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Abstract: This paper presents a systematic investigation into the solvability and the general
solution of a tensor equation system within the split quaternion algebra framework. As
an extension of classical quaternions with distinctive pseudo-Euclidean properties, split
quaternions offer unique advantages in multidimensional signal processing applications.
We establish rigorous necessary and sufficient conditions for the existence of solutions to
the proposed tensor equation system, accompanied by explicit formulations for general
solutions when solvability criteria are satisfied. The theoretical framework is further
strengthened by the development of computational algorithms and numerical validations
through concrete examples. Notably, we demonstrate the practical implementation of our
theoretical findings through encryption/decryption algorithms for color video data.

Keywords: split quaternion algebra; tensor equations; Einstein product; general solution;
video encryption

MSC: 15A09; 15A24; 15B33

1. Introduction
In 1843, William Rowan Hamilton introduced the concept of real quaternions [1]
defined by

2

H = {q = g0+ qui + g2 + g3k : * = > = k* = —1,ijk = —1,q0,91,92,93 € R},

where H and R, respectively, denote the set of real quaternions and the set of real numbers.
Quaternions have been utilized in numerous areas, including the analysis of quaternion
random signals [2], color image processing [3] and face recognition [4]. As the theory of
quaternions evolved, James Cockle introduced the concept of split quaternions [5] in 1849:

Qs = {q = qo0 + @i + q2 + 43k : qo, 1, 92,95 € R},
where the imaginary identities i, j, k satisfied
2=-1,2=kK =1,ijk =1,
ij=—ji=kjk=—kj=—iki=—ik=].

Split quaternions have diverse applications across various fields. In physics, they are
used to model spacetime symmetries and rotations in relativity [6]. In computer graphics,
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split quaternions assist in efficiently handling 3D rotations and transformations [7]. Split
quaternions also have applications in control theory, signal processing, and robotics, where
they help in representing and solving complex spatial relationships and transformations [8].

Tensors, as mathematical constructs that generalize scalars, vectors, and matrices to
higher dimensions, are extensively applied across a wide range of scientific and engineering
domains due to their capability to manage complex data structures. In computer vision and
image processing, tensors are used to represent multidimensional image data, with convo-
lution operations in neural networks being performed as tensor operations [9]. In physics,
tensors are fundamental in general relativity for describing spacetime geometry [10] and
in electromagnetism for unifying electric and magnetic fields [11]. In machine learning,
tensors are core data structures in frameworks like TensorFlow and PyTorch, playing a
crucial role in optimization and model training [12,13]. They are also essential in data
analysis for dimensionality reduction and feature extraction, particularly within recommen-
dation systems [14]. The multidimensional nature of tensors makes them powerful tools
for handling complex data, and their significance continues to grow with advancements in
computational power and algorithms.

A= (a;,..;)(1 <i; < I;,j = 1,...,N) presents an N-dimensional tensor, which is
a natural extension of the matrix. For N = 1, A is a vector. For N = 2, A is a matrix.
In recent decades, numerous researchers have made significant contributions to the study
of tensors and quaternions. For example, Qi et al. [15-19] researched the spectral theory of
tensor and tensor eigenvalues. Zhang et al. [20,21] investigated some terative solutions of
generalized Sylvester quaternion tensor equations. Gao et al. [22] established the necessary
and sufficient conditions for the existence of (anti-)y-Hermitian solutions to a system of
matrix equations over split quaternion algebra. Xie et al. [23] proposed the BiCG algorithm
for solving the minimal Frobenius norm solution of generalized Sylvester tensor equation
over the quaternions. Yang et al. [24] researched a system of tensor equations over the dual
split quaternion algebra with an application.

To the best of our knowledge, research on systems of tensor equations over split
quaternions remains relatively scarce in the current literature. Building upon the afore-
mentioned studies and leveraging the existing applications of tensor equation systems
within split quaternion algebra, this paper aims to systematically investigate the solvability
conditions and derive the general solution for the following system of split quaternion
tensor equations

Ar#n X1 =Py,
Xy xN By = Qy,
Arxn A2 = Pa,
X xN By = Q,
. 1
Ay xn Xy = P,
X *N By = Qu,
til Erxn Xpxn Fr = H,
where A, Py, By, O, &, Fi(t = 1,...,n) and H are given quaternion tensors and

Xy (t =1,...,n) are unknown split quaternion tensors.

Significantly, this study marks the first successful resolution of complex multilinear
tensor equation systems over split quaternion algebra, representing a substantial advance-
ment in the field. Moreover, our research can provide an application of split quaternion
tensor equations in practical cryptographic implementations.

This paper is organized as follows: In Section 2, some basic theories and relevant prop-
erties of quaternion tensors are reviewed. In Section 3, we derive some practical necessary
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and sufficient conditions for the existence of the general solution to system (1) over Qs.
Furthermore, the formula of the general solution to system (1) is also given when it is solv-
able. Especially, the unique solution is given when the uniqueness condition is satisfied. In
Section 4, two algorithms and one numerical example are given in order to illustrate our
results. In Section 5, we provide four algorithms and two examples for color video encryption
and decryption. In Section 6, we present a conclusion to summarize this paper.

In subsequent sections, the symbols R™*", C"*", Q%¢, and Qg”" are used to represent
the set of all m x n real matrices, all m x n complex matrices, all # dimensional split quaternion
column vectors, and all m x n split quaternion matrices. The symbol r(A) denotes the rank
of the matrix A. I denotes the identity matrix and O the zero matrix with an appropriate size.
A, AT, A*, AT denote the conjugate, the transpose, the conjugate transpose, and the Moore—
Penrose inverse of the matrix A, respectively. Let R xInxicex]n ChxexINxfixexN
and (@é1 oIy represent the set of all corresponding dimensional real tensors,
complex tensors, and split quaternion tensors, respectively.

2. Preliminaries

This section primarily introduces split quaternion tensors, the Einstein product of split
quaternion tensors, the complex representation and related properties of split quaternion
matrices, and so on. These concepts lay the groundwork for deriving the main conclusions
presented in the subsequent sections.

Definition 1 ([25]). For two split quaternion tensors A = (a;,...iyj,...j; ) € QQX'"XINXhX”'X]L

and B = (bj,..j;x,-ky) € Q?X"'X]LXKM"'XKM, the Einstein product of A and B is defined by
the operation xp, via

(Asxp B)il'"iNkl'"kM = Z ail"'iNfl"'fLbjl"'kal"'kM’
L

w;’lere A*L B c Q§1X-~~><IN><K1><...><KM'

The Einstein product of tensors is closely related to matrix multiplication. We introduce
a mapping that establishes an isomorphic relationship between tensors with respect to the
Einstein product and matrices with respect to the general matrix product.

