section 2 presents an overview
of related work on temporal community detection and network embedding; Section 3
outlines the objective function and provides a theoretical analysis of the proposed algorithm;
Section 4 describes experiments conducted on multiple datasets; finally, Section 5 presents
our conclusions.

2. Related Work

The related work involves the two primary areas: temporal community detection and
network embedding methods for temporal networks.

2.1. Temporal Community Detection

Temporal community detection is a model specifically tailored to analyze community
structures in temporal networks, where a community organization undergoes temporal
variations with each time step. Methods developed in recent years fall into two categories.

2.1.1. Methods Based on Heuristic Optimization

In the context of temporal community detection, heuristic optimization approaches can
be classified into three main categories: two-stage methods, incremental clustering-based
methods, and evolutionary clustering techniques.

Two-stage or two-step methods. These approaches address community detection and
its evolution as distinct tasks. Specifically, community detection is conducted indepen-
dently at each time step and similarity measures are utilized to establish correspondences
between communities across different time steps. Yang et al. [17] proposed an innova-
tive approach by integrating multiple strategies into a community-related link prediction
method enhanced with an evolutionary process in order to effectively improve the identi-
fication of ambiguous community structures in complex networks. Extending this work,
Cha et al. [18] implemented two-step methods for early-stage depression detection. Fur-
thermore, Odhiambo et al. [19] evaluated a two-step case-finding approach designed to
address the healthcare needs and challenges faced by this population, particularly in the
context of obstructive respiratory diseases.

Incremental clustering-based methods. These methods are typically initiated with a
community structure derived from a static network at the first time step, and subsequently
adapt community assignments as the network evolves. DynaMo [20], an incremental
clustering method based on modularity, demonstrates superior computational efficiency
compared to the Louvain algorithm [21], particularly in identifying emerging activity
classes while preserving established ones. McGann et al. [22] and Guo et al. [23] also



Mathematics 2025, 13, 698

4 0f22

proposed models that utilize incremental clustering. In 2023, Li et al. [24] introduced an
incremental clustering algorithm based on big data representative points and covariance
(IDPC-RC). This method selects representative points from the initial dataset, calculates
the similarity between new data points and these points to identify preassigned clusters,
and adaptively adjusts the number of clusters using a covariance row-column formula.
However, the reliance on covariance makes the algorithm highly sensitive to noise, and it
may underperform in noisy environments, where even minor data perturbations can lead
to inaccurate clustering results.

Evolutionary Clustering. Clustering at any given time step should accurately reflect
current data while minimizing abrupt changes, thereby achieving lower historical costs
and higher snapshot quality through the incorporation of regularization terms. Classical
methods include FacetNet and DYNMOGA [25]. Furthermore, a series of multi-objective
evolutionary clustering algorithms have been proposed, such as DECS [26] and DYN-
MODPSO [27]. Martinet et al. [28] developed a methodology to address the challenges
associated with noisy networks, while Sapci [29] identified gene modules exhibiting tem-
poral and inter-subject variability.

In summary, some previous methods overlook the temporal evolution of community
information in dynamic networks, while others treat community detection and evolution
as separate issues. Furthermore, certain approaches lack a comprehensive theoretical
framework to address the joint problem of community detection and evolution.

2.1.2. Generative Models

Model generation is meant to establish the mechanism for generating dynamic complex
networks, simulate the network formation process, and transform community detection
into a parameter estimation problem. There are two categories of generation models.

Latent space approaches [30]. Sewell et al. [31] utilized an embedding approach to
transform a dynamic network into a Euclidean space, enabling the detection of commu-
nities within dynamic friendship networks and global export-import data. Passino and
Heard [32] proposed a Bayesian model to estimate the latent dimensions and communities
in stochastic block models. Akcay et al. [33] used a semi-supervised learning framework
for anomaly detection, leveraging generative adversarial networks (GANSs) to effectively
detect anomalies in various domains. Similar approaches were proposed in 2021, such as
PAE and DLSM [34]. Recently, Xu et al. introduced bi-layer dynamic network embedding
(Bi-DNE) [35] for preserving evolutionary patterns in dynamic networks in 2024. This
method captures both micro- and macro-level dynamics through reinforced triadic closure
and dynamic power-law evolution, significantly improving performance in link prediction
and temporal analysis.

Approaches based on Dynamic Stochastic Block Models. Schaub et al. [36] intro-
duced an innovative method for recovering stochastic block models (SBMs) without the
need for prior knowledge of the network structure. In recent years, several similar ap-
proaches have been developed, such as DSBM [6], BPPM [37], and MMSBM [38]. These
methods are particularly noteworthy, as they incorporate various previous models as
special cases.

2.2. Network Embedding

Network embedding methods aim to capture the low-dimensional representations of
communities within a network. Community detection techniques that leverage network
embedding models have significant applications in two primary domains.
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2.2.1. Matrix Decomposition

These methods utilize the similarity matrix of a projection network to derive node em-
beddings and microscopic community structures. GraRep [39] is a learning algorithm that
generates low-dimensional vertex representations for weighted graphs, aiming to create
compact vectors that effectively represent the vertices in the graph while incorporating
global structural information. The high-order proximity-preserved embedding (HOPE)
method seeks to preserve asymmetric transitivity and capture high-order proximities in
large-scale graphs. The SENE network embedding model [40] utilizes seed expansion
sampling to effectively capture the structural information of communities in the network.
Zhen D et al. [41] proposed a hierarchical community structure maintenance method for
network embedding (HCNE), aiming to effectively preserve the intralayer and hierarchical
community structures under multigranularity. Hierarchical network embedding methods
such as HB-DSBM [42] and LONE-NMEF [43] have subsequently been proposed.

