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Abstract: The Inverse Gaussian process is a useful stochastic process to model the
monotonous degradation process of a certain component. Owing to the phenomenon
that the degradation processes often exhibit multi-stage characteristics because of the inter-
nal degradation mechanisms and external environmental factors, a change-point Inverse
Gaussian process is studied in this paper. A modified information criterion method is
applied to illustrate the existence and estimate of the change point. A reliability function
is derived based on the proposed method. The simulations are conducted to show the
performance of the proposed method. As a result, the procedure outperforms the existing
procedure with regard to test power and consistency. Finally, the procedure is applied to
hydraulic piston pump data to demonstrate its practical application.

Keywords: degradation; inverse Gaussian process; change-point model; modified
information criterion
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1. Introduction

Degradations of multiple display devices, including plasma display panels (PDPs),
liquid crystal displays (LCDs) and light-emitting diodes (LEDs), experience a rapid period
in the initial stage because of the presence of residual impurities. Then, the degradation
rate slows down, exhibiting multi-stage characteristics. Manufactures and researchers
leverage these characteristics to enhance the quality of their products and conduct further
studies. With the progress in scientific, technological and manufacturing fields, products
with high reliability are becoming more common. For highly reliable products, obtaining
their failure times through life tests is often time-consuming. Additionally, the reliability of
the products is influenced by degradation index. For instance, the PDP fails to operate well
as the luminosity crosses a certain threshold. So, an alternative is to analyze degradation
data measured by degradation test. The degradation data serve as a valuable source for
acquiring reliability information because degradation measurements are available for each
individual unit before it reaches failure. For instance, Hong et al. [1] used the degradation
data to analyze the reliability of organic coatings. Extensive research on degradation
processes is categorized into two primary areas: general path models and stochastic process
models [2].

The general path model utilizes general paths to define degradation processes. The
data acquired directly from experiment are organized sequentially in time, forming a linear
sequence known as a degradation path. This method offers a streamlined approach for
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the analysis of degradation data. The concept of the degradation path model was first
introduced by Lu and Meeker [3], and is defined as follows:

where A(t) represents the true degradation path, which is a function of parameters. The
term e denotes the measurement error, which is commonly assumed to be normally dis-
tributed, i.e., € ~ N(0,02). The general path model is allowed to fit various degradation
path. Different expressions of A(t) are assumed in [1,4-6]. However, as mentioned in Lu
etal. [6], A(f) is assumed when there is enough knowledge that suggests a specific form
for the path. If the expression of A(t) is inappropriate, it will cause errors in the follow-up
reliability analysis.

Unlike general path models focusing on the degradation paths themselves, stochastic
process-based models concentrate on the product or component and regard degradation
observations as time-varying quantities. The main stochastic process used in such models
includes the Wiener process, the Gamma process, and the Inverse Gaussian (IG) process.
Numerous studies leverage stochastic process models to analyze degradation data. For
instance, Ye et al. [7] applied the Wiener process with measurement errors to model
degradation data from hard disk drives and LEDs, demonstrating this new procedure is
useful for accelerated degradation data analyses and fits the data well. Giorgio et al. [8]
proposed a perturbed gamma process to analyze the fatigue crack degradation data. Fang
et al. [9] utilized a multivariate IG process to assess system reliability.

Because of the internal factors and external environment, most degradation processes
exhibit the characteristic of multiple stages. As mentioned in Liang et al. [10], most current
models focus on a single-stage model, which conflicts with reality, because the degradation
rate of initial stage is often different from the second stage. Only considering the single-
stage model may lead to inaccurate estimates of the reliability. Furthermore, a multi-stage
model is necessary for manufacturers to determine the required duration of the burn-in
process to reduce the initial rapid failure phase before products are shipped to customers.
Wang et al. [11] introduced a two-stage degradation model to forecast the remaining
lifespan of lithium-ion batteries. In another study, Wang et al. [12] utilized a multi-stage
degradation model for systems based on degradation branching processes. Additional
references for this approach are shown in [13-15]. Given the multi-stage characteristic of the
degradation process, there is a transition point in the degradation rate, commonly referred
to as the change point. Consequently, the problem is transformed into identifying the
change point. Many researchers focus on modeling degradation processes, often assuming
the change point is already known. However, in reality, the actual location of the change
point is unknown, making it crucial to estimate its location for precise predictions. There
are two main approaches for addressing the change-point issue: the Bayesian method and
the likelihood method, which we will subsequently detail.

