
Academic Editor: Paolo Mercorelli

Received: 19 December 2024

Revised: 7 February 2025

Accepted: 14 February 2025

Published: 16 February 2025

Citation: Gu, J.; Zeng, Z.; Li, S.;

Jing, W.; Huang, F. The Application of

Cusp Catastrophe Theory to Analyze

Road Traffic Potential Characteristics,

Considering Headway, with Urban

Data. Mathematics 2025, 13, 652.

https://doi.org/10.3390/

math13040652

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

The Application of Cusp Catastrophe Theory to Analyze Road
Traffic Potential Characteristics, Considering Headway, with
Urban Data
Jian Gu 1,* , Zining Zeng 2, Shun Li 2, Wei Jing 2 and Fuan Huang 2

1 Hunan Key Laboratory of Smart Roadway and Cooperative Vehicle-Infrastructure Systems,
Changsha University of Science & Technology, Changsha 410114, China

2 School of Traffic and Transportation Engineering, Changsha University of Science & Technology,
Changsha 410004, China; zzn@stu.csust.edu.cn (Z.Z.); lishun@csust.edu.cn (S.L.);
23201060202@stu.csust.edu.cn (W.J.); 23201060195@stu.csust.edu.cn (F.H.)

* Correspondence: gujian@csust.edu.cn

Abstract: Local data are essential for the analysis of abrupt conditions in traffic flow. In
this research, we address the shortcomings of real-time traffic flow detection data, which
inadequately represent the density characteristics of vehicular traffic. To mitigate this issue,
we establish mathematical relationships among traffic flow density, time headway, and
vehicle speed, based on the fundamental characteristics of traffic flow dynamics. This
framework allows for the estimation of density across various road segments. Recognizing
the nonlinear dynamics that characterize traffic flow, we introduce a microscopic traffic flow
cusp catastrophe potential function that incorporates headway, utilizing cusp catastrophe
theory alongside microscopic traffic flow parameters to analyze real-time variations in
traffic flow potential characteristics. In the experimental section, we developed fitting
regression functions for traffic flow parameters using road detection data from the cities of
Nanjing and Yueyang in China. We also compared outcomes derived from the theoretical
model with the parameter estimation results obtained from the data, which facilitated the
calculation of traffic flow characteristics, such as cusp density and volume over a one-month
period. The results derived from the proposed potential function exhibit the functions’
greater capacity to capture the complex fluctuations in traffic flow compared to traditional
traffic potential functions, thereby providing a valuable instrument with which to evaluate
traffic flow characteristics in conjunction with real-time monitoring data.

Keywords: road traffic potential; cusp catastrophe theory; headway; urban data

MSC: 76A30

1. Introduction
Theoretical traffic flow models that rely on manual data collection can offer qualitative

insights into traffic management parameters for engineers, including metrics such as
congestion density and maximum flow. However, these qualitative assessments often fail
to account for the broader characteristics of local traffic in their analyses. Furthermore, the
variability of qualitative parameters complicates the accurate assessment of changes in
local traffic flow. A significant limitation of manual data collection methods is their inability
to capture comprehensive real-time road data, resulting in a dataset that represents only a
fraction of the total sample.
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The advent of automated road traffic flow data collection technologies, including
Bluetooth, RFID, and video surveillance, has significantly enhanced the sources of traffic
flow data. This advancement provides a wealth of foundational data for the analysis of
local traffic flow characteristics and the development of localized traffic flow models. By
integrating these data sources with established traffic flow modeling techniques, researchers
can uncover traffic flow characteristics that are inadequately represented in models derived
from manually collected data, particularly the multi-dimensional nonlinear attributes
inherent in road traffic flow.

