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Abstract: The Allee effect and group defense are two naturally occurring phenomena in
the prey species of a predator–prey system. This research paper examines the impact of
integrating the Allee effect on the dynamics of a predator–prey model, including a density-
dependent functional response that reflects the defensive strategies of the prey population.
Initially, the positivity and boundedness of the solutions are examined to ascertain the
biological validity of the model. The presence of ecologically significant equilibrium
points are established, followed by examining parametric restrictions for the local stability
to comprehend the system dynamics in response to minor perturbations. A detailed
computation encompasses diverse bifurcations, both of codimension one and two, which
provide distinct dynamic behaviors of the model, such as oscillations, stable coexistence,
and potential extinction scenarios. Numerical simulation has been provided to showcase
complex dynamical behavior resulting from the Allee effect and prey group defense.

Keywords: predator–prey model; stability; bifurcation; multiplicative Allee effect; group
defense

MSC: 92D25; 34C23; 34K60

1. Introduction
Predator–prey interactions are intricate, foundational, and complex components of our

ecosystem, influencing population dynamics and species coexistence, triggering trophic
cascades, etc. Preserving and understanding these interactions for the stability of the
ecosystem, its resilience, and maintaining the overall health of the planet are essential.
The traditional predator–prey model coined by Lotka [1] and Volterra [2] assumes simple
dynamics. However, real-world predator–prey interactions exhibit complex phenomena
that require more nuanced approaches, and two such phenomena are the Allee effect [3–5]
and group defense [6–8]. In this research work, we conceptualize and then analyze a
model that demonstrates predator–prey interaction along with the integration of group
defense and the multiplicative Allee effect in prey, both of which significantly influence
population dynamics.

The behavioral strategy of prey in which the prey species collaboratively reduces
predation risk is termed group defense. This phenomenon enhances individual survival
through mechanisms like improved vigilance, coordinated defense, etc. The incorporation
of group defense into predator–prey models provides insight into how social behaviors
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shape population stability and ecological interactions. A predator–prey model used to
demonstrate the phenomenon of group defense is given in [9]

dN
dt

= N(t)A(N, K)− P(t) f (N),

dP
dt

= P(t)(C(N)− D).
(1)

Here, N(t) and P(t) give the density of the prey and predator populations, respectively.
A(N, K) represents the growth rate of the prey, f (N) represents the response function, and
C(N) represents the prey to predator conversion. K and D indicate the carrying capacity
and the predator’s death rate, respectively. The assumption for the response function, say
f (N), used to model group defense is given in [10]

f (0) = 0, f (N) > 0 for N > 0, (2)

and M > 0 such that
f ′(N) > 0 for 0 ≤ N < M, (3)

and
f ′(N) < 0 for N > M. (4)

Freedman and Ruan [11] devised a non-monotonic functional response f (N) = αNe−βN,
where α and β are positive constants, to capture the dynamics of group defense behavior as it
satisfies the conditions given in (2)–(4). Rothe and Shafer [12] used the so-called Holling type
IV functional response f (N) = N

a+bN+N2 , satisfying conditions (2)–(4), to represent group
defense. Figure 1 depicts that though both curves reach the same height, even with the same
rate at their peak, the decline rate of the Freedman and Ruan (F-R) function is comparatively
sharper than Holling type IV, so in this study we have used the F-R function to represent
group defense (ref. Figure 1). In addition, the impact of α and β on the shape of the curve of
the functional response f (N) = αNe−βN is depicted in Figure 2. It can be observed that as α

increases, the convexity of the curve increases, while as β increases, the convexity of the curve
decreases, implying positive and negative correlations of the constants with the functional
response, respectively.

Figure 1. A Freedman and Ruan function (blue dotted curve) f1(N) = Ne−N and a Holling type IV
function (green curve) f2(N) = N

1 + 0.7N + N2 .
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(a) (b)

Figure 2. Variation in functional response f (x) = αxe−βx with α and β: (a) As α increases, the
convexity of the curve increases. (b) As β increases, the convexity of the curve decreases.

Sasmal and Takeuchi [13] studied how a predator–prey system behaves under the
influence of group defense and fear. Jiao et al. [6] explored the Filippov Leslie–Gower
predator–prey (LGPP) model that exhibits the phenomenon of group defense in the pres-
ence of delay. Das et al. [14] studied a diseased predator–prey model in which harvesting
is carried out and the prey presents group defense strategies. Pratama et al. [15] assessed
how group defense and fear affect predator–prey systems with the Holling type IV func-
tional response and experiencing intraspecific competition. Pal et al. [16] evaluated a
predator–prey system that focuses on the impact of fear induced in prey due to the pres-
ence of predators and where prey adopts group defense mechanisms. Singh and Sharma
[8] explored how harvesting and group defense influence the dynamics of a predator–prey
model. Numerous studies have also examined the dynamics of group defense in different
ecological models [17–21].

Ecologist W.C. Allee devised the Allee effect, which indicates a positive correlation
between population density and individual fitness, which can occur due to a decrease in
cooperative behaviors such as mating, herding, and parental care within the species. This
phenomenon is widely studied due to its essential role in determining whether a species sur-
vives or goes extinct. The multiplicative Allee effect combines density-dependent survival
and reproduction, amplifying its impact on population dynamics. Various researchers have
explored the Allee effect coupled with a few other phenomena. Rahmi et al. [22] analyzed
the memory effect, along with the incorporation of the double Allee effect in the predator
population, in a modified LGPP model. They analyzed both strong and weak Allee effects.
Yin et al. [23] explored the Allee effect on the system dynamics of an LGPP model that
incorporates the presence of prey refuge. Cruz [24] demonstrated the impact of delay
on the stability of the LGPP model in the presence of a strong Allee effect. Sen et al. [25]
conducted a bifurcation analysis of the complex dynamics of the predator–prey model
with the Allee effect in the predator. Shang and Qiao [26] focused on the study of the
double Allee effect in the modified Holling and LGPP model, which is being harvested.
Singh et al. [27] analyzed the LGPP model, integrating the phenomena of the double Allee
effect and the fear effect.