Definition 2 ([26]). There exists an isomorphic mapping f from Qélx”'XIN e g Qé”
denoted as

1% X1 I
f:@slx XINXJp XX ]N — QSX]

Biyinjrjn 7 ”[iN+>:§§;11(i1<—1)HéV:K+1Is][jNJr):ﬁﬁ;f (k=D T gs1 Js]”

wherel =1 -+ Iyand ] = J;--- In.

It is apparent that f is a one-to-one mapping. Therefore, the inverse mapping
J Qéxl — QQX”'XINXhX'”X]N exists. Subsequently, we prove that f is an isomor-
phic mapping.

Proof. For A = (ail...ile...jL) S @?XH.XINXhXWX]L and B = (bjl"'kal"'kM) €
QK Em wwe need to prove that f(A x B) = f(A) - f(B), where 1 and -
denote the Einstein product and matrix product, respectively.

Through the definition of the Einstein product, then

(.A *7, B)il'“iNkl'“kM = Z ail“'ile“‘ijjl"'ijl“'kM'
JijL
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By direct computation, we obtain

f(Ax B) = f(z ai1"'ile"'ijjl"'kal"'kM)
JiJL

i ;‘].L Fig+ TN i1 TIY g oy ds) i+ A Gk~ 1) TTs_g 11 s

[ b[]'L+ZIL<;]1[(fK—l)H§:K+1fs][kM+ZKM;11(iK—1)HISWZKH is]
1IN

'21 FA)iif (B)jk

]:

= (f(A)-f(B)).

Therefore, f is isomorphic. O

As f is an isomorphic mapping, utilizing f can convert split quaternion tensors into
matrices during operations. In what follows, we present the complex representation of split
quaternions and split quaternion matrices.

For any split quaternion g = qo + q1i + q2j + g3k € Qg, it can be uniquely expressed as
g = c1 + cpj where ¢ = qg + q1i and ¢ = g, + g3i are complex numbers, which is known
as the complex representation of split quaternions. Noting that c¢;j = jc1 and cpj = joa, we
know the algebra of split quaternions is a noncommutative algebra.

Definition 3. The complex representation of a split quaternion is g = dq + daj € Qg where
dy = qo + q1i, da = g2 + q3i € C. We use the symbol g to denote it as

dy dy 2x2
== = Co7-.
g(q) (dz d1> €

Similarly, for any given split quaternion matrix A, the complex representation of matrix
A= Ay + Ayj € QF*" where Ay, Ay € C™*", is denoted by G as

G(A) = @i 2?) € Crmx2n, @)

It is evident that G(A) and A correspond one to one. Moreover, considering its
properties, we can summarise this as the following proposition.

Proposition 1. If A, B € Q" and G is defined in Definition 3, then
(1) A= Bifandonlyif G(A) = G(B);

(b) G(A+B)=G(A)+G(B);

(€ G(In) = b

(d) G(AB) = G(A)G(B).

Proof. It is evident that (a), (b), and (c) hold, so we just need to prove (d). By computation,
on the one hand,

AB = (A1 + Azj)(B1 + Byj) = A1B1 + A2By + (A1By + A3By)j.
On the other hand,

G(AB) = A1By +é372 A132+é371
A1By + AyBy  A1B1+ ABp

(A1 A2\ (B1 B
-~ \A A{)\B, B

= G(A)G(B).
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O

In what follows, we explore the structure of the operator vec(UXV).

Definition 4 ([27]). For any A € Q¢*", A can be uniquely expressed as A = Ay +
Al + Apj + Axk where A1y, A1p, Ap1, App € R™ ™. 1t can also be uniquely expressed as
A = Ay + Apj where Ay = A1q + A1pi, Ay = Apy + Agpi € C™*. According to this, we define

A=A+ Ay =Dy =[A1, Ay 3)
where the symbol = denotes an equivalence relation. We define that
A = [Re(Al) Im(Al)],A = [Re(Al) Im(A;) Re(Ay) Im(Az)}.

It is evident that the following is true:

vec(Re(A1))

~\ _ |vec(Re(A)) vec(A) — vec(Im(4))
vee(Ay) = lvec(lm(Al)) vec(4) vec(Re(A2))
vec(Im(A))

Then, we focus on the main properties related to ® 4 as follows.

Proposition 2. Let E,F € Q¢*",H € Q¢*° and p € R. ® is defined in Definition 4. Then,
(1) E = Fifand only if o = Df;

(b) cDE-i—F =&+ CDF/CDpE = pCDE;

(c) ®py = PrG(H).

Proof. It is evident that (a) and (b) hold, so we only need to prove (c). By calculating,
we have

EH = (E1 + E2j) (H1 + Hz]) =EH+ Ezﬁz-ﬁ- (E1H2 + EQE)j.

Then, o o
®ry = [E1Hy + ExHy, E1Hyp + ExHy
Hy H
= [, B] |t 2
H, Hip
= ®rG(H).
O

Based on this proposition, we then investigate the structure of the operator vec(UXV).

Theorem 1 ([27]). Suppose that U = Uy + Uyj € Q™ ",V = Vi + Voj € Qs**! and
X = Xy + Xpj € Qs"*°, where Uy, Uy € C"™ ", Vy,V, € C* and Xq, Xy € C'*S. Then,

vec(Dx)
VGC(CI)]'X]')

vec(@uxy) = [G(V)T @ Uy, G(V))" @ U] . (4)

The result on vec(®yxy) in Theorem 1 about the complex representation of split
quaternion matrix product UXV is an essential tool for transforming the split quaternion
matrix equation into the complex matrix equation.
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Lemma 1. For B = By + Byj € Qg"*!, By, By € C"™*!. Let

Li iy 0 0
Kt _ 0 0 Irt ilrt ,
Irt —llrt 0 0

0 0 Ly —ily

and then
vee(®p) = K¢ vec(B).
VeC(q)]’B]')
Proof. According to the given conditions, it follows that
[vec(B;)
vec(®Pp) | |vec(By)
vec(®;p;) vec(By)
| vec(By)
Li iy O 0 vec(Re(By))
10 0 Iy ily | |vec(Im(By))
Ly —ily 0 0 vec(Re(By))
0 0 Iy —ily| |vec(Im(By))
= K¢ vec(B).

O

By Theorem 1 and Lemma 1, we can obtain the following corollary.