Traffic flow operational characteristics are analyzed from various perspectives, employ-
ing multiple parameters to elucidate these characteristics. The integration of fundamental
traffic flow parameters with diverse theoretical approaches can elucidate traffic flow op-
erational characteristics, particularly through the application of nonlinear methodologies,
including chaos analysis and traffic flow potential function analysis. Among the parameters
utilized to characterize traffic flow operations, flow rate, speed, and time headway can be
directly obtained from detectors and serve as primary indicators of traffic flow conditions.
However, according to traffic flow theory, a single speed value corresponds to two flow
values between speed and flow rate, rendering speed an inadequate metric for evaluating
traffic operational characteristics. Traffic density, which reflects the extent of vehicle oc-
cupancy on the roadway, is frequently employed to analyze traffic operational patterns;
however, the direct measurement of traffic flow density poses significant challenges. In
this framework, we propose an analytical method, utilizing traffic flow potential function
analysis to estimate the nonlinear characteristics of traffic flow based on data collected
from road section detectors. The density of a given road section is estimated using data
collected from adjacent sections, while traffic flow potential characteristics are computed
using parameters such as abrupt density and adjacent density.

Catastrophe theory serves as a framework for examining the nonlinear dynamics
inherent in traffic flow. In this context, macroscopic traffic flow parameters—namely, traffic
flow velocity, density, and overall flow—are identified as key variables. These parameters
exhibit statistical properties that enable the differentiation of the nonlinear characteristics
of traffic flow from a macroscopic viewpoint, including phenomena associated with chaos.
However, advancements in traffic flow detection technologies have facilitated the collection
of data at the level of individual vehicles, allowing for the precise localization of each
vehicle within a lane and the recording of their respective speeds. Through analytical
processes, microscopic traffic flow parameters can be derived, such as the travel time
characteristics of specific road segments, the time headway between successive vehicles,
and the headway distance. Initially, we utilize these microscopic traffic flow parameters
to establish a quantitative relationship between time headway and macroscopic traffic
flow parameters. Subsequently, we employ catastrophe theory to develop a traffic flow
catastrophe potential model that integrates these microscopic traffic parameters. Finally,
we calibrate a three-parameter traffic flow model using empirical data obtained from urban
road detection systems, enabling the calculation of the nonlinear characteristics of traffic
flow in terms of how they are influenced by microscopic traffic flow parameters.

Combined with cusp catastrophe theory, an in-depth analysis of road traffic flow state
evolution characteristics, driven by measured data, provides a foundation for the rapid
identification and management of traffic flow congestion and its potential characteristics.

In Section 2, we review the recent literature on traffic flow characteristics and cusp
catastrophe modeling. In Section 3, we develop a model that integrates cusp catastrophe
theory and traffic flow theory utilizing collected traffic data parameters. In Section 4, data
from two cities are used for model calibration and validation. In Section 5, the conclusions
are presented.
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2. Literature Review
Traffic flow modeling relies on field data collection, which has transitioned from man-

ual to automated methods due to the significant progress made in traffic and transportation
technology, and many studies have been conducted to analyze traffic flow characteristics.
Hall [1] analyzed traffic detection data from freeways via cusp catastrophe theory and,
using a cusp catastrophe model and traffic data from freeways, also analyzed the occurrence
of gaps in freeway operation data and the accompanying jumps observed in the behavior of
speed–flow variables. Persaud and Hall [2] analyzed the traffic, speed, and occupancy data
of expressways at 30 s intervals via catastrophe theory and reported that the theoretical
model better the detection data fits and can be used for expressway event detection. Forbes
and Hall [3] further explored the traffic flow model based on catastrophe theory via freeway
data. Acha-Daza and Hall [4] further demonstrated the validity of catastrophe theory in
describing traffic flow characteristics and demonstrated a method of improving model
fitting based on the transformation of variables and axes (including the translation and
rotation of axes). These early studies laid the theoretical foundation of catastrophe theory,
which is used to construct traffic flow models based on detection data.

To further demonstrate the nonlinear characteristics exhibited by traffic flow data,
combined with the use of catastrophe theory, Carrillo et al. [5] demonstrated traveling
waves, catastrophes, and bifurcations via a macroscopic second-order Kerner–Konhauser
model for traffic flow. Gu et al. [6] analyzed the critical density characteristics of express-
ways at the lane level by using cusp catastrophe theory and the chaos analysis method.
Papacharalampous et al. [7] constructed a freeway microscopic model based on a cusp
mutation model and demonstrated the characteristics of driver behavior change.