Even though the phenomena of the Allee effect and group defense have been widely
studied in predator–prey interactions individually, the impact of both these phenomena
occurring simultaneously remains under-explored. This work offers significant insights
into the influence of the initial conditions, group defense, and Allee effect parameters on
the stability and behavior of the proposed model. This study comprises seven sections. The
conceptualization of the model under study, where group defense the and multiplicative
Allee effect are introduced in the system, is presented in Section 2. The well-posedness of
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the proposed system is also included. Subsequently, Section 3 includes the reckoning of the
equilibrium points with the analysis of their stability. In Section 4, bifurcation analysis is
included. The emergence of saddle-node, Hopf, and Bogadanov–Takens bifurcation has
been discussed in great detail along with the numerical simulation and phase portraits.
After this, Section 5 sheds light on the impact of the introduced parameters, both analytically
and graphically. Section 6 concludes the entire work by providing an in-depth review of
the established results while performing an analysis.

2. Conceptualization of the Model
2.1. Base Model

Xiao and Ruan [28], in their study, considered that the growth rate of the prey A(N, K)
is governed by the logistic growth function; the predator response function is taken as
P(N) = αe−ηN , where α and η are positive constants, and the prey to predator conversion
rate C(N) showcases similar properties as P(N) and is taken as C(N) = µP(N). So,
System (1) comes out to be

dN
dT

= rN
(

1 − N
K

)
− αNPe−ηN ,

dP
dT

= P
(

µαNe−ηN − D
)

,
(5)

where N ≡ N(T) and P ≡ P(T) denote the prey and predator densities at time T, respec-
tively. Here, r > 0 denotes the intrinsic growth rate of the prey, K > 0 denotes the carrying
capacity, and D > 0 denotes the predator’s death rate. Also, α and η are positive.

2.2. Modified Model

Integrating the multiplicative Allee effect (ref. González-Olivares et al. [29]) in Sys-
tem (5), we obtain

dN
dT

= rN
(

1 − N
K

)
(N − M)− αNPe−ηN ,

dP
dT

= P
(

µαNe−ηN − D
)

,
(6)

where −K ≤ M ≤ K represents the Allee threshold. If M > 0, then the Allee effect is
considered strong, while if M ≤ 0, then it is considered weak [29]. In this work, we will
analyze the presence of a strong Allee effect.

2.3. Simplification of the Model

To reduce the number of parameters, consider N = Kx, P = ry
α , t = rT. Model (6)

reduces to
dx
dt

= Kx(1 − x)(x − m)− xye−βx,

dy
dt

= y(bxe−βx − d),
(7)

where m = M
K , β = ηK, b = αuK

r , d = D
r . From the standpoint of ecology, our analysis

is centered on the dynamics of System (7) in the closure R2
+ of the first quadrant R2

+.
Consequently, we focus on ecologically relevant initial conditions x(0) ≥ 0, y(0) ≥ 0.

System (7) represents an ecological interaction of two species, so every solution of this
system must be ecologically relevant.

Lemma 1. a. Every solution of System (7) starting in R2
+ is positive for all future times.

b. Every solution of System (7) starting in R2
+ is bounded for all future times.
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Proof. a. The equations in System (7) are integrated under the initial conditions
x(0) ≥ 0, y(0) ≥ 0. The solution can be conveyed as

x(t) = x(0)exp
[ ∫ t

0
(K(1 − x(s))(x(s)− m)− y(s)e−βx(s)) ds

]
> 0, (8)

y(t) = y(0)exp
[ ∫ t

0
y(s)

(
bx(s)e−βx(s) − d

)
ds
]
> 0. (9)

Thus, the conclusion can be drawn that any solution which starts in R2
+ remains in it

for t ≥ 0. Furthermore, for all future times, any solution trajectory that starts on the
positive x-axis (or y-axis) will stay on that axis. Hence, the set R2

+ is an invariant set.
b. Let ϕ = bx + y. Now, we differentiate ϕ with respect to time; we obtain

dϕ

dt
=bKx(1 − x)(x − m)− d y

≤ bKx(
(1 + m)2

4
+

d
K
)− d ϕ.

Let, µ = maxt≥0 bKx
(
(1+m)2

4 + d
K

)
, which gives

dϕ

dt
≤ µ − d ϕ.

Now, using Gronwall’s inequality, we obtain

0 ≤ ϕ(x, y) ≤ µ

d

(
1 − e−d t

)
+ ϕ(x(0), y(0))e−d t

and as t → ∞, we obtain 0 ≤ ϕ(x, y) ≤ µ
d , which proves boundedness.

3. Dynamics of the Model
The feasible equilibrium points of System (7) are the non-negative solutions of

the system
Kx(1 − x)(x − m)− xye−βx = 0,

y(bxe−βx − d) = 0.
(10)

Apart from the trivial solution, E0(0, 0), System (10) has the following two types of
solutions holding ecological importance:

(i) Predator-free equilibrium points: The abscissa of the predator-free solutions are
obtained by the roots of the following equation

K(1 − x)(x − m) = 0. (11)

(ii) Coexistence equilibrium points: The abscissa of the coexistence equilibria of the
System (7) are the positive solutions of the equation

bxe−βx − d = 0. (12)

The ordinates of feasible interior equilibrium points are y = K(1 − x)(x − m)eβx,
provided m < x < 1.
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Equation (12) has no solution whenever b < eβd holds and has one positive root
x∗ = 1

β whenever b = eβd holds. Moreover, Equation (12) has two non-negative roots
x∗1 and x∗2 whenever b > eβd holds [28]. The preceding discussion is encapsulated in the
theorem below.

Theorem 1. a. System (7) consistently exhibits three axial equilibrium points E0 = (0, 0),
E1 = (1, 0) and E2 = (m, 0).

b. System (7) exhibits two interior equilibrium points E∗
1 = (x∗1 , y∗1) and E∗

2 = (x∗2 , y∗2) when
b > eβd, one interior equilibrium point E∗ = (x∗, y∗) when b = eβd, and no interior
equilibrium points when b < eβd.

