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Abstract: Multi-objective optimization (MOO) has become an important method in machine
learning, which involves solving multiple competing objective problems simultaneously.
Nowadays, many MOO algorithms assume that gradient information is easily available
and use this information to optimize functions. However, when encountering situations
where gradients are not available, such as black-box functions or non-differentiable func-
tions, these algorithms become ineffective. In this paper, we propose a zeroth-order MOO
algorithm named SZMG (stochastic zeroth-order multi-gradient algorithm), which ap-
proximates the gradient of functions by finite difference methods. Meanwhile, to avoid
conflicting gradients between functions and reduce stochastic multi-gradient direction
bias caused by stochastic gradients, an SGD-type method is adopted to acquire weight
parameters. Under the non-convex setting and mild assumptions, the convergence rate is
established for the SZMG algorithm. Simulation results demonstrate the effectiveness of
the SZMG algorithm.

Keywords: multi-objective optimization; zeroth-order optimization; stochastic optimization

MSC: 68T07

1. Introduction
In recent years, multi-objective optimization (MOO) has gained much attention in ma-

chine learning applications, including autonomous driving [1], language model training [2],
safe reinforcement learning [3], and adversarial attacks [4]. MOO aims to optimize mul-
tiple, potentially competing objective functions simultaneously. Unlike single-objective
optimization (SOO), which aims to find the minimum value of a single function, MOO
problems rarely have a solution that is optimal for all objective functions. Therefore, the
goal of MOO is to find the Pareto optimality , which is the optimal trade-off solution between
objective functions.

To solve the MOO problems, various MOO algorithms have been proposed. A class
of MOO methods involves heuristic algorithms inspired by natural behaviors, reactions,
and communication mechanisms [5]. For example, NSGA-II (non-dominated sorting
genetic algorithm II) [6], influenced by the process of biological evolution, explores the
solution space to find optimal or near-optimal Pareto solutions by simulating genetic
operations such as selection, crossover, and mutation. MOPSO (multi-objective particle
swarm optimization) [7] and MOGWO (multi-objective gray wolf optimizer) [8], inspired
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by the survival and behavioral activities of organisms, simulate collaborative mechanisms
within a population to randomly search for Pareto solutions. The AMOSA (archived
multi-objective simulated annealing) method [9], inspired by the annealing process in
meals, explores the entire solution space by accepting poorer solutions with a probability.
However, these algorithms rarely provide theoretical convergence guarantees and generally
yield a set of solutions with each run, which can be computationally expensive for machine
learning problems (Table 1).

Table 1. The time and space complexity of a single iteration.

Algorithms Time Complexity Space Complex

ZO-AdaMU [10] O(q1q2d) O(d)

BES [11] O(q1q2d) O(q1q2d)

RSGF [12] O(q1q2d) O(q1q2d)

ASMG [13] O(Mq1q2d) O(Mq1q2 + q1q2d)

SZMG (This paper) O(K(M2d + Mq1q2d)) O(Md + M2 + q1q2d)

In contrast, gradient-based MOO algorithms have a first-order theoretical conver-
gence guarantee and are more efficient in finding Pareto solutions through gradient
information [14]. One simple method is to adopt the scalarization methods, which convert
MOO problems into SOO problems by presetting a group of weights, and then solve MOO
problems by using SOO methods [15,16]. But scalarization methods face challenges with
conflicting functions, such as conflicting gradients, which can impede the algorithm’s
ability to find Pareto solutions [17]. Additionally, pre-selecting weights is also a significant
challenge. Reference [18] proposed a dynamic weight method called the multi-gradient
descent algorithm (MGDA), which determines a multi-gradient descent direction in each
iteration by solving a least-squares problem. The direction can optimize all objective func-
tions simultaneously while avoiding the need for pre-selected weights. After that, various
MGDA variants have been proposed [19,20].

The aforementioned works mainly focus on deterministic cases. In practical ap-
plications, many real-world optimization problems involve unknown or uncertain data
parameters, and processing all the data can be extremely costly. An alternative approach is
to use a stochastic optimization method. Mercier et al. [21] first proposed the stochastic
version of MGDA, called SMGDA, by combining the stochastic gradient descent algorithm
with MGDA. However, the paper did not identify a critical property of SMGDA—namely,
that the stochastic multi-gradient direction is biased. Liu and Vicente [22] improved the
analysis of SMGDA based on previous work and provided convergence analysis under
convex and strongly convex settings. Subsequently, refs. [23,24] conducted theoretical
studies of SMGDA under convex and non-convex settings.

However, the above works assume that gradient information is easily available. In
some cases, gradients are not available, or the cost of obtaining gradients can be pro-
hibitive, such as in black-box functions, where the explicit form and gradient information
of the objective functions are unknown, making previous gradient-based optimization
algorithms ineffective. Recently, some methods have been proposed to address the prob-
lems. Chen et al. [25] proposed a Hessian-aware zeroth-order optimization method, but
papers mainly focus on convex settings. In practical applications, non-convex functions
can more accurately represent actual scenarios. Ye et al. [13] proposed a multi-objective
evolutionary strategy algorithm by iteratively updating the Gaussian distribution to find
a Pareto solution. However, the paper assumes that the covariance matrix of the Gaus-
sian distribution is diagonal, making it more suitable for separable functions where the
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parameters are independent. Additionally, in the theoretical analysis, it assumes that all
functions are bounded, which is an uncommon assumption in standard SOO and MOO
convergence analysis. In this paper, a stochastic zeroth-order multi-gradient algorithm
(SZMG) is proposed, which adopts milder assumptions that require at least one function
to be bounded. As a zeroth-order variant of the method presented in [24], SZMG uses
zeroth-order techniques to estimate gradients to address the issue of unavailable function
gradients. The theoretical analysis of the SZMG algorithm is established under non-convex
settings and milder assumptions. Numerical experiments demonstrate that the SZMG
algorithm effectively optimizes both separable and non-separable functions.

The contributions of this paper are as follows:

• This paper introduces a new gradient-free MOO algorithm called stochastic zeroth-
order multi-gradient descent algorithm (SZMG), which applies the zeroth-order opti-
mization method to multi-objective optimization problems.

• The convergence rate of O(
√

d/
√

T) is established for the SZMG algorithm under
non-convex settings and mild assumptions, where d is the dimensionality of the model
parameters and T is the number of iterations.

• Numerical experiments demonstrate the effectiveness of the SZMG algorithm.

The notations used in this paper are summarized in Table 2.

Table 2. Some important notations used in the paper.

Notation Introduction

z Decision variable
w Data random variable independence of z
u A random vector following the Gaussian distribution
ν Smoothness parameter
d The dimension of parameter z
M Total number of functions

hi(z) The i-th objective function
hν

i (z) The smoothed version of function hi(z)
∇hi(z) Gradient of the i-th objective function
∇hν

i (z) Gradient of the function hν
i (z)

si(z, u, w) Stochastic gradient of the function hν
i (z)

∇H(z) A matrix containing ∇h1(z), . . . ,∇hM(z) as columns
∇Hν(z) A matrix containing ∇hν

1(z), . . . ,∇hν
M(z) as columns

Sν(z, u, w) A matrix containing s1(z, u, w), . . . , sM(z, u, w) as columns
λ∗

t λ∗
t = arg minλ∥∇H(zt)λ∥2

λ∗
t,ν λ∗

t,ν = arg minλ∥∇Hν(zt)λ∥2

λt,k+1 λt,k+1 = ∏△M

(
λt,k − βt,kSν(zt, u′

t, w′
t)
⊤Sν(zt, u′′

t , w′′
t )λt,k

)
η, β Learning rates

c, l, L A constant greater than 0

2. Related Work
In this section, the development of gradient-based MOO and gradient-free MOO

methods are briefly reviewed.