Bae et al. [16] conducted research on the two-stage degradation issue for PDPs,
employing a regression model with a change point to fit the two-phase degradation paths
and utilizing Bayesian approach to estimate the model parameters. In another study, Bae
et al. [17] tackled the degradation and reliability challenges of organic light-emitting diodes
(OLEDs), utilizing linear and bi-exponential models to construct the model and resolve
the model parameters through Bayesian approach. These two studies, which integrate the
general path model with Bayesian method, show that the bi-exponential model is more
precise in predictions, while the regression model offers more insights into the change
point. For more precise predictions of component reliability, stochastic process models are
considered. Wang et al. employed the change-point Wiener process [18] and the change-
point Wiener process with measurement error [19] to model the degradation of OLEDs,
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calculating the parameters within a hierarchical Bayesian framework. Their proposed
models showed the lowest mean square prediction error compared to other existing models
and provided more stable results through Bayesian method. The Wiener process is favored
for its ability to handle both monotonic and non-monotonic degradation patterns. However,
for certain practical issues, the Gamma process and the IG process are more logical, as
they are only able to address monotonic degradation patterns. Wang et al. [20] applied
the change-point Gamma process to the degradation of metal oxide semiconductor field
effect transistors (MOSFETs) exposed to ionizing radiation. Zhuang et al. [21] analyzed
the degradation process of lithium-ion battery through two-phase reparameterized IG
process to obtain the adaptive replacement policy. Both of the studies use Markov Chain
Monte Carlo (MCMC) algorithm for parameter estimation and change-point location
determination and obtain desired outcomes. The Bayesian approach excels in solving
these types of problems. However, assigning appropriate priors to model coefficients
is challenging, and the computation of the posterior is often time-consuming, especially
when the number of parameters is large. As an alternative to the Bayesian approach, the
maximum likelihood method is also used.

Bae and Kvam [22] suggested employing the expectation maximization to estimate the
parameters in a change-point regression model to describe the degradation process of PDPs.
Kong et al. [23] applied maximum likelihood method to detect change points in the Wiener
degradation process. Ling et al. [24] utilized a Gamma process to model the degradation
of LEDs, with the stochastic EM algorithm being used to estimate the parameters. Liang
et al. [10] analyzed the reliability of lithium batteries through a two-phase IG process model,
whose parameters were estimated by an approach combining maximum likelihood method
with the Genetic Algorithm. Nevertheless, maximum likelihood method is only able to
estimate but not detect the changes.

In summary, it is challenging for Bayesian method to provide proper priors, while
maximum likelihood method only estimates but not detects the changes. MCMC algorithm,
which is frequently used in Bayesian method, takes much time to calculate the posteriors,
because the number of the parameters is doubled in the change-point problem. To solve
the challenges associated with the Bayesian approach and maximum likelihood method,
this paper introduces a novel approach for change-point detection with the assistance of
Modified Information Criterion (MIC), which is able to detect the changes while estimating
the changes. Additionally, MIC method does not need to consider priors. The rest of
this paper is organized as follows. The change-point IG process is proposed in Section 2.
Section 3 thoroughly introduces the test statistics of modified information criterion for the
model, and studies the reliability function of the process. In Section 4, numeric simulation
of the proposed method is conducted, which shows the effectiveness of the method. The
proposed model is applied to hydraulic piston pump data to illustrate the availability in
Section 5. Section 6 concludes the findings and future studies.

2. Changes in Inverse Gaussian Process
2.1. Inverse Gaussian Process

Suppose {Z(t;u,n),t > 0} is the Inverse Gaussian process; it has the following
properties:

(1) Z(0; 1, 1) = 0 with probability one;

(2) Z(t; u, 1) has stationary independent increments, which are independent of the
starting point;

(3) At the time interval (t, t + At), the degradation increment of the Z(t + At; i, 17) —
Z(t;u,m) ~ IG(u[A(t + At) — A(B)], 7[A(t + At) — A(t)]?), where IG denotes Inverse
Gaussian distribution, # and 7 are two parameters which are greater than 0 and A(t) is
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an increasing function relied on time t with its initial value is 0, i.e., A(0) = 0. A linear
function (i.e., A(t) = t) is adopted in this article for the reason that it aligns with the general
practice [20].

