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Abstract: The solution to constrained multi-objective optimization problems (CMOPs)
requires optimizing the objective functions while satisfying the constraint conditions. To
effectively address CMOPs, algorithms must balance objectives and constraints. However,
the limited adaptability of specific constraint-handling techniques (CHTs) has hindered the
widespread applicability of constrained multi-objective evolutionary algorithms (CMOEAs).
To overcome this limitation, this article proposes a population state-based CMOEA. First,
a model is developed to identify population states based on the positions of the primary
and auxiliary populations. Tailored environmental selection models are then designed
for the auxiliary population according to different states, enabling them to guide the
evolution of the main population more effectively. By dynamizing the CHTs, the proposed
algorithm can adapt to a broader and more complex range of CMOPs. Additionally,
state-specific optimal individual selection methods are introduced, allowing the auxiliary
population to escape local optima and accelerate exploration. A simple yet effective resource
allocation model is incorporated to address the potential computational resource waste
associated with dual populations, enhancing the resource utilization. Comprehensive
tests, including comparisons with seven state-of-the-art algorithms, were conducted on
47 benchmark functions and 12 real-world problems. The experimental results demonstrate
that the proposed CMOEA outperforms existing CMOEAs in its convergence and diversity.

Keywords: constrained multi-objective optimization; multiple population optimization
models; population state discrimination

MSC: 90C29; 68W50

1. Introduction

In real-world scenarios, numerous constrained multi-objective optimization problems
arise, such as vehicle scheduling [1], robot gripper optimization [2], and energy-saving
strategies [3]. These problems involve the simultaneous consideration of multiple objectives
and constraints, which significantly increases their complexity. With the advancement
of intelligent computing, there has been growing and increasingly detailed research into
addressing these challenges [4].

For a CMOP, it usually consists of the following form:

min F(x) = (f1(x), fa(x), -, fur(x)) M
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where F(x) is the objective function, which is a vector composed of multiple subobjectives.
M represents the number of subobjectives, which is the dimension of the objective function;
x is a solution vector consisting in the decision space S, with a dimension of D; and there
are a total of L constraints, including p inequality constraints g(x) and L — p equality
constraints h(x). The decision space S is defined by g¢(x) and h(x).

In addition, to compare the quality of the solutions, constraint violation values (CVs)
are defined as follows:

L
CV(x) = ZCi(x) 3)
There are two different types of methods for calculating C; :

o[ maxg(),  1<i<p
Cl("){ max(0, |hi(x)| =), p+1<i<L @

where J is a very small positive parameter used to relax the equality constraints. When the
value of the CV is 0, x is a feasible solution; otherwise, it is an infeasible solution.

In the development of intelligent computing, evolutionary algorithms (EAs) have been
widely employed to address constrained optimization problems (COPs). Recently, rapid
advancements in intelligent computing technology have expanded the application of EAs
to solving multi-objective optimization problems (MOPs). However, research on CMOPs
remains in its early stages of development [5]. In MOPs, the primary goal is to identify a set
of Pareto front (PF) solutions. In contrast, CMOPs involve both unconstrained Pareto front
(UPF) and constrained Pareto front (CPF) solutions, which introduces additional complexity
and challenges into the solution process. In continuous spaces, EAs can efficiently locate
the PF. However, when the constraint conditions partition the decision space into multiple
feasible regions, some PFs may reside in smaller subregions [6]. This fragmentation not
only poses significant challenges for maintaining solution diversity but also hampers
the evolutionary process. Infeasible regions often trap EAs in local optima, adversely
affecting convergence. To address these challenges, various CHTs have been proposed,
such as the ¢ model [7], which allows individuals to cross feasible domain boundaries
by moderately relaxing the constraints. While such methods can assist with population
evolution in specific cases, they face notable limitations. Specifically, it is often difficult
to accurately identify potential high-quality solutions. Moreover, while certain CHTs
may work effectively for specific CMOPs, it remains challenging to develop a universally
applicable CHT that can reliably solve diverse types of CMOPs.

To further enhance the quality of the solution sets, numerous researchers have actively
explored and proposed various CMOEAs. Among these, CMOEAs based on multiple
populations or tasks have demonstrated remarkable performance improvements and have
garnered significant attention from the academic community in recent years. Represen-
tative algorithms such as TP-HCEA [8], URCMO [9], and MTCMO [10] exemplify this
approach. These algorithms leverage a collaborative optimization framework that utilizes
an information exchange mechanism between two populations: one population focuses
on evolving within the feasible domain to address convergence issues, while the other
explores smaller feasible regions within infeasible areas to enhance the solution diversity.
However, this algorithmic model has a notable drawback: the co-evolution process of the
two populations requires substantial computational resources [11]. As a result, when sig-
nificant resources are dedicated to intensive exploration of the UPF, the CPF often remains
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insufficiently explored. This creates a critical conflict between the high computational
cost and the need for improved algorithm convergence. This imbalance severely limits the
optimization potential and overall performance of these algorithms [12].

To address the challenges outlined above and improve the quality of the solutions
for CMOPs, this paper proposes a population-state-based constrained multi-objective
(PSCMO) evolutionary algorithm. The proposed algorithm aims to mitigate the limitations
of using a single CHT by dynamically adapting the CHTs based on the evolutionary state
of the population. This approach prevents the population from becoming trapped in local
optima and enhances the solution convergence. In PSCMO, the main population focuses
on exploring the CPF, while the auxiliary population plays a guiding role in population
evolution. The positional relationship between the main and auxiliary populations is
continuously monitored, and this information is used to determine the population state.
Based on the determined state, three different CHTs are employed to guide the selection and
evolution of the auxiliary population. This real-time switching of the CHTs dynamically
adjusts the direction of evolution, enabling the auxiliary population to guide the main
population better. When the population evolution stagnates, the algorithm generates
more diverse offspring to help escape local optima. Conversely, during smooth evolution,
it produces more concentrated offspring to accelerate the convergence. To achieve this,
the algorithm incorporates two distinct versions of Differential Evolution and designs
specific optimal individual selection mechanisms tailored to both the main and auxiliary
populations. Finally, to address the computational resource challenges posed by the dual-
population model, a simple yet effective resource allocation model is introduced. This
model minimizes resource waste by optimizing the balance between the two populations,
thereby improving the overall computational efficiency of the algorithm. The contributions
of this article are as follows:

1.  The evolutionary state of the population is divided into three types: convergence,
convergence—diversity balance, and diversity. A population state discrimination
model is established to identify these states by recording the distance between the
auxiliary and main populations and determining the state based on this relationship.
In the convergence state, the population prioritizes convergence, and the selection of
auxiliary individuals considers only the distance between the target space and the
origin. In the convergence—diversity balance state, both convergence and diversity
are considered, with the selection process accounting for the distance to the origin
and the cosine similarity between individuals. In the diversity state, the population
emphasizes diversity, and the selection considers both the cosine similarity between
individuals and the pairwise distances among them. By adapting the population
selection to the specific state, the auxiliary population is guided effectively, enhancing
the optimization process.

2. Building on the two-stage concept, a specialized evolutionary operator design is
applied to the auxiliary population. Specifically, the evolutionary process of the
auxiliary population is divided into two stages: in the early stage, DE/current/best/1
is employed, and in the later stage, DE/rand/1 is used. During the initial phase of
evolution, different population states are considered to select the optimal individuals,
thereby accelerating the convergence of the auxiliary population.

3.  Comparing PSCMO with seven state-of-the-art different types of CMOEAs in 47 test
functions and 12 real-world problems, the results show that PSCMO has the most
balanced and superior performance.
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The structure of this article is organized as follows: The literature review is described in
Section 2. Section 3 introduces the algorithm in detail. Section 4 provides the experimental
settings. Section 5 presents the experimental results and analysis. Section 6 concludes this
article and outlines future research directions.

2. Research and Review of Existing CMOAs

The core issues faced by CMOEAs can be attributed to diversity and convergence. In
this section, we will introduce some classic or recently developed CMOEAs from differ-
ent classifications.

2.1. An Optimization Model Based on Gradual Evolution

This model is the most commonly used model, which does not consider the process
from the UPF to the CPF. Instead, it uses clever EAs and CHTs to obtain an optimized
model with good performance while considering convergence and diversity [13].

This model incorporates several classic algorithms, such as NSGA-II [14], with the
core idea primarily relying on CHTs like the constrained dominance principle (CDP) and
non-dominated sorting. Based on this approach, NSGA-II-CDP was proposed, which com-
bines the CDP with NSGA-II [15]. Similarly, Ma et al. developed a two-stage linking
method (ToR), NSGA-II-ToR [16]. In the CDD, the relationships between feasible solutions,
infeasible solutions, and combinations of feasible and infeasible solutions are addressed,
with the weights of the constraint conditions effectively applied during environmental
selection. This method has seen widespread use. In the ToR, a weighting strategy is em-
ployed to process the objectives, gradually reducing the target weight in the early stages to
maintain population diversity. In 2022, Jiawei Yuan et al. introduced ICMA [17], which
defines a cost-based distance to measure the crowding between points in the objective
space, improving the exploration of regions near the origin, which traditional Minkowski
distances fail to address. Individual evaluation indicators based on the cost distance and
overall constraints were also designed, guiding the population to explore promising areas
and preventing them from getting trapped in local regions. In the same year, Qinghua Gu
et al. proposed an enhanced CDP in MOEA /D-ICDP [18], allowing the algorithm to search
between constrained and unconstrained regions. It merges the constraint value, the Tcheby-
cheff aggregation function value, and a dynamic parameter to evaluate individual fitness.
In 2023, Ruwang Jiao et al. introduced MFO [19], a multi-form constrained multi-objective
evolutionary framework that improves the population diversity and accelerates conver-
gence by creating auxiliary tasks for the information exchange between the primary and
auxiliary tasks. In 2024, Mingcheng Zuo et al. [20] applied machine learning to CMOEAs by
using reinforcement learning methods to adaptively select offspring generation operators.
Additionally, in 2024, Jingjing Fang et al. proposed FLI [21], a metric that considers both
the fitness distance correlation and the current evolutionary generation. FLI then uses
this metric to design a strategy for selecting different versions of evolutionary algorithms.
These models have addressed the challenges in selection posed by constrained spaces
through clever CHTs, but they cannot overcome the lack of diversity in later stages caused
by unified CHTs. Consequently, optimization models based on multiple groups or stages
have gained greater attention in recent years.