2.1. Gradient-Based Deterministic MOO

Gradient-based MOO methods can be divided into two categories—one is the scalar-
ization method, as seen in References [15,16,26], which converts MOO problems into SOO
problems by pre-selecting weights. Indeed, pre-selecting weights is a challenging task and
does not resolve the issue of conflicting gradients. Another category is the non-scalarization
method, which extends the ideas of SOO methods by finding a direction to optimize all
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objective functions simultaneously. Examples include the steepest descent method [27],
the proximal method [28], Newton’s method [29], the trust-region method [30], and the
conjugate gradient method [31]. Reference [18] proposes a dynamic weighting method
called MGDA, which determines a descent direction in each iteration by solving a quadratic
subproblem. After that, various MGDA variants have been studied, such as methods
for obtaining Pareto distributions [19,20] and minimizing average loss [32]. However,
the above studies focus on determination cases. In practical applications, stochastic and
gradient-free cases remain challenges.

2.2. Gradient-Based Stochastic MOO

In recent years, the stochastic versions of MGDA have been studied. Reference [21]
proposed SMGDA, but the paper did not identify an important property of SMGDA—that
the stochastic multi-gradient direction is biased. This property was found in Reference [22],
which provides a convergence analysis under strongly convex and convex settings by
adopting a linearly increasing batch size. However, using a linearly increasing batch size
is impractical. To tackle this challenge, various methods have been proposed to reduce
stochastic multi-gradient bias, such as adopting momentum mechanisms [23,33], SGD-type
methods [24], and double sampling [34,35]. However, these works all focus on situations
where gradients are available. When encountering situations where the gradients of the
function are not obtainable, these methods become ineffective.

2.3. Gradient-Free MOO

Many algorithms study black-box MOO problems, such as Bayesian optimization al-
gorithms, as seen in [36,37]. These methods are better suited for handling low-dimensional
expensive MOO problems. Another category is heuristic algorithms, such as [6,7,38].
These methods generally explore the entire Pareto solutions, which are computationally
expensive and typically lack convergence guarantees. Recently, Reference [25] proposed a
Hessian-aware zeroth-order optimization method, but the paper mainly focused on convex
settings. Reference [13] proposed a multi-objective evolutionary strategy algorithm by
iteratively updating the Gaussian distribution to find a Pareto solution. However, the paper
assumes that the covariance matrix of the Gaussian distribution is diagonal, which is more
suitable for separable functions. Additionally, achieving theoretical convergence guaran-
tees requires that all function values be bounded, which is uncommon in standard SOO
and MOO theoretical analysis. In this paper, we propose a zeroth-order multi-objective
optimization algorithm (SZMG), which adopts a milder assumption. Additionally, the
theoretical analysis of the SZMG algorithm is established under non-convex settings and
milder assumptions. In the numerical experiments, the SZNG algorithm has demonstrated
effectiveness in optimizing both separable and non-separable functions.

3. Preliminaries
In this section, the basic concept of MOO problems, the MGDA algorithm, and the

zeroth-order gradient estimation methods are introduced.

3.1. Problem Setup

This paper addresses the following stochastic MOO problem:

min
z

H(z) = (Ew[h1(z, w)], . . . ,Ew[hM(z, w)]), (1)

where hi : Rd → R is the i-th continuously differentiable non-convex function with
hm(z) = Ew[hm(z, w)], z is a d-dimensional decision variable, w is a random variable, and
M is the number of objective functions. In this setting, it is assumed that the gradients
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of the functions are not available, and only function values can be queried. Generally, the
goal of MOO is to seek Pareto optimality, which means no other solution dominates it.

Definition 1 (Pareto optimality). (a) For any two solutions, z1, z2 ∈ Rd, solution z1 is said to
dominate solution z2, if ∀i ∈ {1, 2, . . . , M}, hi(z1) ≤ hi(z2) and H(z1) ̸= H(z2). (b) A solution
z∗ is called Pareto-optimal if no other solution dominates it.

For multi-objective non-convex functions, the goal is generally to find a Pareto station-
ary point, which is a necessary condition for the Pareto optimal point [23,24,33,39].

Definition 2 (Pareto stationary point). If point z is a Pareto stationary point, then

range(∇H(z)) ∩
(
−RM

++

)
= ∅,

where ∇H(z) := (∇h1(z),∇h2(z), . . . ,∇hm(z)), and RM
++ is the positive orthant cone.

3.2. Multi-Gradient Descent Algorithm

The multi-gradient descent algorithm is a first-order gradient algorithm that aims to
avoid conflicting gradients between functions. In each iteration, the algorithm first com-
putes the gradients of the function, then obtains the descent direction ∇H(z)λ∗(z), where
weights λ∗(z) =

(
λ∗

1(z), . . . , λ∗
M(z)

)⊤ are acquired by solving the following sub-problem:

λ∗(z) ∈ arg min
λ

∥∇H(z)λ∥2

s.t. λ ∈ △m :=
{

λ ∈ Rm|1⊤λ = 1, λ ≥ 0
}

.
(2)

Then the parameter z is updated by the following equation:

zt+1 = zt − ηtd(zt), (3)

where d(zt) = ∇H(zt)λ∗(zt) is the t-th iteration descent direction and ηt is t-th iteration
learning rate.

The standard MGDA is given in Algorithm 1, as follows:

Algorithm 1 Multi-gradient descent algorithm (MGDA)

1: Input: initial model parameter z0, learning rate η.
2: for t = 0, 1, . . . , T − 1 do
3: for objective function i = 1, 2, . . . , M do
4: Calculate gradients ∇hi(zt).
5: end for
6: Compute weights λ∗(zt) following (2).
7: Update model parameters zt+1 following (3).
8: end for

3.3. Zeroth-Order Optimization

ZOO is a method for approximating the gradient of a function by querying function
values. Its fundamental idea is to use finite difference approximations of the directional
derivatives of functions h(z) along certain directions. In this paper, the Gaussian gradient
estimator is utilized to approximate the gradients. For any function, hi(z), the Gaussian
smoothed function of hi(z) is as follows:

hν
i (z) = Eu[hi(z + νu)], (4)
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where u follows the standard Gaussian distribution, ν is a smoothness parameter. The
gradient of hν

i (z) can be expressed as follows:

∇hν
i (z) = Eu

[
hi(z + νu)

ν
u
]

(5)

= Eu

[
hi(z + νu)− hi(z)

ν
u
]

, (6)

where Equation (5) is the single-point estimation and Equation (6) is the two-point estima-
tion. In general, Equation (5) has a greater gradient variance than Equation (6) [40,41]. In
this paper, two-point estimation is adopted to approximate the gradient.

4. Stochastic Zeroth-Order Multi-Gradient Algorithm
To address the challenge of unavailable gradients, this paper applies the ZOO tech-

nique to MOO problems. The multi-objective problem (1) is converted into a Gaussian
smoothing multi-objective problem, as follows:

min
z

Hν(z) = (hν
1(z), . . . , hν

M(z)), (7)

where hν
i (z) = E[hi(z + νu, w)]. Following Equation (6), the stochastic gradient of the

function hν
i (z) is defined as follows:

si(z, u, w) =
1

q1q2

q1

∑
m=1

q2

∑
n=1

hi(z + νum, wn)− hi(z, wn)

ν
um. (8)

In this paper, it is assumed that E[hi(z, w)] = hi(z), which indicates that the stochastic
gradient si(z, u, w) is an unbiased gradient estimation of ∇hν

i (z) due to the following:

E[si(z, u, w)] =
1

q1q2
Eu

[
Ew

[
q1

∑
m=1

q2

∑
n=1

hi(z + νum, wn)− hi(z, wn)

ν
um|u

]]

=
1

q1q2
Eu

[
q1

∑
m=1

q2

∑
n=1

hi(z + νum)− hi(z)
ν

um

]
= ∇hν

i (z). (9)

According to Equation (9), an unbiased stochastic gradient of function hν
i (z) can be obtained

by querying the function values. To avoid potential conflicts in gradient direction, such as〈
si(z, u, w), sj(z, u, w)

〉
< 0, the MGDA-type method is adopted to determine the weight

values by solving the following problem:

min
λ

∥∇Hν(z)λ∥2

s.t. λ ∈ △M :=
{

λ ∈ Rm|1⊤λ = 1, λ ≥ 0
}

,
(10)

where ∇Hν(z) := (∇hν
1(z), . . . , hν

M(z)).
According to References [22,33], replacing deterministic gradients ∇Hν(z) with

stochastic gradients Sν(z,u, w) in Equation (10) and directly obtaining the weight val-
ues will introduce a bias E[Sν(z, u, w)λ∗

ν(z, u, w)] ̸= ∇Hν(z)λ∗
ν(z). To reduce this bias, an

SGD-type method from [24] is adopted to obtain the optimal weight value λ∗
ν .