Hence, the probability density function (PDF) of the increment Z(t + At; u,1n7) —
Z(t;u,n)is

‘ [ nAf? AP (Az — pAt)?
fAzipn A =\ 57575 eXp{ 20z(uAt)2 [’ g

and the cumulative distribution function (CDF) of the increment is

2 At A2 [ Az
+exp{y}q> [—\/ ~ (W + 1)], 2)

where ®(-) stands for the CDF for standard Gaussian distribution.

. _ g, JTA (B2
F(Az,y,;y,At)—CID[ Az \ At 1

2.2. Inverse Gaussian Process with Change Points

Since the degradation process of many components often exhibits two-phase patterns
over the testing period [21], directly using the theory in Section 2.1 to fit the degrada-
tion process would result in errors, which would have implications for evaluations of
reliability. Therefore, we consider an IG process with change points. We only consider
the two-stage model with a change point. Multi-stage degradation paths are able to be
regarded as multiple two-stage paths linked together. For multi-stage degradation model,
the binary segmentation method [25] is applied to transform the multi-stage model into
two-stage model.

The Inverse Gaussian degradation process is measured at n different observation
points. Let t = (t1,tp,-- - ,t,) be n observation time points, and ¢ty = 0 denote the initial
observation time. Denote z = (21,2, - - -,z ), with n being the observation degradations
at (t1,tp,- -+ ,tn), and zg = 0 is the initial degradation value. Therefore, the degradation
increment can be expressed as Azj=zj—zj 4, wherej=1,2,--- ,n.

Suppose the degradation of the product owns two-stage characteristic, i.e., the degra-
dation process is component of two distinct IG process, Z(t, u1,11) and Z(t, pa, 172). The
degradation process is expressed as follows:

ZO;p1,m) +Z(Ew,m), 0<t<ty,

Z(t) =
Z(top,m) + Z(Epo,m2), > 1y,

)

where f; is the observation time of the change; 41 and #; denote the mean and shape pa-
rameters of the first process, respectively; yi2 and 7, denote the mean and shape parameters
of the second process, respectively; Z(0; j11, 171) represents for the initial degradation value
of the product and Z(t; j11,%1) represents for the amount of the degradation at change
point .

We are interested in testing the following hypotheses:

Ho: m=mwm=4y, m=mn=rn

versus
Hy:  p1 # po, 1 # 12
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3. Modified Information Criterion for Inverse Gaussian Process
3.1. Maximum Likelihood Estimators

According to the distribution of the increments of the degradation, the parameters
under the null and alternative hypothesis can be estimated by the maximum likelihood
method.

The likelihood functions under null and alternative hypotheses are

Nz;
T I (Gt D
— I L J 4
LHO(V”?) g[ ZHAZ? exp( ZAZ] )]’ ( )
k 771At2 —171(— — At ) 172At2 —172(— — At )
5
L, (11,11, 2, 772) ]—{ 2n P52 )}j:]gl[ 2n xp(—op ) ®)

respectively.
Based on Equations (4) and (5), the log-likelihood functions under Hy and H; are

n 1 n(5E - ALY
log Ly, (1, 17) = Z[E Iny +1InAt; — B ln(ZHAZ?) — Tz-]' (6)
j=1 j
Az;
k 24 At 2
1 1 ( ])
log Ly, (1,11, M2, 112) = Z 1n171 +1InAt; — 21 (271Az]3) - MZT}
= )
LI 1 (52— At i)?
+ Z [=Iny, +InAt; — ~In(2mAzZ}) — “—]
L 2 72 j 20z

respectively.
Thus, the maximum likelihood estimators (MLEs) of u and # under Hy are able to
obtain by solving the following equations:

dlog L , —n Az
o i
n (ﬁ _ At,)Z
dlog Ly, (1, 1) :21<1_ T j )=o.
on 4 2%y Az;
Through simple algebra, we obtain
=L N " ®
Y At 1[G - A2/ Az
Similarly, under Hj, the MLEs of 1, 2, 11, 112 are
. Z _10z; 2 . k
p==— tk, = )
Z _1 At k Z [(——At)Z/Az}
Yz g, -2 X n—k
j=k+1 Btj n k1 j:k+1[( e At;)?/ Az; ]

Detailed steps of the calculation are shown in Appendix A.
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3.2. Modified Information Criterion