Stability analysis:
To study the local stability of equilibrium points that System (7) exhibits, we find the

Jacobian matrix at any point E(x, y)

JE =

[
Kx(1 + m − 2x) + K(1 − x)(x − m)− ye−βx(1 − βx) −xe−βx

bye−βx(1 − βx) bxe−βx − d

]
.

Theorem 2. The properties of axial equilibrium points are as follows:

a. E0 = (0, 0) is always an asymptotically stable point.
b. E1 = (1, 0) is an asymptotically stable point if be−β < d and saddle point if be−β > d.
c. E2 = (m, 0) is an unstable point if bme−mβ < d and saddle point if bme−mβ > d.

Proof. a. The eigenvalues of the Jacobian matrix JE0 are −mK and −d, which clearly
indicates that E0 = (0, 0) is an asymptotically stable point.

b. The eigenvalues of the Jacobian matrix JE1 are −K(1 − m) and be−β − d, which clearly
indicates that E1 = (1, 0) is a stable point if be−β < d and saddle point if be−β > d.

c. The eigenvalues of the Jacobian matrix JE1 are Km(1 − m) and bme−mβ − d, which
clearly indicates that E2 = (m, 0) is an unstable point if bme−mβ < d and saddle point
if bme−mβ > d.

Theorem 3. a. The equilibrium point E∗
1 = (x∗1 , y∗1) exists whenever b > eβd holds and it is

an asymptotically stable point when K + mK + βy∗1e−βx∗1 < 2Kx∗1 and unstable point when
K + mK + βy∗1e−βx∗1 > 2Kx∗1 .

b. The equilibrium point E∗
2 = (x∗2 , y∗2) exists whenever b > eβd holds and it invariably

constitutes a saddle point.
c. The equilibrium point E∗ = (x∗, y∗) exists whenever b = eβd holds and it constitutes a

degenerate singularity.

Proof. At the interior equilibrium point, say E(x, y), the determinant and trace of the
Jacobian matrix are

Det(JE) = bβxe−βx(
1
β
− x)K(1 − x)(x − m)

and
Tr(JE) = Kx(1 + m + βx(1 − x)(x − m)− 2x).
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Clearly, Det(JE∗) = 0, Det(JE∗
1
) > 0 and Det(JE∗

2
) < 0. Therefore, E∗ is a degenerate

singularity and E∗
2 is always a saddle point. As Tr(JE∗

1
) < 0 when K + mK + βy∗1e−βx∗1 <

2Kx∗1 , and Tr(JE∗
1
) > 0 when K + mK + βy∗1e−βx∗1 > 2Kx∗1 , the result follows.

From Theorem (3), it is clear that E∗ is a degenerate singularity. So, now we will study
System (7) in the neighborhood of E∗.

Theorem 4. The equilibrium point E∗, if it exists, is characterized as follows:

a. A saddle-node when K
β2 ((1 + m)β − 2 + (β − 1)(1 − mβ)) ̸= 0.

b. A two-codimensional cusp when K
β2 ((1 + m)β − 2 + (β − 1)(1 − mβ)) = 0 and −2K

eβ (1 +

m − 3
β )−

y∗

e2 ̸= 0.

Proof. To shift E∗ to the origin, consider the transformation x̂ = x − x∗, ŷ = y − y∗, then
using Taylor series, System (7) reduces to

dx̂
dt

= α10 x̂ + α01ŷ + α20 x̂2 + α02ŷ2 + α11 x̂ŷ + O|(x, y)3|,

dŷ
dt

= β10 x̂ + β01ŷ + β20 x̂2 + β02ŷ2 + β11 x̂ŷ + O|(x, y)3|,
(13)

where α10 = K
β2 ((1 + m)β − 2 + (β − 1)(1 − mβ)) = 0, α01 = − 1

eβ , α02 = 0, α11 = 0,

α20 = K(1 + m − 3
β ) +

βy∗
2e , β10 = 0, β01 = 0, β20 = −bβy∗

2e , β02 = 0, β11 = 0.
Now, the following two cases arise:

a. If α10 ̸= 0, then Tr(JE∗) ̸= 0 and det(JE∗) = 0. So, E∗ constitutes a saddle node.
b. If α10 = 0, then System (13) becomes

dx̂
dt

= α01ŷ + α20 x̂2 + O|(x̂, ŷ)3|,

dŷ
dt

= β20 x̂2 + O|(x̂, ŷ)3|.
(14)

After the introduction of the variable τ = α01t, System (14) becomes

dx̂
dτ

= ŷ + ᾱ20 x̂2 + O|(x̂, ŷ)3|,

dŷ
dτ

= β̄20 x̂2 + O|(x̂, ŷ)3|,
(15)

where ᾱ20 = α20
α01

, β̄20 = β20
α01

.

Taking z1 = x̂, z2 = ŷ + ᾱ20 x̂2 + O|(x̂, ŷ)3|, System (15) converts to

dz1

dτ
= z2,

dz2

dτ
= β̄20z2

1 + 2ᾱ20z1z2 + O|(z1, z2)
3|,

(16)

where ᾱ20 = α20
α01

, β̄20 = β20
α01

.

Now, since β̄20 = by∗

2e2 ̸= 0 and if ᾱ20 = 2
eβ(1+nβ)

− 2n(−1−2nβ+(m+n+mn)β2)
e(1+nβ)3 + y∗

e2 ̸= 0, then
in the z1z2 plane, the origin identifies as a cusp of codimension 2, which corresponds to
E∗ being a 2-codimensional cusp in the xy-plane.
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4. Bifurcation Analysis
This section accentuates the exploration of diverse bifurcations that System (7) may ex-

perience, like saddle-node and Hopf types, both of which are codimension-one bifurcations,
and Bogdanov–Taken bifurcation, which is a codimension-two bifurcation.

4.1. Saddle-Node Bifurcation

As noted in Section 3, the unique interior equilibrium point E∗ is a result of the
coalescing of two interior equilibrium points E∗

1 and E∗
2 with the variation in the parameter

b. The system experiences saddle-node bifurcation as a result of this coalescence. Consider
b = bSN = eβd. Treating b as the bifurcation parameter, we use Sotomayor’s theorem to
guarantee the emergence of saddle-node bifurcation in System (7).

