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Abstract: This article studies the theoretical properties of the numerical scheme for back-
ward stochastic differential equations, extending the relevant results of Briand et al. with
more general assumptions. To be more precise, the Brown motion will be approximated
using the sum of a sequence of martingale differences or a sequence of i.i.d. Gaussian
variables instead of the i.i.d. Bernoulli sequence. We cope with an adaptation problem
of Yn by defining a new process Ŷn; then, we can obtain the Donsker-type theorem for
numerical solutions using a similar method to Briand et al.
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1. Introduction
In this article we consider the following backward stochastic differential equation

(BSDE for short):

Yt = ξ +
∫ T

t
f (Ys, Zs)ds −

∫ T

t
ZsdWs, 0 ≤ t ≤ T, (1)

where W is standard Brownian motion on (Ω,F , {Ft}0≤t≤T ,P), f (y, z) is Lipschitz contin-
uous with y and z, and ξ is measurable with FT .

Research on backward stochastic differential equations can be traced back to 1973,
Bismut [1] first studied linear backward stochastic differential equations. Pardoux and
Peng [2] first introduced nonlinear backward stochastic differential equations, and the
existence and uniqueness of the solutions under the standard Lipschitz condition were
presented. For over thirty years, based on the works of Pardoux and Peng [2], backward
stochastic differential equations have developed rapidly in the fields of financial mathemat-
ics, stochastic control, differential games, and numerical analysis; see El Karoui et al. [3]
for details.

Unlike forward stochastic differential equations, the solution of backward stochastic
differential equations is a pair of adapted processes (Y, Z); this also poses certain diffi-
culties in numerically solving backward stochastic differential equations. Early studies
mostly used stochastic differential equations to study numerical solutions for forward and
backward stochastic differential equations. The system of differential equations consists of
a portion of forward stochastic differential equations and a portion of backward stochastic
differential equations. Ma et al. [4] proposed a four-step solution method for forward
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and backward stochastic differential equations. Douglas et al. [5] provided a numerical
solution for forward and backward stochastic differential equations using approximation
techniques for partial differential equations and stochastic differential equations. Zhang [6]
also provided the L2 convergence rate of numerical schemes for forward and backward
stochastic differential equations. Chevance [7] assumed that when f is irrelevant with z,
by discretizing conditional expectations, the following can be obtained:

Yt = E[ξ +
∫ T

t
f (Ys, Zs)ds|Ft]

This provided a numerical solution for Y and proved the convergence property. Co-
quet et al. [8] studied the convergence of numerical schemes for backward stochastic
differential equations in the sense of function space using the convergence of filtration
when f is irrelevant with z.

When f is relevant with z, Briand et al. [9] studied the Donsker-type theorem to
develop a numerical scheme of backward stochastic differential equations, and investigated
the following numerical scheme:

yk = yk+1 + h f (yk, zk)−
√

hzkεk+1, k = n − 1, · · · , 0, yn = ξn,

where h = T/n, {εk}1≤k≤n is a set of independent and identically distributed random
variables, and

P(ε1 = 1) = P(ε1 = −1) =
1
2

. (2)

Here, we note Gk = σ(ε1, · · · , εk), 1 ≤ k ≤ n and set ξn as a Gn− measurable random
variable. Meanwhile, set

zk = h−
1
2 E[yk+1εk+1|Gk],

For 0 ≤ t ≤ T, define
Yn

t = y[t/h], Zn
t = z⌊t/h⌋,

where ⌊x⌋ = (x − 1)+ when x is an integer, and ⌊x⌋ = [x] when x is not an integer.
Briand et al. [9] found that (Yn, Zn) converge to (Y, Z) in a certain sense. This is a type

of Donsker-type theorem that was first used to describe the weak convergence of partial
sum processes to Brownian motion on C[0, T] (see Donsker [10]).

We can see that the Bernoulli distribution is critical for obtaining Donsker-type theo-
rem for numerical solutions. The key contribution of this article is to extend the Bernoulli
condition (2) to a more general condition: {εk}1≤k≤n is a sequence of martingale difference
or i.i.d. Gaussian variables. In the former case, we need an additional assumption (see
Assumption 6 below) to deal with the absence of independent and identical distributions.
In the latter case, we will use an estimation Lemma 5 to obtain the UT property, which
is necessary to prove the Theorem 3. Moreover, we can see in Remark 1 that the original
solution Yn might not be adapted to the filtration. Therefore, we introduce an improved
process Ŷn to insure the adaptation. The structure of this article is as follows: Section 2
introduces the main results of this article. The Section 3 introduces a result for the conver-
gence of filtration, which is our tool to prove the main results of this paper. In Section 4, we
provide proof of the main results of this article. We also introduce some lemmas that could
be used in Section 5.

2. Main Result
The discussion in this article is based on the complete probability space with filtration

(Ω,F , {Ft}0≤t≤T ,P); W is a standard Brownian motion on (Ω,F , {Ft}0≤t≤T ,P); and fil-
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tration {Ft}0≤t≤T , is the natural filtration generated by W, assumed to be right continuous.
Consider random variable {εn

k}1≤k≤n defined on the probability space above, and define

Wn
t =

√
h
[t/h]

∑
k=1

εn
k , 0 ≤ t ≤ T, h =

T
n

. (3)

Similar to the settings of Briand et al. [9], we set yn
n = ξn, and for k = n − 1, · · · , 0,

yn
k = yn

k+1 + h f (yn
k , zn

k )−
√

hzn
k εn

k+1, (4)

and
zn

k = h−
1
2 E[yn

k+1εn
k+1|G

n
k ],

where Gn
k = σ

(
εn

1, . . . , εn
k
)
.