For the model selection, the Akaike Information Criterion (AIC) proposed by
Akaike [26] and the Schwartz Information Criterion (SIC) proposed by Schwartz [27]
are two common approaches. For the change-point problem, the null hypothesis is consid-
ered the model without change points, and the alternative hypothesis is the model with
change points. Hence, the change-point problem is converted into a model selection prob-
lem. For such a model selection problem, the two criteria, AIC and SIC, are able to solve the
problem seemly. However, if the change point appears at the beginning or the end of the
process, either the former two parameters, fi; and j;, or the latter two parameters, i, and
fj2, are redundant. In other words, the parameter k becomes undesirable as it approaches
the values of 1 or n. To solve this problem, Chen et al. [28] proposed a novel information
criterion, modified information criterion (MIC), by modifying the complexity term under
alternative hypothesis. Ref. [28] shows that if a change is suspected at the early stage,
stronger evidence is required to support the claim of such a change. Consequently, a larger
penalty ought to be applied when k is near the beginning or the end of the process. More
evidences are shown in [29,30].

Under the alternative hypothesis, we define

2% \?
MIC(k) = —2log Ly, (fi1, T, fi2, 72) + {4+ <n - 1) }log(n), 1<k<mn (11)

where /i1, 71, fl2, 2 are the MLEs of the parameters under Hj.
Similarly, under Hy, we define

MIC(n) = —2log Ly, (f1,7) +2log(n), (12)

where i, 7j are the MLEs of the parameters under Hy.
To investigate the asymptotic property of the MIC, Chen et al. [28] also defined
test statistic
Sy = MIC(n) — min MIC(k) + 2log(n). (13)

1<k<n

By substituting Equations (11) and (12) into Equation (13), we obtain

2log(n) — min [~2log Ly, (11,71, fla, 12)

1<k<n

o , N 2k 2
= —2log Ly, (f, ) — min [=2log Ly, (fin, f11, flz, f2) + (n - 1) log(n)].

1<k<n

Following [28], under Wald conditions and regularity conditions, S, converges to x3
in distribution under Hy as n — oo. Wald conditions and regularity conditions are shown
in Appendix B.

Due to the result being a limiting distribution rather than the precise distribution for
a specified sample size n, it is necessary to simulate the empirical values ¢, , for varying
significance levels a and sample sizes n. If S;; < ¢4, the null hypothesis is accepted,
implying that there exists no change point. On the contrary, if S;; > c4 ., the null hypothesis
is rejected, indicating that there exists a change point. The estimation of change location is
expressed as k= argming <, MIC(k).

If there are more than one change point in the sequence, it is efficient to use binary
segmentation procedure [25], which transfers multiple change point detection into a series
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of sequential steps, with each step identifying at most one change, to detect and locate
the changes. In detail, if the sample size of certain dataset is n and S, > ¢4, there
exists a change. Assume the location of the change is k; then, the dataset is split into two
subsequences, which are the former k data and the latter n — k data. For each subsequence,
detect whether there exists a change in the subsequence. Keep repeating the process until
there are no more change points in every subsequence.

3.3. Reliability of the Change-Point Inverse Gaussian Process

As is known to all, reliability evaluation is an essential part of reliability analy-
sis. Assume the failure threshold of the device is D. The lifetime of such device is
T = inf{t|Z(t; 4, n) > D}. Hence, the reliability function of the lifetime is

R(t) = P{T > t} = P{Z(t;,m) < D).

For two-stage degradation process, assume the degradation measurements of the first
and second stage at t are Z(t; u1,171) and Z(t; o, 172). If 0 < t < ty, the reliability function
of the lifetime is

Rr(t) = P{Z(t;u1,m) — Z(0; p1,1m1) < D} = F(D; pq, 1, t).

When t > t, the degradation amount is [Z(ty; p1,71) — Z(0; p1, 11)] + [Z(t p2, 12) —

Z(tg; w2, 12)], where Z(tg; ur, 1) — Z(0; 11, 1) ~ IG(paty, mt2) and Z(t pa, 172) — Z(ty; pa,
12) ~ IG(pa(t — t), 72(t — t)?). They are independent of each other. With the assistance
of convolution formula, the reliability function of the lifetime can be calculated as

Rr(t) = P{[Z(t; p1,m) — Z(0; pa, m)] + [Z(t; pa, 12) — Z(t; 2, 112)] < D}
D
= /0 /ng(z;ﬂlﬂh,tk) X f(g—z;4a, 1o, t — t)dzdg (14)

D
:/0 f(z u1,m1, tk) X F(D — z; po, p, t — ty)dz.