Theorem 5. System (7) exhibits the emergence of saddle-node bifurcation around the unique
interior equilibrium point E∗ = (x∗, y∗), regarding parameter b.

Proof. One eigenvalue of the Jacobian matrix JE∗ is zero due to the fact that det(JE∗) = 0.
Now, V and W are assumed as two eigenvectors corresponding to the eigenvalue zero of
matrix JE∗ and JT

E∗ , respectively, then

V =

[
1

eβ(K
β (1 + m − 2

β ) +
y∗
e )

]
; W =

[
0
1

]
.

We have

WT Fb(E∗, bSN) =
y∗

eβ
̸= 0 and WT [D2F(E∗, bSN)(V, V)] = − bβy∗

e
̸= 0,

where Fb(E∗, bSN) =

[
0
y∗
eβ

]
and D2F(E∗, bSN) =

[
2K(1 + m − 3

β ) +
βy∗

e

− bβy∗
e

]
. Thus, the

transversality conditions are satisfied.

To visualize the occurrence of saddle-node bifurcation, we set parameters to m = 0.1,
K = 2, β = 1.1, and d = 1 within System (7); the resulting outcomes including the
emergence of saddle-node bifurcation are summarized in Table 1. Corresponding to
these parameters, System (7) will showcase two (one stable and the other saddle) interior
equilibrium points when b is less than its threshold value. Ecologically, it can be interpreted
that under favorable conditions, both species will coexist. When b reaches its threshold
value, then one (saddle-node) interior equilibrium point exists. Ecologically, it means that
either both species will coexist or prey will go extinct depending on the initial value of
the populations. When b crosses its threshold value, then a zero interior equilibrium point
exists. In this case, either prey will go extinct or both species will cease to exist depending
on the initial value of the populations.

Table 1. Saddle-node bifurcation.

b
Equilibrium Points

Figure
Boundary Interior

0 < b < bSN = 2.99011
E0 = (0, 0),
E1 = (1, 0),
E2 = (0.1, 0)

E∗
1 = (0.8372, 0.602865) , E∗

2 = (0.984984, 0.0785358) Figure 3a

b = bSN E∗ = (0.909091, 0.399879) emergence of saddle-node bifurcation Figure 3b,d

b > bSN None Figure 3c
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(a) (b)

(c) (d)

Figure 3. Equilibrium points exhibited by System (7). The arrows depict the direction of the solution
trajectories. (a) At b = 3. (b) At b = bSN = 2.99011. (c) At b = 2. (d) Saddle-node bifurcation diagram.

4.2. Hopf Bifurcation

Evidently, from Section 3, E∗
2 , if existent, is invariably a saddle point. Also, E∗

1 , if
existent, is stable under the condition 1

K (2Kx∗1 − K − βy∗1e−βx∗1 ) > m. Also, det(JE∗
1
) > 0

and Tr(JE∗
1
) = 0 when 1

K (2Kx∗1 − K − βy∗1e−βx∗1 ) = m. Then, the nature of eigenvalues of
JE∗

1
is purely imaginary. Therefore, E∗

1 will emerge as either a center or a weak focus.

Theorem 6. System (7) experiences the emergence of Hopf bifurcation at the interior equilibrium
point E∗

1 , when m = mh f = 1
K (2Kx∗1 − K − βy∗1e−βx∗1 ), with the direction as supercritical or

subcritical depending on the sign of Λ.

Proof. Consider m as the bifurcation parameter; then, for the threshold value m = mh f =
1
K (2Kx∗1 − K − βy∗1e−βx∗1 ), we have det(JE∗

1
) > 0, Tr(JE∗

1
) = 0, and ∂

∂m (Tr(JE∗
1
)) = Kx∗1 ̸= 0.

Now, as a result of Hopf bifurcation, the system will experience the rise of a limit cycle.
For exploration of the stability of the emergent limit cycles, we find the Lyapunov num-
ber. Firstly, to shift E∗

1 = (x∗1 , y∗1) to the origin, we consider coordinate transformation
x̂ = x − x∗1 , ŷ = y − y∗1 . Thus, System (7) is reduced to (retaining x and y in place of x̂ and
ŷ, respectively)

dx
dt

= α10x + α01y + α20x2 + α11xy + α02y2 + α30x3 + α03y3 + α21x2y + α12xy2 + H(x, y),

dy
dt

= β10x + β01y + β20x2 + β11xy + β02y2 + β30x3 + β03y3 + β21x2y + β12xy2 + G(x, y),
(17)
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where α10 = Kx(1 + m − 2x) + K(1 − x)(x − m) − ye−βx(1 − βx), α01 = −xe−βx,

α20 = −Kx + Kx(1 + m − 2x) + yβe−βx(2−βx)
2 , α11 = −e−βx(1 − βx), α02 = 0, α30 = −K −

β2ye−βx(3−βx)
6 , α03 = 0, α21 = βe−βx(2−βx)

2 , α12 = 0, β10 = bye−βx(1 − βx), β01 = bxe−βx − d,

β20 = −bβye−βx(2−βx)
2 , β02 = 0, β11 = be−βx(1 − βx), β30 = bβ2ye−βx(3−βx)

6 , β03 = 0,

β21 = −bβe−βx(2−βx)
2 , β12 = 0 and H, and G is a power series in (x, y) with powers xi, yj

satisfying i + j ≥ 4.
At the origin, the first Lyapunov number is

Λ = (3πe−3βx(bβx2y(βx − 2)(b(βx − 1) + 2k(−m + 3x − 1)eβx + βy(2 − βx))−
(bxy(βx − 1) + (k(−2mx + m + x(3x − 2))eβx − βxy + y)2)(β(bx(βx − 2)−

y(β2x2 − 3βx + 4)) + 2keβx(−2βm − 2βx2(β + βm + 3) + x(β2m + 4β(m + 1)−
3) + 3β2x3)) + 2by(βx − 1)3(k(−2mx + m + x(3x − 2))eβx − βxy + y) + bx(βx − 1)

(k(−2mx + m + x(3x − 2))eβx − βxy + y)(2b(βx − 1) + 2k(−m + 3x − 1)eβx+

βy(2 − βx)) + 2eβx(1 − βx)(k(m − 3x + 1) +
1
2

βyeβ(−x)(βx − 2))(bxy(βx − 1)− 2(k

(−2mx + m + x(3x − 2))eβx − βxy + y)2)− x(k(−2mx + m + x(3x − 2))eβx − βxy + y)

(2k(−m + 3x − 1)eβx + βy(2 − βx))2))/(4x(eβ(−x)(d(k(−2mx + m + x(3x − 2))eβx

− βxy + y)− bkx(−2mx + m + x(3x − 2))))3/2)

If Λ > 0, then subcritical Hopf bifurcation appears around the point, E∗
1 and if Λ < 0,

then supercritical Hopf bifurcation appears around the point E∗
1 .