Remark 1. In fact, (4) is equivalent to the following equation:

yn
k = ξn + h

n−1

∑
i=k

f (yn
i , zn

i )−
n−1

∑
i=k

zn
i εn

i+1. (5)

Let k = 0 and subtract it from (5); we obtain

yn
k = yn

0 + h
k−1

∑
i=0

f (yn
i , zn

i )−
k−1

∑
i=0

zn
i εn

i+1.

However, this could not yield that yn is adapted to the filtration {Gn
k }0≤k≤n because we know

nothing about y0.

To adapt yn
k to filtration Gn

k , we further define ŷn
k as a modified version of yn

k :

ŷn
k = E[yn

k |G
n
k ], (6)

and for 0 ≤ t ≤ T,
Yn

t = yn
[t/h], Zn

t = zn
⌊t/h⌋, Ŷn

t = ŷn
[t/h]. (7)

Remark 2. Because of the definition of [ · ] and ⌊ · ⌋ in the previous section, Yn and Ŷn are càdlàg
processes, and Zn is a càglàd process.

This article investigates the weak convergence problem of (Ŷ, Z) in space D([0, T]).
The topology of D([0, T]) is J1. Related concepts are referenced in the work of Jacod and
Shiryaev [11]. Here, we present a few symbols required for this article. Mn ⇒ M∞ means

Mn converge in law under the J1 topology. Mn u.c.p.−−−→ M∞ represent sups≤t |Mn
s − M∞

s | P−→
0 for all 0 ≤ t ≤ T. If {Gn

t }0≤t≤T , {Gt}0≤t≤T are two filtrations, then {Gn
t }0≤t≤T

w−→
{Gt}0≤t≤T means that for any B ∈ GT , E[1B|Gn

· ] probably converges to E[1B|G·] under
topology J1. We denote the natural filtration generated by Wn in (3) as {Fn

t }0≤t≤T , which
is assumed to be right continuous. In the following, we recall the UT condition, which is
crucial for the convergence of the stochastic integrals.

Definition 1. A sequence of continuous Rd-valued semimartingales (Xn)n≥1 is said to have the
UT condition if for each n ≥ 1, the decomposition Xn = Mn + An has

sup
n

E[⟨Mn, Mn⟩T +
∫ T

0
|dAn

s |] < ∞,
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where Mn is a local martingale and An is a local finite variation process.

Now, we provide the assumptions of this article.

Assumption 1. f : R× R −→ R is Lipschitz, which means there exists a constant K ≥ 0,
such that

∀(y, z),
(
y′, z′

)
∈ R2,

∣∣ f (y, z)− f
(
y′, z′

)∣∣ ≤ K
(∣∣y − y′

∣∣+ ∣∣z − z′
∣∣);

Assumption 2. ξ is FT− measurable. For n ≥ 1, ξn is Gn
n− measurable, and

E
[
ξ2
]
+ sup

n
E
[
(ξn)2

]
< ∞;

Assumption 3.
lim

n→∞
E[|ξn − ξ|] = 0;

Assumption 4. Wn u.c.p.−−−→ W

Assumption 5. for 0 ≤ k ≤ n, E[εn
k |G

n
k−1] = 0, P(εn

k = 1) = P(εn
k = −1) = 1

2 .

Assumption 6. For any bounded continuous function g,

E[g(Wn
t )|Wn

s ]
P−→ E[g(Wt)|Ws], 0 ≤ s < t < T. (8)

Remark 3. At first glance, Assumption 6 may seem quite strange. However, it is a technical
condition to apply Lemma 1 to proof the convergence of filtration if {εn

k}1≤k≤n is not an i.i.d.
sequence.

Assumption 7. {εn
k}1≤k≤n is a family of independent and identically distributed Gaussian random

variables, and E[εn
k ] = 0, E[(εn

k)
2] = 1.

Remark 4. Actually, under Assumptions 5 and 6 or Assumption 7, we can obtain Wn ⇒ W
through Lemma 4. Since W is continuous, we also obtain that Wn converges under local uniform
topology in law because of the property of the J1 topology.

Now, we present the main results of this article. We should note that the results are
based on Assumption 5 or Assumption 7, which cannot coexist, so the conditions for the
main results are divided into two independent assumptions.

Theorem 1. Under Assumptions 1–4, with 5 and 6 or 7, we have(
Ŷn,

∫ ·

0
Zn

s ds
)
⇒ (Y,

∫ ·

0
Zsds), (9)

Furthermore,

sup
0≤t≤T

∣∣Ŷn
t − Yt

∣∣2 + ∫ T

0
|Zn

s − Zs|2ds P−→ 0. (10)

Now, we provide an example by applying Theorem 1.
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Theorem 2. Let Sn be defined as follows:

Sn
t =

√
h
[t/h]

∑
k=1

εk, 0 ≤ t ≤ T, h =
T
n

,

where εk are in Assumptions 5 and 6 or Assumption 7 without superscript n. Let {Yt, Zt}0≤t≤T
be the solution of the BSDE (1) with ξ = g(WT) and

{
Ŷn

t , Zn
t
}

0≤t≤T be defined by (7) with

ξn = g
(
Sn

T
)
. If g : R → R is a bounded continuous function, then Ŷn u.c.p.−→ Y.