2.2. An Optimization Model Based on Multiple Populations

This model mainly balances the constraint space and target space through collabo-
ration between multiple populations (mainly two populations), exploring feasible and
hopeful infeasible domains, respectively.
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In 2018, Jiahai Wang et al. proposed CCMOD [22], which combines JADE with multi-
ple populations (M populations) to solve M objectives. Two distinct CHTs are employed
for archiving—one for offspring generation and the other for solution storage. Notably,
the preserved population does not directly influence the generation of offspring but im-
pacts it indirectly through another archive. In 2021, Zhi Zhong Liu et al. introduced
BiCo [23], which features a novel angle-based selection scheme for updating the archive
population. Since 2022, various swarm algorithms, such as CMDEIPCM [24], MTCMO [10],
DPCPRA [25], and CMOCSO [26], have been proposed, with further advancements ex-
pected by 2024. Jianlin Zhang et al. introduced TCT-CMOEA [27], an algorithm that
integrates the penalty function method with the CDP to enhance the population diversity
and preserve promising solutions. Additionally, an external archive is utilized to balance
the objectives and constraints. In 2022, Kangjia Qiao et al. proposed CSEMT [28], which
establishes multiple auxiliary tasks based on a single constraint condition and develops an
auxiliary task priority model for identifying and retaining highly correlated tasks. Weiwei
Zhang et al. introduced MACA [29], which incorporates two strategies: a guided feasible
search strategy to approach the constrained Pareto solution set by evaluating the direction
and a manifold learning-based exploration strategy to assess the diversity contributions
between the CPS and UPS populations. This strategy encourages the population to es-
cape from local optima. However, the use of multiple population evolutionary methods
in these algorithms inevitably leads to significant computational resource consumption,
potentially compromising the algorithmic convergence. Consequently, the key challenge
of this model is how to effectively minimize the waste of computational resources while
ensuring robust convergence.

2.3. An Optimization Model Based on Multiple Stages

The core idea of this model is to divide the evolutionary process into multiple stages
(mainly dual populations) to balance the convergence and diversity.

In recent years, multi-stage optimization models have garnered increasing attention
from researchers. These models often employ a single population for evolution, integrating
different stages of evolutionary methods with the UPF to enhance both the convergence
and diversity. In 2021, Haiping Ma et al. proposed MSCMO [30], an algorithm that initially
considers only a few constraints and then adopts varying CHTs at different stages. In
2022, Ye Tian et al. introduced CMOEA-BS [31], which establishes a fitness evaluation
model to assess the priority relationship between the objectives and constraints. In Stage
A, the majority of the solutions are infeasible, and the goal is to prioritize the constraints
for reaching feasible areas. In Stage B, most of the solutions are feasible to prioritize the
diversification of the solutions along the feasible boundary. In 2023, Ruiging Sun et al.
proposed C3M [5], a multi-stage CMOEA that disregards the constraints in the first stage
to solve the MOP, incorporates important constraints through a priority model in the
second stage, and considers all of the constraints in the final stage. However, a challenge
remains in accurately transitioning the population between stages. As a result, two-stage
optimization models have gained more popularity in recent years. Fei Ming et al. proposed
CMOQLMT [32], which integrates reinforcement learning into evolutionary multitasking
and introduces an auxiliary task selection model based on Q-learning and deep-Q learning.
During the learning phase, Q-Table or Q-Network is used to select the most appropriate
auxiliary tasks, and during the evolutionary phase, only the most suitable tasks are used
for knowledge transfer. In 2024, Yuhang Ma et al. introduced CLBKR [33], which features a
learning stage in the early phase of the algorithm. They proposed a classification model for
distinguishing between single-modal and multimodal test problems. In the later stages, a
metric, KTR, is employed to guide the population evolution for a single modality, while a
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CHT is applied to guide multimodal population evolution. Also in 2024, Xiaoyu Zhong
et al. proposed CEMTEB [34], which, similarly to other models, establishes tasks for finding
both the UPF and CPF. However, this model also includes a helper task aimed at exploring
promising areas. A reverse haulage strategy was proposed to prevent better feasible
regions from being overlooked. The algorithm operates in a two-stage co-evolutionary
process: the forward stage solves the CPF and UPF, establishing a knowledge transfer
model, while the later stage focuses on the helper task. Furthermore, Wenjuan Zhang
et al. proposed MA-TSEA [35], a two-stage multi-archive CMOEA. In the first stage, the
parent population stores M+1 non-dominated solutions of the target, while the formal
archive stores feasible solutions, processed by two populations. In the second stage, the
parent population serves as the auxiliary population, and the formal archive becomes
the main population, focusing on approaching the CPFE. Three distinct CHTs are used to
select and preserve the population for the auxiliary population, the parent population,
and the formal archive. Despite the advancements in these models, an ongoing challenge
remains in correctly switching between stages. Incorrect transitions can shift the direction
of population evolution, making it difficult to effectively reach the CPF.

3. The Proposed Algorithm
3.1. The Framework

In solving CMOPs using CMOEAs, the population state often fluctuates, leading to
challenges related to convergence, diversity, and feasibility. To address these issues effec-
tively, it is crucial to focus on the globally optimal feasible domain. Thus, understanding
the current state of the population is key during the optimization process. This article
introduces PSCMO, which dynamically adjusts the evolutionary strategies based on the
population’s status. It aims to enhance exploration in infeasible regions while guiding
the population toward the globally optimal feasible domain. Specifically, the algorithm
records the positional relationship between the main and auxiliary populations in real time,
analyzing the population’s state based on historical data. Different CHTs are applied to
selecting the auxiliary population depending on the population state, with the operators
adjusted accordingly. To minimize resource waste in infeasible regions, a simple yet effec-
tive resource allocation model is proposed for optimizing the population size, reducing
the function evaluations during the evolutionary process. Figure 1 clearly illustrates the
process of PSCMO. The pseudocode for PSCMO is presented in Algorithm 1.

Algorithm 1 The evolutionary rocess of PSCMO

Input: NP: population size; MaxFES: maximal number of fitness evaluations
Output: The feasible Pareto-optimal solutions

1 P; < Initialize NP individuals;

2 P, < Initialize NP individuals;

3. N;=NP/2

4. N, =NP/2;

5. State=1;

6 while MaxFES < FES

7 O < Generate offspring through Algorithm 2;

8 P; < Select the main population through the CDP in O and P;;

9. P, < Select the auxiliary population through Algorithm 3 in O and P;
10. State +—Calculate the population state based on Equations (5)—(8);

11. [N1,N;] < Calculate the number of offspring based on Equations (11) and (12);
12. end




Mathematics 2025, 13, 688 7 of 27

Algorithm 2 Search algorithm

Input: N;: Number of offspring in the main population; Np: number of offspring in the auxiliary population; P;:
main population; P;: auxiliary population; state: current state of evolution; FES: number of function evaluations;
MaxFES: maximum number of function evaluations.

Output: O: Offspring.

/* The main population’s offspring’s evolution */

1 SD «+— Standardize the objective values and constraint violation values to obtain a matrix of size NP x
(M+1L);

2. d <— Calculate the distance of each individual in SD to the origin;

3. s «— Calculate the average cosine value of each individual relative to that of the others in the objective
space;

4. Pl;st <— Perform fast non-dominated sorting on d and s, select the optimal 0.1 x NP individuals, and
generate N1 copies of these individuals;

5. [Pr1, P2, Pr3] «— Randomly shulffle the population to obtain three random populations composed of the

main population, with each containing N1 individuals;
6. O +— Execute DE/current/test/1;

7. O; +— Execute polynomial mutation;
/* The auxiliary population’s offspring’s evolution */

8. if yfrs <1

9. SD <— Standardize the objective values to obtain a matrix of size NP x M;

10. d <— Calculate the distance of each individual in SD to the origin;

11. if state == 1:

12. Ppest <— Select the top 0.1 x NP individuals with the smallest d and generate N2 copies of these
individuals;

13. else

14. s «—Calculate the average cosine value of each individual relative to that of the others in the objective
space;

15. Pyest <— Perform fast non-dominated sorting on d and s, select the optimal 0.1 x NP individuals, and
generate N2 copies of these individuals;

16. end

17. [P, Py, P3] <— Randomly shulffle the population to obtain three random populations composed of
auxiliary populations, with each containing N2 individuals;

18. O, «— Execute DE/current/test/1;

19.  else

20. [Pr1, P2, Pr3] «— Randomly shuffle the population to obtain three random populations composed of

auxiliary populations, with each containing N2 individuals;
21. O, <— Execute DE/rand/1;
22.  end
23. O, <— Execute polynomial mutation;
24, O+ 0,UO,.

Algorithm 3 Environmental selection model for the auxiliary population

Input: NP: Population size; P;: auxiliary population; O: offspring; state: the current state of evolution.
Output: P,: The auxiliary population.

Pop < P, UO;
if state ==1
StandardObjs < Standardize the objective values of Pop in the objective space;
dy < Calculate the Euclidean distance from each individual to the origin using StandardObjs;
P, < Sort di and select the smallest NP individuals;
elseif state ==
StandardObjs Standardize the objective values of Pop in the objective space;
dy < Calculate the Euclidean distance from each individual to the origin using StandardObjs;
s <— Calculate the cosine value between each individual in Pop and other individuals, and then take the
average;
10. P, < Perform fast non-dominated sorting on d, and s to select the optimal NP individuals;
11.  else
12. d3 < Calculate the average Euclidean distance between each individual in Pop and P;;
13. s <— Calculate the cosine value between each individual in Pop and other individuals, and then take the
average;
14. P, < Perform fast non-dominated sorting on d3 and s to select the optimal NP individuals;
15.  end

00NN LN
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Figure 1. PSCMO flow chart.

