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Abstract: This article studies the theoretical properties of the numerical scheme for back-
ward stochastic differential equations, extending the relevant results of Briand et al. with
more general assumptions. To be more precise, the Brown motion will be approximated
using the sum of a sequence of martingale differences or a sequence of i.i.d. Gaussian
variables instead of the i.i.d. Bernoulli sequence. We cope with an adaptation problem
of Y" by defining a new process Y"; then, we can obtain the Donsker-type theorem for
numerical solutions using a similar method to Briand et al.
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1. Introduction

In this article we consider the following backward stochastic differential equation
(BSDE for short):

T T
Y, :§+/ f(YS,Zs)ds—/ ZdW., 0<t<T, (1)
t t

where W is standard Brownian motion on (Q), F, { F; }o<t<1,P), f(y, z) is Lipschitz contin-
uous with y and z, and ¢ is measurable with Fr.

Research on backward stochastic differential equations can be traced back to 1973,
Bismut [1] first studied linear backward stochastic differential equations. Pardoux and
Peng [2] first introduced nonlinear backward stochastic differential equations, and the
existence and uniqueness of the solutions under the standard Lipschitz condition were
presented. For over thirty years, based on the works of Pardoux and Peng [2], backward
stochastic differential equations have developed rapidly in the fields of financial mathemat-
ics, stochastic control, differential games, and numerical analysis; see El Karoui et al. [3]
for details.

Unlike forward stochastic differential equations, the solution of backward stochastic
differential equations is a pair of adapted processes (Y, Z); this also poses certain diffi-
culties in numerically solving backward stochastic differential equations. Early studies
mostly used stochastic differential equations to study numerical solutions for forward and
backward stochastic differential equations. The system of differential equations consists of
a portion of forward stochastic differential equations and a portion of backward stochastic
differential equations. Ma et al. [4] proposed a four-step solution method for forward
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and backward stochastic differential equations. Douglas et al. [5] provided a numerical
solution for forward and backward stochastic differential equations using approximation
techniques for partial differential equations and stochastic differential equations. Zhang [6]
also provided the L? convergence rate of numerical schemes for forward and backward
stochastic differential equations. Chevance [7] assumed that when f is irrelevant with z,
by discretizing conditional expectations, the following can be obtained:

T
Y = E[¢ + /t F(Ys, Zs)ds| Fi)

This provided a numerical solution for Y and proved the convergence property. Co-
quet et al. [8] studied the convergence of numerical schemes for backward stochastic
differential equations in the sense of function space using the convergence of filtration
when f is irrelevant with z.

When f is relevant with z, Briand et al. [9] studied the Donsker-type theorem to
develop a numerical scheme of backward stochastic differential equations, and investigated
the following numerical scheme:

Y = Yko1 + hf(ykozk) — Vhzeery, k=n—1,---,0, y,=¢&",

where h = T/n, {ex}1<k<y is a set of independent and identically distributed random

variables, and

Pley = 1) = Peg = —1) = % )

Here, we note G, = (g1, -+ , &), 1 <k < nand set {" as a G,— measurable random
variable. Meanwhile, set

1
z = W 2E[yiy1€541|Gk],

For 0 <t < T, define
Y =Ypm, Zt = z)4/m)

where |x] = (x —1)" when x is an integer, and |x| = [x] when x is not an integer.

Briand et al. [9] found that (Y, Z") converge to (Y, Z) in a certain sense. This is a type
of Donsker-type theorem that was first used to describe the weak convergence of partial
sum processes to Brownian motion on C|[0, T] (see Donsker [10]).

We can see that the Bernoulli distribution is critical for obtaining Donsker-type theo-
rem for numerical solutions. The key contribution of this article is to extend the Bernoulli
condition (2) to a more general condition: {&j}1 <<y is a sequence of martingale difference
or ii.d. Gaussian variables. In the former case, we need an additional assumption (see
Assumption 6 below) to deal with the absence of independent and identical distributions.
In the latter case, we will use an estimation Lemma 5 to obtain the UT property, which
is necessary to prove the Theorem 3. Moreover, we can see in Remark 1 that the original
solution Y" might not be adapted to the filtration. Therefore, we introduce an improved
process Y" to insure the adaptation. The structure of this article is as follows: Section 2
introduces the main results of this article. The Section 3 introduces a result for the conver-
gence of filtration, which is our tool to prove the main results of this paper. In Section 4, we
provide proof of the main results of this article. We also introduce some lemmas that could
be used in Section 5.