The method for updating the weight λt is as follows:

λt,k+1 = ∏△M

(
λt,k − βt,kSν

(
zt, u′

t, w′
t
)⊤Sν

(
zt, u′′

t , w′′
t
)
λt,k

)
, (11)
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where u′
t, w′

t, u′′
t , w′′

t are independent samples, βt,k is the learning rate for the weight
λt at the k-th iteration, and ∏△M represents a projection onto △M. The gradient

Sν(zt, u′
t, w′

t)
⊤Sν(zt, u′′

t , w′′
t )λt,k is unbiased for ∥∇Hν(z)λ∥2 because

E
[
Sν

(
zt, u′

t, w′
t
)⊤Sν

(
zt, u′′

t , w′′
t
)
λt,k

]
= ∇Hν(zt)

⊤∇Hν(zt)λt,k. (12)

After obtaining the weights, the decision variable zt will be updated by the
following equation:

zt+1 = zt − ηtSν(zt, ut, wt)λt,K, (13)

where ηt is the learning rate and K is the total number of iterations for the weight.
The proposed SZMG algorithm is given in Algorithm 2.

Algorithm 2 Stochastic zeroth-order multi-gradient algorithm (SZMG)

1: Input: initial model parameter z0, weights λ0, learning rates {ηt}T
t=0, {βt}T

t=0.
2: for t = 0, 1, . . . , T − 1 do
3: Set weights λt,0 = λt−1,K.
4: for k = 0, 1, . . . , K − 1 do
5: Calculate zeroth-order gradient Sν(zt, u′

t, w′
t), Sν(zt, u′′

t , w′′
t ).

6: Update weights λt,k+1 following (11).
7: end for
8: Calculate zeroth-order gradient Sν(zt, ut, wt).
9: Update model parameters zt+1 following (13).

10: end for

5. Convergence Analysis
In this section, some standard assumptions are introduced first. Then, the error

bound between gradient Sν(zt, ut, wt)λt,K and gradient ∇H(zt)λ∗(zt) is analyzed. Finally,
the convergence rate of the SZMG algorithm is established. All the proofs are put in
Appendix B.

Assumption 1. For any z ∈ Rd, the estimation of hi(z) is unbiased such that Ew[hi(z, w)] = hi(z).

This assumption ensures that Equation (9) holds, making si(z, u, w) an unbiased
estimate of the gradients ∇hν

i (z). This is also a standard assumption in stochastic zeroth-
order optimization [12,40,42].

Assumption 2. All functions h1(z, w), . . . , hM(z, w) are l-Lipschitz continuous for any w and
h1(z), . . . , hM(z) are L-smoothness, i.e.,

∥∇hi(z1, w)∥ ≤ l,

hi(z1) ≤ hi(z2) + ⟨∇hi(z2), z1 − z2⟩+
L
2
∥z1 − z2∥2,

for any z1, z2 ∈ Rd.

Applying Jensen’s inequality, we have the following:

∥∇hi(z)∥2 ≤ E
[
∥∇hi(z, w)∥2

]
≤ l2, (14)

which implies that functions h1(z), . . . , hM(z) are l-Lipschitz continuous.
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This is a standard assumption in MOO problems [23,24]. Here, the assumption that
hi(z, w) is l-Lipschitz continuous is to ensure that gradient si(z, u, w) is bounded for all
i ∈ {1, . . . , M}, which is necessary to control the drift of the optimal weight λ, thereby
establishing convergence guarantees in the non-convex setting. This assumption is used
for zeroth-order stochastic optimization problems in [12,43]. The L-smoothness property
of the function is a standard assumption used to establish the convergence of non-convex
functions [44].

Assumption 3. For some λ ∈ △M, there exists a constant CH such that Hν(z0)λ −
minz Hν(z)λ ≤ CH .

This assumption implies that there exists at least an objective function that is bounded
at the initial point, such as hν

i (z0) − minz hν
i (z) ≤ CH , which implies that the distance

between the initial point and the Pareto optimal solution is finite. From this, it can be
inferred that the algorithm can converge to the Pareto solution within a reasonable amount
of time. Compared to [13], which requires the function values bounded for all objective
functions at any point z, this is a milder assumption.

These assumptions are typically reasonable in the context of black-box adversarial
attacks on an image classification neural network model. For example, in [45], the sparse
adversarial attack is transformed into a multi-objective black-box optimization problem. In
this context, the aforementioned assumptions hold.

The error upper bound between Sν(zt, ut, wt)λt,K and ∇H(zt)λ∗(zt) is established
as follows:

Proposition 1. Suppose Assumptions 1 and 2 are satisfied. If we set ν = Θ( 1√
Td
), K = T2,

√
d ≤ q1q2 < d, and βt,k =

c√
k
, where c > 0 is a constant, we have the following:

E
[
∥E[Sν(zt, ut, wt)λt,K]−∇H(zt)λ

∗
t ∥

2|zt

]
≤ c(log(K) + 2)√

K

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2

+ (log(K) + 2)
(

1
c
√

K
+
√

2νMLl(d + 3)3/2
)
+

Mν2

4
L2(d + 3)3

=O
(

log(K)
√

d
K1/4

)
. (15)

Proposition 1 shows that the error bound will converge to 0 as K → ∞. The following
theorem shows the SZMG can converge to a Pareto stationary point under a non-convex
setting and mild assumptions:

Theorem 1. Suppose Assumptions 1, 2, and 3 are satisfied. If we set η = Θ(T− 1
2 ), ν = Θ( 1√

Td
)

K = Θ(T2),
√

d ≤ q1q2 < d, and βt,k =
c√
k
, where c > 0 is a constant, we have the following:
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1
T

T−1

∑
t=0

E
[
∥∇H(zt)λ

∗
t ∥

2
]

≤2CH
Tη

+ 4l

√
1 + log(T)

cT
+

Mν2

2
L2(d + 3)3

+
Mν2

2q1q2
L2(d + 6)3

(
2l

√
2c + 2c log(T)

T
+ Lη

)

+
2d + 9 + q1q2

q1q2
Ml2

(
2l

√
2c + 2c log(T)

T
+ Lη

)

=O
(

d
√

log(T)
q1q2

√
T

)
. (16)

Theorem 1 shows that the proposed SZMG algorithm converges to a Pareto stationary

point with a convergence rate of O(
d
√

log(T)
q1q2

√
T

). By choosing the parameter q1q2 =
√

d

and ignoring the term
√

log(T), which grows very slowly, the convergence rate of the
SZMG algorithm reaches O(

√
d/

√
T), which indicates that the SZMG algorithm has a

convergence rate that matches the one in the zeroth-order stochastic single-objective non-
convex setting [12]. To achieve an ϵ-optimal solution, the query complexity for each
objective function is bounded by O

(
d9/2/ϵ6

)
.

To reduce function query complexity, the error between Sν(zt, ut, wt)λt,K and
∇H(zt)λ∗(zt) is not considered. The following theorem shows that the query complexity
for converging to an ϵ-optimal solution is bounded by O

(
d

3
2 /ϵ2

)
.