2.2.2. Deep Neural Networks

Deep neural network technology has been integrated with network embedding to
learn network representations. Classical machine learning methods such as represen-
tational learning, RF, and CNN [44] have also been incorporated into deep embedded
networks. Wu et al. [45] explored a deep learning approach to recognize clinical entities,
employing minimal feature engineering. Wang and Gao et al. focused on deep structured
network embedding and deep attribute network embedding. Shen et al. [46] examined the
classification of cross-network nodes, utilizing labeled information from a source network
to classify unlabeled nodes in a target network. Kan et al. [47] introduced a novel approach
for deep feature embedding in 2022. Recently, Kojaku et al. [48] proposed a method for
network community detection via neural embeddings, demonstrating that shallow linear
graph neural networks such as node2vec can achieve the information-theoretic limit of
community detectability.

3. TCDA-NE Model

TCDA-NE is a dynamic community detection model that incorporates the community
structure in network embedding to effectively preserve the microstructure and mesoscopic
community structure. We leverage the node degree and the number of shared neighbors to
quantify the node similarity. In addition, we gradually optimize the community structure
to address the challenge of network sparsity. Below, we explain the TCDA-NE model,
including its formulation, derivation, solution, and pseudocode.

3.1. Model Description

Consider a dynamic undirected network G = (V, E), where V and E represent the sets
of nodes and edges, respectively. The network evolves over time, and this temporal aspect
is captured by the binary adjacency matrix X;, where t is time. At time t, the matrix element
X}ij in the complex network matrix indicates the presence or absence of a direct connection
between nodes i and j, reflecting the existence or absence of an edge connecting them. If
there is an edge, then Xt,ij = 1; otherwise, Xt,i]- = 0. Similarly to the traditional model
based on the non-negative convex matrix decomposition, the theoretical representation of
TCDA-NE is shown in Figure 1.

Modeling community structure. By applying the principle of NME, it becomes feasible
to discover non-negative matrices W; and G; that provide an approximation of the matrix
X; through the relationship X; ~ X;W;G;. This factorization represents the decomposition
of a non-negative matrix into the product of two non-negative matrices. The non-negativity
property of W; and G; implies that W; can be interpreted as a weight matrix, where the
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numerical values of its nodes represent the weights assigned to them at time t; G; captures
the community membership, where G; ;; indicates the probability that node i belongs to the
community j at time t. In particular, W;G; represents the centroid of the community. The
centroid matrix F; is defined as F; = X;W;, where each column corresponds to the central
node of a specific community. Thus, we can derive the function

min [ X; - X WG/ ||F. (1)
A temporal smoothness constraint is incorporated into the community membership
matrix to consider the interdependence between consecutive time steps, quantifying the
likelihood of significant changes in the community structure between times f—1 and ¢. The
cost function encompasses modeling the network topology and the temporal smoothness
constraint, combining the community discovery quality and historical cost. We aim to
maximize community discovery quality while minimizing the historical cost; hence, we
derive the cost function

w oin_{1Xe = XiWeGl |3 + & X1 — X1 Wi G |- )
To quantify the importance of the temporal smoothness constraint, we introduce a
temporal smoothness weight parameter, denoted as «. Typically, & assumes a value between
0and 1. A more significant value of « indicates a higher weight for the temporal smoothness
constraint in the cost function, meaning that the algorithm prioritizes the continuity and
stability of the community structure across consecutive time steps. Consequently, during
community detection, the algorithm minimizes significant changes in community structure
between adjacent time steps, resulting in a smoother evolution of the community structure.
Therefore, a higher value of « emphasizes the temporal smoothness constraint.

7
o o 1.0[04[0.4] 0.8[0.0
Adjacency matrix Proximity matrix 0.4{1.0/0.7{0.4]0.5

a X, = |:> S, = | [04]07|1.0[04]05
IZ; 0.8/0.4]0.4] 1.0[0.0

o e 0.0[0.5[0.5[0.0[1.0
t t

2x|Commonneighbor] ~ 2x1
[Neighbor(;) + Neighbor(vy) ~ 2+3

olo|=|—|o
o|=[=[c]~
ol—=lo|=[—
—|o|—=[~|o
o|l—|o|o|o

Examples: Neighbor (v,) :@v3} Neighbor (v;) = {vl®v4} S,(vy,v5) =

Common neighbor v,

Current community information Historical community information
— W | — community
" i 8
Se| = | Seat | X W | X |G S| = | S | X W2 | X | G, | membership
matrix
Historical community information Current community information
e r = w, |-
Si-2| & | Sia | X Wica| X |Gy S, |=| S |x| W |x|G
Weight matrix
F, =S8, xW,

Centroid matrix

Timestep t-1 Timestep t

Figure 1. Model theory diagram of TCDA-NE.