2. Main Result

The discussion in this article is based on the complete probability space with filtration
(Q, F,{Fi}o<t<t,P); W is a standard Brownian motion on (Q, F, { F; }o<t<7,P); and fil-
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tration {F; }o<t<T, is the natural filtration generated by W, assumed to be right continuous.
Consider random variable {€} }1<x<, defined on the probability space above, and define

[t/h] T
Wi=vhy e 0<t<T, h=-.
k=1

3)
Similar to the settings of Briand et al. [9], we setyj; = ", and fork=n—1,---,0,

yp =yl Hhf(y}zp) — Vhzel (4)

and
_1
zp = h 2E[yg, 1861167 ],

where G = 0 (¢€],...,€}).

Remark 1. In fact, (4) is equivalent to the following equation:

n—1 n—1
yi =8"+nh ) fyl,2l) = ) zfeliq ®)
i=k i=k

Let k = 0 and subtract it from (5); we obtain
k-1 k-1
vE=yo th ) izl — ) Fel
i=0 i=0

Houwever, this could not yield that y" is adapted to the filtration {G}' }o<k<, because we know
nothing about .

To adapt v} to filtration G}, we further define ;! as a modified version of y}:
Ik = ElyklGe], ©6)

and for0 <t < T,
Ytn = yﬁ/l’l]’ Z;’l = Zr[t/hJ’ Ytn = yAﬁ/l’l] (7)

Remark 2. Because of the definition of [ - | and | - | in the previous section, Y™ and Y™ are cadlag
processes, and Z" is a caglad process.

This article investigates the weak convergence problem of (Y, Z) in space D([0, T}).
The topology of D([0, T]) is J;. Related concepts are referenced in the work of Jacod and
Shiryaev [11]. Here, we present a few symbols required for this article. M" = M means
M" converge in law under the J; topology. M" ZEPy M represent sup, ., | M} — M| LN
0forall0 < t < T. If {G}'}o<i<T, {Gt}o<i<T are two filtrations, then {G/'}o<s<T —
{Gt}o<t<T means that for any B € Gr, E[15|G"]| probably converges to E[15|G.] under
topology J1. We denote the natural filtration generated by W, in (3) as { F}' }o<t<T, which
is assumed to be right continuous. In the following, we recall the UT condition, which is
crucial for the convergence of the stochastic integrals.

Definition 1. A sequence of continuous R9-valued semimartingales (X"),>1 is said to have the
UT condition if for each n > 1, the decomposition X" = M" 4+ A" has

T
supE[(M”,M”)T—l-/ |[dAY]] < oo,
n 0
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where My, is a local martingale and Ay, is a local finite variation process.
Now, we provide the assumptions of this article.

Assumption 1. f : R x R — R is Lipschitz, which means there exists a constant K > 0,
such that

)

Y(.2), (v, ) R |f(y,2) ~ f(v.2) | <K(ly -y +]z— 2
Assumption 2. ¢ is Fr— measurable. For n > 1, {" is G}' — measurable, and
E[éfz] + sng[(é”)z] < oo;
Assumption 3.
Tim E[[g" — &) = 0;

Assumption 4. W" 2w

Assumption 5. for0 < k < n, E[e}|GI ] =0,P(e! =1) =P(efl = —1) = .
Assumption 6. For any bounded continuous function g,
P
E[g(W) W] — E[g(Wp)[Ws], 0<s<t<T. 8)

Remark 3. At first glance, Assumption 6 may seem quite strange. Howeuver, it is a technical
condition to apply Lemma 1 to proof the convergence of filtration if {€} }1<k<, is not an i.i.d.
sequernce.