Theorem 2. Suppose Assumptions 1–3 are satisfied. If we set η = Θ(T− 1
2 ), β = Θ(T− 1

2 d−
1
2 ),

ν = Θ(T− 1
2 d−1),

√
d ≤ q1q2 < d, and K = 1, we have the following:

1
T

T−1

∑
t=0

E
[
∥∇H(zt)λ

∗
t ∥

2
]

≤2CH
Tη

+ β

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2

+
2

Tβ

+ ηL
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
+

Mν2

2
L2(d + 3)3

=O
(

d
3
2

T
1
2 (q1q2)2

)
. (17)

If we set the parameter q1q2 =
√

d, Theorem 2 shows that the SZMG algorithm
converges to a Pareto stationary point with a convergence rate of O(

√
d/

√
T). To achieve

an ϵ-optimal solution, the query complexity for each function is bounded by O(d
3
2 /ϵ2).

6. Experiments
In this section, several synthesis experiments are organized to verify the performance

of the proposed SZMG algorithm.

6.1. Toy Example

To demonstrate that the proposed SZMG algorithm achieves better performance
in stochastic multi-objective black-box settings, the first synthesis experiment is a
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two-dimensional problem, which is used in [34]. The objective functions are defined
as follows:

h1(z) = f1(z)g1(z) + f2(z)c1(z) (18)

h2(z) = f1(z)g2(z) + f2(z)c2(z), (19)

where the functions f1(z), f2(z), g1(z), g2(z), c1(z), and c2(z) are defined by the
following equations:

f1(z) =max
(
tanh(0.5z2), 0

)
f2(z) =max

(
tanh(−0.5z2), 0

)
c1(z) =

(
(−z1 + 3.5)2 + 0.1(−z2 − 1)2

)
/10 − 20

− 2z1w1 − 5.5z2w2

c2(z) =
(
(−z1 − 3.5)2 + 0.1(−z2 − 1)2

)
/10 − 20

+ 2z1w1 − 5.5z2w2

g1(z) = log(max(|0.5(−z1 − 7)− tanh(−z2)|,
0.000005)) + 6

g2(z) = log(max(|0.5(−z1 + 3)− tanh(−z2) + 2|,
0.000005)) + 6,

where z = [z1, z2]
⊤ ∈ R2 is the model parameter, and w = [w1, w2]

⊤ ∈ R2 represents
stochastic data, which follow the standard Gaussian distribution, as follows:

The following three initial points are selected:

z0 ∈ {(−8.5, 7.5), (−10,−3), (9, 9)}

The optimization trajectories of ZO-AdaMU (zeroth-order adapt momentum and uncer-
tainty) [10], BES (Bernoulli smoothing) [11], RSGF (randomized stochastic gradient-free) [12],
ASMG (adaptive stochastic multi-objective gradient) [13], MGDA [18], and SZMG are plot-
ted in Figure 1. RSGF uses the Gaussian gradient estimator and BES adopts the variant
of the Bernoulli distribution to estimate the gradient. ZO-AdaMU adopts the Gaussian
gradient estimator by adapting perturbation with momentum and uncertainty. These
three algorithms primarily focus on single-objective problems. In multi-objective scenarios,
multiple objectives are aggregated into a single objective by applying equal weights to each
individual objective. ASMG is an adaptive multi-objective gradient algorithm based on
evolutionary strategies. MGDA is a first-order gradient algorithm. All algorithms adopt
the Adam optimizer and the number of iterations is T = 70, 000. Other hyperparameters
are summarized in Table 3.

In Figure 1, the results show that algorithms SZMG and ASMG can effectively optimize
stochastic multi-objective black-box functions while addressing the conflicting gradient
problem. The three initial points have all converged to the Pareto front. In contrast, the
ZO-AdaMU, BES, and RSGF methods all become trapped in a valley at initial points
(−8, 5, 7.5), (9, 9), and fail to reach the Pareto front due to the dominant gradient of a
specific objective.

Figure 2 examines the impact of different numbers of inner iterations K on the error
between gradients Sν(zt, ut, wt)λt,K, and ∇H(zt)λ∗(zt). The gradient deviation for each
trajectory is measured using the average norm 1

T ∑T
t=1∥Sν(zt, ut, wt)λt,K −∇H(zt)λ∗(zt)∥.
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From the results, it can be seen that as K increases, the gradient deviation becomes smaller.
This result validates Proposition 1. In Figure 1, the optimization trajectories of the SZMG
algorithm are presented for different numbers of inner iterations K.

(a) 3D (b) Objective 1 (c) Objective 2 (d) ZO-AdaMU (e) BES (f) RSGF

(g) MGDA (h) ASMG (i) SZMG (j) SZMG-K=5 (k) SZMG-K=10 (l) SZMG-K=20

Figure 1. (a–c) show the 3D images of two objective functions, and the contour maps of objective
1 and objective 2, where the black ⋆ marks the minimum point and the background solid contours
display the landscape. (d–l) show the optimization trajectories of different algorithms, where black
• marks three different initial points, the gray bar is the Pareto front, and the black ⋆ denotes the
point on the Pareto front corresponding to equal weights for each objective. All trajectories are shown
fading from red (start) to yellow (end).

Table 3. Summary of hyperparameters.

ν q1 q2 η K γ β

ZO-AdaMU 0.00001 8 8 0.002 - - -

BES 0.00001 8 8 0.002 - - -

RSGF 0.00001 8 8 0.002 - - -

ASMG - 8 8 0.01 - 1
t+1 -

MGDA - - full 0.002 - - -

SZMG 0.00001 8 8 0.002 1 - 0.01√
k

Figure 2. The average norm of gradient deviation with respect to the number of inner iterations K at
the three initial points.
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6.2. Separable and Non-Separable Functions

To validate the performance of the proposed SZMG algorithm under separable and
non-separable functions, SZMG is compared to other algorithms using synthetic functions
in 500 and 1000 dimensions.

For separable functions, we have the following:

H(z) = (h1(z), h2(z))

=

(
d

∑
i=1

10
2(i−1)

d−1 z2
i , 10d −

d

∑
i=1

10 cos(2π10
(i−1)
d−1 zi) +

d

∑
i=1

(10
(i−1)
d−1 zi)

2

)
. (20)

For non-separable functions, we have the following:

H(x) = H(Rz) = (h1(x), h2(x)), (21)

where h1(x) = ∑d
i=1 x2

i − 10cos(2πxi) + 10, h2(x) = 1
d ∑d−1

i=1 100
(
x2

i − xi+1
)2

+ (xi − 4)2,
and R is an orthogonal matrix generated by applying the Gram–Schmidt procedure to a
random matrix with a standard normal distribution.

The SZMG algorithm will be compared with ZO-AdaMU [10], BES [11], RSGF [12], and
ASMG [13]. For ZO-AdaMU, BES, RSGF, and SZMG methods, the learning rate is selected
from {0.01, 0.005, 0.001, 0.0005, 0.0001, 0.00005, 0.00001}, and the smoothing parameters ν is
set to 0.00001. In the SZMG algorithm, the weight learning rate β is set to 0.005, and the
number of inner iterations K is set to 1. The ASMG algorithm selects the learning rate from
{5, 1, 0.5, 0.1, 0.05}. The total number of iterations T and the sample batch size q1 are set to
5000 and 50, respectively, for all algorithms.

In Figures 3 and 4, the convergence results of five algorithms on the separable function
under different dimensions are presented. Specifically, the function value with respect to
the number of iterations is presented. The results demonstrate that the proposed SZMG
algorithm achieves better performance. The ASMG algorithm exhibits faster convergence
on the separable function. ZO-AdaMU, BES, and RSGF methods converge to a suboptimal
Pareto solution due to conflicting gradients. In Figures 5 and 6, the convergence results of
five algorithms on the non-separable functions under different dimensions are presented.
The results can intuitively show that the SZMG algorithm outperforms ASMG in terms of
convergence performance and results. These results show that the SZMG algorithm per-
forms well on both separable and non-separable functions, demonstrating the effectiveness
of the SZMG algorithm.