Based on further demonstrations of the model, the cusp catastrophe model is used to
analyze and explain the characteristics of traffic and city operation. Park et al. [8] analyzed
the logic of a two-fluid traffic flow model and proposed a new method to analyze the
traffic safety characteristics of urban arterial roads, estimating the crash rate via a stochastic
cusp catastrophe model with two-fluid model parameters as inputs. Wang et al. [9] ex-
plored the concept of system risk in railway safety by applying the cusp catastrophe model
and developed a framework to assess system risk in railway systems. Li et al. [10] pro-
posed a method that connects catastrophe theory and probability distribution equilibrium
to identify the key catastrophic variables of urban social–environmental resilience. Lin
et al. [11] proposed a mathematical model to study the regional traffic flow in high-density
areas during sudden fire disasters based on the cusp catastrophe theory (CCT). Huang
et al. [12] applied the cusp catastrophe model to analyze risk state changes in the railway
dangerous-goods transportation system. Wang et al. [13] built a method of railway system
safety analysis based on the cusp catastrophe model to describe the continuously changing
process of railway system safety. Xu et al. [14] used cusp catastrophe theory to establish a
catastrophe model of urban road systems under occasional congestion, finding breakpoints
and analyzing stability after urban road system catastrophes with energetic functions. Shao
et al. [15] proposed a three-parameter urban traffic state evolution model grounded in the
cusp catastrophe theory, empirically validating its capability to capture dynamic traffic
characteristics through real-world traffic flow data analysis. Zhang et al. [16] combined
the cusp catastrophe theory with a traffic flow model to investigate abrupt traffic flow
breakdowns triggered by sudden accidents, revealing critical thresholds in traffic state
transitions. Huang et al. [17] constructed a critical equilibrium surface equation, analyzed
the stability of the extreme value of the traffic flow system potential function, and deter-
mined the critical range of structural stability. Combined with cusp catastrophe theory,
Qu et al. [18] applied a spectral clustering analysis algorithm to extract the boundary of
traffic state mutation in order to study and analyze the traffic flow state and display the
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evolution characteristics of the traffic flow state. Wang et al. [19] derived an accident risk
tensor field from the safety cusp catastrophe model based on tensor analysis to assess
railway accident risk dynamically. Zhang et al. [20] applied catastrophe theory to assess
the risk state changes of maritime autonomous surface ships. Pan et al. [21] employed
the cusp catastrophe model to analyze risk coupling mechanisms in bus traffic accidents,
revealing critical thresholds for accident cascades. Huang et al. [22] utilized the cusp
catastrophe theory to model ethical decision-making patterns of autonomous bus users
in moral dilemmas, identifying bifurcation points in behavioral responses. Zhu et al. [23]
combined Greenshields’ traffic flow theory with the cusp catastrophe model to investigate
congestion dynamics in terminal airspace, establishing predictive thresholds for airspace
operational stability.

In conclusion, current research indicates that the cusp catastrophe model is a valuable
tool for analyzing sudden changes in road traffic flow. This model has been extensively
utilized in various transportation contexts, including the analysis of rail safety, studies of
road traffic operations, and the identification of congestion in civil aviation.

Nonetheless, traditional methods of data collection present challenges for the analysis
of road traffic flow, particularly in the continuous characterization of the potential function
associated with traffic flow. Furthermore, traffic flow density, which is a critical component
of the potential function, poses difficulties in direct measurement. While a quantitative
relationship exists between density and headway, this relationship is not merely reciprocal.
Consequently, the estimation of density from headway necessitates further exploration.

To address these issues, this study begins with a precise definition of density. We
propose a formula for density estimation based on headway and construct a traffic flow
potential function by integrating traffic flow theory with the cusp catastrophe model.
Utilizing empirical data, we calibrate the parameters of the density–velocity function,
identify critical thresholds, and analyze the time-varying characteristics of the potential
function. This methodology successfully fulfills the research objective of quantifying the
nonlinearities of traffic flow using microscopic parameters.

3. Materials and Methods
3.1. Relationships Among Headway, Speed and Density

Headway can be transformed into traffic density, for which the link density can be
estimated via headway and speed parameters, as shown in Figure 1.
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In Figure 1, for a road section with length L, the number of vehicles is N, and the corre-
sponding traffic density is K. A simple mathematical relationship is shown in Formula (1).

K =
N
L

(1)

In the road section, the distance between vehicles is di, the headway between the first
vehicle and the preceding vehicle in the road section is dout, and the headway between the
last vehicle and the following vehicle in the road section is din. Formula (2) is obtained
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according to the relationships between density, the number of vehicles, headway, road
section length, dout, and din.