Proof. From the Donsker’s theorem and Skorokhod representation theorem, we obtain
that there exists a probability space, with a Brown motion W and a sequence of εn

k satisfying
Assumptions 5 and 6 or Assumption 7 and

Wn
t =

√
h
[t/h]

∑
k=1

εn
k , 0 ≤ t ≤ T, h =

T
n

satisfy

sup
0≤t≤T

|Wn
t − Wt|

P−→ 0, as n → ∞.

As g is a bounded continuous function, Assumptions 2 and 3 are trivially satisfied.
Then, we could apply Theorem 1 to come to the conclusion.

3. Convergence of Filtration
Before proving our main results, we first provide the conclusion of the convergence of

filtration. This conclusion is crucial for us to prove the main results of this article.
We denote the natural filtration generated by Wn as {Fn

t }0≤t≤T in (3). We assume
{Fn

t }0≤t≤T is right continuous. We first provide a necessary and sufficient condition for
the convergence of filtration.

Lemma 1 (Coquet et al. [12]). S is an adaptive continuous process on (Ω,F , {Ft}0≤t≤T ,P); FS

is the natural filtration generated by that, assumed to be right continuous. The following statements
are equivalent:

(1). Fn w−→ FS;

(2). For all (c1, . . . , cm) ∈ Rm,
(

λl
1, . . . λl

m

)
∈ Rm, and non-negative real numbers t1, . . . tk,

in J1 topology,

E
[

m

∑
j=1

cj exp

{
i

k

∑
l=1

λl
jStl

}
| Fn

·

]
P−→ E

[
m

∑
j=1

cj exp

{
i

k

∑
l=1

λl
jStl

}
| FS

·

]
.

Based on the above results, we have

Theorem 3. Set Xn as Fn
T− a measurable integrable random variable; X is FT− a measurable

integrable random variable:

Mn
t = E[Xn|Fn

t ], Mt = E[X|Ft]. (11)

Assume

(a)

E
[

X2
]
+ sup

n
E
[
(Xn)2

]
< ∞,
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(b)
lim

n→∞
E[|Xn − X|] → 0.

Under Assumptions 4–6 or 4 and 7, we have

(Wn, Mn, [Mn, Mn], [Mn, Wn])
u.c.p.−−−→ (W, M, [M, M], [M, W]).

Proof. From Remark 1.(2) in Coquet et al. [12], if we can prove Fn w−→ F , together with

condition (b), we could obtain Mn u.c.p.−−−→ M. Hence, now we prove Fn w−→ F . According to
Assumptions 4–6, we first prove for fix t > 0,

E
[

m

∑
j=1

cj exp

{
i

k

∑
l=1

λl
jWtl

}
| Fn

t

]
P−→ E

[
m

∑
j=1

cj exp

{
i

k

∑
l=1

λl
jWtl

}
| Ft

]
.

According to Assumption 4, we only need to prove

E
[

m

∑
j=1

cj exp

{
i

k

∑
l=1

λl
jW

n
tl

}
| Fn

t

]
P−→ E

[
m

∑
j=1

cj exp

{
i

k

∑
l=1

λl
jWtl

}
| Ft

]
.

For t ∈ [ tp−1, tp
)
,

Ft := E
[

m

∑
j=1

cj exp

(
i

p−1

∑
l=1

λl
jWtl + i

k

∑
l=p

λl
jWtl

)
| Ft

]

=
m

∑
j=1

cj ∏
l<p

exp
(

iλl
jWtl

)
· ∏

l≥p
E
[
exp

(
iλl

jWtl

)
| Ft

]
,

Fn
t :=

m

∑
j=1

cj ∏
l<p

exp
(

iλjWn
ti

)
· ∏

l≥p
E
[
exp

(
iλl

jW
n
ti

)
| Fn

t

]
.

According to Assumptions 4 and 6, we have Fn
t

P−→ Ft. Therefore, we have proved
the pointwise convergence in probability of Fn

t , which is uniformly integrable for fix t to Ft,
which is a continuous martingale. Then, using Lemma 1 and Proposition 1.2 in Aldous [13],
we can obtain

Fn w−→ F . (12)

If Assumptions 4 and 7 hold, the convergence of filtration is a direct corollary of
Proposition 2 of [12] since {Wn}n≥1 is a sequence of processes with independent increments.

Therefore we have Mn u.c.p.−−−→ M.
Next, we proceed to prove [Mn, Mn]

u.c.p.−−−→ [M, M] and [Wn, Wn]
u.c.p.−−−→ [W, W]. Un-

der Assumptions 4–6 or 4 and 7, taking advantage of the Doob inequality and condition (a),

sup
n

E
[

sup
0≤t≤T

∆|Mn
t |
]
< ∞. (13)

From Lemma 7, we could obtain

[Mn, Mn]
u.c.p.−−−→ [M, M]. (14)

For Wn, if Assumptions 4–6 hold, this trivially satisfies

sup
n

E
[

sup
0≤t≤T

∆|Wn
t |
]
< ∞. (15)
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On the other hand, if Assumptions 4 and 7 hold, noting that
√

log n/n is bounded
and

sup
0≤t≤T

∆|Wn
t | = sup

1≤k≤n

√
hεn

k =

√
T
n

sup
1≤k≤n

εn
k ,

it is easy to verify (15) using Lemma 5. Hence, using the same proof, we have

[Wn, Wn]
u.c.p.−−−→ [W, W].