(a) h1(z) VS Iteration (b) h2(z) VS Iteration

Figure 3. The two objective function values with respect to the number of iterations T on the separable
function with 500 dimensions.
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(a) h1(z) VS Iteration (b) h2(z) VS Iteration

Figure 4. The two objective function values with respect to the number of iterations T on the separable
function with 1000 dimensions.

(a) h1(z) VS Iteration (b) h2(z) VS Iteration

Figure 5. The two objective function values with respect to the number of iterations T on the
non-separable function with 500 dimensions.

(a) h1(z) VS Iteration (b) h2(z) VS Iteration

Figure 6. The two objective function values with respect to the number of iterations T on the
non-separable function with 1000 dimensions.

6.2.1. Runtime

In this subsection, the runtimes of different algorithms on separable functions are
compared to evaluate their computational complexity. The runtime of an algorithm is the
average time per iteration over 5000 iterations. The experimental results were obtained
using a PC equipped with a 3.60-GHz Intel Core i7-7700 CPU (Acer, Luoyang, China).
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Figure 7 shows the average time per iteration for the methods ZO-AdaMU, BES, RSGF,
ASMG, and SZMG across different dimensions of separable functions. From the results,
the BES and RSGF methods have the shortest runtime per iteration because they do not
need to compute weights. ZO-AdaMU takes the longest time due to requiring multiple
uncertain perturbations internally. SZMG requires an additional gradient estimation and
matrix operation to obtain the weights, making its runtime longer than RSGF. Compared to
ASMG, SZMG has a shorter runtime, which indicates that the SZMG has better efficiency.

Figure 7. The average runtime per iteration with respect to the dimensions, d, on separable functions.

6.2.2. Scalability

In this subsection, the scalability of SZMG is studied on separable and non-separable
functions at 1500 and 3000 dimensions.

Figures 8 and 9 show the convergence results of algorithms ZO-AdaMU, BES, RSGF,
ASMG, and SZMG on separable functions at 1500 and 3000 dimensions. These results indi-
cate that the SZMG algorithm has better performance and can converge to the Pareto
solutions. Figures 10 and 11 present the convergence results on non-separable func-
tions at 1500 and 3000 dimensions. These results show that SZMG delivers better per-
formance, which implies that gradient-based optimization methods are better suited
for handling high-dimensional problems; moreover, using dynamic weights based on
SGD effectively addresses conflicting gradients. These results demonstrate the SZMG
algorithm’s effectiveness.

(a) h1(z) VS Iteration (b) h2(z) VS Iteration

Figure 8. The two objective function values with respect to the number of iterations T on the separable
function with 1500 dimensions.
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(a) h1(z) VS Iteration (b) h2(z) VS Iteration

Figure 9. The two objective function values with respect to the number of iterations T on the separable
function with 3000 dimensions.

(a) h1(z) VS Iteration (b) h2(z) VS Iteration

Figure 10. The two objective function values with respect to the number of iterations T on the
non-separable function with 1500 dimensions.

(a) h1(z) VS Iteration (b) h2(z) VS Iteration

Figure 11. The two objective function values with respect to the number of iterations T on the
non-separable function with 3000 dimensions.

6.2.3. Sensitiveness to Batch Size

The sample batch size is a key parameter in the proposed SZMG algorithm. A larger
batch size can reduce the variance of zeroth-order gradients, leading to a more accurate
gradient direction, but it also results in higher time and function query overheads. In this
subsection, we study the impact of different batch sizes on the convergence of the SZMG
algorithm for non-separable functions.

Figure 12 shows the impact of batch sizes 10, 30, 50, and 70 on the SAMG algorithm for
the 1000-dimensional non-separable function. From the results, it can be observed that as
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the batch size increases, the convergence trajectory of the SZMG algorithm becomes more
stable and the convergence improves. Figure 13 shows the average runtime per iteration
for different batch sizes. The runtime increases linearly with the batch size. Therefore,
careful selection of an appropriate batch size is critical for balancing time consumption and
stability for the SZMG algorithm.

(a) h1(z) VS Iteration (b) h2(z) VS Iteration

Figure 12. The two objective function values with respect to the number of iterations T on the
non-separable function with 1000 dimensions.

Figure 13. The average runtime per iteration with respect to the batch size on non-separable functions.

7. Discussion
In the experiments section, several numerical experiments were conducted to validate

the practical performance of the proposed SZMG algorithm. The results show that SZMG
demonstrates promising performance on smooth black-box functions. As a zeroth-order
variant of first-order multi-objective optimization algorithms, SZMG exhibits a convergence
rate comparable to first-order methods and can serve as a substitute for these algorithms
in handling black-box multi-objective optimization problems or scenarios with expensive
gradients. Theoretically, we have demonstrated that the convergence rate of SZMG is O(d)
worse than the first-order multi-objective optimization methods.

Despite its advantages, SZMG has potential limitations such as the curse of dimen-
sionality. As the dimensionality of the problem increases, the number of required function
evaluations also rises significantly, leading to a sharp increase in computational costs.
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Additionally, the theoretical convergence guarantees of SZMG are based on smooth
functions, and its performance may degrade when applied to non-smooth functions.
These limitations are also important research directions for zeroth-order multi-objective
optimization algorithms.

In real-world applications, the SZMG algorithm has a wide range of application sce-
narios, such as black-box adversarial attacks. In single-objective optimization, zeroth-order
algorithms are widely used in black-box attacks and have achieved excellent results [46].
Recently, Reference [45] explored sparse adversarial attacks as multi-objective problems,
employing heuristic algorithms to generate adversarial examples. There is significant
potential for applying the SZMG algorithm in this field.

8. Conclusions
In this paper, a gradient-free stochastic multi-objective optimization algorithm is

proposed for addressing black-box multi-objective optimization problems. The algorithm
applies zeroth-order optimization techniques to multi-objective optimization and adopts
a dynamic weighting method to avoid conflicting gradients. Theoretically, this paper
provides a convergence guarantee for the proposed algorithm under non-convex settings
and mild assumptions. Moreover, synthetic experiments demonstrate the effectiveness of
the proposed algorithm. In the future, it will be valuable to explore methods for zeroth-
order algorithms to handle high-dimensional problems and introduce variance reduction
techniques into zeroth-order optimization to reduce gradient variance and achieve better
convergence performance.
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Appendix A. Extra Lemmas
In this section, some lemmas are presented for the subsequent proof.

Lemma A1 ([47]). If functions h1(z), . . . , hM(z) are l-Lipschitz continuous and exhibit L-
smoothness, then hν

1(z), . . . , hν
M(z) are also l-Lipschitz continuous and L-smoothness.

Lemma A2. If Assumptions 1 and 2 are satisfied, it holds that for all z ∈ Rd

∥∇Hν(z)∥2 ≤ Ml2, (A1)
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∥∇Hν(z)−∇H(z)∥2 ≤ Mν2

4
L2(d + 3)3, (A2)

E
[
∥Sν(z, u, w)−∇Hν(z)∥2

]
≤ Mν2

2q1q2
L2(d + 6)3 +

(2d + 9)
q1q2

Ml2. (A3)

Proof. Based on Lemma A1, we have the following:

∥∇hν
i (z)∥ ≤ l. (A4)

Therefore, the squared norm of the gradient of Hν(z) satisfies the following:

∥∇Hν(z)∥2 = ∥(∇hν
1(z), . . . ,∇hν

M(z))∥2

≤ M max
i

∥∇hν
i (z)∥

2

≤ Ml2. (A5)

Following Lemma 3 and Theorem 4 in [47], we have the following:

∥∇hν
i (z)−∇hi(z)∥ ≤ ν

2
L(d + 3)3/2, (A6)

E
[∥∥∥∥hi(z + νu, w)− hi(z, w)

ν
u
∥∥∥∥2
]
≤ ν2

2
L2(d + 6)3 + 2(d + 4)l2. (A7)

Therefore, we have the following:

∥∇Hν(z)−∇H(z)∥2 ≤ M max
i

∥∇hν
i (z)−∇hi(z)∥2

≤ Mν2

4
L2(d + 3)3, (A8)

E
[
∥si(z, u, w)−∇hν

i (z)∥
2
]

=
1

q2
1q2

2
E

∥∥∥∥∥ q1

∑
m=1

q2

∑
n=1

[
hi(z + νum, wn)− hi(z, wn)

ν
um

]
−

q1

∑
m=1

q2

∑
n=1

[∇hν
i (z)]

∥∥∥∥∥
2


≤ 1
q1q2

max
m,n

E
[∥∥∥∥hi(z + νum, wn)− hi(z, wn)

ν
um −∇hν

i (z)
∥∥∥∥2
]

≤ 1
q1q2

max
m,n

E
[∥∥∥∥hi(z + νum, wn)− hi(z, wn)

ν
um

∥∥∥∥2

+ ∥∇hν
i (z)∥

2

]

≤ ν2L2

2q1q2
(d + 6)3 +

(2d + 9)
q1q2

l2, (A9)

E
[
∥Sν(z, u, w)−∇Hν(z)∥2

]
≤ M max

i
E
[
∥si(z, u, w)−∇hν

i (z)∥
2
]

≤ Mν2

2q1q2
L2(d + 6)3 +

(2d + 9)
q1q2

Ml2. (A10)

Therefore, the proof is completed.
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Lemma A3. Suppose Assumptions 1 and 2 are satisfied, the following holds:

E
[∥∥∥Sν(z, u′, w′)⊤Sν(z, u′′, w′′)

∥∥∥2
]
≤
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2

. (A11)

Proof.

E
[∥∥∥Sν(z, u′, w′)⊤Sν(z, u′′, w′′)

∥∥∥2
]

≤E
[∥∥Sν(z, u′, w′)

∥∥2∥∥Sν(z, u′′, w′′)
∥∥2
]

=E
[∥∥Sν(z, u′, w′)−∇Hν(z) +∇Hν(z)

∥∥2∥∥Sν(z, u′′, w′′)−∇Hν(z) +∇Hν(z)
∥∥2
]

=E
[∥∥Sν(z, u′, w′)−∇Hν(z)

∥∥2
+ ∥∇Hν(z)∥2

]
E
[∥∥Sν(z, u′′, w′′)−∇Hν(z)

∥∥2

+∥∇Hν(z)∥2
]

≤
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2

, (A12)

where the first inequality is due to the Cauchy–Schwartz inequality, and the last inequality
follows from Lemma A2.

Lemma A4. Suppose Assumptions 1 and 2 are satisfied, the following holds:

−E[⟨∇Hν(zt)λ,∇H(zt)λt⟩]

≤ 1
2βt

E
[
∥λt − λ∥2 − ∥λt+1 − λ∥2

]
+

βt

2
E
[∥∥∥Sν

(
zt, u′

t, wt
′)⊤Sν

(
zt, u′′

t , wt
′′)∥∥∥2

]
−E

[
∥∇Hν(zt)λt∥2

]
. (A13)

Proof. Following the updated form of weighting λ, we have the following:

E
[
∥λt+1 − λ∥2

]
=E
[∥∥∥∏△M

(
λt − βt

[
Sν

(
zt, u′

t, w′
t
)⊤Sν

(
zt, u′′

t , w′′
t
)
λt

])
− ∏△M (λ)

∥∥∥2
]

≤E
[∥∥∥λt − βt

[
Sν

(
zt, u′

t, w′
t
)⊤Sν

(
zt, u′′

t , w′′
t
)
λt

]
− λ

∥∥∥2
]

=E
[
∥λt − λ∥2

]
+ β2

tE
[∥∥∥Sν

(
zt, u′

t, w′
t
)⊤Sν

(
zt, u′′

t , w′′
t
)
λt

∥∥∥2
]

− 2βtE
[〈

λt − λ,∇Hν(zt)
⊤∇Hν(zt)λt

〉]
≤E
[
∥λt − λ∥2

]
+ β2

tE
[∥∥∥Sν

(
zt, u′

t, w′
t
)⊤Sν

(
zt, u′′

t , w′′
t
)∥∥∥2

∥λt∥2
]

− 2βtE
[〈

λt − λ,∇Hν(zt)
⊤∇Hν(zt)

〉]
≤E
[
∥λt − λ∥2

]
+ β2

tE
[∥∥∥Sν

(
zt, u′

t, w′
t
)⊤Sν

(
zt, u′′

t , w′′
t
)∥∥∥2
]

− 2βtE
[〈

λt − λ,∇Hν(zt)
⊤∇Hν(zt)

〉]
, (A14)

where the first inequality is due to the non-expansive property of projection onto the
convex set, the second inequality results from the Cauchy–Schwarz inequality, and the last
inequality follows ∥λt∥2 ≤ 1.
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For the last term on the right side, we have the following:

− 2βtE
[〈

λt − λ, ∇Hν(zt)
⊤∇Hν(zt)λt

〉]
=− 2βtE[⟨∇Hν(zt)(λt − λ),∇Hν(zt)λt⟩]

=− 2βtE
[
∥∇Hν(zt)λt∥2

]
+ 2βtE[⟨∇Hν(zt)λ,∇Hν(zt)λt⟩]. (A15)

Plugging Equation (A15) into Equation (A14), and rearranging, the following holds:

−E[⟨∇Hν(zt)λ,∇H(zt)λt⟩]

≤ 1
2βt

E
[
∥λt − λ∥2 − ∥λt+1 − λ∥2

]
+

βt

2
E
[∥∥∥Sν

(
zt, u′

t, w′
t
)⊤Sν

(
zt, u′′

t , w′′
t
)∥∥∥2
]

−E
[
∥∇Hν(zt)λt∥2

]
. (A16)

Hence, the result of this lemma is obtained.

Lemma A5. Suppose Assumptions 1 and 2 are satisfied and f (λ) = ∥∇H(zt)λ∥2 is a convex
function. Setting λ∗

t = arg minλ∥∇H(zt)λ∥2, learning rate βt,k =
c√
k
, where c ≥ 0 is a constant.

Then for K ≥ 1, the following holds:

f (λt,K)− f (λ∗
t ) ≤

log(K) + 2√
K

(
1
c
+ c
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2)
+
√

2νMLl(d + 3)3/2(log(K) + 2). (A17)

Proof. Following the updated form of weighting λ, we have the following:

E
[∥∥λt,k+1 − λ

∥∥2
]

=E
[∥∥∥∏△M (λt,k − βt,kSν(zt, u′

t, w′
t)
⊤Sν(zt, u”t, w”t)λt,k)− ∏△M (λ)

∥∥∥2
]

≤E
[∥∥∥λt,k − βt,kSν(zt, u′

t, w′
t)
⊤Sν(zt, u′′

t , w′′
t )λt,k − λ

∥∥∥2
]

=E
[∥∥λt,k − λ

∥∥2
]
+ β2

t,kE
[∥∥∥Sν(zt, u′

t, w′
t)
⊤Sν(zt, u′′

t , w′′
t )λt,k

∥∥∥2
]

− 2βt,kE
[〈

λt,k − λ,∇Hν(zt)
⊤∇Hν(zt)λt,k

〉]
, (A18)

where the inequality is due to the non-expansive property of projection onto the convex set.
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Rearranging the above inequality, the following holds:

E
[〈

λt,k − λ,∇H(zt)
⊤∇H(zt)λt,k

〉]
≤E
[〈

λt,k − λ,∇H(zt)
⊤∇H(zt)λt,k −∇Hν(zt)

⊤∇Hν(zt)λt,k

〉]
+

1
2βt,k

E
[∥∥λt,k − λ

∥∥2 −
∥∥λt,k+1 − λ

∥∥2
]

+
βt,k

2
E
[∥∥∥Sν(zt, u′

t, w′
t)
⊤Sν(zt, u′′

t , w′′
t )λt,k

∥∥∥2
]