3.2. The Population State Discrimination Model

In solving CMOPs, the constraints significantly alter the topological structure of the
optimization space. Unlike MOPs, CMOPs introduce complex feasible domain distribu-
tions into both the decision and objective spaces due to the presence of infeasible regions.
Specifically, the interaction between equality and inequality constraints divides the contin-
uous optimization space into multiple isolated feasible subdomains. This fragmentation
can result in a disjointed PE. Such structural characteristics present a dual challenge for
evolutionary algorithms: First, the discrete feasible domains hinder effective information
exchange between individuals in the population; second, the “barrier effect” caused by
infeasible regions can trap populations in local feasible areas, limiting global exploration.
To address this issue, this paper proposes determining the population’s state by analyzing
the positional relationship between the main and auxiliary populations. This approach
further enhances the algorithm’s performance from the perspective of the population state.
Specifically, we identify three distinct states based on the population’s configuration:

1.  When the distance between the auxiliary population and the main population remains
relatively stable, both the auxiliary population and the main population can be con-
sidered to have been effectively explored, and the auxiliary population can effectively
guide the population to converge.

2. When the auxiliary population is close to the main population, it is considered that
there is not much room for improvement in the convergence, and diversity should be
given more consideration.

3. When the closest distance occurs between the auxiliary population and the main
population, this indicates that the auxiliary population cannot help the population
achieve further improvement in convergence. At this time, the main task of the
auxiliary population should be to help the main population improve in its diversity.

From this, the following methods can be used to determine these three states of

the population:
2, M(t) < EQl;
state(t) = { 3, Ad(t) < 1<f§1<i{171{Ad(i)}r' (5)

1, otherwise.
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1 NP NP
W= ymL Y Pty = P8 ©)
Ad(t) = |d(t) — d(t ~1)| )
B(E) = Y d(i) ®
t—1

where Py’ (t) represents the i-th individual of the main population in the t-th iteration,
and Py/(t) represents the j-th individual of the auxiliary population in the j-th iteration;
d(t) represents the average Euclidean distance between the main population and the
auxiliary population; Ad(t) represents the amount of change between two iterations, and D
represents the average amount of change in the past ¢ iterations at the ¢-th iteration; and
Ad g represents the quartiles of Ad.

In the above model, first, Ad and Ady; are used to determine whether the population
belongs to the second state. If not, Ad(t) and min;<;<;_1{Ad(i)} are used to check whether
the population belongs to the third state. If neither condition is met, the population is
determined to be in the first state. Therefore, it can be seen that by using two population
position statistics, the state of the population can be effectively judged.

3.3. The Environmental Selection Model

A key distinction between CMOPs and MOPs is the need to address constraint viola-
tions in CMOPs. Solutions that violate constraints are referred to as infeasible solutions,
which are typically not desired in the final solution set. While it is possible to accept
solutions with poor convergence or diversity, the feasibility of the solutions is a strict
requirement. However, in solving CMOPs, completely discarding infeasible solutions can
hinder the ability to identify the global optimal solution. This is where the dual-population
model proves beneficial for handling CMOPs. This model prioritizes the solution feasibility
in the main population, while the auxiliary population leverages infeasible solutions to
enhance the convergence and diversity. In this article, the main population employs the
CDP for environmental selection, and the auxiliary population adjusts its selection method
in real time based on the population state, thereby providing more effective assistance to
the main population’s evolution.

Deb et al. [15] proposed using the CDP to address the issue of infeasible solutions in
solving CMOPs based on the non-dominated solution-solving process in NSGA-II. Due to
its simplicity and effectiveness, the CDP model is widely used in various CMOEAs. Given
two solutions x and vy, if x constrains y (denoted as), then x and y follow the following
principles:

Lo o(x) < oly)

2. ¢(x) = oy) x=y;

where ¢(x) and ¢(y) represent the constraint violation values of the two solutions. x<y
represents x Pareto dominance over y. If the constraint violations of the two solutions are
the same, x<y should satisfy

1. Vie{l,2,..,m}, fi(x) < fily);
2. Fe{l2.,m}, fi(x) < fily).

To enable the auxiliary population to effectively assist the main population in over-
coming obstacles in infeasible regions and enhance the diversity and convergence of the
solutions, this article proposes three distinct environmental selection models for the aux-
iliary population. These models are adjusted in real time based on the population state.
In the first state, where there is a stable distance relationship between the auxiliary and
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main populations, the auxiliary population can effectively guide the main population’s
evolution. Thus, in this state, the auxiliary population focuses solely on the convergence in
the target space, selecting individuals closest to the origin in the center of the target. These
individuals converge most rapidly (see lines 3 to 5 in Algorithm 3). In the second state, the
distance between the auxiliary population and the main population decreases, reducing the
space for convergence improvements. Therefore, diversity becomes an important consider-
ation. In this state, cosine values are incorporated to regulate the diversity of the auxiliary
population (see lines 7 to 10 in Algorithm 3). By factoring in cosine values, the population’s
approach to the origin is slowed while maintaining a focus on the dispersion between
individuals. This increase in diversity for the auxiliary population also helps improve
the diversity of the main population. In the third state, when the auxiliary population
cannot significantly improve the main population’s convergence, the auxiliary population
should be pulled closer to the main population to avoid unnecessary ineffective evolution
in the infeasible region. Therefore, in this state, we replace the distance to the origin with
the distance between the individual and the main population, selecting individuals that
maintain diversity but are closer to the main population. The environmental selection
model for the auxiliary population is shown in Algorithm 3.

3.4. The Search Algorithm

Previous studies [36] have shown that DE/current/best/1 has a good optimization
performance in solving multi-objective optimization problems. The most important feature
of this version of DE is the use of the optimal individual to guide the evolution of the
population. The DE/rand/1 version of the operator can better ensure the diversity of
the population. Therefore, PSCMO chooses the following two versions of operators for
generating offspring:

DE/current/best/1: O = Py + F X (Ppess — Pr1 + Prp — Py3) 9)

DE/rand/1:0 = Py + F X (P2 — P13) (10)

To achieve a balance between convergence and diversity in the evolution of the main
population, this article proposes a redesign of the optimal individual selection process. For
convergence, the Euclidean distance d, which measures the distance from an individual’s
point to the origin in the target and constraint spaces, is used as a metric. For diversity, the
average cosine value s between each individual and all the other individuals in the target
space is considered. Fast non-dominated sorting is then performed based on both 4 and s.
The top 10% of individuals from this sorting are selected as the optimal individuals Py,
for the main population, ensuring a balance between both convergence and diversity. In
the evolution of auxiliary populations, different evolutionary strategies must be applied
depending on the population’s state. For a CMOEA, convergence is prioritized in the early
stages, while diversity is emphasized in the later stages. This two-stage approach has
been widely adopted by many researchers. Following this approach, we have integrated
a two-stage method into the offspring evolution of the auxiliary population. In the early
stage, the auxiliary population evolves using DE/current/best/1 to quickly identify the
optimal feasible domain. In the later stage, DE/rand/1 is used to enhance the population’s
diversity. When selecting optimal individuals for the auxiliary population, we incorporate
the population state (as detailed in Section 3.2) to avoid excessive evolution within infeasible
domains. If the population is in the first state, convergence is the sole focus, and the
distance between individuals and the origin in the objective space is the only evaluation
criterion for Py,s. In the second and third states, the selection process for Py follows
the same principles as those for the main population, with the key difference being that
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the auxiliary population does not consider the solution feasibility. For the evolutionary
operators mentioned, the F parameter settings are [0.6, 0.8, 1.0], and the CR parameter
settings are [0.1, 0.2, 1.0], consistent with the settings in reference [36]. After the evolutionary
operator is executed, polynomial mutation is applied, as is also described in reference [36]
and thus will not be repeated here.

The main population balances convergence and diversity using the DE/current/best/1
operator and the parameters d and s. The d indicator incorporates constraints, thereby
simultaneously considering the convergence, diversity, and feasibility, ensuring a funda-
mental guarantee of the solution’s quality. By alternately switching between two different
operators and population states, the auxiliary population enhances the algorithm’s ability
to escape local optima, thereby improving the overall performance.

3.5. The Population Resource Allocation Method

The dual-population model often leads to unnecessary computational resource waste
during the evolution process. To address this, this paper introduces a population resource
allocation model to optimize the resource usage. In CMOPs, the goal is to find a set of
solutions, which is determined by the main population returned by the model proposed in
this paper. For both the main and auxiliary populations, the greater the number of offspring
selected by the main population during environmental selection, the higher the success rate
of evolution. Consequently, efficient evolution can be considered a method that enhances
the population’s ability to converge. To ensure that the final results are both convergent
and balanced, efficient evolutionary methods are used to produce fewer offspring in the
early stages. This allows for sufficient computational resources in later stages to improve
the solution quality. This method is simple yet effective, with its core idea being using the
evolutionary success rates to regulate the number of individuals in the main and auxiliary
populations, thereby enabling real-time adjustment of the population’s resources. The
success rate of population evolution and the number of subgenerations for each population

are calculated as follows:
_ 10i € i

R
1 Nl
N; = max{1, NP — NP x R;} (12)

(11)

where i € {1,2}, O represents the offspring produced by the main population, and O,
represents the offspring produced by the auxiliary population. Nj represents the number of
offspring in the main population, and N; represents the number of offspring in the auxiliary
population. In the initialization phase, the number of main and auxiliary populations
is NP/2.

3.6. A Complexity Analysis

In the PSCMO algorithm, the complexity mainly comes from evolutionary operators,
CDP models, and fast non-dominated sorting models. The complexity of the evolutionary
operators in the selection of intermediate parents and the generation of offspring is O(NP)
and O(D x NP), respectively. The complexity of the CDP model is O(M x NP?). The com-
plexity of the fast non-dominated sorting model is O(M x NP?). Therefore, the complexity
of the entire PSDCMO algorithm is approximately O(NP?), which is the same as that of
most CMOEAs.

4. The Experimental Setup
4.1. Benchmark Functions and Evaluation Indicators

To comprehensively evaluate the feasibility, diversity, and convergence of the PSCMO
algorithm, four benchmark test function sets were selected for testing: CF [37], DAS-
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CMOP [38], LIR-CMOP [39], and MW [40]. The CF set includes 10 test functions, DAS-
CMOP includes 9 functions, and both LIR-CMOP and MW include 14 functions each.
Additionally, to assess the effectiveness of PSCMO in addressing real-world problems,
12 representative problems were selected from RWMOP [41]. For clarity, these 12 real-
world problems are numbered in Table 1, where their respective objective counts and
dimensions are also detailed.