Combining this with (14), we have

[Mn, Wn]
u.c.p.−−−→ [M, W].

Since the convergence likely has addictive properties, we have proved the theorem.

Using the above theorem, we can obtain the following theorem, similarly to Corollary
3.2 in the work of Briand et al. [9]. The proof is the same as that corollary, so we present
only the theorem, without the proof.

Theorem 4. Under the condition of Theorem 3, a predictable process exists, (Zn
t )0≤t≤T and

(Zt)0≤t≤T , such that

∀t ∈ [0, T], Mn
t = E[Xn] +

∫ t

0
Zn

s dWn
s , Mt = E[X] +

∫ t

0
ZsdWs,

and ∫ T

0
(Zn

t − Zt)
2dt P−→ 0.

4. Proof of Theorem 1
Equation (9) is a direct corollary of (10); therefore, we proceed to prove (10). Set

(Y∞,p+1
t , Z∞,p+1

t ) as the solution of the backward stochastic differential equation:

Y∞,p+1
t = ξ +

∫ T

t
f
(

Y∞,p
s , Z∞,p

s

)
ds −

∫ T

t
Z∞,p+1

s dWs, 0 ≤ t ≤ T, (16)

and define

yn,p+1
k = yn,p+1

k+1 + h f
(

yn,p
k , zn,p

k

)
−
√

hzn,p+1
k εn

k+1, k = n − 1, · · · , 0, yn,p+1
n = ξn. (17)

Set Y∞,0 = 0, Z∞,0 = 0, yn,0 = 0, zn,0 = 0 we have

Ŷn − Y =
(
Ŷn − Yn)+ (Yn − Yn,p) + (Yn,p − Y∞,p) + (Y∞,p − Y), (18)

Zn − Z = (Zn − Zn,p) + (Zn,p − Z∞,p) + (Z∞,p − Z), (19)

where 0 ≤ t ≤ T, Yn,p
t = yn,p

[t/h] and Zn,p
t = zn,p

⌊t/h⌋.
Using the Picard iteration, we can obtain (Y∞,p, Z∞,p) → (Y, Z) in the sense of (10),

which is a classic conclusion and can be found in the work of Zhang [14]. Therefore,
only the convergence of other terms needs to be considered. Hence, now we need a only
few lemmas.

Lemma 2. Under Assumptions 5 and 6 or 7, there exists n0, such that when n > n0, p → ∞,

E[ sup
0≤t≤T

|Yn
t − Yn,p

t |2 +
∫ T

0
(Zn

t − Zn,p
t )2dt] → 0.
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Proof. First assume we have Assumptions 5 and 6; then, we need to prove that there exists
α > 1, n0 > 1 such that n > n0, for all p ≥ 1,

∥
(

yn,p+1 − yn,p, zn,p+1 − zn,p
)
∥2

α ≤ 2
3
∥
(

yn,p − yn,p−1, zn,p − zn,p−1
)
∥2

α,

where

∥
(

yn,p+1 − yn,p, zn,p+1 − zn,p
)
∥2

α = E
[

sup
0≤k≤n

αkh
∣∣∣yn,p+1

k − yn,p
k

∣∣∣2 + h
n−1

∑
k=0

αkh
∣∣∣zn,p+1

k − zn,p
k

∣∣∣2].

For the convenience of narration, we use y, z instead of yn,p+1 − yn,p, zn,p+1 − zn,p,
and use u, v instead of yn,p − yn,p−1, zn,p − zn,p−1. Set β > 1; since yn = 0, we have
k = 0, . . . , n − 1,

βky2
k =

n−1

∑
i=k

βiy2
i − βi+1y2

i+1 = (1 − β)
n−1

∑
i=k

βiy2
i + β

n−1

∑
i=k

βi
(

y2
i − y2

i+1

)
. (20)

Set
y2

i − y2
i+1 = 2yi(yi − yi+1)− (yi − yi+1)

2, (21)

considering relation (17), we obtain

yi − yi+1 = h
{

f
(

yn,p
i , zn,p

i

)
− f

(
yn,p−1

i , zn,p−1
i

)}
−
√

hziε
n
i+1. (22)

Since f is Lipschitz continuous, for ν > 0,

2yi

{
f
(

yn,p
i , zn,p

i

)
− f

(
yn,p−1

i , zn,p−1
i

)}
≤ 2K|yi|(|ui|+ |vi|) ≤ 2

(
K2/ν

)
y2

i + ν
(

u2
i + v2

i

)
. (23)

Furthermore, squaring the last term in (22) and using Assumption 5, we derive

hz2
i ≤ 2(yi − yi+1)

2 + 4K2h2
(

u2
i + v2

i

)
. (24)

From (22) and (23), it is easy to obtain

2
n−1

∑
i=k

βiyi(yi − yi+1) ≤ 2K2(h/ν)
n−1

∑
i=k

βiy2
i + νh

n−1

∑
i=k

βi
(

u2
i + v2

i

)
− 2

√
h

n−1

∑
i=k

βiyiziε
n
i+1. (25)

On the other hand, using (24), we know

−
n−1

∑
i=k

βi(yi − yi+1)
2 ≤ −(h/2)

n−1

∑
i=k

βiz2
i + 2K2h2

n−1

∑
i=k

βi
(

u2
i + v2

i

)
.