≤E
[∥∥λt,k − λ

∥∥∥∥∥∇H(zt)
⊤∇H(zt)−∇Hν(zt)

⊤∇Hν(zt)
∥∥∥∥∥λt,k

∥∥]
+

1
2βt,k

E
[∥∥λt,k − λ

∥∥2 −
∥∥λt,k+1 − λ

∥∥2
]

+
βt,k

2
E
[∥∥∥Sν(zt, u′

t, w′
t)
⊤Sν(zt, u′′

t , w′′
t )
∥∥∥2∥∥λt,k

∥∥2
]

≤
√

2E
[∥∥∥∇H(zt)

⊤∇H(zt)−∇Hν(zt)
⊤∇Hν(zt)

∥∥∥]︸ ︷︷ ︸
I1

+
1

2βt,k
E
[∥∥λt,k − λ

∥∥2 −
∥∥λt,k+1 − λ

∥∥2
]

+
βt,k

2
E
[∥∥∥Sν(zt, u′

t, w′
t)
⊤Sν(zt, u′′

t , w′′
t )
∥∥∥2
]

︸ ︷︷ ︸
I2

, (A19)

where the second inequality is due to the Cauchy–Schwartz inequality and the last inequal-
ity follows from the

∥∥λt,k − λ
∥∥ ≤

√
2 and

∥∥λt,k
∥∥2 ≤ 1.

Following the property of a convex function, f (λ1) ≥ f (λ2) + ⟨∇ f (λ2).λ1 − λ2⟩, the
following holds:

E[ f (λt,k)− f (λ)] ≤ 1
2βt,k

E
[∥∥λt,k − λ

∥∥2 −
∥∥λt,k+1 − λ

∥∥2
]
+

βt,k

2
I2 + I1. (A20)

Letting r be an element in {1, . . . , K − 1} and summing over k = K − r, . . . , K, the
following holds:

K

∑
k=K−r

E[ f (λt,k)− f (λ)] ≤ 1
2βt,K−r

E
[
∥λt,K−r − λ∥2

]
+

K

∑
k=K−r

I1 +
I2

2

K

∑
k=K−r

βt,k

+
K

∑
k=K−r+1

E
[∥∥λt,k − λ

∥∥2

2
(

1
βt,k

− 1
βt,k−1

)

]
. (A21)

Setting βt,k =
c√
k
, λ = λt,K−r, we have the following:

K

∑
k=K−r

E[ f (λt,k)− f (λK−r)] ≤
K

∑
k=K−r

I1 +
I2c
2

K

∑
k=K−r

1√
k
+

1
c
(
√

K −
√

K − r)

≤ I1(r + 1) +
(

1
c
+ I2c

)
(
√

K −
√

K − r − 1)

= I1(r + 1) +
(

1
c
+ I2c

)
r + 1√

K +
√

K − r − 1

≤
(

1
c
+ I2c

)
r + 1√

K
+ I1(r + 1), (A22)
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where the first inequality is due to
∥∥λt,k − λt,K−r

∥∥2 ≤ 2, the second inequality follows
∑K

k=K−r
1√
k
≤ 2(

√
K −

√
K − r − 1).

Letting Lr =
1

r+1 ∑K
k=K−r E[ f (λt,k)], the following holds:

−E[ f (λt,K−r)] ≤ −Lr +

(
1
c
+ I2c

)
1√
K
+ I1. (A23)

Following the definition of Lr, we have the following:

rLr−1 = (r + 1)Lr −E[ f (λt,K−r)]

≤ (r + 1)Lr − Lr +

(
1
c
+ I2c

)
1√
K
+ I1, (A24)

and dividing by r, the following holds:

Lr−1 ≤ Lr +

(
1
c
+ I2c

)
1

r
√

K
+

I1

r
. (A25)

Summing over r = 1, . . . , K − 1, the following holds:

L0 = E[ f (λt,K)] ≤ LK−1 +

((
1
c
+ I2c

)
1√
K
+ I1

) K−1

∑
r=1

1
r

≤ LK−1 +

((
1
c
+ I2c

)
1√
K
+ I1

)
(log(K) + 1), (A26)

where the last inequality is due to ∑K−1
r=1

1
r ≤ (1 + log(K)).

Now, using Equation (A21) with r = K − 1, βt,k =
c√
k

and λ = λ∗
t , the following holds:

1
K

K

∑
k=1

E[ f (λt,k)− f (λ∗
t )]

≤ 1
2Kβt,1

E
[
∥λt,1 − λ∗

t ∥
2
]
+

K

∑
k=2

E
[∥∥λt,k − λ∗

t
∥∥2

2K

(
1

βt,k
− 1

βt,k−1

)]
+ I1 +

I2

2K

K

∑
k=1

βt,k

≤ 1
c
√

K
+

cI2√
K
+ I1. (A27)

It is easy to know the following:

LK−1 − f (λ∗
t ) =

1
K

K

∑
k=1

E[ f (λt,k)− f (λ∗
t )]

≤ 1
c
√

K
+

cI2√
K
+ I1. (A28)

Plugging Equation (A28) into Equation (A26), the following holds:

f (λt,K)− f (λ∗
t ) ≤

((
1
c
+ I2c

)
1√
K
+ I1

)
(log(K) + 2). (A29)
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For the term I1, we have the following:

√
2E
[∥∥∥∇Hν(zt)

⊤∇Hν(zt)−∇H(zt)
⊤∇H(zt)

∥∥∥]
=
√

2E
[∥∥∥∇Hν(zt)

⊤∇Hν(zt)−∇Hν(zt)
⊤∇H(zt) +∇Hν(zt)

⊤∇H(zt)

−∇H(zt)
⊤∇H(zt)

∥∥∥]
≤
√

2
(
E
[∥∥∥∇Hν(zt)

⊤∇Hν(zt)−∇Hν(zt)
⊤∇H(zt)

∥∥∥]
+E
[∥∥∥∇Hν(zt)

⊤∇H(zt)−∇H(zt)
⊤∇H(zt)

∥∥∥])
≤
√

2E[∥∇Hν(zt)−∇H(zt)∥(∥∇Hν(zt)∥+ ∥∇H(zt)∥)]

≤
√

2νMLl(d + 3)3/2, (A30)

where the first inequality is due to the triangle inequality, the second inequality follows the
Cauchy–Schwartz inequality, and the last inequality is due to Lemma A2.

Following Lemma A3, for term I2, the following holds:

E
[∥∥∥Sν(zt, u′

t, w′
t)
⊤Sν(zt, u′′

t , w′′
t )
∥∥∥2
]
≤
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2

. (A31)

Plugging Equation (A30), Equation (A31) into (A29), the following holds:

f (λt,K)− f (λ∗
t ) ≤

log(K) + 2√
K

(
1
c
+ c
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2)
+
√

2νMLl(d + 3)3/2(log(K) + 2). (A32)

Thus, this lemma is proved.

Lemma A6. Suppose Assumptions 1 and 2 are satisfied. For any λ ∈ △M, the following holds:

∥∇H(zt)λ∥2 ≤ 2∥∇Hν(zt)λ∥2 +
Mν2

2
L2(d + 3)3. (A33)

Proof.

∥∇H(zt)λ −∇Hν(zt)λ∥2 ≤ ∥∇H(zt)−∇Hν(zt)∥2∥λ∥2

≤ ∥∇H(zt)−∇Hν(zt)∥2

≤ Mν2

4
L2(d + 3)3. (A34)

where the first inequality follows the Cauchy–Schwartz inequality, the second inequality is
due to ∥λ∥2 ≤ 1, and the last inequality is due to Lemma A2.