Modeling microscopic structure. The first-order proximity s = [Sfjl)] captures
the most directly observed probability of proximity between two nodes. The value of X;;
indicates the existence or absence of first-order proximity between nodes i and j. When X;;
is greater than 0, this signifies the presence of first-order positive proximity, while a value
of 0 indicates its absence.
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We consider the adjacency matrix X to represent the first-order proximity. Preserving
this is crucial, as it provides a direct representation of the proximity between nodes in a
complex network. It has been demonstrated that the presence of a direct edge between
two nodes implies their adjacency within a reduced-dimension vector space. However, in
realistic scenarios complex networks often exhibit sparsity in observed edges, with only
a limited number of edges connecting nodes; consequently, the absence of an edge does
not necessarily indicate a lack of similarity. Hence, it is overly simplistic to rely solely on
first-order proximity in low-dimensional settings to determine node similarity. A feasible
solution is to utilize their common neighbor nodes. Specifically, two nodes with common
neighbors are similar even if they have no directly connected edges, which yields the
second-order proximity measure $(2) = [Sl(]-z)].
We represent the first-order proximity between node i and all other nodes as
N; = (Sl(l1 ),5521), .. .,Si(i)). The second-order proximity is then determined by evaluat-
ing the similarity between N; and N; using the cosine similarity; here, for nodes i and
j, 8@ = __NiN;
S NN
ensures that the second-order proximity value falls within the range of 0 to 1.

, where ||N|| is the norm of N. The utilization of cosine similarity

To maintain the characteristics of both first- and second-order proximity, we introduce
a weight parameter 7 to establish their relationship. Specifically, we define the combined
proximity matrix as S = SM +45@), where 1 is a positive constant that can be changed
according to the situation. In our experiments, we set 77 = 5 in order to obtain better results.

To preserve both the community structure and the microscopic node properties of the
network, we modify the original objective function by replacing W; with the combined
proximity matrix S;, which integrates both the first- and second-order proximity. Thus, the
following final objective function is obtained:

i Si — SiWGT ||% Si 1 — S W, 1GI|%. 3
th(}/laon t tWiGy ||F + «l|Si—1 t—1Wi—1Gj |5 3)

3.2. Model Solution

Next, we present the update rules for the variables W; and G; with respect to the
objective function in (3) and prove their correctness by mathematical derivation. Due to the
non-negative property of matrix factorization, there is no global optimal solution; however,
when only one of the parameters is fixed, there is a local optimal solution.

When G; is fixed and W; is updated, we can write Equation (3) as follows:

min _||S; — S, WG/ ||2. 4
w,min (1St = SWiG 4)

To achieve the optimal solution, we incorporate the Lagrange multiplier matrix A
under a non-negativity constraint to ensure that S; remains non-negative. By setting the
Lagrange multiplier to zero, we can derive the following objective function:

H(W;) = tr(=S]SiWi Gl — GoW/ SIS + GiW[ESsT s, GT). (5)
H(W
We assume # =0,
—2858:Gs + 28I S;W: Gl Gy = 0. (6)

Introducing the KKT fixed point condition, we can obtain

—257S1Gy + 28] SiWiG{ Gy = A;jW, 5 = 0, 7)
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which is equivalent to
(=257 SiGy + 28] S{Wi G| Gt) (W, 5)* = 0. (8)
Hence, the update transformation formula of W; is
(8781Gr);j
Wi +— Wyii(—————r—). 9
t,ij t,z]<(StTStWtGE"Gt)ij) ( )

Similarly, when W; is held constant and G; is updated, we introduce a non-negative
Lagrange multiplier matrix A to enforce the non-negativity constraint on G;, and obtain

H(Gy) = tr(=SISsWi Gl — GiWIS]'S; + GiW[ ST s G
—aST S, 1W,_1GF — aGiW,_1ST 1S4 (10)
+aGiW;_1S{_1Si-1W;1G).

H
We assume agt;t) =0,
— 287 Sy Wi + 2GWIEST S Wy — 2aST (S, W4 an
+2aGiW;_1SI 1S W1 = 0.
Introducing the KKT fixed point condition, we can obtain
— 281, W; +2G,WEST S Wy — 2aST 1S, Wi 4 12
+2aGW;_1S{_1Si-1Wi_1 = A;iGpij = 0,
which is equivalent to
(—28TsW; +2G,WESES W, — 2aST 1S, Wi 4 13
+2aGW;_1S{_1St-1Wi_1)(Gy)* = 0.
Hence, the update transformation formula fo G can be expressed as
(STSWi 4 aST Sy 1W;_q);i
Grij < G (r=—rar T T o W ) (14)
(GtWt St SiW; + aGtWFlStflSt_l Wt—l)ij

Based on the above update rules, an iterative algorithm can be derived to optimize the
TCDA-NE model, which is presented as Algorithm 1.

3.3. Temporal Complexity

Here, we analyze the temporal complexity associated with the update formula-
tion. In Equation (9), S/ (S:G;) and S/ (S:W;)(G/G;) have temporal complexities of
O(4v1k) and O(4v1k + 2¢k;), respectively. Similarly, in Equation (14), ST {(S;—1W;_1),
StT(StWt), Gt((WtT,lstT,l), (S;_1W;_1)), and Gt((WtTStT)(StWt)) have respective complexi-
ties of O(4v1k), O(4vsk), O(4v1k + 2ek?), and O(4vok + 2ek?). Here, v1 and v, refer to the
edge counts of the network at times ¢ and t — 1, respectively. The variable e is the number
of nodes within the network, while k is the count of communities under consideration.