L = ∑
N

di + ∆ = ∑
N

di + β1dout + β2din (2)

where β1 and β2 are weight parameters of vehicle spacing at the downstream departure
position of the road section and the upstream entry position of the road section, respectively,
and the value interval is [0, 1].

Formula (3) is obtained by transforming Formulas (1) and (2), and Formulas (4) and (5)
are obtained by deforming Formula (3) [24].

K =
N

∑
N

di + β1dout + β2din
(3)

1
K

=

∑
N

di + β1dout + β2din

N
=

∑
N

di

N
+

β1dout

N
+

β2din
N

(4)

∑
N

di

N
=

1
K
− β1dout

N
− β2din

N
(5)

According to Formulas (4) and (5), the average headway and density of vehicles in the
road section are not completely reciprocal to each other [24,25].

Under the premise of a section detector arrangement, headway parameters cannot
be obtained directly, and so the time headway and vehicle speed parameters need to be
considered for estimation. The time headway and vehicle speed are typical microscopic
parameters of road traffic flow [26]; these parameters can be collected in real time by various
detection devices and are often used to analyze traffic operation characteristics.

According to the classical traffic flow model, headway is a function of time headway
and vehicle speed, where Newell approximates the actual space–time trajectory of the
vehicle to a piecewise linear trajectory, and the time headway and speed are approximately
linear, as shown in Formula (6).

di(t) = si + vi(t)τi (6)

According to Newell’s model, the headway is converted into a linear sum of time
headway, speed, and minimum safe headway (where the minimum safe headway calcula-
tion assumes that the vehicle length is 20 ft and the minimum reaction time is 1.5 s), which
is used to calculate the headway in Formula (3), thus obtaining Formula (7).

K =
N

∑
N
[si + vi(t)τi] + β1(sout + vout(t)τout) + β2(sin + vin(t)τin)

(7)

3.2. Macroscopic Traffic Flow Model Based on Catastrophe Theory

Volume (Q), speed (V), and density (K) are three basic parameters used to describe
traffic flow, and the basic relationship is Q = KV. Furthermore, the abrupt changes in the
cusp catastrophe theory are compared based on the generalized speed–density model
equation of car-following theory. The flow pattern equation can be constructed to obtain
the potential function [6], as shown in Formula (8). The corresponding critical wave velocity
and abrupt critical density are shown in Formula (9) and Formula (10), respectively.

P(K, Vω, Q) =
1
4

K4 +
1
4

K2
j

Vf
· Vω · K2 −

K2
j

2Vf
· Q · K (8)

Vω = −
(

27Vf

2K2
j
· Q2

) 1
3

(9)
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Kcusp =

(
2K2

j

Vf
· Q

) 1
3

(10)

According to Formula (10), the critical density of mutation and the flow value cor-
respond one to one. When the traffic flow passes, there is a maximum flow. Therefore,
the maximum flow value can be used to calculate the corresponding critical density of
mutation, as shown in Formula (11).

Kmcusp =

(
2K2

j

Vf
· Qm

) 1
3

(11)

3.3. Catastrophe Model of Traffic Flow Considering Microscopic Parameters

In this section, we consider the conversion relationship between the number of ob-
served vehicles and the traffic volume, as shown in Formula (12).

Q = N · 60
T

(12)

where Q is the converted traffic volume, N is the number of vehicles observed, and T is the
length of the observation period (5 min, 10 min, 12 min, 15 min, 30 min, 60 min, etc.).

In this case, Formulas (3) and (12) are substituted into Formula (8), and the traffic flow
potential function considering the headway is obtained, as shown in Formula (13).

P(d, Vω, N) =
1
4

 N
∑
N

di + β1dout + β2din

4

+
1
4

K2
j

Vf
· Vω ·

 N
∑
N

di + β1dout + β2din

2

−
K2

j

2Vf
· N · 60

T
·

 N
∑
N

di + β1dout + β2din


(13)

Furthermore, parameters such as time headway, density, headway, and speed are
substituted into Formula (13) to obtain a traffic flow catastrophe model that considers
microscopic traffic parameters, as shown in Formula (14).