Table 1. Detailed information on real-world problems.

Name Problem M D
RWMOP1 Multi-product Batch Plant 3 10
RWMOP2 Crash Energy Management for High-speed Train 2 6
RWMOP3 Haverly’s Pooling Problem 2 9
RWMOP4 Reactor Network Design 2 6
RWMOP5 Process Synthesis Problem 2 2
RWMOP6 Two Reactor Problem 2 7
RWMOP7 Synchronous Optimal Pulse-Width Modulation of 3-level Inverters 2 25
RWMOP8 Synchronous Optimal Pulse-Width Modulation of 5-level Inverters 2 25
RWMOP9 Synchronous Optimal Pulse-Width Modulation of 7-level Inverters 3 25

RWMOP10 Synchronous Optimal Pulse-Width Modulation of 9-level Inverters 2 30
RWMOP11 Synchronous Optimal Pulse-Width Modulation of 11-level Inverters 2 30
RWMOP12 Synchronous Optimal Pulse-Width Modulation of 13-level Inverters 2 30

This study employs three evaluation metrics—Inverted Generational Distance Plus
(IGD+) [42], Hypervolume (HV) [43], and the Feasible Solutions Ratio (FSR) [44]—to assess
the feasibility, diversity, and convergence of the PSCMO algorithm. IGD+ measures the
average distance between the solutions in the obtained set and the PF, with smaller IGD+
values indicating a better algorithmic performance. HV evaluates the volume enclosed by
the solutions in the set and a reference point in the objective space, where larger HV values
signify a superior performance. The FSR determines the proportion of feasible solutions
in the solution set, with higher FSR values reflecting the better feasibility outcomes of
the algorithm.

4.2. Comparing Algorithms and Parameter Settings

To demonstrate the performance of PSCMO, this study selects eight of the latest
and diverse types of CMOEAs for comparison: BiCo [23], DPPPS [45], tDEACPBI [11],
AGEMOEAII [46], DSPCMDE [47], CMOEA-MS [48], TSTI [49], and CTSEA [50]. The
parameter settings for these comparison algorithms are consistent with those specified in
their respective original publications. All comparative experiments were conducted using
the PlateMO framework developed by Tian et al. [51]. The parameters in each CMOEA in
our experiments were set as follows:
¢  Population size: N = 100;
¢ The number of times the algorithm runs independently: 30;
e  The number of maximum function evaluations: 100,000;
*  Crossover probability p. = 1 and the distribution index 7, = 20;
*  Mutation probability p,, = 1/D and the distribution index #,;, = 20;
¢ For the DE operator, F = 0.5 and CR = 1.0.

5. Experimental Analysis

Tables 2 and 3 summarize the statistical results of 30 independent repeated experi-
ments for IGD+ and HV across 47 benchmark test functions and 12 real-world problems,
respectively. The numbers in parentheses indicate the standard deviation of IGD+ or HV.
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The results of the Wilcoxon rank-sum test are denoted as “+”, “-”, and “=". A “+” indicates

“ o

that the comparative algorithm is significantly better than PSCMO, a “-” indicates it is
significantly worse, and a “=" indicates no significant difference, with all at a significance
level of 0.05. When the population fails to consistently produce feasible solutions in all
independent repeated experiments, the IGD+ and HV values are marked as NaN, and the

values in parentheses then represent the corresponding FSR.

Table 2. Experimental results on IGD+ of PSCMO and 7 comparative algorithms.