Assumption 7. {€} }1<x<, is a family of independent and identically distributed Gaussian random
variables, and E[e}}] = 0, E[(e’]g)z] - 1.

Remark 4. Actually, under Assumptions 5 and 6 or Assumption 7, we can obtain W* = W
through Lemma 4. Since W is continuous, we also obtain that W™ converges under local uniform
topology in law because of the property of the |, topology.

Now, we present the main results of this article. We should note that the results are
based on Assumption 5 or Assumption 7, which cannot coexist, so the conditions for the
main results are divided into two independent assumptions.

Theorem 1. Under Assumptions 1—4, with 5 and 6 or 7, we have
(Yn, / ' zgds> = (Y, / Zods), )
0 0

A 2 T 2 P
sup |V — vi| +/ 1zt — z,)%ds B o. (10)
0<t<T 0

Furthermore,

Now, we provide an example by applying Theorem 1.
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Theorem 2. Let S be defined as follows:

[t/h]

P=vhY &g, 0<t<T, h:%,
k=1

where €y are in Assumptions 5 and 6 or Assumption 7 without superscript n. Let {Yt, Zt }o<i<1
be the solution of the BSDE (1) with & = g(Wr) and {Y]',Z}'} ., be defined by (7) with

g" = g(S%). Ifg : R — R is a bounded continuous function, then Y" LRy,

Proof. From the Donsker’s theorem and Skorokhod representation theorem, we obtain
that there exists a probability space, with a Brown motion W and a sequence of ¢} satisfying
Assumptions 5 and 6 or Assumption 7 and

[t/h]

T
Wr=vhY €, 0<t<T, h=—
k=1

satisfy
sup |W/' — Wy 50, asn— .
0<t<T
As g is a bounded continuous function, Assumptions 2 and 3 are trivially satisfied.
Then, we could apply Theorem 1 to come to the conclusion. [J

3. Convergence of Filtration

Before proving our main results, we first provide the conclusion of the convergence of
filtration. This conclusion is crucial for us to prove the main results of this article.

We denote the natural filtration generated by W" as {F/' }o<i<7 in (3). We assume
{F!'}o<i<r is right continuous. We first provide a necessary and sufficient condition for
the convergence of filtration.

Lemma 1 (Coquet et al. [12]). S is an adaptive continuous process on (Q, F,{Fi yo<i<1,P); F°

is the natural filtration generated by that, assumed to be right continuous. The following statements

are equivalent:

1. Fr 5 FS;

(2). Forall (c1,...,cm) € R™, (/\ll,...)\fn> € R"™, and non-negative real numbers tq,...t,
in J1 topology,

E L)

]

m k
Y ¢ exp{i ) }\;St,} | F"
=1 =1

m k

¢j exp{i ) )\ést,} | }'_S] .
=1 =1
Based on the above results, we have

Theorem 3. Set X" as F}— a measurable integrable random variable; X is Fr— a measurable
integrable random variable:

M =E[X"|F!], M;=E[X|F] (11)

Assume
(a)
E[XZ] + supE{(X")z} < 0o,



Mathematics 2025, 13, 684

6 of 16

(b)
lim E[|X" — X|] — 0.
n—oo

Under Assumptions 4—6 or 4 and 7, we have
(W™, M", [M", M"], [M", W"]) =55 (W, M, [M, M], [M, W]).

Proof. From Remark 1.(2) in Coquet et al. [12], if we can prove F" 5 F, together with
condition (b), we could obtain M" 5P M. Hence, now we prove F" % F. According to
Assumptions 4-6, we first prove for fix t > 0,