Corresponding calculation process of Equation (14) is shown in Appendix C. For
degradation processes consist of more than two stages, the reliability function can be
derived by repeating the use of convolution formula above.

4. Simulation
4.1. Power Comparison Between MIC and SIC

In this subsection, the performance of the proposed method by varying the values of
parameters, sample sizes and change locations is illustrated. To show the advantages of
the proposed method, power comparison between MIC with SIC is conducted. The test
statistic T}, for SIC is constructed as

Ty = SIC(n) — min SIC(k) +2log(n), (15)

1<k<n
where SIC(n) under Hy and SIC(k) under Hj are given by
SIC(n) = —2log Ly, (f1, 1) +2log(n),
SIC(k) = —2log L, (fi1, 1, 2, f2) + 4log(n),

respectively.
The parameters before the change are set to be (11, 171) = (0.5,1); after the change,
parameters (12, 12) are set to be (1.5,3), (1,2), (1.5,2), and (1,1.5), respectively. A total of



Mathematics 2025, 13, 663

8 of 16

1000 simulations are performed under each set of parameters, and the simulation results
are shown in Tables 1-3. n denotes the sample size and k is for the change point location,
which assumed to occur at the 25%, 50%, and 75% of the sample size.

From Tables 1-3, it can be observed that as sample size increases, the powers of
both procedures increase. Take the MIC method as an example; when (12, 72) = (1,1.5),
the change occurs in the middle of the data and a = 0.01, as the sample size increases,
the powers are 0.321, 0.863, 0.985, and 0.998, respectively. This indicates that the power
enhances with a larger sample size. When the change point is located in the middle
of the data rather than the beginning or the end, the power rises. For example, with
n = 30, (p2,12) = (1,1.5) and & = 0.05, the powers for MIC method are 0.369, 0.616,
0.46, respectively. It implies that the power is higher when the change point is located in
the middle of the data. The power is influenced by the differences between parameters
before and after the change. For instance, when n = 30 and « = 0.05, the powers for
(u2,m2) = (1,1.5) are 0.369, 0.616, 0.46. As the difference expands, i.e., (yp,172) = (1.5,3),
the powers increase to 0.952, 0.995, 0.954. This indicates that as parameters difference
increases, the power rises. Furthermore, we notice that the MIC method outperforms the
SIC method, which demonstrates that the MIC method is more effective in determining the
presence or absence of changes in the data.

Table 1. Power of the test, « = 0.01.

(1.5,3) 1,2) (1.5,2) (1,1.5)
n k MIC SIC MIC SIC MIC SIC MIC SIC

7 0.817 0.651 0.256 0.124 0.569 0.382 0.169 0.077
30 15 0.964 0.845 0.502 0.261 0.87 0.666 0.321 0.13
22 0.854 0.669 0.289 0.152 0.721 0.537 0.249 0.124
15 1.000 0.998 0.772 0.652 0.993 0.968 0.593 0.425
60 30 1.000 0.999 0.952 0.852 1.000 0.999 0.863 0.717
45 0.999 0.997 0.794 0.648 0.998 0.989 0.661 0.518
22 1.000 1.000 0.968 0.949 1.000 0.999 0.871 0.815
90 45 1.000 1.000 0.999 0.986 1.000 1.000 0.985 0.963
67 1.000 1.000 0.973 0.956 1.000 1.000 0.916 0.875
30 1.000 1.000 0.999 0.996 1.000 1.000 0.984 0.969
120 60 1.000 1.000 1.000 0.999 1.000 1.000 0.998 0.994
90 1.000 1.000 0.999 0.997 1.000 1.000 0.989 0.975

Table 2. Power of the test, « = 0.05.