P(d, Vω, N) =
1
4

 N
∑
N
[si + vi(t)τi] + β1(sout + vout(t)τout) + β2(sin + vin(t)τin)

4

+
1
4

K2
j

Vf
· Vω ·

 N
∑
N
[si + vi(t)τi] + β1(sout + vout(t)τout) + β2(sin + vin(t)τin)

2

−
K2

j

2Vf
· N · 60

T
·

 N
∑
N
[si + vi(t)τi] + β1(sout + vout(t)τout) + β2(sin + vin(t)τin)


(14)

Using Formula (14), the theoretical value of the traffic density mutation can be ob-
tained, and the real-time calculation result of the traffic flow potential function of the road
section can be obtained in combination with the real-time detection data. Kj and Vf in
Formula (14) can be obtained with regression fitting using real-time detection data.

4. Results
To analyze traffic flow characteristics, this study utilizes hourly data from a single road

section in Nanjing (1–31 December 2015) and Yueyang (1–31 October 2020). Parameters,
including hourly traffic volume (Q in Figures 2a and 3a), hourly average vehicle speed (V in
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Figures 2b and 3b), and headway, are extracted from the dataset (Figures 2c,d and 3c,d).
The data collected from the urban road section of Yueyang City in October 2020 and the
RFID detection data from the urban road section of Nanjing City in December 2015 are
used. Notably, traffic control policies in Yueyang caused intermittent data gaps, reducing
the total sample to 552 h. Then, we estimate road density with Formulas (3) and (7), where
the estimated section density is obtained via the conversion relationship between headway
and density, and the fitting functions of flow density and flow speed are constructed.
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Using real-time data obtained by the road inspector, fitting curve equations are estab-
lished for road traffic flow, speed, and density, and we fit the regression characteristics of
flow speed and flow density. Working according to the regression equation, the congestion
density and free flow velocity are obtained, which are used to calculate the traffic flow
potential function.
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In Formula (2), parameters β1 and β2 are determined using real-time data to describe
the relationship between the density, the number of vehicles, the headway, and the road
section length. Because the data are collected at fixed points, the parameters are empirical
values specific to the road section. When the headway is large and traffic density is low,
the parameters range from 0.1 to 0.3. When the headway is small and traffic density is
high, the parameters range from 0.6 to 0.9, considering the minimum safe headway. The
minimum safe headway can also be determined using the literature. In the experiment,
vehicle length is 20 ft and the minimum reaction time is 1.5 s. Using the speed values, the
minimum safe headway can be calculated for each vehicle, and estimated hourly density
results are shown in Figures 2e and 3e.

4.1. Fitting Results with the Yueyang Detection Data

The fitting curve of the Yueyang data is shown in Figures 4 and 5, and the fitting effect
of the section flow and section density is shown in Figure 4. The fitting curve is shown in
Formula (15), and the section blockage density value is obtained and shown in Formula (16).
The fitting effect of the section flow and speed is shown in Figure 3, the fitting curve is
shown in Formula (17), and the section free flow speed is obtained as shown in Formula (18).
In Chinese cities, the speed limit for urban roads with a central split line is 50 km/h. Formula
(18) is used for the free flow speed, which keeps the same speed limit.
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Based on Formulas (15) and (17), the fitting results can be compared with the observed
data. RMSE, MAE, and MAE are used to evaluate the fitting results, which are 37.5, 24.4,
and 4.29% for Formula (15), and 125.4, 94.5, and 36.17% for Formula (17). Residual results
are shown in Figure 6. In addition, due to the difficulty of directly surveying density,
Formula (16) is calculated from Formula (15), which has better fitting precision.
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In addition, in Figure 6, the residual results from Formula (15) are shown as a Q-K vol-
ume diagram, and the residual results from Formula (17) are shown as a Q-V volume
diagram. Both formulars can be used to estimate the volume; however, the Q-K volume
diagram and Formula (15) fit better.