BiCo DPPPS AGEMOEAII DSPCMDE CMOEA-MS TSTI CTSEA PSCMO
CF1 3.91x1072 5.40x1073 4.41x1072 6.41x1073 1.01x1071 5.05x1072 2.14x1072 7.56x1073
(243x107%)+ (2.71x1073)- (321x1073)+ (8.20x1074)- (1.19x1072)+ (258x107%)+  (311x107%)+  (6.19x107%)
CR2 1.19x10°! 5.49x1072 1.33x10~! 5.79x 102 1.84x10~" 1.37x10~! 1.20x10~* 2.43x1072
(3.60x1072)+ (2.01x1072)+ (2.92x1072)+ (3.91x1073)+ (6.37x1072)+ (328x1072)+  (2.69x1072)+ (8.68x107%)
CF3 3.77x107! 2.79x107! 4.70x107! 5.21x107! 4.28x107! 4.74x107! 3.61x107! 8.02x102
(4.16x1072)+ (2.97x1072)+ (3.39x1072)+ (1.55x1072)+ (4.23x1072)+ (3.10x1072)+  (4.45x1072)+ (1.76 x10~2)
CF4 2.89x107! 2.07x107! 3.48x107! 449%x107! 3.87x107! 3.63x107! 3.06x107! 7.54x1072
(6.18x1072)+ (2.48x1072)+ (4.85x1072)+ (3.61x1072)+ (3.96x1072)+ (5.14x1072)+  (7.07x1072)+ (7.86x1073)
CF5 4.18x107! 2.88x107! 4.16x107! 1.53 420x107! 4.31x107! 4.22x107! 2.37x107!
(2.38x1072)+ (4.46x1072)+ (1.75x1072)+ (0.00)+ (1.93x1072)+ (2.62x1072)+  (1.71x1072)+ (1.74x1072)
CF6 3.46x107! 1.76x1071 3.42x107! 2.57x107! 3.36x107! 3.22x107! 3.13x107! 6.46x1072
(2.03x1072)+ (3.17x1072)+ (4.84x1072)+ (1.49x1072)+ (3.01x1072)+ (157x1072)+  (2.46x1072)+ (4.12x107%)
CF7 4.72x107! 3.41x107! 4.87x107! 1.40 4.95x107! 4.97x107! 492x107! 1.95x1071
(8.91x1072)+ (8.17x1072)+ (8.78x1072)+ (0.00)+ (7.43x1072)+ (7.66x1072)+  (6.63x1072)+  (2.58x1072)
CFS8 NaN 2.95x107! NaN NaN NaN NaN NaN 1.92x107!
(0.00%)+ (2.64x1072)+ (0.00%)+ (96.67%)+ (0.00%)+ (0.00%)+ (96.67%)+ (1.74x1072)
CF9 5.16x10! 1.38x10! 6.03x10! 2.53x10! 1.54x10~1 5.16x107! 1.35x10~! 6.74x1072
(1.99x107%)+ (1.21x1072)+ (2.14x1072)+ (1.87x1072)+ (3.90x1072)+ (3.18x107%)+  (9.85x107%)+ (1.14x1072)
CF10 NaN 6.61x107! NaN NaN NaN NaN NaN 3.30x107!
(0.00%)+ (4.17x1072)+ (0.00%)+ (3.33%)+ (48.03%)+ (0.00%)+ (96.67%)+ (4.80x1072)
+/-/= 10/0/0 9/1/0 10/0/0 9/1/0 10/0/0 10/0/0 10/0/0
DAS-CMOP1 7.66x107! 6.15x10! 7.90x10~! 2.97x1073 7.74x10~1 7.22x107! 7.58x107! 2.51x1073
(5.63x1074)+ (2.76x1072)+ (0.00)+ (1.02x1073)+ (0.00)+ (340x107%)+  (842x107%)+  (9.73x107%)
DAS-CMOP2 1.61x107" 1.10x107! 1.74x107! 4.86x1073 1.70x107* 1.72x107! 1.52x107! 3.58x1073
(3.72x107%)+ (7.21x1073)+ (3.62x107%)+ (1.54x107%)+ (3.69x107%)+ (3.14x107%)+  (1.31x107%)+ (6.23x10~°)
DAS-CMOP3 2.01x10°1 1.90x10°! 2.93x10°? 7.65x1073 2.23x107? 2.10x10°? 1.95%x10! 5.85x1073
(1.91x107%)+ (7.48x107%)+ (6.46x1072)+ (7.02x 107 %)+ (1.01x107%)+ (1.92x1073)+  (6.80x107%)+ (4.36x107%)
DAS-CMOP4 3.79x107! 4.73x1073 3.37x107! NaN 2.64x107! 3.04x107! 2.57%x1073 1.83x107°
(1.12x1072)+ (4.75x1073)+ (6.43x107%)+ (0.00%)+ (3.85x1072)+ (1.46x1072)+  (2.03x107%)+ (6.54x10%)
DAS-CMOP5 4.37x10! 5.16x10° NaN NaN 4.28x107! 2.82x1071 2.39x1073 3.12x1072
(4.54x1072)+ (2.19x107%)+ (0.00%)+ (0.00%)+ (1.95x1072)+ (7.49x1072)+ (3.19x107%)- (3.35x107%)
DAS-CMOP6 NaN 3.52x1072 NaN NaN 6.34x107! 6.43x107! 5.48x1072 6.15x1073
(90.03%)+ (1.17x1072)+ (0.00%)+ (0.00%)+ (1.23x1072)+ (1.14x1072)+  (171x107%)+  (6.05x107%)
DAS-CMOP? 2.86x1072 4.13x1072 2.34x1072 NaN 3.85x1072 2.50x102 2.58x1072 2.41x1072
(5.02x107%)+ (6.92x107%)+ (2.16x107%)- (0.00%)+ (2.12x1072)= (260x107%)=  (4.83x107%)+ (6.31x107%)
DAS-CMOPS 2.07x1072 2.46x1072 2.05x1072 NaN 2.60x1072 1.92x1072 1.90x1072 1.90x10~2
(1.74x1073)+ (9.26x1074)+ (3.40x1074)+ (0.00%)+ (1.26x1072)= (271x1073)-  (5.87x107%)=  (4.39x107%)
DAS-CMOP9 297x107! 2.13x107! 3.49x107! 2.89x1072 321x107! 2.55x107! 2.98x107! 1.88x1072
(4.48x107%)+ (6.21x1073)+ (8.61x1073)+ (9.37x107%)+ (9.79x107%)+ (1.16x1072)+  (7.08x107%)+ (5.73x107%)
+/-/= 9/0/0 9/0/0 8/1/0 9/0/0 7/0/2 7/1/1 7/1/1
LIR-CMOP1 2.09x10! 9.96x102 2.81x10°! 1.75x10”" 3.02x10~! 2.14x107! 3.04x107! 1.03x10!
(3.34x1073)+ (1.24x1072)= (7.45%1073)+ (2.65%1072)+ (1.50x1072)+ (L09%1072)+  (141x1072)+  (1.47x1072)
LIR-CMOP2 1.30x1071 5.90x1072 1.94x1071 7.35x1072 2.09x107! 1.33x1071 2.04x107! 4.56x1072
(8.10x1073)+ (1.07x1072)+ (1.38x1072)+ (1.57x1072)+ (1.50x1072)+ (143x1072)+  (1.22x1072)+ (1.12x1072)
LIR-CMOP3 2.17x10! 1.17x107! 2.81x10°1 1.98x10°1 3.00x10~1 2251071 2.88x10°1 1.26x10°!
(420x1073)+ (8.00x1073)- (6.62x1073)+ (1.42x1072)+ (6.21x1073)+ (654x1073)+  (9.60x103)+  (1.10x1072)
LIR-CMOP4 1.62x107! 9.41x1072 2.16x10! 1.30x10~1 2.19%10! 1.57x107! 2.19%10! 7.91x10~2
(9.15x107%)+ (1.04x1072)+ (1.16x1072)+ (2.13x1072)+ (1.60x1072)+ (7.62x107%)+  (1.13x1072)+ (1.16x1072)
LIR-CMOP5 123 7.08x10~2 127 1.25x10°1 9.22x1071 123 3.14x1071 2.99x1072
(0.00)+ (2.17x1072)+ (0.00)+ (6.80x1072)+ (5.20x1072)+ (0.00)+ (8.36x107%)+ (2.84x107%)
L 135 1.82x1071 135 1.41x107! 8.52x107! 1.35 3.30x10! 5.51x10~>
(0.00)+ (1.03x1072)+ (0.00)+ (2.63x1072)+ (4.77x1072)+ (0.00)+ (4.20x107%)+ (6.12x1073)
LIR-CMOP7 1.68 1.18x107! 1.68 2.03x10°2 147x107! 2.23x107! 1.37x107! 8.44x1073
(0.00)+ (3.46x1073)+ (0.00)+ (1.29%1072)+ (9.59x107%)+ (451x1072)+  (4.32x107%)+ (6.96x10%)
LIR-CMOPS 1.68 1.85x10! 1.68 2.09x1072 2.36x107! 554x107! 241x107! 6.57x107>
(0.00)+ (3.56x107%)+ (0.00)+ (1.24x1072)+ (8.68x1073)+ (8.78x1072)+  (2.68x107%)+ (2.24x107%)
LIR-CMOP9 1.047 3.16x107! 1.077 3.56x107! 7.38x1071 5.47x107! 7.52x107! 2.44x107!
(3.82x1072)+ (5.54x1072)= (3.01x1073)+ (1.98x1072)+ (4.87x1072)+ (239x1072)+  (343x107%)+  (2.26x1073)
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Table 3. Experimental results on HV of PSCMO and 7 comparative algorithms.
BiCo DPPPS AGEMOEAII DSPCMDE CMOEA-MS TSTI CTSEA PSCMO
CF1 5.17x101 5.59x 10! 511x10°! 5.58x101 4.44%1071 5.03x10°! 5.38x10"! 5.57x10~!
(2.43x1073)+ (2.71x1073)- (321x1073)+ (8.20x10~4)- (1.19x1072)+  (258x1073)+  (311x1073)+  (6.19x107%)
CP 498x1071 6.01x107! 4.99x1071 5.94x10~1 459%x1071 4.87x1071 5.07x1071 6.35x107!
(3.60x1072)+ (2.01x1072)+ (2.92x1072)+ (3.91x107%)+ (6.37x1072)+ (3.28x1072)+  (2.69x1072)+ (8.68x1073)
CF3 1.47x1071 1.97x10°! 1.08x10°! 8.42x102 1.19x10°! 1.02x107! 1.40x1071 2.72x107!
(4.16x1072)+ (2.97x1072)+ (3.39x1072)+ (1.55x1072)+ (4.23x1072)+ (3.10x1072)+  (4.45x1072)+ (1.76 x10~2)
CF4 2.31x1071 2.98x1071 1.81x107! 9.49x102 1.49x1071 1.73x1071 2.17x1071 4.19x107!
(6.18x1072)+ (2.48x1072)+ (4.85x1072)+ (3.61x1072)+ (3.96x1072)+ (5.14x1072)+  (7.07x1072)+ (7.86x1073)
CF5 1.20x1071 2.29%x107! 1.22x107! 0.00 1.18x107! 1.09%x107! 1.17x107! 2.68x10~!
(2.38x1072)+ (4.46x1072)+ (1.75x1072)+ (0.00)+ (1.93x1072)+ (2.62x1072)+  (1.71x1072)+ (1.74x1072)
CF6 3.59x10°! 5.04x107! 3.59x10! 4.42x107! 3.65x107! 3.75x107! 3.84x107! 6.02x10~1
(2.03x1072)+ (3.17x1072)+ (4.84x1072)+ (1.49%1072)+ (3.01x1072)+ (157x1072)+  (246x10°2)+  (412x107°)
CE7 1.96x10! 3.01x10°! 2.04x10°! 0.00 1.90x10! 1.96x1071 1.52x1071 4.07x107"
(8.91x1072)+ (8.17x1072)+ (8.78x1072)+ (0.00)+ (7.43x1072)+ (7.66x1072)+  (6.63x1072)+ (2.58x1072)
CF8 NaN 1.70x10~1 NaN NaN NaN NaN NaN 2.53x107!
(0.00%)+ (2.64x1072)+ (0.00%)+ (96.67%)+ (0.00%)+ (0.00%)+ (96.67%)+ (1.74x1072)
CFo 9.13x102 2.65%10°! 8.53x1072 1.77x1071 2.83x107! 9.09x1072 2.69x1071 4.01x107"!
(1.99x1073)+ (1.21x1072)+ (2.14x1072)+ (1.87x1072)+ (3.90x1072)+ (3.18x107%)+  (9.85x107 %)+ (1.14x1072)
CF10 NaN 4.34%1072 NaN NaN NaN NaN NaN 1.05x10~*
(0.00%)+ (417x1072)+ (0.00%)+ (3.33%)+ (48.03%)+ (0.00%)+ (96.67%)+ (4.80x1072)
+/-/= 10/0/0 9/1/0 10/0/0 9/1/0 10/0/0 10/0/0 10/0/0
DAS-CMOP1 3.98x104 3.30%102 0.00 2.10x107! 0.00 7.58x1072 6.30x10* 2.10x101
(5.63x107%)+ (2.76x1072)+ (0.00)+ (1.02x1073)= (0.00)+ (3.40x107%)+  (8.42x10 %)+ (9.73x107%)
DAS-CMOP?2 2.51x1071 2.82x1071 2.46x1071 3.54x1071 2.53x1071 2.57x1071 2.60x107? 3.55x107*
(3.72x1073)+ (7.21x1073)+ (3.62x1073)+ (1.54x104)+ (3.69x1073)+  (3.14x107%)+  (1.31x1073)+  (6.23x107%)
DAS-CMOP3 2.08x1071 2.08x10! 1.83x1071 3.10x10! 2.08x1071 2.09%107! 2.07x1071 3.11x10~!
(1.91x10~%)+ (7.48x107%)+ (6.46x1072)+ (7.02x107%)+ (1.01x1073)+ (1.92x1073)+  (6.80x104)+ (4.36x107%)
DAS-CMOP4 593x102 1.95x1071 692x1072 NaN 1.12x1071 8.13x102 1.96x10~1 2.02x107"
(1.12x1072)+ (4.75%1073)+ (6.43x1073)+ (0.00%)+ (3.85x1072)+ (1.46x1072)+  (2.03x107%)+ (6.54x10™%)
DAS-CMOPS 9.98x1072 3.48x1071 NaN NaN 9.89x1072 1.72x107! 3.51x107" 3.50x107!
(4.54x1072)+ (2.19x107%)+ (0.00%)+ (0.00%)+ (1.95x1072)+ (749%x1072)+  (3.19x10™%)- (3.35x107%)
DAS-CMOP6 NaN 2.93x1071 NaN NaN 3.54x1072 3.21x1072 2.88x107! 3.11x107!
(90.03%)+ (1.17x1072)+ (0.00%)+ (0.00%)+ (1.23x1072)+ (1.14x1072)+  (1.71x10°2)+  (6.05x107%)
DAS-CMOP7 2.84x101 2.84x10°1 2.88x10~! NaN 2.82x10°! 2.88x10°! 2.87x107! 2.87x107!
(5.02x1073)+ (6.92x1074)+ (2.16x1073)- (0.00%)+ (2.12%1072)- (2.60x1073)-  (4.83x107%)- (6.31x107%)
DAS-CMOPS 2.06x101 2.04x107! 2.05%10°! NaN 2.04x10°! 2.07x10~1 2.07x107! 2.06x107!
(1.74x1073)+ (9.26x1074)+ (3.40x107%)+ (0.00%)+ (1.26x1072)- 71x107%)- (5.87x107%)- (4.39x107%)
DAS-CMOP9 1.13x10! 1.39x10! 9.86x102 2.01x1071 1.06x10! 1.15x10! 1.13x10! 2.06x107"
(4.48x1073)+ (6.21x1073)+ (8.61x1073)+ (9.37x104)+ (9.79x107%)+  (L16x1072)+  (7.08x1073)+  (5.73x107%
+/-/= 9/0/0 9/0/0 8/1/0 8/0/1 7/2/0 7/2/0 6/3/0
LIR-CMOP1 1.29x107! 1.77x1071 1.02x107! 1.63x107! 9.28x10~2 1.30x107! 9.36x1072 1.79x10~"
(3.34x107%)+ (1.24x1072)= (7.45x1073)+ (2.65x1072)+ (1.50x1072)+ (1.09x1072)+  (1.41x1072)+ (1.47x1072)
LIR-CMOP2 2.49%x10°! 3.02x10°! 2.11x10°! 3.11x10°1 2.04x10°1 2.54%10°! 2.06x10°! 3.21x107 !
(8.10x1073)+ (1.07x1072)+ (1.38x1072)+ (1.57x1072)+ (150x1072)+  (143x1072)+  (1.22x1072)+  (1.12x1072)
LIR-CMOP3 1.11x1071 1.52x107! 9.27x1072 1.41x1071 9.60x10~2 1.10x107" 9.24x1072 1.46x107"
(420x1073)+ (8.00x1073)- (6.62x1073)+ (1.42x1072)= (6.21x107%)+ (6.54x1073)+  (9.60x107%)+  (1.10x1072)
LIR-CMOP4 2.06x107! 2.47x107! 1.76x107! 2.40x107! 1.77x107! 2.10x10°! 1.74x107! 2.62x107!
(9.15x1073)+ (1.04x1072)+ (1.16x1072)+ (2.13x1072)+ (1.60x1072)+  (7.62x107%)+  (L13x1072)+  (1.16x1072)
LIR-CMOP5 0.00 2.36x107! 0.00 2.50%10~1 3.60%102 0.00 1.19x10! 2.78x10~!
(0.00)+ (2.17x1072)+ (0.00)+ (6.80x1072)+ (5.20x1072)+ (0.00)+ (836x107%)+  (2.84x1073)
LIR-CMOP6 0.00 1.48x107! 0.00 1.34x107! 4.69x1072 0.00 9.84x1072 1.69x107*
(0.00)+ (1.03x1072)+ (0.00)+ (2.63%102)+ (4.77x1072)+ (0.00)+ (420x10°3)+  (6.12x107%)
LIR-CMOP7 0.00 2.41x107! 0.00 2.87x1071 2.32x107! 2.16x107! 2.34x10°1 2.92x107!
(0.00)+ (3.46x1073)+ (0.00)+ (1.29x1072)= (9.59x1073)+ (451x1072)+  (4.32x107%)+ (6.96x107%)
LIR-CMOPS 0.00 2.30%10°! 0.00 2.89%10 1 2.18x10°! 1.72x10! 221x107! 2.94x107"
(0.00)+ (3.56x107%)+ (0.00)+ (1.24x1072)+ (8.68x107%)+ (8.78x1072)+  (2.68x107%)+ (2.24x10~%)
LIR-CMOP9 9.67x102 3.81x10°1 8.46x102 3.12x10°1 2.01x10°1 2.37x1071 2.33x10°! 4.00x107!
(3.82x1072)+ (5.54x1072)= (3.01x1073)+ (1.98x1072)+ (4.87x1072)+ (239x1072)+  (343x1072)+  (226x107°)
LIR-CMOP10 5.27x1072 4.87x1071 5.95x10~2 5.79x1071 1.67x1071 5.43x1072 2551071 6.09x10~!
(2.56x107%)+ (6.36x107%)+ (1.91x1072)+ (2.34x1072)+ (7.17x1072)+ (4.30x107%)+  (2.81x1072)+ (1.18x1072)
LIR-CMOP11 1.60x10! 6.01x10"! 1.63x107! 5.33x10°1 2.90x107? 2.27x1071 3.80x107? 5.99x107!
(1.37x1072)+ (2.62x1072)= (1.51x1072)+ (4.93x1072)+ (558x1072)+  (1.87x1073)+  (320x1072)+  (549x1073)
LIR-CMOP12 1.82x1071 5.09%10~! 1.86x107" 4.23x1071 3.97x1071 3.81x10! 4.23x1071 5.30x10~!
(1.47x1072)+ (1.57x1072)+ (1.37x1072)+ (5.78x1072)+ (5.11x1072)+ (7.55x1072)+  (3.17x1072)+ (1.80x10~3)
LIR-CMOP13 7.87x1075 543x107! 416x107* 5.03x107! 551x107! 9.26x107° 5.55x10"" 5.39x10°!
(1.02x10~4)+ (2.65%1073)- (8.26x1075)+ (2.81x1073)+ (2.32x102)- (1.28x107H+  (113x1073)-  (1.57x1073)
LIR-CMOP14 4.93x107* 5.48x1071 1.01x1073 5.30x1071 5.55x107" 5.53x10~* 5.55x 10" 5.53x 10"
(320x1074)+ (2.11x1073)+ (7.63x1075)+ (3.32x1073)+ (1.37x107%)- (3.16x107%)+  (1.54x1073)- (1.48x1073)
+/-/= 14/0/0 9/2/3 14/0/0 12/0/2 12/2/0 14/0/0 12/2/0
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Table 3. Cont.
BiCo DPPPS AGEMOEAII DSPCMDE CMOEA-MS TSTI CTSEA PSCMO