(1.5,3) 1,2 (1.5,2) (1,1.5)
n k MIC SIC MIC SIC MIC SIC MIC SIC

7 0.952 0.936 0.527 0.461 0.837 0.786 0.369 0.315

30 15 0.995 0.988 0.736 0.617 0.972 0.937 0.616 0.523
22 0.954 0.937 0.557 0.492 0.923 0.882 0.46 0.398

15 1.000 1.000 0.934 0.909 0.998 0.992 0.807 0.769

60 30 1.000 1.000 0.989 0.969 1.000 1.000 0.952 0.914
45 1.000 1.000 0.918 0.891 0.998 0.994 0.839 0.793

22 1.000 1.000 0.997 0.986 1.000 1.000 0.973 0.937

90 45 1.000 1.000 0.999 0.995 1.000 1.000 0.998 0.994
67 1.000 1.000 0.997 0.989 1.000 1.000 0.972 0.946

30 1.000 1.000 1.000 0.998 1.000 1.000 1.000 0.998

120 60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
90 1.000 1.000 0.999 0.997 1.000 1.000 0.998 0.996
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Table 3. Power of the test, « = 0.10.

(1.5,3) 1,2 (1.5,2) (1,1.5)
n k MIC SIC MIC SIC MIC SIC MIC SIC

7 0.983 0.979 0.631 0.611 0.914 0.901 0.537 0.514

30 15 0.998 0.997 0.824 0.768 0.99 0.983 0.755 0.693
22 0.987 0.983 0.685 0.648 0.965 0.952 0.618 0.597

15 1.000 1.000 0.967 0.949 1.000 0.998 0.912 0.863

60 30 1.000 1.000 0.998 0.988 1.000 0.999 0.986 0.958
45 1.000 1.000 0.961 0.932 1.000 0.997 0.926 0.894

22 1.000 1.000 0.998 0.994 1.000 1.000 0.991 0.983

90 45 1.000 1.000 1.000 1.000 1.000 1.000 0.998 0.993
67 1.000 1.000 0.998 0.995 1.000 1.000 0.993 0.989

30 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.997

120 60 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
90 1.000 1.000 1.000 1.000 1.000 1.000 0.999 0.996

4.2. Consistency of Estimator k Comparison

In this subsection, we investigate the consistency of change-point estimator with
a similar method to the one shown in [31-34], and the result is shown in Table 4. The
parameters before and after the change are (y1,71) = (0.5,1) and (p2, 72) = (1,2), respectively.
In total, 2000 repetitions are conducted and the significance level is 0.05. The difference
between the estimated change location and the real location is set to 0, 1, 2 and 3.

From Table 4, it can be seen that as the sample size becomes larger, the consistency rate
is higher. For example, when n = 60 and k = 30, P([k — k| < 3) is 0.862209 and 0.858544 for
MIC and SIC method, respectively. When n increases to 120, P([k — k| < 3) is 0.8855 and
0.878. Moreover, in most cases, the MIC method outperforms SIC method for the reason
that the probability of the MIC method is high.

Table 4. Consistency of estimator k for MIC and SIC.

P(lk—k|<0) P(k—kl<1) P(k—k<2) P(k—Fk <3)
n k MIC SIC MIC SIC MIC SIC MIC SIC

7 0393 0.387 0.656 0.609 0.771 0.733 0.836 0.819
30 15 0412 0.410 0.667 0.661 0.782 0.757 0.844 0.821
22 0.408 0.393 0.653 0.610 0.754 0.725 0.813 0.797
15 0419 0.412 0.660 0.657 0.792 0.781 0.850 0.847
60 30 0.443 0.432 0.690 0.675 0.797 0.798 0.862 0.859
45 0421 0.420 0.661 0.658 0.773 0.755 0.837 0.832
22 0428 0.415 0.678 0.669 0.791 0.781 0.860 0.849
90 45 0463 0.449 0.710 0.695 0.818 0.818 0.882 0.880
67  0.449 0.447 0.696 0.674 0.806 0.801 0.879 0.872
30 0.447 0.443 0.679 0.693 0.810 0.806 0.884 0.866
120 60 0.452 0.450 0.727 0.701 0.835 0.816 0.886 0.878
90 0451 0.445 0.718 0.683 0.830 0.809 0.881 0.875

5. Application

Hydraulic piston pumps serve as an essential part of an aircraft’s hydraulic system.
They are used for flight posture adjustment, the braking system, and so on. Therefore, it is
of great importance to study the degradation process of the pumps. The data set is taken
from Ma et al. [35], in which the return oil serves as the degradation index. Figure 1 shows
the degradation data for the hydraulic piston pump from [35]. From Figure 1, we observe
that the degradation process consists of three stages. During the first stage, the return oil
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volume rises very fast. After about 50 h, the degradation increases stably. In the last stage,
after about 700 h, the volume rises rapidly again. In order to better analyze the reliability
of the pump, it is necessary to detect and estimate the change first. The detection steps are
as follows.

o
_
£ —
£
3 3
o |
E o
=1 —
©
K _

o

S -

0 200 400 600
Test time(h)

Figure 1. Degradation data of hydraulic piston pump.