Corollary 1. Suppose U = U; + Upj € Q5™ ",V = Vi + Vaj € Qs**, and X = X; + Xpj €
Q™% where Uy, Uy € C™*", V1, Vp € C*t, and Xy, X, € C"*5. Then,

vec(Puxy) = [G(V)" @ Uy, G(V))* @ Up]K; vee(X). (5)

Lemma 2 ([28]). With A € R™*" and b € R™, the matrix equation Ax = b has a solution
x € R" ifand only if
AA'D =b. (6)

In that case, it has the general solution given by
x=A"b+ (I, - ATA)y, (7)

where y € R" is an arbitrary vector. In particular, it has a unique solution x = A%b if
rank(A) = n.

3. Solution of System (1)

From the previous discussion, we now turn our attention to solving the system of split
quaternion matrix Equation (1). For convenience, we define some useful notations that will
be used in the following section. For t = 1,...,n, we denote A; = f(A¢), By = f(Bt), Pr =
f(Pt), Qt = f(Qt),Et = f(gt),Ft = f(]:t),H = f(H), and then At = Aﬂ + Atzj, Pt =
Py + Paj € Qs™*", Bt = Bn + Biaj, Qt = Qn + Qnj € Q" Er = En + Enj € Q" F =
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Fq+Fpje Qg™ and H € Qs"™*¥, wherem =L --- Iy, r=J1--- ]y, k =Ky - Ky, [ =
Ll---LN,w:W1---WN.Weset

[G(F)T ®En G(Fj)* ®Ep] (G(R)T ®Eyn  G(FRj)* ® Ex]
G(INT® A  G(j)*® A 0 0
GB)T®I GBj) eI 0 0
0 0 G(DT® Ay G(Ij)* ® Ay
L= 0 0 Knlo=16B)T0l 6By @ I |Kr
0 0 0 0
0 0 | 0 0 |
[G(F)T®En G(Fuj)* ® Epp| [ vec(®p)
0 0 vec(®Pp,)
0 0 vec(Pp, )
0 0 vec(®p,)
0 0 vec(P
Ly = I R
0 0 vec(®p, ,)
0 0 vec(®g, )
GINT®An  G(Ij)* @ Ap vec(®p,)
| GB)T®I  G(Buj)* @I | | vec(®p,)
Fort =1,...,n, we suppose
Ly = Re(Lt), Lyp = Im(L¢), Vi = [L11, Lo, -+ -, Lin], V2 = [L12, L22, - - -, L2 8)
and ) _ ) ;
vec(Re(®y)) vec(Im(dy))
vec(Re(®p,)) vec(Im(®p,))
vec(Re(®,)) vec(Im(Pg, ))
7, - vec(Re(®Pp,)) g vec(Im(®p,)) L 71 ©)
vec(Re(Pg,)) vec(Im(Pg,)) 7>
vec(Re(®r,)) vec(Im(®p,))
vec(Re(@g,))|  |vec(im(@g,)).
Evidently, the following equation
vec(X;)
14 vec(X)
— 10
v : z (10)
vec(X,)

holds. Now, according to Lemma 2 and Equation (10), we can give the expression of general
solution to system (1).

Theorem 2. Fort =1,...,n,wesuppose & € Qgl1 > *IN>Iix=xIN T @ gl xInxWixx Wy,
'Atlpt c @Sll><~--><IN><]1><~~-><]N’Bt’ Qt c Qsh><--~><]N><K1><---><KN,andrH c QSL1><~--><LN><W1><~--><WN’
Fort =1,...,n, we denote Ay = f(.At), B: = f(Bt),Pt = f(Pt), Qi = f(Qt), E: = f(gt),Pt =
f(Ft),H = f(H), and then Ay = Ap + Apj, Pr = Pn + Pnj € Qs™*",B; = By + Bpj, Qr =
Qn +Qnj € Q™5 Er = En +Epj € Q™" ,E = By +Foj € Q™Y and H € Qs™7,
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wherem = Ii---In, v = J1--Jn, k=Ki---Ky, l = Ly---Ly, w = Wy ---Wy. Mean-

while, V1, Vo, 724,75,z are defined in Equations (8) and (9). Then, system (1) has a set of solutions
Xy, X, ..., Xy € QN X INXIUX XN i and only if

+
Vil |V 1)
V2] V2
In this case, the set of general solutions can be expressed as
vec(X;)
-1 -1 1 VeC(XZ) ] ' % ' 1

SRRt e e )| B e Y R P M R M 12 12)

vec(X,)

where y is an arbitrary vector with appropriate size. Furthermore, the system of split quaternion

matrix equation (1) has a unique solution if and only if

rank [Vll = 4nr?. (13)
V2
After calculation, we have
vec(X;)
B B B vec(Xy) Vi ¥
X=X X)) , = Vl zZ 0. (14)
Vec(Xn)

Proof. According to Corollary 1 and Theorem 2, it follows that

ilf(gt *N X xn Fi) = f(H),
=

system(1) < f(‘Al *N Xl) = f(Pl)/f(Xl *N Bl) = f(Ql),
’ f(A2sn X2) = f(Po).f(Xa N B2) = f(Q2),

f(»An *N Xn) = f(Pn)lf(Xn *N Bn) = f(Qn)/

n
Y E:XiFr = H,
=1

- A1 X1 =P, X1B1 = Qq,
ArXy = P, XpBy = Qo,

Aan =Py, XyBy, = Qn/

n
Y @rxr = Pu,
=1

Dy x, = Op,Px;8, = Pg,,
D a,x, = P Px,8, = P,
®Ay’X}’] = q)Pn’q)Xan = q)Qn’
& Lyvec(Xy) + Ly vec(Xp) + -+ - + Ly vec(Xy) = Z,
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& (Re(Ly) +iIm(Ly)) vec(Xy) + (Re(Ly) +iIm(Ly)) vec(Xp)+
-+ (Re(Ly) +iIm(Ly)) vec(X,) = Z1 +iZs,

vec(X1)
o [Re(Li) Re(La) - Re(Ly) vec(Xa) _lzl
Im(L;) Im(Lp) --- Im(Ly) : Z|
vec(X,)
vec(X1)
i vec(X,)
54 v, =z,
vec(X,)

p=— [X1,X2,...,Xn] = U_l(Xl),f_l(Xz),...,f_l(Xn)].

By Lemma 2, we can obtain that system (1) has a solution if and only if Equation (11) holds.