To visualize the occurrence of Hopf bifurcation, we set parameters to K = 2, b = 3,
β = 1.1, and d = 1 within System (7); the resulting outcomes, including the emergence of a
limit cycle, are summarized in Table 2. Corresponding to these parameters, System (7) will
always showcase two interior equilibrium points, but their nature will change depending
on the parameter m. One of these equilibrium points will always be a saddle, while the other
can appear as unstable, surrounded by a stable limit cycle or stable. Ecologically, it means
that either prey will go extinct, the system will collapse altogether, oscillating behavior
will be exhibited, or both species will coexist contingent on the Allee effect parameter and
initial values that the system commences with.

Table 2. Emergence of Hopf bifurcation.

m
Equilibrium Points

Figure
Boundary Interior

m = 0.4
E0 = (0, 0) (stable),
E1 = (1, 0) (stable),
E2 = (0.4, 0) (saddle)

E∗
1 = (0.8372, 0.357532) (unstable),

E∗
2 = (0.984984, 0.051913) (saddle) Figure 4a

m = mh f = 0.638886
E0 = (0, 0) (stable),
E1 = (1, 0) (stable),
E2 = (0.287845, 0) (saddle)

Stable limit cycle (as Λ < 0) around
E∗

1 = (0.8372, 0.162177) (stable),
E∗

2 = (0.984984, 0.0307137) (saddle)
Figure 4b

m = 0.7
E0 = (0, 0) (stable),
E1 = (1, 0) (stable),
E2 = (0.1, 0) (saddle)

E∗
1 = (0.8372, 0.112199) (stable),

E∗
2 = (0.984984, 0.0252902) (saddle) Figure 4c
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(a) (b)

(c)

Figure 4. Equilibrium points exhibited by System (7). The arrows depict the direction of the solution
trajectories. (a) At m = 0.4, E∗

2 is continuously a saddle and E∗
1 is unstable. (b) At m = mh f = 0.638886,

E∗
1 is enclosed by a stable limit cycle. (c) At m = 0.7, E∗

1 is stable.

4.3. Bogdanov–Takens (B-T) Bifurcation

The emergence of B-T bifurcation in System (7) is a result of the intersection of the Hopf
bifurcation curve and the saddle-node bifurcation curve in the bi-parameter bifurcation
plane. From a mathematical point of view, B-T bifurcation occurs at critical parametric
values corresponding to which both eigenvalues of the Jacobian matrix are zero.

Theorem (4) clearly demonstrates that E∗ is a cusp of codimension two, when
K
β2 ((1 + m)β − 2 + (β − 1)(1 − mβ)) = 0, by∗

2e2 ̸= 0 and −2K
eβ (1 + m − 3

β ) −
y∗

e2 ̸= 0. Des-
ignating m and b as the bifurcation parameters, we proceed to explore the emergence of
Bogdanov-Taken bifurcation.

Theorem 7. Codimension-two B-T bifurcation is experienced by System (7) around the equilibrium
point E∗ = (x∗, y∗), with regard to parameters m and b, whenever K

β2 ((1 + m)β − 2 + (β − 1)

(1 − mβ)) = 0, by∗

2e2 ̸= 0 and −2K
eβ (1 + m − 3

β )−
y∗

e2 ̸= 0.

Proof. We proceed with the analysis under the assumption that bifurcation parameters m
and b undergo small variation within the vicinity of the BT-point (intersection of saddle-
node and Hopf bifurcation curves) (m0, b0). Consider a point (m0 + λ1, b0 + λ2) near the
BT-point (m0, b0), where λ1 and λ2 are small. Then, System (7) becomes

dx
dt

= x(K(1 − x)(x − (m + λ1))− ye−βx),

dy
dt

= y((b + λ2)xe−βx − d),
(18)
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System (18), in regard to the variables x and y, exhibits C∞ smoothness in the vicinity
of (m0, b0).

Taking u = x − x∗, v = y − y∗, System (18) turns into

du
dt

= α00 + α10u + α01v + α20u2 + α11uv + α02v2 + R1(u, v),

dv
dt

= β00 + β10u + β01v + β20u2 + β11uv + β02v2 + R2(u, v),
(19)

where α00 = −λ1K(β−1)
β2 , α10 = K

β2 ((1 + m + λ1)β − 2 + (β − 1)(1 − β(m + λ1))), α01 = −1
eβ ,

α20 = 2K
β ((1 + m + λ1)β − 3) + y∗β

e , α11 = 0, α02 = 0, β00 = λ2y∗
eβ β10 = 0, β01 = λ2

eβ ,

β20 = −(b+λ2)βy∗
2e , β02 = 0, β11 = 0, and R1, R2 is a power series in (u, v) with powers ui, vj

satisfying i + j ≥ 3, and the coefficients smoothly depend upon λ1 and λ2.
Next, using the affine transformation y1 = u, y2 = α10u + α01v, System (19) becomes

dy1

dt
= y2 + ξ00 + ξ20y2

1 + R̃1(y1, y2),

dy2

dt
= η00 + η10y1 + η01y2 + η20y2

1 + R̃2(y1, y2),
(20)

where ξ00 = α00, ξ20 = α20, η00 = α00α10 + β00α01, η10 = −α10β01, η01 = α10 + β01,
η20 = α20α10 + α01β20, and R̃1,R̃2 is a power series in (y1, y2) with powers yi