MW1 NaN 3.55x107! NaN NaN NaN NaN NaN 4.88x107!
(0.00%)+ (1.95% 10~ 1)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (1.82x107%)

MW2 5.21x107! 447%x1071 4.09x107! NaN 4.34x1071 4.38x107! 4.79x107! 5.01x107!
(1.82x1072%)- (5.48x1072)+ (6.04x1072)+ (76.67%)+ (4.36x1072)+ (4.45x1072)+  (3.91x1072)+ (1.15x1072)

MW3 5.37x107! 5.37x107! 0.00 5.41x102 4.60x1071 4.32x1071 540x107! 541x107!
(1.28x1073)+ (7.51x104)+ (0.00)+ (3.54x10%)= (1.85x107 1)+ (127x107H+  (1.44x107%)+ (2.73x107%)

MW4 NaN 7.99%x10°! NaN NaN NaN NaN NaN 8.29x10~1
(0.00%)+ (1.35x10~ 1)+ (0.00%)+ (90.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (6.12x107%)

MW5 NaN 2.74x1071 NaN NaN NaN NaN NaN 3.22x107!
(0.00%)+ (8.81x1072)+ (0.00%)+ (36.67%)+ (0.00%)+ (0.00%)+ (0.00%)+ 4.37x10%)

MW6 2.69x107! 2.24x107! 7.75x1072 NaN 1.11x10! 8.34x1072 2.00x10~! 2.10x10~!
(1.82x1072%)- (5.45x1072)- (3.98x1072)+ (86.67%)+ (2.96x1072)+ (4.09x1072)+  (6.96x1072)= (2.99x1072)

MW7 4.05x107! 4.07x1071 2.44x107! 4.12x107! 4.01x107! 4.01x107! 4.10x107! 4.08x107!
(1.40%10-3)+ (8.37x10~4)+ (7.63x10~4)+ (3.21x10%)- (174x1073)+  (L67x107%)+  (887x107H)-  (8.63x107%)

MWS 4.90x107! 4.76x107! NaN NaN NaN NaN 4.28x107! 452x107!
(3.50x102)- (2.88x1072)- (93.33%)+ (0.00%)+ (93.33%)+ (96.67%)+ (5.92x1072)=  (1.94x1072)

MW9 NaN 0.00 NaN NaN NaN NaN NaN 3.96x107!
(0.00%)+ (0.00)+ (0.00%)+ (90.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (1.39x10~ 1)

MW10 3.28x107! 3.06x107! NaN NaN NaN NaN NaN 3.08x107!
(4.62x1072)- (6.37x1072)= (0.00%)+ (0.00%)+ (20.43%)+ (40.00%)+ (86.67%)+ (2.52x1072)

MW11 4.11x107! 447%x1071 2.73x1071 NaN 3.70x107! 3.67x10°1 4.47x1071 4.47x1071
(7.12x1072)+ (2.64x10~4)= (2.02x10~4)+ (0.00%)+ (793x102)+  (851x1073)+  (2.91x107H=  (2.83x107%)

MW12 NaN 0.00 NaN NaN NaN NaN NaN 6.05x10~"
(73.50%)+ (0.00)+ (0.00%)+ (96.67%)+ (0.00%)+ (0.00%)+ (0.00%)+ (2.20x10™%)

MW13 4.13x107! 3.91x10°! 2.12x107! 1.53x10~! 2.99x10~! 2.57x10~! 3.83x10°! 3.82x10~!
(1.80x10~2)- (4.03x1072)- (5.03x1072)+ (4.83x1072)+ (5.14x1072)+ (9.21x1072)+  (4.80x1072)- (1.19x1072)
MW14 3.48x107! 2.21x107! 4.30x107! 2.36x107! 3.72x107! 4.18x107! 4.02x1071 4.44x107"
(2.50x1072)+ (1.53x1072)+ (2.05x1072)+ (9.26x1073)+ (2.99x1072)+ (2.62x1072)+  (4.14x1072)+ (7.47x107%)
+/-/= 9/5/0 9/3/2 14/0/0 12/1/1 14/0/0 14/0/0 9/2/3
RWMOP1 3.59x10~! 3.45x107! 3.25x10°! NaN 3.21x107! 3.49x107! 3.29x10°! 3.73x107!
(6.50%10~3)+ (1.24x1072)+ (8.87x10~3)+ (0.00%)+ (1.87x102)+  (8.69x1073)+  (7.88x107%)+  (2.88x1073)
RWMOP2 3.18x1072 3.18x1072 3.18x1072 3.18x102 3.18x1072 3.18x1072 3.18x1072 3.18x1072
(1.80x107%)= (2.44x107%)+ (3.82x1077)- (7.82x1077)+ (8.60x1077)+ (324x107%+  (1.18x107%)+ (8.93x1077)
RWMOP3 NaN 6.36x107! NaN NaN NaN NaN NaN 7.03x1071
(0.00%)+ (2.13x1071)= (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (9.69%1072)
RWMOP4 NaN 9.02x107! NaN NaN 7.15%x107! NaN NaN 9.02x107!
(96.67%)+ (6.87x10~%)+ (66.67%)+ (0.00%)+ (1.14x10 1)+ (96.67%)+ (36.67%)+ (1.61x102)
RWMOPS5 2.42x107! 2.42x107! 2.41x1071 241x107! 2.32x10~! 2.32x10°! 242x10°! 242x10°!
(7.71x10~%)= (74110 6)+ (4.57x1075)+ (7.42%10%)+ (1.03x107%)+  (7.83x10°%)+  (6.98x10°%)=  (1.00x10°5)
RWMOP6 NaN 2.29x1072 NaN NaN NaN 3.85x1072 NaN 3.08x1072
(0.00%)+ (1.66X10 )+ (0.00%)+ (0.00%)+ (90.00%)+ (1.67x1072)- (0.00%)+ (9.77x10%)
RWMOP7 NaN 5.14x107! NaN NaN NaN NaN NaN 5.95x10""
(0.00%)+ (.72x10~1)= (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ 1.73x107Y)
RWMOPS NaN 9.09x102 NaN NaN NaN NaN NaN 2.54x107!
(0.00%)+ (2.26x10 1)+ (0.00%)+ (10.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (1.73x10~ 1)
RWMOP9 NaN 4.81x1072 NaN NaN NaN NaN NaN 4.34x107!
(0.00%)+ (1.84x 10~ 1)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (2.63x10™Y)
RWMOP10 NaN 0.00 NaN NaN NaN NaN NaN 1.89x1074
(0.00%)+ (0.00)= (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (1.03x10~3)
RWMOP11 NaN 0.00 NaN NaN NaN NaN NaN 1.36x1072
(0.00%)+ (0.00)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (7.43x10~2)
RWMOP12 NaN 2.85x10~! NaN NaN NaN NaN NaN 4.33x107!
(0.00%)+ (1.45x1071)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (0.00%)+ (1.36x10™Y)
+/-/= 10/0/2 9/0/3 11/1/0 12/0/0 12/0/0 11/1/0 11/0/1