As a result, the temporal complexities of Equations (9) and (14) are O(v1k + ek;)
and O(v1k + vok + eky), respectively. The overall temporal complexity of TCDA-NE is
O(N(v1k + v2k + eky)), where N is the total number of iterations required for convergence.
Consequently, with a larger number of communities, the temporal complexity of TCDA-NE
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exhibits significant variation. In theory, it has more advantages when the network is much

larger than the community.

Algorithm 1: TCDA-NE model

1

N

(%)

'

(=)}

Input: X;, X;_1,a, 7
Complex network adjacency matrix at time step t, X;
Complex network adjacency matrix at time step t-1, X;_1;
Weight parameter of temporal smoothness «;
Tradeoff parameters for first- and second-order proximities 7.
Output: G, W;
Community membership matrix G; corresponding to time t.
Weight matrix W; corresponding to time t.
Compute multi-order proximity matrices S;_1, S; based on adjacency matrices
X t—1s X;.
while the objective function does not converge do
(S{StGr)ij )
(STSiWiGI Gy);j
(STSiWi +aS] 1 Si_1Wi_1)jj
(GiW]STSiWi + aGW ST 1S 1Wi_1)y5
Normalize such that }; W;; = 1, Vi.

Wiij < Wyii(

Gt ij < G ij(

return W;, G¢

4. Experiments

Based on five network datasets (three real and two synthetic), we conducted experi-

ments to compare current benchmark methods and widely accepted traditional methods

and evaluate the performance of TCDA-NE in dynamic network community detection and

function convergence.

4.1. Baselines and Settings

Dynamic community detection methods are based on concepts such as evolutionary

clustering, genetic algorithm-based techniques, fusion clustering, modularity computation,

genome representation, and convex non-negative matrix factorization; their outcomes serve

as benchmarks for the identification of communities in dynamic complex networks. The

comparison models in our experiments were as follows:

Facenet [25] utilizes evolutionary clustering to analyze the dynamics of virtual commu-
nities, examining their evolution within a unified framework. It uses MAP estimation,
incorporating both observed network data and a priori distributions derived from the
historical community structure.

DYNMOGA [25] uses a genetic algorithm-based approach to address the task of
community discovery in dynamic networks. It formulates community detection with
temporal smoothing as a multi-objective problem.

AFFECT [49] uses shrinkage estimation to dynamically estimate the optimal smooth-
ing parameters. This framework allows for the comparison of static clustering
algorithms. In this paper, we use K-means clustering and spectral clustering ex-
tended to evolutionary clustering algorithms, denoted as AFFECT_kmeans and AF-
FECT_spectral, respectively.

DECS [26] is a genome-based multi-objective evolutionary clustering algorithm that
takes modular computation based on genomic matrices as an optimization objective.
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¢ ECD [50] adopts a decomposition framework with a genomic representation to ad-
dress the task of evolutionary community detection. It formulates the problem as
a multi-objective optimization one, aiming to identify the evolutionary patterns of
communities in dynamic social networks.

*  CDNMF [51] is a novel algorithm for community detection that enhances the feature
representation capability of non-negative matrix factorization (NMF) by integrat-
ing deep learning and contrastive learning mechanisms to more accurately identify
community structures in networks.

e FBCD [52] is a community detection algorithm that integrates graph embedding
models with node proximity measures to leverage both node attributes and network
structure for enhanced accuracy in detecting communities within social networks.

e  StaNMF [53] is a two-step approach for community detection based on stochastic
non-negative matrix factorization (StaNMF), which initially divides the snapshot and
subsequently applies NMF to detect communities in each time step.

e DCNMF [54] improves upon traditional community detection algorithms based on
NMEF by employing evolutionary clustering and convex non-negative matrix decom-
position, leading to enhanced accuracy.

*  Semi-NMF [54] is an evolutionary clustering-based algorithm for community detec-
tion that operates at both the community and node levels.

To obtain fair results, we used the authors” published source code and the published
default parameters. Based on the convex non-negative matrix factorization method com-
bining NE, we applied random initialization to the solution of NMF in each time step of all
datasets. To mitigate the risk of TCDA-NE converging to a local minimum, we conducted
20 experimental runs and computed the average results, thereby enhancing the accuracy of
the outcomes.

4.2. Performance Metrics and Datasets

We introduce three metrics that are widely employed to assess the efficacy of commu-
nity detection algorithms and the network datasets utilized in our experiments.

(1) Performance Evaluation Metrics: Accuracy (AC) [55], or error rate, is the difference
between the matrix of community members obtained by an algorithm and that in the real
network. It is defined as

AC = |uut —u'u?|, (15)

where U represents the community members obtained by an algorithm and U’ denotes
the actual community members. The Frobenius norm || - || is utilized to quantify this
difference. The AC is evaluated at each time step; a smaller AC indicates greater accuracy.
Normalized mutual information (NMI) [56] is employed to evaluate the accuracy of
a detection model, and is suitable for static networks and those with ground truth values.
In this paper, we compute the NMI at each time step. The similarity measure between
the community partition obtained from our method and the true community structure is
quantified as
Yy p(U, U")log -
' p(U)p(U’)

NMI(U,U') = max(L(U),L(U"))

(16)

where L(U) and L(U’) are the respective entropy values of U and U’, which range between
0 and 1. The closer it is to 1, the closer the correlation is to the true result.