Set ρ =
(
ν + 2K2h

)
βh; according to (20) and (21) and the two inequalities shown

above, we have

βky2
k + β(h/2)

n−1

∑
i=k

βiz2
i

= (1 − β)
n−1

∑
i=k

βiy2
i + 2β

n−1

∑
i=k

βiyi(yi − yi+1)− β
n−1

∑
i=k

βi(yi − yi+1)
2 + β(h/2)

n−1

∑
i=k

βiz2
i

≤
(

1 − β + 2K2hβ/ν
) n−1

∑
i=k

βiy2
i − 2β

√
h

n−1

∑
i=k

βiyiziε
n
i+1 + ρ

n−1

∑
i=k

βi
(

u2
i + v2

i

)
.
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Therefore, if 1 − β + 2K2hβ/ν ≤ 0, the above inequality implies, for k = 0, . . . , n − 1,

βky2
k + β(h/2)

n−1

∑
i=k

βiz2
i ≤ ρ

n−1

∑
i=0

βi
(

u2
i + v2

i

)
− 2β

√
h

n−1

∑
i=k

βiyiziε
n
i+1. (26)

Since εn
k is a martingale difference sequence, using the expectation, we have

E
[

n−1

∑
i=0

βiz2
i

]
≤ 2

(
ν + 2K2h

)
E
[

n−1

∑
i=0

βi
(

u2
i + v2

i

)]
. (27)

Furthermore, using (26), we can obtain

sup
0≤k≤n

βky2
k ≤ ρ

n−1

∑
i=0

βi
(

u2
i + v2

i

)
+ 4β

√
h sup

0≤k≤n−1

∣∣∣∣∣ k

∑
i=0

βiyiziε
n
i+1

∣∣∣∣∣,
Because of Assumption 5, we can easily verify that {∑k

i=0 βiyiziε
n
i+1}0≤k≤n−1 is a

martingale. Using the Burkholder–Davis–Gundy inequality,
√

ab ≤ a+b
2 , it follows that

E
[

sup
0≤k≤n

βky2
k

]
≤ ρE

[
n−1

∑
i=0

βi
(

u2
i + v2

i

)]
+ C

√
hβE

(n−1

∑
i=0

β2iy2
i z2

i

)1/2


≤ ρE
[

n−1

∑
i=0

βi
(

u2
i + v2

i

)]
+ C2β2(h/2)E

[
n−1

∑
i=0

βiz2
i

]
+

1
2
E
[

sup
0≤k≤n

βky2
k

]
.

Using (27), we have

E
[

sup
0≤k≤n

βky2
k + h

n−1

∑
i=0

βiz2
i

]
≤ λE

[
sup

0≤k≤n
βku2

k + h
n−1

∑
i=0

βiv2
i

]
,

where λ = 2
(
ν + 2K2h

)(
1 + β + C2β2)(1 ∨ T), set 1 − β + 2K2hβ/ν ≤ 0. Choose ν,

such that 2ν(2 + C2)(1 ∨ T) = 1/2. Make β = αh, where α ≥ 1; we hope that
1 − β + 2K2hβ/ν ≤ 0, so α should be greater than or equal to exp(−h−1 log(1 − 2K2h/ν)).
When n → ∞, this equation tends towards exp(2K2/ν). Hence, we set α = exp(2K2/ν).
On the other hand, when n → ∞, λ → 2ν(2 + C2)(1 ∨ T) = 1/2. Based on the analysis
above, there exists n0, such that when n ≥ n0,

E
[

sup
0≤k≤n

βky2
k + h

n−1

∑
i=0

βiz2
i

]
≤ 2

3
E
[

sup
0≤k≤n

βku2
k + h

n−1

∑
i=0

βiv2
i

]
,

Now, we prove that for n ≥ n0,

E[ sup
0≤k≤n−1

|yn,1
k |2 + h

n−1

∑
i=0

|zn,1
i |2] < ∞.

In fact, since yn,0 = 0, zn,0 = 0,

yn,1
k = ξn + h

n−1

∑
i=k

f (0, 0)−
√

h
n−1

∑
i=k

zn,1
i εn

i+1,

then,

sup
0≤k≤n−1

|yn,1
k |2 ≤ C[(ξn)2 + T2 f 2(0, 0)− h

n

∑
i=0

(zn,1
i )2]
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≤ (C ∨ 1)[(ξn)2 + T2 f 2(0, 0)− h
n

∑
i=0

(zn,1
i )2],

so we have

E[ sup
0≤k≤n−1

|yn,1
k |2 + (C ∨ 1)h

n

∑
i=0

(zn,1
i )2] ≤ (C ∨ 1)[(ξn)2 + T2 f 2(0, 0)] < ∞.