5.1. Comparison on the CF Test Set

From Tables 2 and 3, it is evident that the PSCMO algorithm achieves the best IGD
and HV results across the nine test functions (CF2 to CF10) compared to those of the other
algorithms. This superior performance is attributed to PSCMO’s ability to dynamically
adjust the evolutionary strategies based on the population states, enhancing its search
capability around the CPF and improving both the convergence and distribution of the
population. In contrast, the DPPPS algorithm only attains optimal IGD+ and HV values
for CF1, as its collaborative evolution framework with three populations is limited to
achieving the optimal solutions on a small subset of functions. Regarding feasible solution
rates, PSCMO and DPPPS consistently find feasible solutions on the CF test set, whereas
the remaining six algorithms fail to do so across all functions. PSCMO achieves optimal
solutions on nine test functions, significantly outperforming DPPPS, which only achieves
optimality on one function. This stark difference highlights the limitations of DPPPS
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compared to PSCMO. Overall, across various test problems, the PSCMO algorithm exhibits
a more balanced and superior performance in terms of convergence and diversity while
also ensuring feasibility, surpassing the seven other algorithms in the comparison.

5.2. Comparison on the DAS-CMOP Test Set

The DAS-CMOP problems are characterized by Pareto fronts composed of disjoint
line segments obscured by extensive infeasible regions, with some feasible regions situated
far from the unconstrained Pareto frontier. As shown in Table 2, PSCMO demonstrates
a superior performance, achieving the optimal IGD+ for DAS-CMOP1 to DAS-CMOP4,
DAS-CMOP6, DAS-CMOPS, and DAS-CMOP9. However, CTSEA obtains the best IGD+
only for DAS-CMOPS5. Similarly, Table 3 highlights PSCMQO'’s achievement of the best
HV among the compared algorithms for DAS-CMOP2 to DAS-CMOP4, DAS-CMOP%,
and DAS-CMOP9. The other algorithms, including AGEMOEAII, DSPCMDE, TSTI, and
CTSEA, achieve the best HV for DAS-CMOP7, DAS-CMOP1, DAS-CMOPS8, and DAS-
CMOPS5, respectively. Although CTSEA performs well for DAS-CMOP5, achieving both the
best IGD+ and HYV, its performance is less competitive for the other test functions, ranking
as low as sixth in terms of the IGD+ and HV values for DAS-CMOP9. This suggests that
CTSEA is effective in specific problems but lacks general applicability across a broader
range of DAS-CMOP functions. Regarding feasible solution rates, algorithms such as
BiCo, AGEMOEAII, and DSPCMDE fail to consistently obtain feasible solutions for all test
problems in this set. This limitation may stem from the challenges associated with acquiring
feasible solutions in multiple swarm algorithm frameworks. In summary, PSCMO stands
out among the compared algorithms, consistently demonstrating an excellent performance
in its convergence, diversity, and feasibility across the DAS-CMOP benchmark functions.

5.3. Comparison on the LIR-CMOP Test Set

The LIRCMOP test suite is designed to challenge algorithms in handling large in-
feasible regions, with numerous constraints and a vast infeasible domain. This requires
algorithms to effectively explore infeasible regions and identify the CPF. From Table 2, it
is evident that the PSCMO algorithm outperforms the others by achieving the optimal
IGD+ in LIR-CMOP2 and LIR-CMOP4 to LIR-CMOP12. This highlights PSCMO's profi-
ciency in managing large infeasible regions (LIR-CMOPS5 to LIR-CMOPS8) and disconnected
feasible regions (LIR-CMOP9 to LIR-CMOP12). While DPPPS achieves the best IGD+ in
LIR-CMOP1 and LIR-CMOP3 and CTSEA excels in LIR-CMOP13, PSCMO maintains a
superior performance in most of the test cases. As shown in Table 3, PSCMO also achieves
the optimal HV in LIR-CMOP1, LIR-CMOP2, LIR-CMOP4 to LIR-CMOP10, and LIR-
CMOP12. In contrast, DPPPS secures the optimal HV in LIR-CMOP3 and LIR-CMOP11,
CMOEA-MS excels in LIR-CMOP14, and CTSEA leads in LIR-CMOP13. The remaining
four algorithms do not achieve any optimal results, which may be attributed to the poor
performance of BiCo, AGEMOEAII, and DSPCMDE due to their complex multiple swarm
algorithm frameworks. TSTI's two-stage framework may also hinder its performance in
this test suite. Overall, PSCMO demonstrates a clear advantage in the LIR-CMOP test
set, reflecting its robust convergence and diversity optimization capabilities. Its strong
performance positions it as a highly competitive algorithm for solving complex constrained
multi-objective problems.

5.4. Comparison on the MW Test Set

The MW test suite, designed for general applicability, presents a diverse set of feasible
region characteristics, including disconnected regions, large infeasible separations, and
regions distant from the unconstrained Pareto front. Table 2 summarizes the IGD+ results
for the seven comparison algorithms across MW1 to MW14. PSCMO demonstrates the best



Mathematics 2025, 13, 688

18 of 27

overall performance, achieving the optimal IGD+ on eight test functions and competitive
results on the remaining six. This success can be attributed to the relatively large feasible
areas in the MW test set, which are more accessible for processing. Regarding the HV, as
shown in Table 3, BiCo, DSPCMDE, and CTSEA achieve the highest HV values on five, two,
and one test functions, respectively. PSCMO outperforms the others on six test functions
and remains competitive on the remaining eight. AGEMOEAII fails to achieve the best
results for any of the 14 test functions, likely due to its resource-intensive approach, which
avoids assumptions about the geometric shape of the Pareto front. This hinders its ability
to balance global and local search effectively. Similarly, CMOEA-MS and TSTI do not
achieve the best results on any test function, primarily due to the poor solution distribution
caused by their two-stage evolutionary algorithm frameworks. From the perspective of a
feasible solution rate, PSCMO consistently produces feasible solutions, aligning with its
performance on the CF test set and demonstrating strong feasibility. PSCMO achieves the
highest number of optimal IGD+ and HV results across the test functions, underscoring its
superior convergence and distribution capabilities. This highlights PSCMO as an effective
and robust algorithm for solving constrained multi-objective optimization problems in
diverse scenarios.

5.5. Comparison on Real-World Problems

From Table 2, it is evident that PSCMO achieved the best IGD+ values across 10 test
functions (RWMOP1 to RWCMOP3 and RWMOPS5 to RWMOP11), demonstrating its supe-
rior convergence in real-world problems. In comparison, DPPPS and CMOEA-MS achieved
the best IGD+ in RWMOP4 and RWCMOP12, respectively, but none of the other five compar-
ison algorithms reached the best IGD+, further emphasizing PSCMO’s strong performance.
As shown in Table 3, PSCMO excelled in HV as well, obtaining the best HV values in RW-
MOP1, RWMOP3, and RWMOP7 to RWMOP12. In contrast, BiCo, DPPPS, AGEMOEAII,
and TSTI each achieved the best HV in only one of the test functions (RWMOP5, RW-
MOP4, RWMOP2, and RWMOPS, respectively). This indicates that these algorithms tend
to perform well on specific real-world problems but lack broad applicability. In terms of a
feasible solution rate, PSCMO consistently provided feasible solutions, aligning with the
results from the CF and MW test sets and confirming its excellent feasibility. Additionally,
Figure 2 highlights that PSCMO outperformed the other seven comparison algorithms
in terms of both IGD+ and HYV, as evidenced by the significantly better average rankings
in the Friedman test. Overall, PSCMO achieved the best IGD+ and HV, demonstrating
its superior convergence, diversity, and feasibility, thus confirming its effectiveness and
versatility in solving real-world constrained multi-objective optimization problems.

From the analysis of the four sets of test functions and real-world problem:s, it is evident
that PSCMO is a highly competitive algorithm in terms of its convergence, diversity, and
feasibility. The Friedman test results in Figure 2 further support this conclusion, with
PSCMO consistently achieving the best overall average ranking. Although the DPPPS
algorithm ranks second in the Friedman test, it still lags behind PSCMO, likely due to its
weaker convergence performance based on a three-population co-evolution framework.
While BiCo exhibits a comparable performance to that of PSCMO in the MW test set,
PSCMO significantly outperforms BiCo in the other three test sets and the real-world
problems. This is reflected in PSCMOQ’s superior average ranking in the Friedman test
compared to that of BiCo, further highlighting PSCMO’s balanced and superior capabilities
across a wide range of CMOPs. In summary, PSCMO demonstrates a robust and reliable
performance across diverse problem types, excelling in its convergence, diversity, and
feasibility. This conclusion is fully validated by the comprehensive comparison results
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and statistical analyses, positioning PSCMO as an effective and versatile solution for
solving CMOPs.
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Figure 2. Average ranking of 8 algorithms in the Friedman test for IGD+ and HV across all
test functions.