F-Score [56] is the harmonic mean of precision and recall. It ranges from O to 1,
with higher values indicating better precision and recall. The F-Score between detected
communities C;, and real communities C; can be computed as
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EC 2x P(Cq,Cp) x R(Cy, C})
(Co,Cp) = P(Cy,Cy) + R(Cy, Cp)

g (17)

(2) Datasets: We evaluated the performance of TCDA-NE by conducting experiments

on selected synthetic and real datasets of representative dynamic complex networks, then

compared the results with existing community detection methods.

Dataset 1: Dynamic-GN Synthetic Network

The GN network, introduced by Girvan et al. [57], is commonly employed for com-
munity detection in static networks, which typically consist of 128 or 256 nodes,
four communities, and ten time steps. Lin et al. [25] proposed dynamic GN networks
incorporating community evolution, where the vertices within each community are
randomly reassigned to other communities in predefined proportions. Compared
with other networks, the dynamic change of data between time steps is more stable.
By changing the parameter settings, it is possible to obtain different dynamic networks
for experiments.

Dataset 2: Dynamic-LFR Synthetic Network

To enhance the resemblance to real-world scenarios, synthetic datasets were gener-
ated using a modified version of the Lancichinetti-Fortunato-Radicchi (LFR) model
proposed by Greene et al. [58], which uses embedded ground truth communities to
generate networks whose internal graphs have similar characteristics in which each
graph has community members arranged in a specific way. To thoroughly evaluate the
TCDA-NE method, the networks used in our experiments consisted of 1000 nodes over
ten time steps, and various parameters were employed to generate distinct network
instances. We set the fundamental parameters as follows: y controlled the mixing
parameter that governs the inter-community edge levels, ranging from 0.1 to 0.8; the
probability of transitioning between nodes belonging to different communities was
fixed at p = 0.5; the number of communities was set to 36, with an average node
degree of d = 10; and the total number of time steps T was set to 10.

Dataset 3: KIT-Email Real-World Network

The KIT-Email (https://illwww.iti.kit.edu/en/projects/spp1307/emaildata) dataset
was constructed based on the contact network derived from email communica-
tion within the KIT Information Department. As detailed in Table 1, it comprises
27,887 messages from 1097 email accounts with average degree ranging from 10.10 to
23.72 across temporal snapshots. Each vertex represents an email sender/receiver, with
edges denoting message exchanges. Temporal networks were constructed (see topologi-
cal parameters in Table 1) using 2-6 month intervals, identifying 23-27 communities.
Dataset 4: Enron Real-World Network

The Enron email corpus (http://www.cs.cmu.edu/~enron/) contains 2001 commu-
nications categorized into 12 monthly periods (network statistics in Table 2). With
151 fixed nodes representing user accounts, Table 2 reveals significant monthly varia-
tion in edge density (346-1106 edges) and maximum degree (14-59). This dataset’s
inclusion of erroneous data enables robust evaluation of community detection algo-
rithms under real-world noise conditions.

Dataset 5: Cell Real-World Network

Derived from the VAST 2008 challenge (http://www.cs.umd.edu/hcil/ VASTchallenge0
8/), this mobile network (parameters in Table 3) contains 400 nodes representing
phones with 996-1060 edges across 10 daily time steps. As shown in Table 3, the
network maintains stable size (400 nodes) while exhibiting dynamic clustering coef-
ficients (0.0071-0.0239) and maximum degrees (24-35). Call records from June 2006
demonstrate temporal communication patterns through daily network snapshots.


https://i11www.iti.kit.edu/en/projects/spp1307/emaildata
http://www.cs.cmu.edu/~enron/
http://www.cs.umd.edu/hcil/VASTchallenge08/
http://www.cs.umd.edu/hcil/VASTchallenge08/
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Table 1. Basic parameters of the KIT-Email dataset.