That is to say,
Vec()il) . .
vec(Xy) 1% vi| v
. = ! z+ Iy — ! ! Y
: V2 Val |2
vec(X,)

which is expressed as set (12). Moreover, if Equation (11) holds, then system (1) has a
unique solution if and only if

+
Vi
V2

Vi
V)

= Iy

Equivalently, Equation (13) holds and set (14) is the unique solution. [J

In the next part, we consider the Moore—Penrose generalized inverse of the column
block matrix. Let

p = 2wl + 2nmr + 2nkr,

K= (Iye = V1)V,

W = (I, + (I, = K'K) Va2V VTV (1, — KTK)) 7,

J =K'+ (1, - K'K)WW VT (1, — VIKD), (15)
61 = I, — iV + ViTViW(I, — KTK)WL VY,

6 = -V TVl (I, - K'K)W,

03 = (I, - K'K)W,

where 7 is same as system (1) and m, k, v, [, w are the same as in Theorem 2. From the results
in [29], we have

t 1t
% n| v
nl = vi-Tv T, nl |l = ViK' (16)
vil[v]" e o
I, — 1 1 _ 1 2 . 17
S AR 0T 65 (17)
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1), fH(X2) e f (X))

Corollary 2 ([30]). The system of split quaternion matrix in Equation (1) has a solution
[X1, Xp, ..., Xy if and only if

6 62
=0. 18
ERE ()
In this case, the set of general solution of system (1) can be expressed as X =
vec(X;)
vee(X; t_ o Tyut T + t

= Vi —1avf Tzt (e Vi =K K)y g, (19)

Vec(}fn)

where X1,Xo, ..., Xy € Q™" and y is an arbitrary vector with appropriate size. Furthermore,
if Equation (18) holds, then system (1) has a unique solution [X1, Xy, ..., X,] € X if and only if
Equation (13) holds. In this case,

vec(X;)
vec(X
v L) e | |

= [Vf A ]T} z%, (0)
vec(X,)
Corollary 3. Let the condition be satisfied in Corollary 2. Then, the optimization problem

min Dy 2+ [|Ox, |7+ - - - + || Dx. ||?
s jex IPx I+ 2 1x, %)

has a unique minimizer [ X1y, Xow, -+ , Xnw) = [f(X1w), f(Xow), - -+, f(Xuw)] that satisfies

Vec(X:hU)
vec(.sz) _ [Vf—]TVsz ]T]Z. 1)

vec(Xpw)

Proof. From the solution set (19), we can see that the solution set X’ is a nonempty closed
convex set. Hence,

min Dy 2+ [|[Dx, |2+ - - + || Dx. |2
[lexzn--,xn]GX(H 37+ [@x | 1@x, %)

=  min (IXP+ X+ 4 1X]?)
[Xl,Xz,...,Xn]EX

= min vee(X)I? + || vec(X) |2 + - - - + || vee(X,) ||
il vee() [P fvee(Xy)| | vee(Xa) 2

vec(X;) 2
vec(X;)
= min .
(X1, X2, Xn]€X :
vec(Xy)
vec(Xiy)
vec(Xow)
By Corollary 2, we have that . is in the form (21). O

vec(Xp)
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4. Numerical Exemplification

In this section, we give two numerical algorithms (Algorithms 1 and 2) and one
numerical example to solve system (1).

Algorithm 1 General Solution of System (1)

(1) Input the factors: n.
(2) Input the tensors: A1, Ay, ..., Ay, P1, P2, ..., Pn € @élx'“XINXhX'“X]N,

Kix---xK
Bi,Bs,..., By, Q1,Qs,..., € QRN gy gy En c
QL1><~~><LN><]1><---><]N
S 7

-/?1/]:2/- ) -/f?’l c Qé1><~~><]N><W1><~~~><WN and H € QI§1><~~-><LN><W1><~~><WN.

3) Calculate the matrices A1,Ay,..., A4, P, P, ..., Py

Qs™*",B1,Ba, ..., By, Q1,Qa,...,Qu € Q5% Ey,Ey...,Ex € Q5" F,F,...,Fy
Qs"™% and H € Qs*%, where m = LIy, r = J1---Jn, kK = Ky---Ky, 1
LlLN,w:W1WN

(4) Calculate V4, V, by (8) and z by (9).

(5) If both Equation (11) and Equation (13) hold, then calculate the unique solution
(X1, A, ..., Xy] € X by Equation (14).

(6) If Equation (11) holds and Equation (13) fails, then calculate [X7, A,..., Xy] € X
according to (12).

(7) Output: [X1, Xy, ..., Xyl.

Imm

Algorithm 2 General Solution of System (1)

(1) Input the factors: n.
(2) Input the tensors: Ay, Ay,..., Ay, P1,Pa, ..., Py € Qélx"'XINXhX"'X]N,

Kix---xK
BB, ...,By, Q1,0 ...,0, € QUUxInxKie K g gy, & €
Lyx--XLyXJp % X]N
Qg ,

}—1/]_—2/' L F. € @élx'“X]walx“'XWN and H € @I§1><~~><LN><W1><---><WN.

3) Calculate the matrices A1, A, ..., Ay, PPy, ..., P,

Qs™ ", By,By, ..., By, Q1,Q2,...,Qu € Q5K E,Ey...,En € Qs F,Fy... Fy
erxw and H € Qslxw, where m = Li---Iy, v = Ji- - IN, k = Ky---Ky, 1
Li---Ly, w= W Wy.

(4) Calculate Vi, V, by (8), zby (9) and p, K, W, ], 61, 62, 85 by (15).

(5) If both Equation (18) and Equation (13) hold, then calculate the unique solution
[X1, Xy, ..., Xy] € X by Equation (21).

(6) If Equation (18) holds and Equation (13) fails, then calculate [X7, A,..., X,] € X
according to (19).

(7) Output: [X1, Xy, ..., Xyl.

Imm

Example 1. Given the split quaternion tensors:

[ itk 1 i 2i+j+2k
A1) = 0 05i+j+2k|, A1(5:1,2) = [2i+j+k 4 |,
i +2j+k i 1 jt+k
[ i ik 1 j+5k
Ai(:,5,2,1) = |i+k 2j JAL(,52,2) = |26+ + 3k i ,
| 0 i+2j+2k 0 i+j+k
0.5i 0 2i 43k 0
Ai(5,53,1) = |i+2j+k 3i S A, 3,2) = 2j i+05j+4k|,
0 3i+j+k 1 i

7+4.25i —35j+3k 114 3.25i + 2.75] + 8.5k
Pi(;:1,1) = |6 2751425+ 1.75k  9.5+45i—j+85k |,
24242k —2 4+ 4.75i — 3j + 4k
—125+475i —25j+85k 125+i+8j+ 575k
Pi(5:,1,2) = | 7.5—225]+4.25k 135+115i+1j |,
5412514 0.5j+4k 4+ 3i+5.25) + 3.25k
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Pi(,