A )

m k
¢ exp{iZAjwtl} | ft].
=1 =1

m k
E LZ cj exp{i ) )\;Wt,} | Fi'
=1 =1

J

According to Assumption 4, we only need to prove

E

m k
chexp{i Z)\;Wt,} | ]—"t] .
=1

=i

m k P
Y cijexpi) A;Wt’; | Fi'| — E
j=1 1=1

Fort € [t,_1,tp),

m p—1 k
Y ciexp <i l[i AW, + ilz A}Wt,> | ftl
= =p

j=1

m

- fa TTon(m) [Tefon(m) 15

j=1
F' = icjl_[exp(i)xjwt’f) -HE{exp(i/\;Wﬁ_) | .7-'[’}
j=1 I<p I>p

According to Assumptions 4 and 6, we have F}' N Fi. Therefore, we have proved
the pointwise convergence in probability of F/', which is uniformly integrable for fix ¢ to F;,
which is a continuous martingale. Then, using Lemma 1 and Proposition 1.2 in Aldous [13],

we can obtain
Fr 5 F (12)

If Assumptions 4 and 7 hold, the convergence of filtration is a direct corollary of
Proposition 2 of [12] since {W" },,>1 is a sequence of processes with independent increments.
Therefore we have M" =% M.

Next, we proceed to prove [M", M"] 2Py 1M, M] and (W, W"] ZEP (W, W]. Un-
der Assumptions 4-6 or 4 and 7, taking advantage of the Doob inequality and condition (a),

supE| sup AIM}|| < oo. (13)
n 0<t<T
From Lemma 7, we could obtain
M7, M"] Z2E (M, M. (14)

For W", if Assumptions 4-6 hold, this trivially satisfies

supE < 0o, (15)

n

sup A[WY'|
0<t<T
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On the other hand, if Assumptions 4 and 7 hold, noting that /logn/n is bounded

sup A|W/'| = sup Vhel! = \/? sup ¢,

0<t<T 1<k<n N 1<k<n

and

it is easy to verify (15) using Lemma 5. Hence, using the same proof, we have

W, W] =5 (W, W],
Combining this with (14), we have
(M7, W 225 (M, W),

Since the convergence likely has addictive properties, we have proved the theorem. O

Using the above theorem, we can obtain the following theorem, similarly to Corollary
3.2 in the work of Briand et al. [9]. The proof is the same as that corollary, so we present
only the theorem, without the proof.

Theorem 4. Under the condition of Theorem 3, a predictable process exists, (Z}'),,—r and
(Zt)o<t<T/ such that

t t
Vie[0,T], M!'=E[X"]+ / ZAWE, M, = E[X] + / Z,dW,,
0 0

and
T P
/ (z1 — 72t 25 0.
0

4. Proof of Theorem 1

Equation (9) is a direct corollary of (10); therefore, we proceed to prove (10). Set

(YF i z;b Jrl) as the solution of the backward stochastic differential equation:

Yot =g+ /tTf (v, z2" ) ds - /tT zEP AW, 0<t<T, (16)
and define
yk’}g+1 = ykflﬂ +hf(yZ’p,Zk ) \[Zk'pHeZJrl/ k=n-1,---,0, yn'pH ¢". (17)
Set Y®0 = 0,2°0 = 0,y = 0,20 = 0 we have

Y'—Y = (Y= Y") + (Y = Y"P) + (Y — YOP) + (YOF —Y), (18)

" —Z7Z = (Z" = Z"P)+ (Z"P = Z%P) + (Z2%F — Z), (19)

np . mp np __ _mp

where 0 <t <T,Y,;" = Yiesn and Z," = 2\ n)

Using the Picard iteration, we can obtain (Y7, Z®?) — (Y, Z) in the sense of (10),

which is a classic conclusion and can be found in the work of Zhang [14]. Therefore,

only the convergence of other terms needs to be considered. Hence, now we need a only
few lemmas.

Lemma 2. Under Assumptions 5 and 6 or 7, there exists ng, such that when n > ng, p — oo,

o[-z

E[ sup |Y{ — ’p

0<t<T
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Proof. First assume we have Assumptions 5 and 6; then, we need to prove that there exists
o« >1,n9 > 1suchthatn > ny, forall p > 1,

2
1 — -1
(et =y 2t 2 Y2 < S| (v -y 2 — 2 ) R,

+h2 K 2].