1, yj
2 satisfying

i + j ≥ 3, and the coefficients smoothly depend upon λ1 and λ2.
Next, we perform the C∞ transformations z1 = y1, z2 = y2 + ξ00 + ξ20y2

1; then,
System (20) becomes

dz1

dt
= z2 + R̂1(z1, z2),

dz2

dt
= γ00 + γ10z1 + γ01z2 + γ20z2

1 + γ11z1z2 + R̂2(z1, z2),
(21)

where γ00 = η00 − ξ00η01, γ10 = η10, γ01 = η01, γ20 = η20 − ξ20η01, γ11 = 2ξ20, and R̂1,R̂2

is a power series in (z1, z2) with powers zi
1, zj

2 satisfying i + j ≥ 3, and the coefficients
smoothly depend upon λ1 and λ2.

The sign of γ20 is hard to establish when λ1 and λ2 are small. So, it is important to
consider the following cases:
Case 1: γ20 > 0

Consider U = z1, V = z2√
γ20

, dτ =
√

γ20dt; then, System (21) becomes

dU
dτ

= V,

dV
dτ

= p00 + p10U + p01V + U2 + p11UV + R3(U, V),
(22)

where p00 = γ00
γ20

, p10 = γ10
γ20

, p01 = γ01√
γ20

, p11 = γ11√
γ20

, and R3 is a power series in (U, V) with

powers Ui, V j satisfying i + j ≥ 3, and the coefficients smoothly depend upon λ1 and λ2.
Next, we use the affine transformation v1 = U + p10

2 , v2 = V; System (22) becomes

dv1

dτ
= v2,

dv2

dτ
= q00 + q01v2 + v2

1 + q11v1v2 + R4(v1, v2),
(23)



Mathematics 2025, 13, 633 13 of 19

where q00 = p00 −
p2

10
4 , q01 = p01 − p11 p10

2 , q11 = p11, and R4 is a power series in (v1, v2)

with powers vi
1, vj

2 satisfying i + j ≥ 3, and the coefficients smoothly depend upon λ1

and λ2.
By changing the variables w1 = q2

11v1, w2 = q3
11v2, t = τ

q11
, System (23) becomes

dw1

dt
= w2,

dw2

dt
= ζ1(λ1, λ2) + ζ2(λ1, λ2)w2 + w2

1 + w1w2 + R5(w1, w2),
(24)

where
ζ1(λ1, λ2) = q00q4

11, ζ2(λ1, λ2) = q01q11 (25)

and R5 is a power series in (w1, w2) with powers wi
1, wj

2 satisfying i + j ≥ 3, and the
coefficients smoothly depend upon λ1 and λ2.
Case 2: γ20 < 0

Consider Ū = z1, V̄ = z2√
−γ20

, dτ =
√
−γ20dt; then, System (21) becomes

dŪ
dτ

= V̄,

dV̄
dτ

= p̄00 + p̄10Ū + p̄01V̄ + Ū2 + p̄11ŪV̄ + R̄3(Ū, V̄),
(26)

where p̄00 = −γ00
γ20

, p̄10 = −γ10
γ20

, p̄01 = γ01√
−γ20

, p̄11 = γ11√
−γ20

, and R̄3 is a power series in

(Ū, V̄) with powers Ūi, V̄ j satisfying i + j ≥ 3, and the coefficients smoothly depend upon
λ1 and λ2.

Next, we use affine transformation v̄1 = Ū − p̄10
2 , v̄2 = V̄; System (26) becomes

dv̄1

dτ
= v̄2,

dv̄2

dτ
= q̄00 + q̄01v̄2 + v̄2

1 + q̄11v̄1v̄2 + R̄4(v̄1, v̄2),
(27)

where q̄00 = p̄00 +
p̄2

10
4 , q̄01 = p̄01 +

p̄11 p̄10
2 , q̄11 = p̄11, and R̄4 is a power series in (v̄1, v̄2)

with powers v̄i
1, v̄j

2 satisfying i + j ≥ 3, and the coefficients smoothly depend upon λ1

and λ2.
Consider new variables w̄1 = −q̄2

11v̄1, w̄2 = q̄3
11v̄2, t = − τ

q̄11
; System (27) becomes

dw̄1

dt
= w̄2,

dw̄2

dt
= ζ̄1(λ1, λ2) + ζ̄2(λ1, λ2)w̄2 + w̄2

1 + w̄1w̄2 + R̄5(w̄1, w̄2),
(28)

where
ζ̄1(λ1, λ2) = −q̄00q̄4

11, ζ̄2(λ1, λ2) = −q̄01q̄11 (29)

and R̄5 is a power series in (w̄1, w̄2) with powers w̄i
1, w̄j

2 satisfying i + j ≥ 3, and the
coefficients smoothly depend upon λ1 and λ2.

In (29), ζ̄1(λ1, λ2) and ζ̄2(λ1, λ2) can be symbolized using ζ1(λ1, λ2) and ζ2(λ1, λ2) to
reduce the number of cases. In the vicinity of the origin, the parameter transformations in

(25) and (29) are topologically equivalent if
∣∣∣ ∂(ζ1,ζ2)

∂(λ1,λ2)

∣∣∣
λ1=λ2=0

is non-singular. From this, the

interpretation can be drawn that when (λ1, λ2) are in the vicinity of the origin, emergence
of Bogdanov–Takens bifurcation occurs within System (18) (cf. Perko [30]). The bifurcation
curves are as follows:
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1. The saddle-node bifurcation curve:
SN = (λ1, λ2) : ζ1(λ1, λ2) = 0, ζ2(λ1, λ2) ̸= 0;

2. The Hopf bifurcation curve:
H = (λ1, λ2) : ζ2(λ1, λ2) = ±

√
−ζ1(λ1, λ2), ζ1(λ1, λ2) < 0;

3. The homoclinic bifurcation curve:
HL = (λ1, λ2) : ζ2(λ1, λ2) = ± 5

7

√
−ζ1(λ1, λ2), ζ1(λ1, λ2) < 0.