Pi(,

Pl(:r

Ay (:,

Ay (:,

Ay (s,

P2,

P2,

P2,

| 5+413i+13j + 3k
[2 - 0.5i + 6.5] — 6.5k

55 1,2) = |1+9.25i +2j + 7.25k

| 4+ 14 +8)+ 14k
5-4j+3k 5+

5452,1) = | 34+6i—j+2k
4-3i+5+6k  9+42i—2j+6k

[—0.25 - 1.5i —5.5] + 4k 18.25 + 4i + 14.375] + 11.75k

505,2,2) = 9.751 4+ 0.75j + 9.75k
8+ 8i+12j + 13.5k
i+k 1
;1,1) = 0

i+2j+k i
[j+2k  i+j+5k

52,1) = | 3i+k  2j+0.25k],

025+ 1+i+2f
3+i 05

| 025+)  3i+j
[ —1+35i—0.75/+

y1,1) = | 343751 +155 -2
| 1.0625 + 1.25i +0.25] — 5.75k  —5.25 — 0.25i + 2.5] + 1.5k

[ 2.5 +8.5i — 12j + 9k

51,2) = | 114+ 1.5i — 2.5+ 7k

|15.125 + 3.75] + 8.25k
[ 347i—3j+10k

52,1) = | 548 —7j+6k
|16+ 0.25i + 4.5] + 7.5k

—0.5+9.5i + 8k 114 11i + 0.5k
52,1) = |13+ 5i+05j+85k 20.5+22i +10j + 5.5k,
| 1+35i+6j+1k  5+9i+25j+125k
[—2+8.5i — 4.5) + 4k 24+ 8i +2j + 3.5k
52,2) = 9+ 8i+8k 21.5 + 10.75i + 4.25j + 8.5k |,
| 25+i+35]+6.5k 10+ 2i + 6] + 3k
[7i+75k 1+ 4i+12j+ 3k
53,1) = | 11j+3k  9+11i +9j + 45k,
[i+3j—k —3+10i+7j+2k
[—15495i —2j+7k 1347i+4j+7k
5:3,2) = 2+ 4i 9.5+ 7i+16j + 5k |,
6+ 7i +3j + 6k 6+ 2i + 4j + 8k
1,::) = (Z) Z.+4].+k,31(1,2,:,:): k .51—#]+k ,
i+3j+k 0 i+j+05k
[i +3) 1 2i+k 1+k
1,::) = 2,2,:,:) =
)=k i+j+3k}’81(”’) 0 2+k|
[ 2j  i+k] [2i +k  2i+3k
1,::) = 2,:,:) =
,it) 14k 2Z.Jr].,131(3,,,) j ;
342j+7k 8.5 4 16i 4 12.75] + 0.5k
551,1) = |145.25i +11j + 8k 6—25i+j-55k |,

1.5 4 7i + 10j — 0.5k

7.75 + 2,51 + 16.75] + 11.25k
349i 4165 — k ,
5.5+ 13.5i + 4.5] + 2k

2i+0.5j + 3.5k
3—i—j ,

34 3i+9j — 1.25k ,
7.5+ 12i +9.5] + 2.25k

2+3i 2i +2k

0.5 +j+2k|, Az(5,:,1,2) = |1+ 2i+k 3k |,

143k j+05k

142i  05)+5k
Ay (:,:,2,2) = |2+ 3k i+3j |,

53,1) = |i+j+2k 2i+3k|, A2(:32)=1] 2j 05+i+j+k|,

0 2+i+j
0 2i+j
1+ i+ 2k
95k —0.5+ 8.25i +2.75] + 2.5k
75k 4—05i+45] — 44375k |,

26.25 + 7.5i + 7j + 4k
11.25 — 3.75i — 1.5j + 3k |,
3+2.5i —2.5] + 13.5k

17+ 3i + 6] + 3k
10+ 4i +4.75) + 3k |,
—1+42j+ 6k
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[ 3+2i—j+65k 24 +2.5i +5.5) + 4k
Pa(:,5,2,2) = |10 +1.5i —8.5j+ 6k 825 — 4.75i — 1.5j + 2.5k |,
| 7+i+5j+125k 4+1.25( — 4 + 9%
[ 3+3i—25)+8k 125 — 4i + 6.5 + 4k
Pa(:,5,3,1) = | 4-25i—4j+05k  9.5—6i —0.75 + 1.125k |,
2375 — 4751 + 65j+2k  15+2.5i—7.5j+k
[ —05+19i—5j+8k 155+ 13.5i +2.75j + 6.5k
Pa(:,5,3,2) = 2+ 6i —1j 4 13.5k 13.75 4 0.75i + 11j + 10k |,
| 13.25 + 1.25i + 13] + 5.25k 9.5+ 0.5i + 11k
5i+j 1 0  05+k
By(1,1 = B(1,2,:,:) =
2(L1,5:) 2k j+4k’2(”’) i+k 2 |
[2i+j 2k 3 itj+2k
2,1,:,:) = 2,2,:,:) =
B2 1) 0 o B2 {0 i+05j+k|’
[P 1+ 2% i+k
1,::) = 2 =
B2(3,1,:,:) 2 2i+k'82(3"') {0 142k
[ —5+4i+12j+4k 3+8i+7j—55k
(5 1,1) = | —6-075i +7.75] —k  —1.5+2i +14j — 0.5k |,
—3+i+4j— 4k —1142i+3j—k
3+j+6k 10.5 + 2i + 0.5] + 5.5k

a(:,5,1,2) = 825 —1.5i —3.5j +k
| 1—3i+0.25) +2.5k

11+75i+45k |,
8.5+ 1.5i + 3j + 4k

6—2i—2j 24+i+2j+k
(;5,2,1)=| 2+4i+j+35k 3+2k ,
|4+0.5i —2j+45k 1+3i—3j+5k
[ 1043i405j+2k 2.25+ 5i + 6] + 0.5k
1(:,5,2,2) = | —0.5—55i +11.25]+ 0.5k 3.5 — 1.5i + 8] + 3.5k |,
754+2i—j—k 5+1.5i—6j —k
[ itj+k 0o 3 1 i+j+2 05
55 1,1) = ;5 1,2) =
&16,1.1) i+05/+2k i 2i+k &(e1,2) i+ j+ 5k 3j j+2k|
oo ek ok G [tk 4itj+k K
&i(:21) = | i E(:22) = |1 5 1l
&1(5431) = 1. k. 31%] 0. ,€1(5,5,3,2) = ! 2“73]{ k.,
i+5/+k i 2j 0 i 55
[i i+aj+k k Sitj+k
1,1 = 1,2,::) =
L) =1, i+3j+k’]:1(”’) 0 i+j+05k|
[i+j 243k 3+k 1]
2,1 = 2,2,:,:) =
F1(2,1,5,2) 0 itk S F1(2,2,51) i 2tk
[14i+j 2k [ 242k i
1,::) = 2 =
Fi3L:) 2i 2i+j+k’}-1(3’ i) 1+43j+k 05+k|
[i+2k i+05/+2k 2k [14+j+k 20 Bitj
&(G,,1,1) = . . 1,8(,:,1,2) = . . . ,
2 ) 0 i+025k  i+2j 2( ) 3+i  3j+k i+k
)= |20 2] 242k 0 k]
2 i+j i+k i+j+k 3 1+k
[i+025 3k i+2j+05k i+05 0 3+k
e 1) = [ 2) =
&2431) 0 i+k  2j+3k BB =0 e ik 3j+0.5k |’
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[B4+i4+j 1+i+2k 2+k  24j+k
1,1,::) = s ,F2(L,2,5,0) = . ’
FLy) 3 i+3j+k Fal ) 0  i+j+05k
[2+j+k 1+i 2i+j+k 1+05i
2,1,:,:) = 2,2,:,:) =
F2(2,1,5,1) itk 1+k']:2("') 24k P
[ itk j 1+4j 1+k
1,::) = 2,:,:) =
FaB L) =10 L ositk 1442k F2(825:) 3i+j+2k 2j+k|