Q0730 = −0.5193 · K2
0730 + 47.05 · K0730 + 6.031 R2 = 0.98 (15)

KJ0730 ≈ 45 (16)

Q0730 = −41.79V0730 + 2227 R2 = 0.86 (17)

Vf 0730 ≈ 53 (18)

4.2. Fitting Results with Nanjing Detection Data

The fitting curve of the Nanjing data is shown in Figures 7 and 8, where Figure 7
shows the fitting effect of section flow and section density. The fitting curve is shown in
Equation (19), and the congestion density value of the Nanjing section is obtained as shown
in Equation (20). Figure 7 also shows the fitting effect of section flow and speed. The fitting
curve is obtained as shown in Equation (21), and the free flow speed of the Nanjing section
is obtained as shown in Equation (22).

Based on Formulas (19) and (21), the fitting results can be compared with the observed
data. RMSE, MAE, and MAPE are used to evaluate the fitting results, which are 45.07, 31.83,
and 9.06% for Formula (19), and 142.37, 115.74, and 54.25% for Formula (21). Residual
results are shown in Figure 9. In addition, in Chinese cities, the speed limit for urban roads
with a central split line is 50 km/h, and Formula (22) represents the free flow speed, which
keeps the same speed limit. Due to the difficulty of directly surveying density, Formula (20)
is calculated from Formula (19), which has better fitting precision. Similarly, in Figure 9, the
residual results from Formula (19) are shown as a Q-K volume diagram, and the residual
results from Formula (21) are shown as a Q-V volume diagram. Both formulars can be used
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to estimate the volume; however, the Q-K volume diagram and Formula (19) fit better, and
the data points exhibit a lack of concentration around the fitted regression line, as shown in
Figure 8.

Q025 = −0.3084K2
025 + 32.22K025 + 23.16 R2 = 0.96 (19)

Kj025 ≈ 52 (20)

Q025 = −25.1V025 + 1190 R2 = 0.68 (21)

Vf 025 ≈ 47 (22)
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4.3. Traffic Potential Function Characteristic

In this section, we analyze the potential function (Formular (13)) characteristics with
the data fit regression results from scenes in two cities.

4.3.1. N as an Independent Variable

From Figure 10, we can observe that the formula shows a tendency for P(N) to change
as N increases, where N stands for the number of vehicles in an hour:

(1) Low N values (50 to 200 vehicles): the curves change relatively slowly, and may
exhibit slow growth.

(2) Medium N values (200 to 600 vehicles): as N increases, the curves show a nonlinear
growth trend.

(3) High N values (600 to 1000 vehicles): P(N) growth becomes very obvious, and the
function curves become increasingly steep.
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In general, as N increases, the value of the function gradually increases, and the rate
of increase accelerates. If the function involves cost or benefit, increasing the number of
vehicles will accelerate the growth of these indicators within a certain range. Therefore,
it is necessary to plan the number of vehicles reasonably to avoid wasting resources or
decreasing benefits beyond the optimal range.
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4.3.2. d as an Independent Variable

From Figure 11, we can observe the following patterns, where d stands for the vehi-
cle headway:

(1) As N increases, the value of P(d) gradually increases, and the overall curve rises.
When d is smaller, the curve is steeper; when d is larger, the curve tends to be gentle.

(2) For different values of N, the curve changes at different speeds. The larger the value
of N, the faster the curve changes.
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These rules show that P(d) increases significantly with the increase in N, and the
dependence of P(d) on d is complex, showing a nonlinear trend. Small headway d may
lead to higher costs or lower efficiency, resulting in the wasting of resources and increased
interference between vehicles. Large headway d may lead to the wasting of space and
reduce the efficiency of vehicle operation. Therefore, there is an optimal headway that
optimizes the overall benefit or cost.

Furthermore, as the number of vehicles N increases, the effect of headway becomes
more pronounced, especially when the number of vehicles is large. Therefore, in actual
traffic management or planning, it is necessary to consider how to choose a reasonable
headway to avoid traffic congestion or the inefficient use of resources.

4.4. Calculation Results of the Traffic Flow Potential Function

Current research on the traffic potential function primarily focuses on differentiating
traffic states, while the analysis of potential changes predominantly relies on theoretical
formulas. A notable limitation is the absence of real-time traffic data. To address this
issue, the present section will demonstrate the time-varying characteristics of the potential
function by utilizing real-time data. Furthermore, it is essential to conduct a comparative
analysis of the outcomes derived from these two methodologies. In this section, we
calculate the potential characteristics with the historical data from two cities’ (Yueyang and
Nanjing) scenes.