For the convenience of narration, we use y, z instead of y"'erl — y”'P,z”"”Jrl — z"P,

where

| (gt —yp, 2t = 2| = E e

, p ,p+1 n,p
Yi Zg

sup akh
0<k<n

yk’

and use u,v instead of y™P — y"P~1 2" —zP~1 Set B > 1; since y, = 0, we have
k=0,...,.n—1,

) n—1
Byt = Zﬁ B = (1-P) L, BY; +ﬁ2ﬁ1( ~va) @0

Set
VE = Vi = 20y — yir) — (i — i), (21)
considering relation (17), we obtain
vi—yi = h{F (/7 A7) = f (AT ) = Vizel. (22)

Since f is Lipschitz continuous, for v > 0,

, , 1 _np-1
20 F (27 ) = £y L) b < 2Kyl (il + i) < 2(K2/v) g2 + v (1 + o). (23)
Furthermore, squaring the last term in (22) and using Assumption 5, we derive
hz? < 2(y; — yi1)? + AK2H? (u,? + v%). (24)

From (22) and (23), it is easy to obtain

n—1 n—-1 n—1 n—1
2 Y Byilyi—yirn) <262(0/v) ¥ B +vh Y- B (1F +0F) —2vh ¥ Byziel. (25)
i=k i=k i=k i=k

On the other hand, using (24), we know
n—1 n—1
- 2 By —yin)’ < —(h/2) L Biz2 + 2K Y ' (u? + ).
i=k i=k

Setp = (1/ + 2K2h)ﬁh; according to (20) and (21) and the two inequalities shown
above, we have
n—1
Bve+B(h/2) ) Bz}

i=k

Zﬁ +2ﬁ2ﬁy1 — Yit1) ﬁZﬁ —yir1)’ + B(h/2) Zﬁ

< (1 pr26Chp/v) T By~ 26Vh Y Bymelyy +p L B (12 + ).
i=k i=k i=k
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Therefore,if 1 —  + 2K2h/3 /v <0, the above inequality implies, fork =0,...,n —1,

n—1 n—=1 n—=1
Bvi+p(h/2) Y B2 <p Y B(uF+0F) =28V ¥ Byziel. . (26)
i=k i=0 i=k
Since ¢} is a martingale difference sequence, using the expectation, we have
n—1 n—1
E|Y g7 | <2(v+2Ph)E| L B (w2 +22) - 27)
i=0 i=0

Furthermore, using (26), we can obtain

Z :B Yizi sz+1

i=

7

n—=1
sup [Sky,% <p Z B (u,z + 7112) +4BVh  sup

0<k<n i=0 0<k<n—1

Because of Assumption 5, we can easily verify that {Zk 0 Byizi €} 1 Jo<k<n—1 IS @
martingale. Using the Burkholder-Davis-Gundy inequality, vab < ”H’ , it follows that

n-l . n=1 172
sup B3| < pE| Y B (uF +7?) +C\/ﬁﬁE[<E ﬁzly?2?> ]
0<k<n i=0 i=0
n—1
<pE| Y (1 +0F) | +C22(h/2)E Z B3| + 5E| sup ﬁ"yk]
i=0 0<k<n
Using (27), we have
sup By? —i—hZﬁ’z < AE| sup pru? —i—hZﬁ’ ]
0<k<n =0 0<k<n

where A = 2(v+2K?h) (14 B+ C?p*)(1V T), set 1 — B+ 2K*hB/v < 0. Choose v,
such that 2v(2 4+ C?)(1V T) = 1/2. Make B = a, where « > 1; we hope that
1— B +2K?hB/v <0, so a should be greater than or equal to exp(—h~!log(1 — 2K?h/v)).
When 1 — oo, this equation tends towards exp(2K?/v). Hence, we set « = exp(2K?/v).
On the other hand, when n — 00, A — 2v(2+ C?)(1V T) = 1/2. Based on the analysis
above, there exists ng, such that when n > ny,

2
sup ﬁky —|—h2,8’2 5 sup ﬁku —i—hZﬁl
0<k<n 0<k<n
Now, we prove that for n > ny,
E[ sup n1)2
0<k<n-1

In fact, since y”'o =0,z =0,

n—1
v =8 LS00~ Vi Z Y
1=
then,

sup |y [ < CI(E")? + T2F2(0,0) —h (=)

0<k<n—1 i=0
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n

< (CVDIE")* +T2f%(0,0) Z

so we have

()% < (CVD)[(E")? + T?£3(0,0)] < o0

M:

E[ sup [yp' [P+ (CV1)h

0<k<n—1 i=0

According to Assumption 7, in fact, (20)—(23) and (25) are similar to what can be
obtained. Meanwhile, it should be noted that (24) can be estimated as follows:

B2 (e,1)? < 2y — yisn)® +4KAR (1 +0F).