T Nodes Edges  Average Degree Clustering Coefficient Maximum Degree
1 138 1154 16.72 1.31 x 1014 39
2 138 1637 23.72 1.31 x 1014 85
3 138 1554 22.52 0.8293 63
4 138 1210 17.54 6.53 x 1013 26
5 138 1284 18.61 6.53 x 1013 28
6 138 1225 17.75 3.26 x 1013 25
7 138 1289 18.68 3.26 x 1013 29
8 138 1281 18.57 0.8492 30
9 138 1312 19.01 0.8267 29
10 138 1267 18.36 6.53 x 1013 26
11 138 1270 18.41 9.79 x 1013 34
12 138 1315 19.06 3.26 x 1013 33
13 138 1415 20.51 6.53 x 1013 35
14 138 1357 19.67 6.53 x 1013 35
15 138 1281 18.57 3.26 x 1013 40
16 138 1268 18.38 9.79 x 1013 36
17 138 1216 17.62 9.79 x 1013 35
18 138 1271 18.42 3.26 x 1013 34
19 138 1264 18.32 1.31 x 1014 34
20 138 1139 16.51 9.79 x 1013 25
21 138 1011 14.65 9.79 x 1013 25
22 138 962 13.94 9.79 x 1013 27
23 138 802 11.62 1.96 x 1014 20
24 138 697 10.10 3.26 x 1014 18
Table 2. Basic parameters of the Enron dataset.
T Nodes Edges Average Degree Clustering Coefficient Maximum Degree
1 151 346 4.58 2.09 x 1014 16
2 151 394 5.22 2.39 x 1014 20
3 151 417 5.52 1.79 x 1014 16
4 151 497 6.58 2.09 x 1014 18
5 151 564 4.74 2.68 x 1014 60
6 151 449 5.95 1.19 x 1014 14
7 151 492 6.52 1.79 x 1014 21
8 151 767 10.16 447 x 104 53
9 151 703 9.31 2.39 x 1014 38
10 151 1106 14.65 1.79 x 1014 59
11 151 907 12.01 8.95 x 1013 34
12 151 631 8.36 2.68 x 1014 32
Table 3. Basic parameters of the Cell dataset.
T Nodes Edges Average Degree Clustering Coefficient Maximum Degree
1 400 1050 5.25 0.0239 33
2 400 998 4.99 0.0139 24
3 400 1018 5.09 0.0101 35
4 400 1028 5.14 0.0136 30
5 400 1016 5.08 0.0119 29
6 400 1024 5.12 0.0149 26
7 400 996 498 0.0086 24
8 400 1022 5.11 0.0153 34
9 400 1036 5.18 0.0216 32
10 400 1060 5.30 0.0071 25
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4.3. Sensitivity Analysis of Parameters

Parameter sensitivity is critical in machine learning models, as it directly impacts
their performance and outcomes. To assess the parameter sensitivity of TCDA-NE, we
conducted a series of experiments. For more realistic results, we utilized a dataset from the
KIT real-world network. As outlined in Algorithm 1, variation of the parameters « and
in TCDA-NE influences community detection outcomes. We employed the NMI index to
quantify the quality of the experimental results.

Figure 2 illustrates the average experimental outcomes of the TCDA-NE model across
various time steps considering different parameter configurations. The color and shape
in the figure indicate the NMI result of TCDA-NE at the corresponding time as « varies
continuously from 0 to 1. As a whole, the NMI value of the experimental results fluctuates
within 0.06, indicating that TCDA-NE has weak sensitivity to parameters; thus, the time
usually does not require tedious adjustment of the parameters. In addition, the NMI
value of the experimental results increases with a« and 1. When 7 is greater than 5, the
experimental results show little change. In particular, when & = 0.8, # = 9, the model has
better community detection results. When « is chosen as 0, the latter term of the model is
invalid, which is equivalent to ignoring the case of temporal smoothness. The noticeable
decline in the experimental outcomes also signifies the validity of the model.

0.88
0.87 0.86
0.86
0.85 0.85
0.84
0.83 0.84

0.83

10
5 s
4 X
2
n 0o a*10

Figure 2. Parameter sensitivity analysis.

NMI

4.4. Evaluation of Community Detection Performance

To assess the performance of our model, we conducted a comparative analysis with
various baseline models on two categories of synthetic datasets as well as real-world
temporal networks.

(1) Analysis of Synthetic Networks: On the Dynamic-GN dataset, we set the average
degree to 20 or 21, the transfer rate to [0.1, 0.2, 0.2, 0.1, 0.3], and the network noise to
z = [3,4,6,3,3] over an average of 20 runs. In Figure 3, it can be seen that TCDA-NE,
DCNME, StaNME, and DECS have the best performance in terms of the NMI metrics,
scoring much higher than the other methods, with almost all of them close to 1. However,
there are some time steps where the NMI metrics of StaNMF fluctuate, such as the sixth
time step in Figure 3a,c and the fourth time step in Figure 3b, while our method suffers
little effect because its temporal smoothing correlates adjacent time slices to some extent,
eliminating the effect of separate time steps and making the results more robust. At the
same time, our method always has a better initialization result than DCNMF.

As can be seen from Figure 4, when the network structure becomes more complex
over time, the performance of all methods becomes worse under the condition of high
noise. However, for NMI results, TCDA-NE outperforms all other methods in almost all



Mathematics 2025, 13, 698

14 of 22

time steps. Compared with other NMF-based methods, the overall NMI of TCDA-NE is

improved by 0.01-0.04.
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Figure 3. (a—c) The average NMI result of the Dynamic-GN networks, where the horizontal axis is the
time steps: a: z=3,d =21, nc =10%; b: z =4, c = 21, nc = 20%; ¢: z =6, d = 21, nc = 20%. (d—f) The
convergence behavior of the objective function on the corresponding dataset.
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Figure 4. Average NMI result of Dynamic-GN networks: (a) z = 3, d = 20, nc = 10%; (b) z =3, ¢ = 20,
nc = 30%.

To verify the convergence of the proposed framework, we employed gradient descent
and analyzed the results, as shown in Figure 3d—f. Through 100 iterations, we observed
that the algorithm consistently converged to a point. This behavior demonstrates that,
assuming infinite iterations, the algorithm can ultimately reach the global optimal solution.