According to Assumption 7, in fact, (20)–(23) and (25) are similar to what can be
obtained. Meanwhile, it should be noted that (24) can be estimated as follows:

hz2
i (ε

n
i+1)

2 ≤ 2(yi − yi+1)
2 + 4K2h2

(
u2

i + v2
i

)
.

Hence,

−
n−1

∑
i=k

βi(yi − yi+1)
2 ≤ −(h/2)

n−1

∑
i=k

βiz2
i (ε

n
i+1)

2 + 2K2h2
n−1

∑
i=k

βi
(

u2
i + v2

i

)
.

Combining (25), we have

βky2
k + β(h/2)

n−1

∑
i=k

βiz2
i (ε

n
i+1)

2 ≤
(

1 − β + 2K2hβ/ν
) n−1

∑
i=k

βiy2
i − 2β

√
h

n−1

∑
i=k

βiyiziε
n
i+1 + ρ

n−1

∑
i=k

βi
(

u2
i + v2

i

)
. (28)

Taking the mathematical expectations from both sides, for k = 0, since εn
i is indepen-

dent and identically distributed, we can also obtain (27). From (28), we have

E[ sup
0≤k≤n

βky2
k ] ≤ E

[
ρ

n−1

∑
i=0

βi
(

u2
i + v2

i

)
+ 4β

√
h sup

0≤k≤n−1

∣∣∣∣∣ k

∑
i=0

βiyiziε
n
i+1

∣∣∣∣∣
]

,

According to the Burkholder–Davis–Gundy inequality,
√

ab ≤ a+b
2 and Assumption 7,

we have:

E
[

sup
0≤k≤n

βky2
k

]
≤ ρE

[
n−1

∑
i=0

βi
(

u2
i + v2

i

)]
+ C

√
hβE

(n−1

∑
i=0

β2iy2
i z2

i (ε
n
i+1)

2

)1/2


≤ ρE
[

n−1

∑
i=0

βi
(

u2
i + v2

i

)]
+ C2β2(h/2)E

[
n−1

∑
i=0

βiz2
i

]
+

1
2
E
[

sup
0≤k≤n

βky2
k(ε

n
i+1)

2

]

= ρE
[

n−1

∑
i=0

βi
(

u2
i + v2

i

)]
+ C2β2(h/2)E

[
n−1

∑
i=0

βiz2
i

]
+

1
2
E
[

sup
0≤k≤n

βky2
k

]
The remaining parts are similar and can be obtained.

Lemma 3. Under Assumptions 1–4, with 5 and 6 or 7, for p > 0, when n → ∞, we have

(Yn,p, Zn,p) → (Y∞,p, Z∞,p).

Proof. We will use induction to prove that if (Yn,p, Zn,p) → (Y∞,p, Z∞,p),, then we have(
Yn,p+1, Zn,p+1) → (Y∞,p+1, Z∞,p+1). For convenience of notation, we omit the p and con-

sider everything in a continuous setting; hence, by virtue of Remark 2, the situation
in (16) and (17) changes to

Y′
t = ξ +

∫ T

t
f (Ys, Zs)ds −

∫ T

t
Z′

sdWs, 0 ≤ t ≤ T,

Y′n
t = ξn +

∫ T

t
f (Yn

s−, Zn
s )dAn

s −
∫ T

t
Z′n

s dWn
s , 0 ≤ t ≤ T,
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where An
s = [s/h]h. Suppose we already know that {Yn

t , Zn
t }0≤t≤T converges to

{Yt, Zt}0≤t≤T and we only need to prove that {Y′n
t , Z′n

t }0≤t≤T converges to {Y′
t , Z′

t}0≤t≤T .
Now, we can use induction on p. For p = 0, Y = Z = Yn = Zn = 0, set

Mn
t = Y′n

t +
∫ t

0
f (0, 0)dAn

s , 0 ≤ t ≤ T,

which satisfies

Mn
t = Mn

0 +
∫ t

0
Z′n

s dWn
s ,

thus, Mn is a Fn-martingale. Since Y′n
T = ξn, we have

Mn
t = E(Mn

T | Fn
t ), Mn

T = ξn +
∫ T

0
f (0, 0)dAn

s .

To use Theorems 3 and 4, we need to prove the convergence of Mn
T under L1. Since

we have ∣∣∣∣Mn
T − Y′

T −
∫ T

0
f (0, 0)ds

∣∣∣∣ = ∣∣∣∣ξn − ξ +
∫ T

0
f (0, 0)dAn

s −
∫ T

0
f (0, 0)ds

∣∣∣∣
≤ |ξn − ξ|+

∣∣∣∣∫ T

0
f (0, 0)dAn

s −
∫ T

0
f (0, 0)ds

∣∣∣∣,
from Assumption 3, the equation above converges under L1. Applying Theorems 3 and 4,

we have Mn u.c.p.−−−→ M, where

Mt = Y′
t +

∫ t

0
f (0, 0)ds

and ∫ T

0
(Z′n

s − Z′
t)

2dt P−→ 0.

Therefore, we can obtain

sup
0≤t≤T

|Mn
t − Mt|+

∫ T

0

∣∣Z′n
s − Z′

s
∣∣2ds P−→ 0.