5.6. Convergence Speed Analysis

Figure 3 illustrates the IGD+ convergence curves for PSCMO and six comparative
algorithms after 100,000 evaluations, with only the IGD+ values of the feasible solutions
plotted. The results indicate that the PSCMO algorithm excels in its convergence speed,
especially in problems with narrow feasible regions like DAS-CMOP4, LIR-CMOP2, and
MW?13. This is due to the ability of both the subpopulations and unconstrained populations
in PSCMO to approximate the CPF from both the infeasible and feasible regions of the
search space. PSCMO also performs well in problems with large feasible domains, such as
LIR-CMOPS5 and LIR-CMOP6, demonstrating its capability to efficiently handle such cases.
Additionally, PSCMO excels in problems where the CPF is composed of separate segments,
such as CF3, DAS-CMOP5, and DAS-CMOP7?. The complementarity and collaboration
between subpopulations and unconstrained populations allow PSCMO to quickly find
a well-distributed set of solutions across the entire CPF, leading to rapid convergence.
Compared to the other seven algorithms, PSCMO shows significantly faster convergence
as the evaluations increase. While PSCMO initially shows higher IGD+ values on the
test functions CF4, CF6, MW2, and MW14, it rapidly converges to the Pareto front after
around 30,000 evaluations, highlighting its strong ability to escape local optima. Even
though DPPPS achieves faster convergence compared to that of the other algorithms, it still
falls short of PSCMO'’s performance. Overall, PSCMO outperforms the other algorithms
in terms of both its convergence speed and final convergence quality, demonstrating its
superiority in solving constrained multi-objective optimization problems.
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Figure 3. IGD+ convergence graph of 8 algorithms under 100,000 evaluations.

5.7. Diversity Analysis

Figure 4 displays the population distribution of PSCMO and seven comparative
algorithms across four different test functions, with each algorithm using a population of
100 individuals and a maximum evaluation count of 100,000. The results show that PSCMO
consistently achieves the best distribution across these functions, outperforming the other
algorithms in both convergence and diversity. In particular, AGEMOEAII, CMOEA-MS,
TSTI, and CTSEA perform poorly in terms of convergence and diversity. In the CF2 test
function, none of these algorithms can reach the Pareto front region, and in DAS-CMOP9,
they fail to reach smaller feasible domains. This suggests that these algorithms struggle
to relax the constraints sufficiently, preventing them from escaping local optima when
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they are encountered. The same issue is observed with BiCo. For CMOPs, it is crucial to
appropriately relax the constraints to allow the algorithm to explore the entire feasible
domain and reach all feasible regions, especially smaller ones. On the other hand, DPPPS
and DSPCMDE demonstrate good convergence and diversity, performing similarly to
PSCMO in CF2, LIR-CMOP12, and MW14. However, as seen in DAS-CMOP9, the diversity
of DPPPS and DSPCMDE significantly lags behind that of PSCMO. This may be due to
their susceptibility to infeasible regions, which hinders their ability to maintain a well-
distributed population across the solution space. Figure 5 shows the convergence curve
for HV, representing the evolution of the diversity indicators throughout the population’s
evolution process. The graph reveals that PSCMO does not perform optimally during
the first 30,000 iterations, a pattern also observed in the IGD+ curve. However, PSCMO
consistently demonstrates a rapid improvement in the population diversity after this initial
phase, as seen in cases such as CF3, CF4, DAS-CMOP4, and MW14. From CF3 and CF4, it
is evident that the other comparative algorithms tend to become trapped in local optima,
preventing them from escaping and causing their HV values to plateau before reaching
an optimal solution. In contrast, as seen for CF2, DAS-CMOP4, MW2, MW13, and MW 14,
PSCMO exhibits a relatively faster increase in diversity. This is due to PSCMO’s ability to
switch between different CHTs based on varying population states, which enhances both
the population diversity and the algorithm’s capacity to explore global optima. Overall,
PSCMO outperforms the other algorithms in terms of the diversity and the convergence
speed for HV.

5.8. Statistics and Testing

Tables 4 and 5 provide the Wilcoxon signed rank test results for IGD+ and HV between
PSCMO and the seven comparative algorithms. In general, a larger difference between R ™"
and R~ indicates the greater advantage of PSCMO over the comparison algorithms. The re-
sults show that the number of R~ (instances where PSCMO performs worse) is significantly
smaller than the number of R™ (instances where PSCMO performs better). This trend
strongly suggests that PSCMO outperforms the seven compared algorithms. Moreover,
all of the P-values are less than 0.05, further confirming that the advantage of PSCMO is
statistically significant. Based on the statistical analysis, it can be concluded that PSCMO
demonstrates a superior performance in terms of both convergence and diversity, making
it a highly competitive algorithm for constrained multi-objective optimization problems.

Table 4. Wilcoxon signed rank test results of PSCMO and IGD+ of 7 comparative algorithm problems.

PSCMO VS Rt R~ P Level = 0.05
BiCo 1066 419 0.002709 YES
DPPPS 1309 231 0.000003 YES
AGEMOEAII 1105 380 0.000914 YES
DSPCMDE 1016 469 0.009372 YES
CMOEA-MS 1137 348 0.000346 YES
TSTI 1143 342 0.000286 YES
CTSEA 1050 435 0.004105 YES

Table 5. Wilcoxon signed rank test results of PSCMO and HV of 7 comparative algorithm problems.

PSCMO VS Rt R~ P Level = 0.05
BiCo 1584 69 0.00000 YES
DPPPS 1477 176 0.00000 YES
AGEMOEAII 1648 5 0.00000 YES
DSPCMDE 1566 87 0.00000 YES
CMOEA-MS 1627 26 0.00000 YES
TSTI 1642 11 0.00000 YES

CTSEA 1546 107 0.00000 YES
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Figure 5. HV convergence graph of 8 algorithms under 100,000 evaluations.

5.9. The Ablation Experiment

PSCMO is a multi-strategy CMOEA that adapts to different situations by combining
various strategies. In this section, different strategy combinations were tested, as shown in
Table 6. Table 7 presents the experimental results for 47 test functions under five different
combinations. From the results in Table 7, it is clear that the number of “+” (where PSCMO
outperformed the compared algorithms) is significantly higher than the number of “-”
(where PSCMO performed worse), and the significance levels are all below 0.05. This
indicates the validity of the experimental results. The performance of PSCMO-A, PSCMO-
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B, and PSCMO-C is found to be inferior to that of PSCMO, suggesting that adjusting the
population state through different combinations can affect the performance. Specifically,
this paper highlights that by changing the CHTs according to the population’s changing
state, the convergence and diversity of the population can be enhanced effectively. PSCMO-
D, which uses a different environmental selection approach, is also found to be inferior to
PSCMO, indicating that the environmental selection proposed in this study is better for
assisting in the population selection. PSCMO-E, which incorporates population resource
allocation, is similarly found to be inferior to PSCMO. This suggests that resource allocation
can improve the algorithm’s performance. Overall, it can be concluded that combining
multiple strategies allows PSCMO to achieve a balanced and superior performance in
both its diversity and convergence, reinforcing its robustness and adaptability in tackling
constrained multi-objective optimization problems.

Table 6. Testing algorithms under different combinations.

Algorithm Name Describe
PSCMO-A Compared with PSCMO, the population state of this algorithm is all in the first state.
PSCMO-B Compared with PSCMO, the population state of this algorithm is entirely in the second state.
PSCMO-C Compared with PSCMO, the population state of this algorithm is all in the third state.
PSCMO-D Compared to PSCMO, the optimal individuals for this algorithm are selected by the CDP model.
PSCMO-E Compared with PSCMO, the population size of this algorithm is fixed at NP.
Table 7. Results of the ablation experiment.

PSCMO VS IGD+ (+/—/=) P HV (+/—/ =) P
PSCMO-A 42/0/5 0.000031 39/0/8 0.000000
PSCMO-B 41/1/5 0.000129 40/1/6 0.000016
PSCMO-C 37/1/9 0.000052 37/0/10 0.000000
PSCMO-D 42/1/4 0.000003 42/0/5 0.000000
PSCMO-E 39/0/8 0.000048 39/0/8 0.000000

6. Conclusions

This article introduces a population state-based CMOEA to solve CMOPs efficiently
while minimizing computational resource waste. Traditionally, the individual selections
were primarily determined by CHTs; however, due to the varying difficulty of CMOPs,
many existing algorithms lack universal adaptability. To address this issue, this paper
proposes a method for identifying the state of the population by analyzing the positional
relationships between the auxiliary and main populations. Based on this, different CHTs
are designed to improve the algorithm’s applicability. Further, by selecting the auxiliary
population based on different CHTs, the evolution of the main population is guided more
effectively. This paper also proposes distinct optimal individual selection models based
on the population state, enabling the population to escape local optima and accelerate the
convergence. Additionally, a simple and effective resource allocation model is introduced
to optimize the use of computing resources and avoid the inefficiencies associated with
a dual-population model. This model improves the overall efficiency of resource utiliza-
tion. Through extensive comparative experiments on 47 benchmark test functions and
12 real-world problems, PSCMO has been thoroughly validated, demonstrating superior
convergence, diversity, and feasibility.

Although PSCMO demonstrates a strong performance and can obtain high-quality
solution sets, there are areas where it could be further improved. Specifically, its perfor-
mance on the MW test functions is not as superior as its performance on the other test
functions, and its diversity in the LIR-CMOP test functions also requires enhancement.
These limitations are primarily attributed to the shortcomings of restrictive constraint-
handling techniques. Furthermore, ref. [52] can be referenced, which attempts to control
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the population state using a second-order transfer function. Future research will focus
on developing more effective constraint-handling methods to address these challenges.
Despite these areas for improvement, PSCMO has shown excellent performance across
47 test functions and 12 real-world problems, establishing it as a robust and competitive
algorithm in evolutionary computing.

The source code is available at https://github.com/YongchaoLucky/PSCMO (ac-
cessed on 15 January 2025).
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