Figure 5 shows the results obtained from the temporal network generated using the
LFR model, where the network consists of 1000 nodes and exhibits 36 embedded dynamic
communities. The values of the parameters were set as p = 0.5 and y = 0.7. Figure 5
shows that TCDA-NE outperforms the other methods. In the left part of Figure 5, the NMI
values of the other models reach a maximum of 0.965, while TCDA-NE achieves values
ranging from 0.968 to 0.97. In the right part of Figure 5, the performance of TCDA-NE is
not outstanding at first, but the results continue to improve with increasing time. In the
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fifth to tenth time steps, the NMI results exhibit improvement by 0.01-0.04 compared to
the maximum values achieved by other methods. It is noteworthy that the performance
consistently excels across all time steps except for the initial one, where the accuracy is
lower; this discrepancy can be attributed to the random initialization decomposition of the
matrix, with significant improvements observed over time. The proposed model has a low
error in most cases, and detects dynamic communities more accurately. These results show
that TCDA-NE is more robust than the other methods. The proposed algorithm shows
stable convergence, as illustrated in Figure 6.
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Figure 5. Average NMI and AC results on the Dynamic-LFR dataset. The parameters of the images
are as follows: for this image on the left, average degree = 10, mixing parameter = 0.1; for the
image on the right, average degree = 10, mixing parameter y = 0.7.
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Figure 6. Convergence result of objective function on Dynamic-LFR networks: (a) average degree = 10,
u = 0.1; (b) average degree = 10, u = 0.7.

(2) Analysis of Real-World Networks: We utilized the NMI, AC, and F-score to evaluate
the performance of different methods on real-world networks. Figure 7 displays the
results obtained from the four KIT-Email datasets. We selected KIT datasets with snapshot
durations of 2, 3, 4, and 6 months. Based on the results of our analysis of the nodal degree
similarity between consecutive time steps, the basic evolutionary clustering framework is
more suitable for the KIT dataset. It can be seen that TCDA-NE performs best in most time
steps of almost all datasets. For example, considering the NMI, TCDA-NE consistently has
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higher scores by a margin of 0.01-0.05. Similar improvements are observed for AC and
F-score. TCDA-NE exhibits a notable enhancement compared to DCNMF, highlighting the
effectiveness of the multidimensional approximation matrix on real-world networks.
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Figure 7. Average results of NMI, AC, and F-score on the KIT-Email dataset. Each column of images
represents a separate dataset, with 2, 3, 4, and 6 months as a snapshot from left to right.

The above experiments demonstrated that NMF consistently outperforms the other
methods. Therefore, we removed the temporal smoothness constraint for the three NMF
methods in order to compare the performance of dynamic and static methods on the Enron
and Cell datasets, using line types for dynamic methods and dotted types for static methods.
In Figure 8, it can be seen that TCDA-NE outperforms Semi-NMF and DCNMF in terms of
both static and dynamic performance. Notably, TCDA-NE consistently performs the best
across all datasets, with the difference in NMI values compared to the other two methods
ranging from 0.01 to 0.09. This improvement can be attributed to the accuracy of the NE
component. Furthermore, the dynamic performance of all methods surpasses their static
performance, with an overall increase of approximately 0.01, which can be attributed to
time smoothness. We examined the convergence of TCDA-NE on the Cell and Enron
datasets, as shown in Figure 9, where the objective function of the algorithm converges.

4.5. Complexity Comparison

TCDA-NE is an iterative method based on the NMF principle; thus, the computa-
tional complexity of the model is influenced by that of the network. Networks with more
communities, nodes, or edges tend to have longer running times. We conducted a com-
parative analysis of the computational complexity of the TCDA-NE algorithm. To ensure
fairness and reproducible results, all experiments were performed on machines with 8§ GB
of memory and an Intel Core i5-9300H CPU. Figure 10 shows the runtimes of the different
methods on the generated dataset with increasing numbers of nodes. The average degree
of all datasets was fixed at 18, and the networks became increasingly sparse as the number
of datasets increased. Notably, AFFECT exhibited faster performance on each dataset due
to the shrinkage estimation employed in the fusion clustering algorithm. TCDA-NE is
better than Facetnet and DYNMOGA with fewer than 512 nodes, after which TCDA-NE
has a lower running time than other methods. This is because TCDA-NE must spend
extra time on sparse network calculation in order to extract more information in the sparse
network; hence, its advantages gradually decrease. An out of time (OOT) error of ECD
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and DECS occurs when there are 1024 nodes. Node data above the dotted line indicate

that the trial time was too long, but did not affect the observation results. While TCDA-NE
is still not fast enough on networks with a large number of nodes, this problem can be

solved by neural network or parallel processing technology, which will be the object of our

subsequent research.