Our task is to prove

sup
0≤t≤T

∣∣Y′n
t − Y′

t
∣∣+ ∫ T

0

∣∣Z′n
s − Z′

s
∣∣2ds P−→ 0,

Hence, we only need to prove

sup
0≤t≤T

∣∣∣∣∫ t

0
f (0, 0)dAn

s −
∫ t

0
f (0, 0)ds

∣∣∣∣ P−→ 0,

where An
s = [s/h]h, and the result clearly follows from the Riemann integration. For the

case of p ≥ 1, using a similar analysis to Briand et al. [9], set

Mn
t = Y′n

t +
∫ t

0
f (Yn

s−, Zn
s )dAn

s , 0 ≤ t ≤ T,

which satisfies

Mn
t = Mn

0 +
∫ t

0
Z′n

s dWn
s ,
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Hence, Mn is a Fn-martingale. Since Yn
T = Y′n

T = ξn, we have

Mn
t = E(Mn

T | Fn
t ), Mn

T = Y′n
T +

∫ T

0
f (Yn

s−, Zn
s )dAn

s .

To use Theorems 3 and 4, we need to prove the convergence of Mn
T under L1. Noting

that Yn and Zn are piecewise constant and Y, Z are continous, we have∣∣∣∣Mn
T − YT −

∫ T

0
f (Ys, Zs)ds

∣∣∣∣ ≤ ∣∣Y′n
T − YT

∣∣+ ∫ T

0
| f (Yn

s−, Zn
s )− f (Ys, Zs)|ds (29)

≤ (1 + KT) sup
0≤t≤T

|Yn
t − Yt|+ K

∫ T

0
|Zn

s − Zs|ds.

The equation above converges under L1 because of the boundedness of L2; e refer
to [14], Theorem 4.2.1. Thanks to Theorems 3 and 4, using the same step as used in p = 0,
we again have

sup
0≤t≤T

|Mn
t − Mt|+

∫ T

0

∣∣Z′n
s − Z′

s
∣∣2ds P−→ 0.

where

Mt = Y′
t +

∫ t

0
f (Yt, Zt)ds

Now, we proceed to show

sup
0≤t≤T

∣∣Y′n
t − Y′

t
∣∣+ ∫ T

0

∣∣Z′n
s − Z′

s
∣∣2ds P−→ 0,

so we only need to prove

sup
0≤t≤T

∣∣∣∣∫ t

0
f (Yn

s−, Zn
s )dAn

s −
∫ t

0
f (Ys, Zs)ds

∣∣∣∣ P−→ 0,

However, we have just proved this in (29), which finishes the proof.

Now, we prove Theorem 1. Due to the two lemmas above, we only need to show

sup
0≤t≤T

|Ŷn
t − Yn

t |
P−→ 0,

This can be used to show

sup
0≤t≤T

|E[Yn
t |Fn

t ]− Yn
t |

P−→ 0.

In fact,

sup
0≤t≤T

|E[Yn
t |Fn

t ]− Yt + Yt − Yn
t | ≤ sup

0≤t≤T
|E[Yn

t |Fn
t ]− Yt|+ sup

0≤t≤T
|Yt − Yn

t |

≤ sup
0≤t≤T

|E[Yn
t − Yt|Fn

t ] + sup
0≤t≤T

|E[Yt|Fn
t ]− Yt|

+ sup
0≤t≤T

|Yt − Yn
t |.
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From Lemmas 2 and 3, the third term converged in probability. For the first term,
thanks to Doob’s inequality, we have

lim
n→∞

P( sup
0≤t≤T

|E[Yn
t − Yt|Fn

t ] ≥ ε) ≤ lim
n→∞

P( sup
0≤s≤T

E[ sup
0≤t≤T

|Yn
t − Yt|Fn

s ] ≥ ε)

≤ lim
n→∞

ε−1E[ sup
0≤t≤T

|Yn
t − Yt|] = 0,

where the last equality is because of the L2 boundedness of sup0≤t≤T |Yn
t − Yt|.

Furthermore, we proved Fn w−→ F in Theorem 3; combining this with

E[ sup
0≤t≤T

|Yt|] < ∞,

where Y is the solution of (1), we can prove the second convergence using Lemma 6. Hence,
we, at length, complete the proof.

5. Some Lemmas
Lemma 4. Under Assumptions 5 and 6 or Assumption 7, it holds that Wn ⇒ W.

Proof. We follow the notations in the book by Jacod and Shiryaev [11], which states that
if the Assumptions 5 and 6 hold, then Wn’s predictable characteristics “without truncation”
are as follows:

B′n
t =

[t/h]

∑
k=1

E[
√

hεn
k |G

n
k−1] = 0,

C′n
t =

[t/h]

∑
k=1

E[h(εn
k)

2|Gn
k−1] = h[t/h],

g ∗ ν′nt =
[t/h]

∑
k=1

E[g(
√

hεn
k)|G

n
k−1], g ∈ C1(R).

Remember, the characteristics of the standard Brown motion are B′ = 0, C′t = t, ν = 0.
Furthermore, for some C, a > 0, we have |g(x)| ≤ C|x|21{|x|>a} because of g ∈ C1(R),
implying

g ∗ ν′nt ≤
[t/h]

∑
k=1

E[Ch(εn
k)

21{|
√

hεn
k |>a}] = [t/h]Ch1{

√
h>a},

which tend toward 0 as n → ∞. Additionally, |x|21{|x|>a} ∗ ν′nt = [t/h]h1{
√

h>a} → 0 as
n → ∞. Combining the above, thanks to [11] VII.3.7, we can obtain Wn ⇒ W.