To visualize the occurrence of saddle-node bifurcation, we set parameters to K = 2,
β = 1.1, and d = 1 within System (7); we start by finding threshold values, m0 = 0.808081
and b0 = 2.99011. A unique interior equilibrium point E∗ = (0.909091, 0.0499225) emerges
in System (7), corresponding to these parameters. By integrating all these parameters, we
derive the subsequent system

dx
dt

= 2x(1 − x)(x − (0.808081 + λ1))− xye−1.1x,

dy
dt

= y((2.99011 + λ2)xe−1.1x − 1),
(30)

System (30) exhibits C∞ smoothness in the vicinity of (m0, b0) with respect to variables
x and y.

Now, we use three transformations in sequence, first to shift the equilibrium point
to the origin, u = x − 0.909091, v = y − 0.0499225, then the affine transformation y1 = u,
y2 = α10u + α01v, and lastly the C∞ transformations z1 = y1, z2 = y2+ + ξ00 + ξ20y2

1, then
System (30) becomes

dz1

dt
= z2 + R̂1(z1, z2),

dz2

dt
= γ00 + γ10z1 + γ01z2 + γ20z2

1 + γ11z1z2 + R̂2(z1, z2),
(31)

where γ00 = 0.0552787(λ1λ2 − 2.229785060294064× 10−31λ1 − 0.10101λ2), γ10 = −0.547259
(2.55828× 10−16 +λ1)λ2, γ01 = 1.63636(2.55828× 10−16 +λ1 + 0.204377λ2), γ20 = −1.33774
(−0.00755078− 0.916667λ2 + λ1λ2), γ11 = 8(−0.914141+ λ1), and R̂1,R̂2 is a power series in
(z1, z2) with powers zi

1, zj
2 satisfying i + j ≥ 3, and the coefficients smoothly depend upon λ1

and λ2.
When λ1 and λ2 are small, we have γ20 = 0.010101. So, next, we make trans-

formation U = z1, V = z2√
γ20

, dτ =
√

γ20dt, then we consider affine transformation

v1 = U + p10
2 , v2 = V, and lastly, we change the variables w1 = q2

11v1, w2 = q3
11v2, t = τ

q11
;

System (31) becomes

dw1

dt
= w2,

dw2

dt
= ζ1(λ1, λ2) + ζ2(λ1, λ2)w2 + w2

1 + w1w2 + R5(w1, w2),
(32)

where
ζ1(λ1, λ2) = q00q4

11, ζ2(λ1, λ2) = q01q11, (33)

q00 = −((0.0831612(8.36602 × 10−34λ1 + 0.000378984λ2 − 0.00375194λ1λ2 − 1.10797 ×
10−31λ2

1λ2 + 0.0460087λ2
2 − 0.505678λ1λ2

2 + λ2
1λ2

2))/(−0.00755078 − 0.916667λ2 + λ1λ2)
2),

q01 = (0.289152(−9.45163 × 10−18 − 0.0369453λ1 − 0.00755078λ2 − 0.0123558λ1λ2 −
7.67916 × 10−16λ2

1λ2 − 0.916667λ2
2 + λ1λ2

2))/(Sqrt[0.00755078 + 0.916667λ2 − λ1λ2]

(−0.00755078− 0.916667λ2 + λ1λ2)), q11 = (6.91677(−0.914141+ λ1))/Sqrt[0.00755078+
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0.916667λ2 − λ1λ2] and R5 is a power series in (w1, w2) with powers wi
1, wj

2 satisfying
i + j ≥ 3, and the coefficients smoothly depend upon λ1 and λ2.

The determinant E =
∣∣∣ ∂(ζ1,ζ2)

∂(λ1,λ2)

∣∣∣
λ1=λ2=0

= −1.83595 ∗ 1010 ̸= 0, which implies matrix

E has rank 2, and this leads to the parametric transformation (33) being non-singular. In
the vicinity of the BT point (0, 0), the three bifurcation curves divide the bi-parameter bifur-
cation plane λ1λ2 into four distinct regions (ref. Figure 5a). The saddle-node bifurcation
curve is depicted in blue, the Hopf bifurcation curve in red, and the homoclinic bifurcation
curve in green.

System (30) possesses a single coexistence equilibrium point, when λ1 = λ2 = 0, and
it constitutes a codimension-two cusp (Figure 5b). To enter Region 1, values of λ1 and
λ2 are varied; here, the absence of an interior equilibrium point is noted in System (30).
The implication of this is that the system will move towards a prey-free equilibrium point
(Figure 5c). Transitioning into Region 2 by varying λ1 and λ2, the state of the system
changes as it transitions from having zero to two coexistence equilibrium points. One of the
equilibrium points is stable while the other is consistently saddle, as shown in Figure 5d.
As values of λ1 and λ2 enter Region 3, crossing the Hopf bifurcation curve, an unstable
limit cycle encloses the positive equilibrium point, as shown in Figure 5e. By varying the
values of λ1 and λ2 as the system enters Region 4, the loss of the limit cycle is noted, and a
coexistence equilibrium point that is unstable along with a saddle coexistence equilibrium
point is attained (Figure 5f). The behavior of various regions are given in detail in table 3.

Table 3. Behavior of the system in various regions.

Region Number of Interior Equilibrium
Points Description of Dynamic Behavior Figure

Origin One Cusp Figure 5b

First Zero Figure 5c

Second Two One remains saddle while other
exudes stability Figure 5d

Third Two One remains saddle while limit
cycle surrounds the other Figure 5e

Fourth Two One remains saddle while other
emerges as unstable Figure 5f

(a) (b) (c)

Figure 5. Cont.
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(d) (e) (f)

Figure 5. (a) Bogdanov–Takens bifurcation diagram. The blue curves represent the solution trajecto-
ries of the system and the arrows depict the direction of these trajectories in (b–f). (b) At λ1 = λ2 = 0,
the cusp appears. (c) Region 1: Absence of coexistence equilibrium point. (d) Region 2: Two coexis-
tence equilibrium points (one saddle and the other stable). (e) Region 3: Two coexistence equilibrium
points (one surrounded by a stable limit cycle and the other saddle). (f) Region 4: Two coexistence
equilibrium points (one saddle and the other unstable).