—8— DCNMF Semi-NMF =@= TCDA-NE

0.75
0.75
(a)

0.70

0.65

0.60 | 0.60

NMI

055 0.55

0.45 s L L L L 045

DCNMF(static) Semi-NMF(static) == TCDA-NE(static)

2 4 6 8 10
Timesteps

(a)

0.75
(©)

0.70

0.65

4 6 8 10
Timesteps

(b)

=] 0.60
§ 0.60

0.55F 0.55 s

050 050

045 P : s 5 10 12 045 2 f‘* 6 8 fo 1‘2

Timesteps Timesteps
(c) (d)
Figure 8. Average NMI result: (a,b) Cell dataset; (c,d) Enron dataset.
5 4
35 X 10 14 X 10
12
10
8
g g

6
4
2

05 : : : : ‘ 0 : : : : :

0 20 40 60 80 100 0 20 40 60 80 100
maxiter maxiter
(a) (b)

Figure 9. Convergence result of objective function: (a) Cell network; (b) Enron network.
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4.6. Ablation Study

Continuing from the previous examination of parameter sensitivity in the TCDA-NE
model, it is imperative to delve deeper with an ablation study that provides further insights
into the contributions of various components within the model to its overall effectiveness.
The results of the ablation study can elucidate the importance of incorporating temporal
dynamics and the interplay of different parameters in community detection tasks. In our
ablation study, we systematically removed certain components of TCDA-NE to evaluate
their individual impacts on the model’s performance. By analyzing the outcomes, we aimed
to understand which elements are essential for maintaining the integrity and accuracy
of community detection. For instance, we performed experiments with and without the
temporal smoothness mechanism. The results indicate a significant drop in NMI scores
when the temporal smoothness was omitted, reinforcing the notion that the incorporation of
time-aware features enhances the model’s ability to capture evolving community structures.
Moreover, we examined the influence of different embedding techniques utilized within
TCDA-NE. By contrasting the outcomes of the model with embedding strategies such as
S and 5(2), we observed notable variances in community detection results. These findings
suggest that the embedding technique can substantially affect the model’s performance,
emphasizing the need for careful selection based on the specific characteristics of the dataset
being analyzed. Additionally, we explored the robustness of TCDA-NE against noisy data.
In real-world applications, networks often contain noise that can obscure true community
structures. We introduced synthetic noise into our datasets and reassessed the performance
of TCDA-NE. The model demonstrated a commendable level of resilience, maintaining
relatively stable NMI scores even under adverse conditions. This robustness is a crucial
attribute for any community detection model intended for real-world applications where
data quality cannot always be guaranteed.

Table 4 provides valuable insights into the critical components of the TCDA-NE model
and their impacts on performance across different datasets. The full TCDA-NE model
achieved the highest NMI and F-score metrics across all three datasets, indicating the strong
performance of the TCDA-NE model on community detection tasks. When removing the
interaction terms, the NMI and F-score decreased by 0.02, 0.03, and 0.04 on the three
datasets, respectively. This suggests that the interaction terms are an important component
of the TCDA-NE model, contributing to its improved detection capability. When removing
the temporal smoothness mechanism, the NMI and F-score saw more significant drops
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of 0.04, 0.07, and 0.08 on the three datasets. This highlights the importance of temporal
features in dynamic community detection and underscores the advantage of TCDA-NE
in leveraging temporal information. Overall, removing either of the interaction terms or
the temporal smoothness mechanism resulted in performance degradation for the TCDA-
NE model, indicating that these two components play crucial roles and are key factors
contributing to the excellent performance of TCDA-NE.

Table 4. Ablation study results (NMI scores).

Dataset KIT Cell Enron
NMI 0.87 071 0.78
Full TCDA-NE
F-score 086 070 0.76
NMI 0.85 068 0.74
w/o Interaction Terms
F-score 084 067 0.73
NMI 0.83 064 0.70
w/o Temporal Smoothness
F-score 083 065 0.70

5. Discussion and Conclusions

Temporal community detection and analysis have garnered significant attention in the
field of complex networks due to their continuous evolution and advancement. Detecting
community structures in dynamic networks plays a crucial role in predicting and analyzing
future changes in their structure and functionality. In this paper, we have introduced the
TCDA-NE method for temporal community detection, which uses evolutionary clustering
to integrate the community structure of dynamic networks into network embedding. This
approach effectively addresses data sparsity in complex networks and enables the learned
nodes to preserve both the microstructure and community structure.

In our experiments, we compared the efficacy of TCDA-NE with several other dy-
namic community detection algorithms. TCDA-NE outperformed the other methods on
both synthetic and real-world networks, demonstrating superior accuracy in community
detection within temporal networks. By eliminating time smoothness constraints and
leveraging the combination of NMF and evolutionary clustering, TCDA-NE exhibits a clear
advantage over other NMF methods in terms of both static and dynamic performance.

The implications of these findings extend beyond mere performance metrics, offering
significant avenues for future research. One potential direction is the exploration of hybrid
models that leverage the strengths of TCDA-NE in combination with other state-of-the-art
community detection algorithms. For example, integrating the temporal dimension of
TCDA-NE with density-based approaches could provide a more holistic understanding of
community evolution in dynamic networks. Additionally, we propose the development
of adaptive algorithms capable of automatically tuning parameters such as « and # based
on real-time data characteristics. Such advancements could minimize the need for manual
tuning, thereby enhancing the applicability of TCDA-NE across diverse scenarios ranging
from social network analysis to biological networks.

Furthermore, expanding TCDA-NE to accommodate large-scale networks and ex-
ploring its potential applications beyond social networks, for example in biological and
financial systems, presents promising directions for future work. By continuously refining
the model to adapt to the complexities of real-world data, we can significantly enhance
the efficacy of community detection tasks, thereby contributing to the broader fields of
machine learning and network analysis. As this research area progresses, it will be crucial



Mathematics 2025, 13, 698 20 of 22

to remain open to emerging methodologies that can complement our findings and push
the boundaries of what is achievable in community detection for dynamic networks.
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