Hence,

n—1 n—-1
—Zﬁ —yina)’ < —(h/2) Y Bz (el )2+ 2K Y B (1 + 0.

i=k i=k

Combining (25), we have

n—-1 n-1 n-1
B+ B(h/2) Zﬁ (1) < (1= p+26PnB/v) Y- B =28V ) Byiziels +p ) B (13 +92).  (@8)
i=k i=k i=k

Taking the mathematical expectations from both sides, for k = 0, since 8’1-1 is indepen-

|

According to the Burkholder-Davis-Gundy inequality, v/ab < # and Assumption 7,
we have:

dent and identically distributed, we can also obtain (27). From (28), we have

E[ sup Byi] <E

0<k<n

n—1
pY B (ulz + 012) +4BVh  sup
i—0

0<k<n-1

Z :B Yizi £z+1

=

-nf T n— 1/2
sup ﬁkyz%] < pE Zlﬁi(u?Jrv?) +C\/ﬁﬁE[<Zlﬁ”yz z (e l+1)2> ]
0<k<n | i=0 i=0

et
<pE| Y B (uF+ )| + CB(h/2)E Z Bz} 2 up P e z+1)2]
:n—l . 7
> Zﬁl(u?—i—viz) + C2B2(h/2)E 2/3 sup pFy ]
| i=0 ] 0<k<n

The remaining parts are similar and can be obtained. [J
Lemma 3. Under Assumptions 1-4, with 5 and 6 or 7, for p > 0, when n — oo, we have
(Y"P,ZWP) — (YF, ZoF).

Proof. We will use induction to prove that if (Y"F,Z"P) — (Y*F,Z®P),, then we have
(ymr+l, ZmpHl) 5 (Yyortl Z>P*+1) For convenience of notation, we omit the p and con-
sider everything in a continuous setting; hence, by virtue of Remark 2, the situation
in (16) and (17) changes to

T T
Y[=C+/t f(Ys,Zs)ds—/t ZIdAW;, 0<t<T,

T T
/n :§”+/ f(YS",,ZQ)dA?—/ ZMAW, 0<t<T,
t t



Mathematics 2025, 13, 684

11 of 16

where A! = [s/h]h. Suppose we already know that {Y}',Z}'}, ;. converges to
{Yt, Zi}o<i<7 and we only need to prove that {Y;", Z{" } ,_, . converges to {Y}, Zi };< ;<7
Now, we can use inductionon p. Forp =0, Y =Z =Y" = Z" =0, set

t
M =Y +/ F(0,0dA", 0<t<T,
0

which satisfies ;
M} = Mg+ [ Zaw,
0

thus, M" is a F"-martingale. Since Y/ = ¢", we have
T
M =E(M} | F), Mp=¢"+ [ £(0,0)dAL.
0

To use Theorems 3 and 4, we need to prove the convergence of M” under L!. Since
we have

‘M?Y}/{)Tf(o,o)ds §”f§+/0Tf(O,0)dAZ—/OTf(O,O)ds

7

<ler-el+ | f0.0aa: — [ 0,00

from Assumption 3, the equation above converges under L!. Applying Theorems 3 and 4,
we have M" 257 M, where

t
Mt:Yt’+/ £(0,0)ds
0

and
T P
/ (zim — 702t £ 0,
0

Therefore, we can obtain

T
sup [MJ' — M;| +/ |zin — 7 [2ds B o,
0<t<T 0

Our task is to prove

m ! T m 712 P
sup [Y/" = Y|+ [ |7~ Zifds 5 o,
0<t<T 0

Hence, we only need to prove

sup %o,

0<t<T

/O C£(0,0)dA" — /0 " £(0,0)ds

where A? = [s/h]h, and the result clearly follows from the Riemann integration. For the
case of p > 1, using a similar analysis to Briand et al. [9], set

ot
Ml =Y +/ F(Y',ZMdAT, 0<t<T,
0

which satisfies ,
M= MI o+ / 7AW",
0
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Hence, M" is a F"-martingale. Since Y} = Y%” = ¢", we have
T
M =E(M|F), Mp=Ye+ [ F,zdAl
0