[ 1724 157.63i + 101.75] + 218k 147.75 + 120.5i + 144] + 145.75k
H(,:,1,1)7 = | 7125+ 156i + 58.5] + 174k 34 — 48.5i + 99.5] — 20k
|58.75 + 63.25i + 101.75] + 68.625k  196.5 + 42.5i + 99.25] + 0.5k

[106.88 + 136.75i + 89.5j + 101.5k 166.75 + 54i + 51j + 138.5k
H(:,:,1,2)T = | 39.75 + 144.25i — 21j + 209.25k 40 — 66.75i + 44.875j + 57.5k
| 72+ 72.125i 4 3.125j + 42.875k  115.75 — 26.75i 4 163.75] — 11.75k

(49 + 158.25 + 79.75j + 133.38k 41 +79.5i + 66.5] + 44.25k

7

’

H(:,:,2,1)T = | 35.75+51.5i + 505 + 59.75k 21.5 4 18.375i + 42.625] — 33.25k |,

| 66+ 44i+95.75] + 38k 87 —2.75i +104.25] — 13.5k

[110.88 + 109.69i + 82.125j + 141.88k  143.63 + 98.125i + 60.125] + 78.875k
H(:,:,2,2)T = | 18.875+129.25i + 48.5j 4+ 153.13k 29.125 — 2.75i + 71.5] — 24.5k

| 31.625 + 37.625i + 73.625] + 89.438k 145.63 — 20.5i + 115.5] — 41.5k

By MATLAB calculation, the output is that there exists a unique solution and the
unique numerical solution is

Xi(5,5,1,1)
[ 1+41i —9.2704 x 10715] + 1k 2 +1.088 x 10~ 4i +8.88 x 1071%j — 3.33 x 1015k
= [0.25 - 6.1062 x 1071% 4 1.5848 x 10~'4j — 3.6082 x 10~k 0.5 —3.1086 x 10715 — 1.1324 x 10~ 4j + 2k |,
| 2+ 1i —3.7192 x 10715 + 1k 4.885 x 10715 + 1i + 5.4609 x 10715 + 3k
X1(:,:,1,2)
[ 1.4821 x 1071 4 1.1324 x 10~ + 2j + 0.5k —1.9651 x 107 +0.25i + 1.1879 x 10~14j + 2k
= 142i+1j+1.36 x 10715 0.5 — 6.9389 x 10716 + 6.4393 x 10~ %] + 2k |,
|1—5.107 x 10715 +8.9928 x 10715 +5.5511 x 107k 0.5+ 1.1435 x 107 + 1j — 3.2196 x 10~k
Xi(5,5,2,1)
[—1.138 x 10714 4 3i + 2j — 8.7846 x 10715k —1.3496 x 10~ +0.5i + 1j + 3k
= | 5.3187 x 10715 + 1i +-9.6867 x 107 %j + 1k 6.5781 x 10715 +7.7716 x 10710i + 2j + 1.2434 x 10~k |,
| 3+1.2879 x 10~ i 4 2+ 9.2079 x 10~ %k 1.0042 x 1071 + 1i 4 2j + 2k
X1(:,:,2,2)
[ 14 6.9944 x 10715 — 2.387 x 10715j 4 0.5k 2482157 x 107 1% + 1j + 5k
= 6.2728 x 10715 + 2i 4 5.4401 x 10715 + 3k —1.2434 x 1071 + 1i 4 2j + 3.6152 x 10k |,
|3 — 14849 x 107 + 5.4956 x 10~ 1%j — 5.3985 x 10~ 15k —5.4956 x 1071% + 1i 4 1j + 0.5k
Xi(5,:,3,1)
(7.0499 x 10715 + 2i — 5.3291 x 10~1%j 4 3.1752 x 10~k 8.6042 x 10715 — 7.1054 x 10715 + 1j + 1k
= 14 2i — 1.5418 x 107 14j — 9.4369 x 10~ 1%k —1.571 x 10~ + 1i + 3.8858 x 10~1%j + 7.77 x 10~ %k |,
| 2 —2.7756 x 10715 + 1j — 3.7748 x 10~ 15k 241 —4.774 x 10715] 4- 2k
X1(:,:,3,2)
[1—1.1102 x 1075} 4 3j — 6.5226 x 10~ 15k 5.5511 x 10715 + 2i — 3.7748 x 107 1% + 1k
= 2+7.9242 x 10715 4 1j + 3k —1.0103 x 1071 — 1.1102 x 10716 + 1j 4 1.2768 x 10~k |,
|1+ 1i —1.1324 x 10~ 4j — 9.4369 x 10~ %k 5.7732 x 1071 + 1i + 1j + 1k
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Xo(:,:,1,1)
[ 1.07 x 107 4+ 1i — 1.55 x 10715 + 2k —8.33 x 1071° — 2.78 x 107 1% + 1j +2.36 x 10~k
= 10.25 —2.22 x 10716 — 5.7732 x 10715 — 8.9581 x 10~ 5k 7.3275 x 10715 + 0.5i + 1j + 1k ,
| —1.44 x 1071 +1i +4.16 x 107 5] + 1k 5.41 x 10715 4+ 3i — 2.83 x 1071%j + 5.61 x 10~ %k
X(5,:,1,2)
[ 5.7732 x 10715 — 1.0214 x 10~ 4i +2j +5.7732 x 10" %k 1 —2.6645 x 10715 — 3.3307 x 10~15] 4 2k
1.4433 x 1071 — 2.5535 x 10~ 1% 4-1j 4 1k —3.9968 x 10715 +2i + 1.249 x 10~ 14j + 3k |,
0.5+ 1.4058 x 10~ 14i —2.0539 x 10715 — 8.4377 x 10~ %k 2 —1.5543 x 10715 + 1j + 1k
Xo(:,:,2,1)
14 1i + 6.4393 x 10715] — 4.4409 x 10~ 1%k 2429976 x 107 1% +2.7478 x 10715 + 4k
= 2.4425 x 10715 + 1i — 1.0769 x 10~14j + 2k —4.996 x 10716 4 2i 4 9.8047 x 1071%j — 4.996 x 10~ %k |,
19:992 x 1071¢ +2.3315 x 10~ 1% 4 2j 4 1.0214 x 10~k 5.5511 x 10715 + 1i 4 1j — 5.6066 x 10~k
X(:,:,2,2)
[ 1+6.8834 x 10715 — 1.8319 x 10~15] + 3.5527 x 10~ 1%k 1.3545 x 10714 + 5.218 x 107 1% + 0.5] + 1k
—3.3307 x 10715 4+ 2i + 1j + 1k —4.55 x 10715 4 1.11 x 10710 — 1.06 x 10~4j + 3k |,
| —1.6653 x 10715 —8.9928 x 10~ 1% + 1j + 1.1047 x 10~k —4.3299 x 10715 +1.3212 x 10~ 4 + 2j + 1k
X>(:,:,3,1)
(139135 x 10715 +1.8874 x 1015 + 1k —3.8511 x 10715 4 1i — 3.858 x 10715j — 7.4662 x 10~ 15k
= 0.5+ 1i + 1.1435 x 10714 + 2k 5.1625 x 10715 + 1i + 5.2909 x 10~ 1% + 1k ,
| 1+7.2164 x 10717 + 1.4988 x 10~1%] 4 2k 3.1086 x 10715 + 1i + 1j + 2k
14 8.3822 x 10715 +2j + 1k 2.9976 x 10715 +3i +9.992 x 10716 + 1k
X(:,1,3,2) = |1.5543 x 1071% — 1.1768 x 10~ 14i +3j + 1k 0.5+ 6.9944 x 10715 — 1.131 x 1071%j + 2k |,
1+ 1i +1j — 2.2204 x 10~ 1%k 1+ 3.1086 x 10715 —2.1094 x 10715 4 2k
The true solution is
[1+i+k 2 2j+05k  0.25i + 2k
Xi(51L,1)=| 025  05+2k|,Xi(::1,2) = [142i+] 0542k |,
2+i+k i+3k 1 0.5+
(3i+2j 0.5i+j+3k 1405k 2+4j+5k
Xi1(:,52,1)= | i+k 2j ,X1(5,:,2,2) = | 2i+ 3k i+2j ,
[3+2j  i+2j+2k 3 i+ j+ 05k
[ 2i j+k 1+3j 2i+k
Xi1(:,531) = [1+2i i ,X(553,2) = |24+ 3k j ,
[2+) 2+i+2k 1+i  i+j+k
[i + 2k j 2j  1+2k
Xp(5:,1,1) = | 025  05i+j+k|, X2(::1,2) = |[j+k 2i+3k |,
| i+k 3i 05 2+j+k
(147 2+4k 1 05j +k
Xo(:,5,2,1) = |i+2k 2i |, X(552,2) = |2i+j+k 3k ,
| 2j i+j j 2j+k
14k i 14+2j+k 3i+k
X(,:31) = [05+i+2k  i+k |, A(;,,3,2)=]| 3j+k  05-+2k|.
142k i+j+2k 1+i+j 1+2k