4.4.1. Potential Characteristics of Traffic Flow in Yueyang City

1. Theoretical potential characteristics

We calculated the traffic flow potential theoretical characteristic value (P0) for the
Yueyang case scenario using Formulas (8), (9), (16) and (18) and obtained the hourly results
during one month, as shown in Figure 12. The y-axis represents the calculation of the
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potential from Formula (8) as P0, and the x-axis represents the hour series. There is an issue
with the detector for individual data, resulting in missing detection data.
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2. Data-based potential characteristics of the proposed model.

Considering the microscopic parameters of traffic flow, we calculated and obtained the
characteristic values of traffic flow potential in Yueyang case scenario using Formulas (9),
(14), (16) and (18), as shown in Figure 13. The y-axis represents the data-based calculation
of the potential from Formula (14) as p-value, and the x-axis represents the hour series.
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Figure 13. Calculation results of the traffic potential function considering microscopic parame-
ters (Yueyang).

As shown in Figure 13, the calculation result of the proposed potential function is
similar to the change trend of traffic volume and presents morning and evening peak
characteristics. Moreover, compared with the calculation result of Figure 12, it more
effectively highlights multiple peak characteristics and detailed change characteristics.

4.4.2. Potential Characteristics of Traffic Flow in Nanjing City

1. Theoretical potential characteristics

Using Formulas (8), (9), (20) and (22), we derive the traffic flow potential value for
the Nanjing case study. The hourly computations over a 31-day period are visualized in
Figure 14, with the y-axis indicating the potential value (Formula (8)) as P0 and the x-axis
reflecting the hourly time sequence.
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2. Data-based potential characteristics of the proposed model.

Utilizing microscopic traffic flow parameters, we derive the traffic flow potential value
for the Nanjing case study using Formulas (9), (14), (20) and (22). Figure 15 illustrates the
results, with the y-axis indicating the data-based potential value (Formula (14)) as a p-value
and the x-axis reflecting the hourly time sequence.
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In traffic state identification, while the outcomes derived from potential function
calculations may not be as striking as those related to travel time or speed, they prove
to be highly effective for the analysis of traffic flow characteristics and the identification
of traffic conditions. Upon comparing Figures 14 and 15, it is evident that the numerical
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range derived from the theoretical method is significantly broader than that obtained from
the data-based approach. This discrepancy can be readily explained by the nature of the
theoretical approach, which relies on a fitting formula developed from sampling. This
method inherently possesses a global characteristic, resulting in an extensive range of
outcomes. Conversely, the results based on actual data collection are constrained by the
limitations of the data themselves, reflecting a certain locality. Consequently, in scenarios
where there is a scarcity of actual data within the road traffic system, reliance on global
results may lead to substantial inaccuracies. Therefore, it is imperative to compute more
detailed characteristics for the potential function using locally collected data to gain a
comprehensive understanding of the local traffic potential function characteristics.

4.5. Consistency Analysis

In Sections 4.3 and 4.4, a traffic potential function is employed to assess the traffic
conditions in two cities, and we conduct an analysis of the characteristics of the poten-
tial function, calibrate the density and velocity parameters utilizing the gathered data,
and derive the computational outcomes of the theoretical model in conjunction with the
data-based results, with the results indicating that the function effectively represents the
evaluation of traffic potential. We investigate the temporal variations in these results and
delineate the discrepancies between the two sets of findings.

However, the discrepancies in traffic data, stemming from intricate traffic patterns and
urban road conditions, necessitate a theoretical examination of the function’s consistency. In
this section, we delve deeper into these differences by employing graphical representations
of the functions, illustrated in Figure 16.

In the application of cusp catastrophe theory to evaluate the state of a system, it
is crucial to formulate a fourth-order equation, derive a third-order equilibrium surface
equation through differential methods, and subsequently obtain a second-order singular
point set equation using analogous techniques, as shown in Figure 16a.

Figure 16a illustrates a coefficient-free function image that is frequently referenced,
along with its projection onto the Q-V plane. Figure 16b,c present function images that
were calibrated using data from two cities, and the coefficients (Kj, Vω) of the equation are
determined according to Formulas (16), (18), (20) and (22).