To use Theorems 3 and 4, we need to prove the convergence of M under L!. Noting
that Y"” and Z" are piecewise constant and Y, Z are continous, we have

T T
’M¥ —Yr —/O f(Ys, Zs)ds| < Y7 = Yr| +/0 |F(YE,Z) — f(Ys, Zs)|ds (29)

T
< (1+KT) sup mn—yt|+1</ |20t — Z,|ds.
0<t<T 0

The equation above converges under L! because of the boundedness of L?; e refer
to [14], Theorem 4.2.1. Thanks to Theorems 3 and 4, using the same step as used in p =0,
we again have

T / 712 P
sup \M?—Mt|+/ |zn — 7! Pds B 0.
0<t<T 0

where

t
My = Y;+/O F(Yi, Zo)ds

Now, we proceed to show

n / T m 12 ;. P
sup ]Yt —Yt’~|—/ ‘Zs —ZS‘ ds — 0,
0<t<T 0

so we only need to prove

P
— 0,

.t n n n t
| o znans - [ (v, z.ds

sup
0<t<T

However, we have just proved this in (29), which finishes the proof. [J

Now, we prove Theorem 1. Due to the two lemmas above, we only need to show

A P
sup |Y{! —Y/| —0,
0<t<T

This can be used to show

sup |E[Y!F —Y' 0.
0<t<T

In fact,

sup |[E[Y/|F' =Y+ Y: = Y)| < sup |EYJ'|F{] —Ye| + sup |Y:—Y{|

0<t<T 0<t<T 0<t<T
< sup [E[Y) —Y;|F]+ sup [E[Vi[F}] - il
0<t<T 0<t<T

+ sup |Y: —Y{|.
0<t<T
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From Lemmas 2 and 3, the third term converged in probability. For the first term,
thanks to Doob’s inequality, we have

lim P( sup |E[Y}' —Y;|F{'] >¢) < lim P( sup E[ sup |Y{' — Y;|F)] > ¢)
M 0<t<T M 0<s<T  0<t<T
< lim e 'E[ sup [Y{' - Y]] =0,
et [O§t§T| t ]
where the last equality is because of the L? boundedness of sup, <<t Y =Y.

Furthermore, we proved F” % F in Theorem 3; combining this with

E[ sup |Y¢|] < oo,
0<t<T
where Y is the solution of (1), we can prove the second convergence using Lemma 6. Hence,
we, at length, complete the proof.

5. Some Lemmas

Lemma 4. Under Assumptions 5 and 6 or Assumption 7, it holds that W" = W.

Proof. We follow the notations in the book by Jacod and Shiryaev [11], which states that
if the Assumptions 5 and 6 hold, then W"’s predictable characteristics “without truncation”
are as follows:

(t/h]

B = 2 E f£k|gk 1=

(/1]
= ZE (e7)?Gf_q] = hlt/h]),

[t/h]
gx v Z E[g(Vhel)|Gi1], g€ Ci(R).

Remember, the characteristics of the standard Brown motion are B’ =0, C"* =t,v = 0.
Furthermore, for some C,a > 0, we have |g(x)| < C|x|21{|x|>a} because of ¢ € C;(R),
implying

[t/h]
gxy" < kzl E[Ch(E})* (| /ey 5ay) = [E/HICHY iy

which tend toward 0 as n — co. Additionally, |x|21{‘x‘>a} * vt = [t/h}hl{\/ﬁw} — O as
n — oco. Combining the above, thanks to [11] VIL.3.7, we can obtain W" = W.
Now, if the Assumption 7 holds, the proof is the same as the above. 0O

Lemma 5. Let 17;, 1 < i < n be a sequence of random variables satisfying the standard normal
distribution N(0,1). Then, we have

E[max #;] ~ O(y/logn).