It is worth noting that the error between the numerical solution and the true solution is
4.5778 x 10713, which undoubtedly demonstrates the accuracy of our results.

5. One Application Based on (1)

Sylvester-type quaternion tensor equations hold great significance across numerous
fields, such as systems science, cybernetics, and signal processing. This section centers
around utilizing the outcomes of system (1) to present an application example. Split
quaternion tensors are capable of representing color videos, especially when the video is
divided into multiple image slices. Here, we introduce a method for the encryption and
decryption of videos by employing Theorem 2. In what follows, we provide encryption and
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decryption algorithms (Algorithms 3 and 4), block encryption and decryption algorithms
(Algorithms 5 and 6), and two examples to demonstrate our results.

Algorithm 3 Encryption Process of Videos

(1) Input: n original videos and system coefficients Ay, Ay, ..., Ay, By, Ba, ..., By,

51,52, .. .,gn and ]:1,./_"2, .. .,]:n.

(2) Parse the videos: X; represents the i-th video wherei = 1,...,n and X(:,:, j) represents
the j-th frame of the i-th video.

(3) Calculate the tensors Py, Py, ..., Pu, Q1, Q2, ..., Qn and H by system (1).

(4) Encrypt the i-th video &} by P; — Q; wherei =1, ...,n. P;, Q; and H is the key of the
i-th video.

(5) Output: Encrypted video.

Algorithm 4 Decryption Process of Videos

(1) Input: Encrypted videos &}, keys P;, Q;, H and system coefficients A;, B;, £;, F; where
i=1,...,n.

(2) Calculate the numerical tensors [X}, X>, . .., Xy by Algorithm 1.

(3) Recover the videos: X represents the i-th recovered video where i = 1,...,n and
X;(:,:,j) represents the j-th recovered frame of the i-th video.

(4) Calculate the error norm for [X], X, ..., Xy] and [X], As, ..., Xy

(5) Output: Decrypted video.

In order to more intuitively understand Algorithms 5 and 6 that we present next, we
give the corresponding flowcharts (Figure 1).

Flowchart of Algorithm 5 Flowchart of Algorithm 6

Keys P,QH

Parse
frame
values X

Block frame Block P,Q,H into
values X; PiQH
System S);:tt'em ke y
coefficients Calculate P; Qi H coe Icle:ts alculate new X;
AiBEF; AiB;EF;
Calculate (P-Q) Calculate error .
Recombine X;
and norm
recombination

Obtain
decrypted
frame

Obtain
encrypted
frame

Figure 1. Flowcharts of Algorithms 5 and 6.

First, we take a frame from the video and parse its pixel data. We divide the 480 x 480
frame into 3600 3 x 3 subblocks. Then, we set the coefficients A;, B;, E;, F; by generating
random matrices. We calculate P;, Q;, H for each subblock. We take (P; — Q;) as the
cryptographic subblock corresponding to each subblock. Then, (P; — Q;) is restored to the
corresponding position and the encrypted frame is generated. The decryption process is
that the input coefficients A;, B;, E;, F;, P;, Q;, H calculate the new subblock X; and then it is
restored according to the corresponding position to generate the decrypted frame. Then,
we calculate that the decrypted frame has a good restoration effect with the original frame.
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Algorithm 5 Block Encryption Process of Frame

(1) Input: one original frame and system coefficients Aj, Ay, ..., Ay, B1, By, ..., By,
E,Ey,...,Enand Fy, By, ..., F, € Q3.