Step 1. Consider the entirety of the data. The test statistics S;; defined in Equation (13)
is S, = 20.387. The simulated critical value with a significance level of 0.05 is 14.20731.
Obviously, the critical value is less than S;, which demonstrates that the null hypothesis is
rejected, i.e., there exists a change through the data. Then, we need to estimate the change
location k, i.e., estimate k by arg min <., MIC(k). The values of MIC(k) are shown in
Figure 2. From Figure 2, it is obvious that the location of minimum value of MIC (k) is 70,
which indicates that the location of the change point is 70.

The value of MIC
-350
|

-360
|

I I I I I \ I I
0 10 20 30 40 50 60 70

Test point

Figure 2. The value of MIC(k) for the whole data.

Step 2. Consider whether there exists another change in the subsequence. Consider the
subsequence for k from 1 to 70. The value of S, is 37.521, which is greater than the simulated
critical value of 15.79092. The result shows the null hypothesis is rejected, concluding that
there exists a change in the subsequence. Figure 3 shows the corresponding values of
MIC (k) of the subsequence. Similarly to Step 1, from Figure 3, the location of minimum
value of MIC(k) is 4, which means the change occurs at the fourth location.
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-360
|

The value of MIC
-380
\

-400
|

Test point

Figure 3. The value of MIC(k) for the subsequence.

Step 3. Similarly to the previous step, consider the subsequence for k from 1 to 4, 5 to
70 and 71 to 74. As a result, there exist no changes in these subsequences.

In summary, there are two change points in the hydraulic piston pump data, and the
locations are 4 and 70. The corresponding time points are 31.25 h and 691.25 h. This is
consistent with practice. The pump first experiences a run-in period, where the return oil
volume increases rapidly. Then, the volume increase is slower because the pump starts
a stable wear period. Finally, the pump enters a rapid wear period where the volume
rapidly grows.

According to Section 3.3, the reliability of the hydraulic piston pump can be calculated.
Figure 4 is the curve of the reliability function when the threshold is set to be 5. Figure 4a
shows the reliability of the pump during its whole lifetime. To show the former part of
the reliability more clearly, Figure 4b shows the reliability before 300 h. Compared to the
second stage, the reliability decreases more rapidly during the first stage. During the third
stage, reliability declines fastest among three stages, which is consistent with reality. As is
shown in Figure 4a, the pump fail to operate properly after around 800 h.

In reality, for a certain product, it degrades quickly at the beginning. In order to
eliminate the initial phase of rapid degradation, manufactures typically implement a
burn-in process before delivering the products to the customers. If the burn-in process is
incomplete, the degradation path will drop sharply initially, leading to a shorter predicted
lifespan than the actual expected failure time. To address this issue, extending the burn-in
duration can effectively bypass the initial wear-in phase [18]. To establish an optimal
burn-in strategy, we first need to estimate the change point location precisely.

@ |
: . "1
= ¥ | 2 o
¢ © 3 8-
— Q o
1
o e
° | ‘ ‘ ‘ ‘ g ! I I I I I I I
o
0 200 400 600 800 0 50 100 150 200 250 300
Time(h) Time(h)
(a) (b)

Figure 4. (a) The reliability of the hydraulic piston pump. (b) The reliability of the hydraulic piston
pump in the first 300 h. The red line represents the time that the first change occurs.
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6. Conclusions

In this paper, a change-point detection method based on modified information criterion
in the context of the IG process is proposed. Compared to the method based on SIC, through
the numerical simulations, the proposed approach is more effective in determining whether
there exist change points in the data and more consist of estimating change-point locations.
Finally, the procedure is employed to the hydraulic piston pump data and successfully
locates the changes. We estimate the reliability of the pump before and after the change,
respectively. The reliability of the pump decreases quickly in the initial stage, the reliability
decreases stably in the second stage, and the reliability decreases rapidly again in the third
stage. Hence, the pump needs to maintenance or replacement by a new one during the
third stage to keep high in reliability.