1<i<n

Consequently, it holds that

E[max [1;|] ~ O(v/logn).

1<i<n
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Proof. On the one hand, let Z, = Y/ ; exp(B#;) for B > 0. We have

B max #; = log (exp ( max 5171')) <logZ,.

1<i<n 1<i<n

Using Jensen’s inequality and taking the expectations on both sides of the above
inequality, we could obtain

BE[max 7;] < E[log Z,] < logE[Z,] = logn + p*/2.

1<i<n

Taking B = \/log 1, we can obtain E[max;<;<, 7] < 3/logn.
On the other hand, it is obvious that {maxj<;<, #; >t} = U {n; >t} forall t > 0.
Since #; is independent, we can obtain

IP’{ max #; > t} =1 —P{i@l{ﬂi < t}}

1<i<n

—1-TTO By > 1))

i=1

For0 < x < 1, since 1 — x < exp(—x), we have

n
P{lrgiagﬁm > t} >1 eXP(;P{m > t}) (30)
Set A = N;>1{y; > 0}, itis easy to verify that

E 1=E 1 Tye
[gg i) [(lrg% Mila + max iy ])

> E(l |} + E[max 7;"]- (31)
Using Fubini theorem, we can show that, for fix u > 0,
E[max ;"] > pP{max y;" > p}. (32)
It is well-known that for some t > t;, since #; is a Gaussian variable,
C 2
" exp(—t /2) < P{y; > t}. (33)

Combining (30)—(33), we obtain

E[max ;] > E[|m]] + ;4(1 - exp(—Cne*f‘z/z/y)> (34)

1<i<n

Now, we choose y = /2logn —loglog n and compute the value of the second part
on the right side of (34):

2 logn 1
ne * /%)y =n x X ~ y/logn — oo,
/n 2n /2logn —loglogn 8

which implies

(1 - exp(—Cne*P’z/z/;O) — 1.
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Therefore, E[maxi<i<, 11:] > E[[m[] + P‘(l - eXP(_C"e_”Z/Z/P’)) ~ Cy/logn, so,
for some constants Cq, C; and a large arbitrary n, we have

C1+/logn < E[max 7;] < Cp4/logn, (35)

1<i<n

which completes the first proof.

We shall start to prove the last result. Since we have maxj<j<, #7; < maxj<j<y |1;|
and (35), it is obvious that we need only to verify

E[max |#;]] < C3y/logn+ Cy.

1<i<n
The same step is used as the proof in the beginning, noting that

1 b x?
Eloxp(Bl)) = —— [ esp(Blxl) exp(~ 5 )dx

< /iexp(,Bx) exp(—xzz)dx—i—/O:Oexp(—[%x)exp(—);z)dx

= Elexp(Bn;)] + E[exp(—pni)]
2
= 2exp(7),

we get
BE[ max ;] < log2n + p*/2.

1<i<n
Taking B = /log 2n, because of v/a + b < v/a + /b, we can obtain
V1og2+logn < —(y/log2+ +/logn).

3

N W

E 1<
[1?{2’2 il <

N |

We, at length, complete the proof. [

The following Lemma is a simplified version of a result of [12], Theorem 1.

Lemma 6. Let { F}' }o<i<T be a sequence of filtrations and { F }o<i<T be a filtration on (Q), F,P),
such that F* % F. Let X be a F adapted continuous process, such that SUpg<s<r | Xt| is

integrable. Then, E[X.|F"] SN ¢
We also list Proposition 1.5 (b) and Corollary 1.9 in [15] for readers’ convenience.

Lemma 7. If a sequence of continuous local martingales M" satisfies

sup E

n

sup A|M}|
0<t<T

< o0,

then it has the UT condition. Moreover, if M" ZEPS M, then the quadratic variation process
[M", M) 252 (M, M.
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