The coefficients of the parameters within the equation undergo alterations, resulting
in a modification of the function’s graphical representation. Figure 16a presents a broad
shadow in the two-dimensional view plane in accordance with cusp catastrophe theory,
contrasting with the images depicted in Figure 16b,c, which are derived from urban road
data collections. While the theoretical function provides an analytical framework, it fails to
produce accurate results when applied to actual traffic conditions.

Furthermore, substituting the headway parameter for the density parameter results in
an increase in the number of parameters in the higher-order term from one to three, thereby
complicating the analysis of the cubic equilibrium surface and the singularity set equation.
Consequently, we initiate an exploration of the dynamic characteristics of the potential
function, utilizing collected data and microscopic traffic parameters to visually depict the
variations in the traffic flow potential function. However, upon integrating critical traffic
flow parameters, such as free flow velocity and blocking density, into the constructed
potential function, generating the corresponding equilibrium manifold function image, it is
observed that the result resembles a hyperbolic paraboloid, and the function values within
the first quadrant can be utilized to examine the abrupt state in traffic flow conditions.
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Figure 16. Theoretical and practical function images: (a) theoretical function image and QV view
plane. (b) Yueyang City practical function image and QV view plane. (c) Nanjing City practical
function image and QV view plane. In the diagram, warm hues, including yellow, signify positive
values, whereas cool hues, such as blue, denote negative values.

5. Conclusions
In this study, we introduce a novel methodology for determining the traffic flow

potential function through the utilization of real-time data acquisition. This approach
involves the conversion of the critical density parameter into headway via parameter
derivation. In contrast to conventional methods that depend on the reciprocal relationship
between these two parameters, our technique employs a multi-parameter framework to
estimate the traffic flow density of specific road segments, which is subsequently utilized
in the computation of the traffic flow potential function. For example, we analyze road
traffic flow data from Yueyang and Nanjing to develop a regression equation correlating
flow, velocity, and density. By applying polynomial fitting, we derive critical values for
density and velocity, which are then employed to ascertain the localized characteristics of
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the traffic flow potential function. Furthermore, acknowledging the difficulties associated
with the direct measurement of density parameters, we propose an analytical method for
assessing road density through multiple headway measurements. In comparison to the
static traffic flow model established through traditional manual data collection, the model
presented herein facilitates dynamic calculations.

(1) The calculation of traffic density values can be achieved by integrating traffic detection
data with estimations derived from traffic flow theory. This methodology is employed
to determine the traffic flow potential function, which provides real-time assessments
of the traffic potential function value. Regression models that correlate traffic flow
with density and speed are constructed using road detection data collected from the
cities of Nanjing and Yueyang. Essential parameters, including congestion density
and free flow speed, are extracted and utilized in the computation of the traffic flow
potential function. The mathematical model presented in this study, which incorpo-
rates microscopic traffic flow parameters, is validated through a comparative analysis
of estimated values, and the findings from a case study are thoroughly examined.

(2) In comparison to the potential function, the numerical results obtained from the
proposed formula exhibit closer alignment with the actual levels of traffic flow. Con-
versely, the results derived from the original potential function tend to be larger.
Furthermore, the trend of variation in the results from the proposed formula closely
mirrors that of the observed traffic volume. This correspondence provides a theo-
retical foundation for the formulation of traffic control strategies informed by road
traffic data.

Future research should utilize data calculation methodologies from various cities to
assess the generalizability of the model proposed in this paper. Furthermore, the process
of selecting density parameters within the model necessitates additional scrutiny. The
incorporation of trajectory data, video data, and other relevant sources may enhance the
precision of density estimations and improve the model’s overall fitting accuracy. It is
important to note that this paper primarily examines the operational characteristics of
road motor vehicle flows, which are inherently less complex than traffic flows that also
encompass pedestrians and non-motorized vehicles. The inclusion of these additional
elements complicates the dynamics of road traffic flows. Due to the limitations inherent in
the theoretical model of road vehicle flow and constraints related to data collection, this
study does not consider other traffic participants (such as pedestrians and non-motorized
vehicles) during model construction, thereby neglecting their potential impact on the traffic
flow system. This oversight highlights the need for further investigation in future research,
particularly in the areas of model development, data collection, and processing.
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