5. Impact of Group Defense and Multiplicative Allee Effect
In this section, we aim to study how the multiplicative Allee effect and group defense

influence E∗
1 = (x∗1 , y∗1), where 0 < x∗1 < 1

β and y∗1 = Keβx∗1 (1− x∗1)(x∗1 −m), which is stable

under the condition K + mK + βy∗1e−βx∗1 < 2Kx∗1 .
Clearly, x∗1 is independent of m, so the multiplicative Allee effect has no direct impact

on the abscissa x∗1 . Further,
dy∗1
dm

= −Ke−βx∗1 (1 − x∗1)

implies that the ordinate y∗1 is a decreasing function of m. That means an increase in the
Allee effect parameter m leads to a decrease in the predator population, at which the stable
equilibrium point is obtained, while the corresponding prey population remains unchanged
(see Figure 6a).

(a) (b)

Figure 6. (a) Impact of m on E∗
1 . (b) Impact of β on E∗

1 .

Moving on to study the effect of group defense on equilibrium point E∗
1 , we can see

that the range for x∗1 is 0 < x∗1 < 1
β and y∗1 depends on β. And

dy∗1
dβ

= −Kx∗1e−βx∗1 (1 − x∗1)(x∗1 − m)

indicating that y∗1 is a decreasing function of β and as β increases, the range for x∗1 decreases,
so the value of x∗1 decreases. That means as the group defense parameter β is increased, the
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prey population decreases and becomes significantly small, while the predator population
increases, when the interior equilibrium point E∗

1 is stable (see Figure 6b).
Now, to see the combined impact of the multiplicative Allee effect parameter and

group defense parameter, we plot the ordinate of equilibrium point E∗
1 with m and β

simultaneously (Figure 7). It is depicted that as m and β increase, the predator population
corresponding to stable equilibrium point E∗

1 decreases.

Figure 7. Impact of m and β on predator population y∗1 corresponding to equilibrium point E∗
1 .

6. Concluding Observations
The agenda of this article is to delve into the qualitative study of predator–prey interac-

tion in the presence of group defense along with the integration of the multiplicative Allee
effect. The analysis of the dynamics of the proposed system is conducted by performing a
stability and bifurcation analysis of all ecologically valuable equilibrium points. The first
step is to examine the well-posedness of the system. Following this, all feasible equilibrium
points and the parametric conditions under which they exist are calculated. The fact that
the system invariably exhibits three axial equilibrium points, E0, E1, and E2, was estab-
lished. Also, depending on the parameter b, the system evinces zero, one (E∗), or two (E∗

1 ,
E∗

2 ) interior equilibrium points. The stability computation pointed out that the extinction
equilibrium point E0 is invariably stable, the equilibrium point E1 switches between the
state of being a stable point or a saddle point contingent on parametric conditions, and E2

will either be unstable or saddle based on specific parametric restrictions. When the system
possesses two interior equilibrium points, E∗

1 will toggle between being stable, unstable,
or enclosed within a stable limit cycle based on the parametric restrictions while E∗

2 is
invariably a saddle point. When the system possesses a unique interior equilibrium point,
then it will either constitute a saddle node or a cusp of codimension two based on the
parametric conditions. From an ecological perspective, it can be concluded that both species
will coexist, prey will go extinct, oscillating behavior will be exhibited by the species, or the
system will collapse altogether. The behavior of the system is significantly reliant on the ini-
tial population of prey and predator. Following the establishment of equilibrium points and
performing the stability analysis, the identification of various bifurcations of codimension
one like saddle-node and Hopf bifurcation, and codimension two like Bogdanov–Takens
bifurcation, emerging in the system has been achieved. The emergence of saddle-node
bifurcation in a system signifies variation in the number of coexistence equilibrium points,
driven by variations in the parameter value. This shift can result in significant complex
ecological events like species extinction or persistence. The emergence of Hopf bifurcation
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indicates that the coexistence of species’ populations follows a cyclic pattern over time. The
emergence of Bogdanov–Takens bifurcation indicates that different parametric values lead
to different ways in which the two species can exist. All these results are validated using
both analytical and numerical methods. Additionally, the associated phase portraits are
provided for visualization of the results of the conducted analysis.

Phenomena like the multiplicative Allee effect and group defense significantly impact
the system behavior and dynamics. This impact has been analyzed by studying the change
in stable equilibrium point E∗

1 as these parameters are varied. It is worth noting that
multiplicative Allee effect parameters have no direct impact on the abscissa x∗1 , while the
ordinate y∗1 is a decreasing function of m. Ecologically, it can be inferred that corresponding
to the stable equilibrium point E∗

1 , the prey population remains unaffected but the predator
population decreases as the parameters m increase. The parameter can be increased up
to the point where the condition K + mK + βy∗1e−βx∗1 < 2Kx∗1 remains true. So, we have a
threshold value for m, beyond which E∗

1 will lose its stability and the system will either
move towards a predator-free equilibrium point or collapse, contingent on the initial value
of populations. Now, with regard to the group defense parameter β, it is noted that y∗1 is a
decreasing function of β. This implies that the predator population corresponding to the
stable equilibrium point E∗

1 increases, as the group defense parameter is increased. The
value that parameter β takes should be picked with great consideration as it needs to satisfy
two conditions, b > eβd and K + mK + βy∗1e−βx∗1 < 2Kx∗1 , simultaneously. The coexistence
of both species is significantly influenced by the group defense parameter. As β exceeds
the threshold value, the system will collapse or result in the persistence of only the prey
species, depending on the initial populations.

This article sheds light on the development and analysis of a predator–prey model
that integrates group defense mechanisms and the multiplicative Allee effect in prey. By
examining how these factors influence population stability, predator–prey coexistence,
and critical thresholds for extinction, a deeper understanding of the dynamic complexities
inherent in the ecological system has been provided. Also, the initial population that the
system commences with is a crucial factor in shaping the long-term behavior of the system.
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