(2) Parse the frames: X € Q480X480 represents the frame and X; € @§X3 represents the i-th
sub-frame of the frame where i=1,...,n.

(3) Calculate the matrices Py, P, .. Pn, Q1,0,,...,Q, € Q§X3 and H € QEXB by
system (1).

(4) Assemble the i-th sub-frame X;, P;, Q; where i = 1,...,n back into the frame X, P, Q €
Q3480 Encrypt the frame X by (P — Q) € Qg4

(5) Output: Encrypted frame.

Algorithm 6 Block Decryption Process of Frame

(1) Input: Encrypted frame X € Q§80X480, keys P,Q,H € Q§80X480 and system coefficients
A;, B, E;, F ¢ Q?S’X3 wherei=1,...,n

(2) Calculate the matrices [X7, Xy, . .., X;] by Algorithm 1.

(3) Recover the frame: X; € sza represents the i-th recovered sub-frame where
i=1,...,n; assemble the X; back into the frame X € Q§80X480.

(4) Calculate the error norm between X and X.
(5) Output: Decrypted frame.

Remark 1. As the dimensions of the decrypted video increase, the time and space complexity of
Algorithms 3 and 4 increase exponentially. Therefore, we propose a block encryption and decryption
algorithm in Algorithms 5 and 6. By reusing Algorithms 5 and 6, the memory usage can be
reduced and the operational speed can be significantly enhanced. It is worth mentioning that
Algorithms 5 and 6 are also suitable for local encryption and decryption tasks.

All numerical experiments in this paper were performed in the following hardware
and software configurations: Intel(R) Core(TM) i5-10210U CPU @ 1.60 GHz 2.11 GHz,
16 GB RAM, Windows 11 operating system, and MATLAB R2018a. In addition, all test
videos were taken using the author’s camera.

Example 2. Let us input two videos and execute the above algorithms. The following is the result
using MATLAB (Figure 2):

Original Original Original Original Original Original Original Original

Encrypted Encrypted Encrypted Encrypted Encrypted Encrypted Encrypted Encrypted

Decrypted Decrypted Decrypted Decrypted Decrypted Decrypt d Decrypted Decrypted

o ;i

Figure 2. Frames before and after Encryption and Decryption.

In the result, the average error between the numerical solution and the true solution is
2.7106 x 10~7. The error of each frame is shown in Table 1 as follows.
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Table 1. Error between numerical solution and true solution.
Video 1 Error Video 2 Error
1-frame 2.6377 x 1072 1-frame 2.7776 x 102
10-frame 2.6527 x 1077 10-frame 2.7644 x 10~
16-frame 2.6655 x 1077 16-frame 2.7569 x 1077
25-frame 2.6595 x 107 25-frame 2.7707 x 10~°

To further evaluate the quality of the decrypted videos, we use the Peak Signal-
to-Noise Ratio (PSNR), Structural Similarity Index (SSIM), and Feature Similarity In-
dex (FSIM) [31]. The results are summarized in Table 2. All PSNR values exceed 50,
while both SSIM and FSIM values are 1, demonstrating the outstanding quality of our
decrypted videos.

Table 2. PSNR, SSIM, and FSIM of video 1 and video 2.

Video 1 PSNR SSIM FSIM Video 2 PSNR SSIM FSIM
1-frame 245.4833 1 1 1-frame 244.6598 1 1
10-frame 246.1960 1 1 10-frame 245.8679 1 1
16-frame 246.0469 1 1 16-frame 245.6220 1 1
25-frame 246.0457 1 1 25-frame 245.4920 1 1

Example 3. Let us input two videos and finish local encryption and decryption using Algorithms 5 and 6
with MATLAB (Figure 3):

Original ~ Original ~Original Original  Original Original

B R
Encrypted Encrypted Encrypted

Figure 3. Frames before and after Block Encryption and Decryption.

In the result, the average error between the numerical solution and the true solution is
8.9857 x 10710, The error of each frame is listed in Table 3 as follows.
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Table 3. Error between numerical solution and true solution.
Video 1 Error Video 2 Error
3-frame 4.0604 x 1010 3-frame 41622 x 10710
12-frame 8.4663 x 10710 12-frame 7.7403 x 10710
18-frame 1.1171 x 10~? 18-frame 9.9505 x 10~10
27-frame 1.4076 x 10~? 27-frame 1.2259 x 10~?

The results of PSNR, SSIM, and FSIM are shown in Table 4. PSNR values all exceed 50,
while both SSIM and FSIM values reach 1, indicating that the quality of local decryption
is excellent.

Table 4. PSNR, SSIM, and FSIM of video 1 and video 2.

Video 1 PSNR SSIM FSIM Video 2 PSNR SSIM FSIM
3-frame 245.0190 1 1 3-frame 244.3713 1 1

12-frame 244.5530 1 1 12-frame 244.8359
18-frame 244.6391 1 1 18-frame 246.7069
27-frame 245.3403 1 1 27-frame 246.3910

— =] -
— =] -

6. Conclusions

The system of quaternion tensor equation (1) is universal, encompassing many other
systems. This kind of system of quaternion tensor equations has practical applications
in many areas. In this paper, we first transformed the quaternion tensor equations into
quaternion matrix equations through the function f. By using the complex representation
of split quaternion matrices and Moore-Penrose inverse, we presented a necessary and
sufficient condition for the existence of a general solution to system (1). When the solvability
conditions hold, we also derived the expression of the general solution to system (1).
In particular, the unique solution was also given when the uniqueness condition held. Then,
we converted the obtained quaternion matrix solution back into a quaternion tensor solution
using the function f~!. Additionally, we established two algorithms to solve system (1),
and one example was given to prove the correctness of our results. In the last part, we
provided the algorithms and two examples for color video encryption and decryption
using the obtained results of system (1). To the best of our knowledge, a substantial body
of excellent work has been dedicated to the encryption and decryption of color images.
For instance, Feng et al. [32-35] have put forward numerous effective algorithms for color
image encryption and decryption. Kong et al. [36] realized image encryption on a Field-
Programmable Gate Array (FPGA). Similarly, Yu et al. [37] developed a system that was
implemented on an FPGA digital hardware platform. Moving forward, we will concentrate
on some systems of tensor equations over the split quaternion algebra and delve deeper
into the study of encryption and decryption.
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