However, our study recognizes the existence of potential areas for improvement. In
particular, this work assumes change points only occur at the observation point. The reason
for this assumption is that for some components, like the Li-ion battery [36], the change
occurs at the observation point. Therefore, we assume change points only occur at the
observation point to simplify the derivation process. However, change points can also exist
between observations. In this scenario, Bayesian method is a good alternative for it regards
the change point as random. At the same time, Bayesian method can estimate the location
of the change. This will be addressed in our future research.
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Appendix A. Calculation Process of Equations (8)—(10)
Since alOgLa# = Z}’l = ( — At; ) = 0, u and 7 are two non-zero parameters,

and the equatlon is transformed into Z]" 1 (AZ Atj> = 0. Through simple algebra, the

1 Az
estimate of y is ):n Slmﬂarly, the estimate of # is —— . Equation (8) is
T [ —At)2/ Az)]
obtained. Similarly to estimating the parameters under Hy, the MLEs of y1, yy, 171, 112 can
be derived as follows:

8% Ap) 2%
9log L, (1, i, 1, 1n) & 2 (5 - ) By (B _
2] =L 2A _ZT -~ A ) =0,
m j=1 Zj =1 M1 \ M
82 ap ) ZRE
dlog Ly, (1, pn, 11, M) _ & 2772(142 At]) o i —i2 (AZ] —Atz) —0
2 j=k+1 24z o B3\ e :

it implies that

k

n n
N Zj:lJrk Az; Zj:k+1 Az;
]’ll ’ ‘1/[2 == - .

z AL =t Yl Bt ta—ty
Through solving the equations
Az; 2 Az; 2
dlog Ly, (p1, pin, 11, 1) :i 1 (5 - an) :il 1 (5 - an) o
8171 =1 2771 ZAZ] =1 2 /A1 AZ] ’

91og Ly (1, #ns M1, 1) Z 1 LN)Z il 1 LN)Z

92 T 21 2Az; - flzwi? 2|\ ;o Az; =0
the estimators of 7, #» can be expressed as
= k o = n—k
o T (32 - t]-)z/Az]-], i "l (- At]-)2/Azj].

Appendix B. Wald Conditions and Regular Conditions
Appendix B.1. Wald Conditions

W1. The distribution of X is either discrete for all 8, or absolutely continuous for all 6.
W2. For sufficiently small p and for sufficiently large J, the expected values are

2

2
< o0, E[log sup f(X;0')| < co.

E|log sup f(X;0')
|6 —6|>6

|6'—6|<p

W3. The density function f(X;#) is continuous in 6 for every x.

W4. If 6; # 6,, then F(X;01) # F(X;0,) for at least one x, where F(X;0) is the
cumulative distribution function corresponding to the density function f(X;6).

W5. limjg| 00 f(x;0) = 0 for all x.

W6. The parameter space O is a closed subset of the two-dimensional Cartesian space.

W7. f(x;0,p) = sup‘e,_9|<pf(X; 6’) is a measurable function of x for any fixed 6
and p.
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Appendix B.2. Regular Conditions

R1. For each 0 € ©, the derivatives exists for all x,

dlog f(x,0) 9*logf(x,0) 9d3logf(x,0)
L ’ 962 ’ 003 '

R2. For 6 in the neighborhood N(6)), there exist functions g(x) and H(x) such that
the following relations hold for all x:

X f(x
‘afge,e)‘ < g(x), afa(gz,e)‘ <g(x),
210 2 3lo
Plog /()] < i), “f‘gg(“\ < H(x),

and
/ g(x)dx < oo, Eg(H(X)) < co.

R3. Foreach 6 € ©,

(alogf(x;e))2

3
0 < Ey < 0.

a0 a0

<o, Eo Ualogf(X;Q)

Appendix C. Calculation of Equation (14)

Rr(t) = P{[Z(tx; w1, m) — Z(0; pi1,m1)] + [Z(E g2, m2) — Z(ti; g2, m2)] < D}

D rg

= /0 /0 f(z a1, te) X (g —z; po, 12, t — ty)dzdg
D D

= /O /Z f(Z;]/lllﬂll tk) Xf(g_zfyleZIt_tk)dgdZ
D D

— /O f(Z}ﬂllﬂlrfk) {/z f(g —Z; U, Mo, b — tk)dg dz

D
= /0 f(z 11,1, tk) X F(D — z; po, p, t — ty)dz.
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