Now, if the Assumption 7 holds, the proof is the same as the above.

Lemma 5. Let ηi, 1 ≤ i ≤ n be a sequence of random variables satisfying the standard normal
distribution N(0, 1). Then, we have

E[ max
1≤i≤n

ηi] ∼ O(
√

log n).

Consequently, it holds that

E[ max
1≤i≤n

|ηi|] ∼ O(
√

log n).
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Proof. On the one hand, let Zn = ∑n
i=1 exp(βηi) for β > 0. We have

β max
1≤i≤n

ηi = log
(

exp
(

max
1≤i≤n

βηi

))
≤ log Zn.

Using Jensen’s inequality and taking the expectations on both sides of the above
inequality, we could obtain

βE[ max
1≤i≤n

ηi] ≤ E[log Zn] ≤ logE[Zn] = log n + β2/2.

Taking β =
√

log n, we can obtain E[max1≤i≤n ηi] ≤ 3
2

√
log n.

On the other hand, it is obvious that {max1≤i≤n ηi > t} = ∪n
i=1{ηi > t} for all t > 0.

Since ηi is independent, we can obtain

P
{

max
1≤i≤n

ηi > t
}

= 1 − P
{

n⋃
i=1

{ηi ≤ t}
}

= 1 −
n

∏
i=1

(1 − P{ηi > t})

For 0 < x < 1, since 1 − x < exp(−x), we have

P
{

max
1≤i≤n

ηi > t
}

> 1 − exp

(
−

n

∑
i=1

P{ηi > t}
)

. (30)

Set A = ∩i≥1{ηi > 0}; it is easy to verify that

E[ max
1≤i≤n

ηi] = E[
(

max
1≤i≤n

ηi IA + max
1≤i≤n

ηi IAc ]

)
≥ E[|η1|] +E[ max

1≤i≤n
η+

i ]. (31)

Using Fubini theorem, we can show that, for fix µ > 0,

E[ max
1≤i≤n

η+
i ] > µP{ max

1≤i≤n
η+

i > µ}. (32)

It is well-known that for some t > t0, since ηi is a Gaussian variable,

C
t

exp
(
−t2/2

)
≤ P{ηi > t}. (33)

Combining (30)–(33), we obtain

E[ max
1≤i≤n

ηi] ≥ E[|η1|] + µ
(

1 − exp
(
−Cne−µ2/2/µ

))
(34)

Now, we choose µ =
√

2 log n − log log n and compute the value of the second part
on the right side of (34):

ne−µ2/2/µ = n × log n
2n

× 1√
2 log n − log log n

∼
√

log n → +∞,

which implies (
1 − exp

(
−Cne−µ2/2/µ

))
→ 1.



Mathematics 2025, 13, 684 15 of 16

Therefore, E[max1≤i≤n ηi] ≥ E[|η1|] + µ
(

1 − exp
(
−Cne−µ2/2/µ

))
∼ C

√
log n, so,

for some constants C1, C2 and a large arbitrary n, we have

C1
√

log n ≤ E[ max
1≤i≤n

ηi] ≤ C2
√

log n, (35)

which completes the first proof.
We shall start to prove the last result. Since we have max1≤i≤n ηi ≤ max1≤i≤n |ηi|

and (35), it is obvious that we need only to verify

E[ max
1≤i≤n

|ηi|] ≤ C3
√

log n + C4.

The same step is used as the proof in the beginning, noting that

E[exp(β|ηi|)] =
1√
2π

∫ ∞

−∞
exp(β|x|) exp(− x2

2
)dx

≤
∫ ∞

−∞
exp(βx) exp(− x2

2
)dx +

∫ ∞

−∞
exp(−βx) exp(− x2

2
)dx

= E[exp(βηi)] + E[exp(−βηi)]

= 2 exp(
β2

2
),

we get
βE[ max

1≤i≤n
ηi] ≤ log 2n + β2/2.

Taking β =
√

log 2n, because of
√

a + b ≤
√

a +
√

b, we can obtain

E[ max
1≤i≤n

ηi] ≤
3
2

√
log 2 + log n ≤ 3

2
(
√

log 2 +
√

log n).

We, at length, complete the proof.

The following Lemma is a simplified version of a result of [12], Theorem 1.

Lemma 6. Let {Fn
t }0≤t≤T be a sequence of filtrations and {Ft}0≤t≤T be a filtration on (Ω,F ,P),

such that Fn w−→ F . Let X be a F adapted continuous process, such that sup0≤t≤T |Xt| is

integrable. Then, E[X·|Fn
· ]

u.c.p.−−−→ X·

We also list Proposition 1.5 (b) and Corollary 1.9 in [15] for readers’ convenience.

Lemma 7. If a sequence of continuous local martingales Mn satisfies

sup
n

E
[

sup
0≤t≤T

∆|Mn
t |
]
< ∞,

then it has the UT condition. Moreover, if Mn u.c.p.−−−→ M∞, then the quadratic variation process
[Mn, Mn]

u.c.p.−−−→ [M, M].
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