For the lower bound of the left equation, we have the following:

∥∇H(zt)λ −∇Hν(zt)λ∥2

=∥∇H(zt)λ∥2 + ∥∇Hν(zt)λ∥2 − 2⟨∇H(zt)λ,∇Hν(zt)λ⟩

≥1
2
∥∇H(zt)λ∥2 − ∥∇Hν(zt)λ∥2, (A35)

where the last inequality is due to Young’s inequality.
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Plugging Equation (A35) into Equation (A34), the following holds:

∥∇H(zt)λ∥2 ≤ 2∥∇Hν(zt)λ∥2 +
Mν2

2
L2(d + 3)3. (A36)

Therefore, the result of this lemma is proved completely.

Appendix B. Proof of the Results in Section 5
Proof of Proposition 1. Based on the definitions of Sν(zt, ut, wt), we have the following:

E
[
∥E[Sν(zt, ut, wt)λt,K]−∇H(zt)λ

∗
t ∥

2|zt

]
=E
[
∥∇Hν(zt)λt,K −∇H(zt)λ

∗
t ∥

2
]

=E
[
∥∇Hν(zt)λt,K −∇H(zt)λt,K +∇H(zt)λt,K −∇H(zt)λ

∗
t ∥

2
]

≤2E
[
∥∇Hν(zt)λt,K −∇H(zt)λt,K∥2

]
︸ ︷︷ ︸

I1

+2E
[
∥∇H(zt)λt,K −∇H(zt)λ

∗
t ∥

2
]

︸ ︷︷ ︸
I2

, (A37)

where the inequality is due to Young’s inequality.
For the term I1, we have the following:

E
[
∥∇Hν(zt)λt,K −∇H(zt)λt,K∥2

]
≤ E

[
∥∇Hν(zt)−∇H(zt)∥2∥λt,K∥2

]
≤ E

[
∥∇Hν(zt)−∇H(zt)∥2

]
≤ Mν2

4
L2(d + 3)3, (A38)

where the first inequality follows the Cauchy–Schwartz inequality, the second inequality is
due to ∥λt,K∥2 ≤ 1, and the last inequality follows Lemma A2.

For the term I2, we have the following:

E
[
∥∇H(zt)λt,K −∇H(zt)λ

∗
t ∥

2
]

=E
[
∥∇H(zt)λt,K∥2 + ∥∇H(zt)λ

∗
t ∥

2 − 2⟨∇H(zt)λt,K,∇H(zt)λ
∗
t ⟩
]

≤E
[
∥∇H(zt)λt,K∥2 − ∥∇H(zt)λ

∗
t ∥

2
]
, (A39)

where the inequality is due to the optimality condition that

⟨∇H(zt)λt,K,∇H(zt)λ
∗
t ⟩ ≥ ∥∇H(zt)λ

∗
t ∥

2. (A40)

Following Lemma A5, the following holds:

E
[
∥∇H(zt)λt,K∥2 − ∥∇H(zt)λ

∗
t ∥

2
]

≤ log(K) + 2√
K

(
1
c
+ c
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2)
+
√

2νMLl(d + 3)3/2(log(K) + 2). (A41)



Mathematics 2025, 13, 627 25 of 31

Plugging I1, I2 into Equation (A37), the following holds:

E
[
∥E[Sν(zt, ut, wt)λt,K]−∇H(zt)λ

∗
t ∥

2|zt

]
≤Mν2

4
L2(d + 3)3 +

log(K) + 2√
K

(
1
c
+ c
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2)
+
√

2νMLl(d + 3)3/2(log(K) + 2). (A42)

Therefore, Proposition 1 is proved completely.

Proof of Theorem 1. Following Lemma A1, it is known that hν
i (z) is L-smooth

hν
i (zt+1) ≤ hν

i (zt) + ⟨∇hν
i (zt), zt+1 − zt⟩+

L
2
∥zt+1 − zt∥2

= hν
i (zt) + ηt⟨∇hν

i (zt),−Sν(zt, ut, wt)λt,K⟩+
Lη2

t
2

∥Sν(zt, ut, wt)λt,K∥2

≤ hν
i (zt) + ηt⟨∇hν

i (zt),−Sν(zt, ut, wt)λt,K⟩+
Lη2

t
2

∥Sν(zt, ut, wt)∥2∥λt,K∥2

≤ hν
i (zt) + ηt⟨∇hν

i (zt),−Sν(zt, ut, wt)λt,K⟩+
Lη2

t
2

∥Sν(zt, ut, wt)∥2, (A43)

where the second inequality follows the Cauchy–Schwarz inequality, and the last inequality
is due to ∥λt,K∥2 ≤ 1.

When taking the expectation with respect to the condition zt, the following holds:

E[hν
i (zt+1)] ≤E[hν

i (zt)] + ηtE[⟨∇hν
i (zt),−∇Hν(zt)λt,K⟩] +

Lη2
t

2
E
[
∥Sν(zt, ut, wt)∥2

]
=E[hν

i (zt)] + ηtE
[〈
∇hν

i (zt),−∇Hν(zt)λ
∗
t,ν
〉]

+
Lη2

t
2

E
[
∥Sν(zt, ut, wt)∥2

]
+ ηtE

[〈
∇hν

i (zt),−∇Hν(zt)λt,K +∇Hν(zt)λ
∗
t,ν
〉]

≤E[hν
i (zt)]− ηtE

[∥∥∇Hν(zt)λ
∗
t,ν
∥∥2
]
+

Lη2
t

2
E
[
∥Sν(zt, ut, wt)∥2

]
+ ηtE

[〈
∇hν

i (zt),−∇Hν(zt)λt,K +∇Hν(zt)λ
∗
t,ν
〉]

≤E[hν
i (zt)]− ηtE

[∥∥∇Hν(zt)λ
∗
t,ν
∥∥2
]
+

Lη2
t

2
E
[
∥Sν(zt, ut, wt)∥2

]
+ ηtE

[
∥∇hν

i (zt)∥
∥∥∇Hν(zt)λt,K −∇Hν(zt)λ

∗
t,ν
∥∥]

≤E[hν
i (zt)]− ηtE

[∥∥∇Hν(zt)λ
∗
t,ν
∥∥2
]
+

Lη2
t

2
E
[
∥Sν(zt, ut, wt)∥2

]
+ ηtl E

[∥∥∇Hν(zt)λt,K −∇Hν(zt)λ
∗
t,ν
∥∥]︸ ︷︷ ︸

I1

, (A44)

where the second inequality follows the optimality condition given by〈
∇Hν(zt)λ,∇Hν(zt)λ∗

t,ν
〉
≥
∥∥∇Hν(zt)λ∗

t,ν
∥∥2 for any λ ∈ △M, as stated in [18]. The third

inequality is due to the Cauchy–Schwartz inequality, and the last inequality follows from
the l-Lipschitz continuous of function hν

i (z).
For the term I1, following Jensen’s inequality, the following holds:

E
[∥∥∇Hν(zt)λt,K −∇Hν(zt)λ

∗
t,ν
∥∥] ≤ √E

[∥∥∥∇Hν(zt)λt,K −∇Hν(zt)λ∗
t,ν

∥∥∥2
]

≤

√
E
[
∥∇Hν(zt)λt,K∥2 −

∥∥∥∇Hν(zt)λ∗
t,ν

∥∥∥2
]

, (A45)
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where the last inequality is due to the optimality condition
〈
∇Hν(zt)λ,∇Hν(zt)λ∗

t,ν
〉
≥∥∥∇Hν(zt)λ∗

t,ν
∥∥2.

Due to the fact that f (λ) = ∥∇Hν(zt)λ∥2 is a convex function and
supλ,λ′∈△M∥λ − λ′∥2 ≤ 2, we set λ∗

t,ν = arg minλ∥∇Hν(zt)λ∥2, and the learning rate of
weighting λ is βt,k =

c√
k

where c is a constant. Following Theorem 2 in [48] and Lemma A3,
the following holds:

E
[
∥∇Hν(zt)λt,K∥2 −

∥∥∇Hν(zt)λ
∗
t,ν
∥∥2
]

≤
(

2
c
+ c
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2)2 + log(K)√
K︸ ︷︷ ︸

V

. (A46)

Plugging Equations (A46) and (A45) into Equation (A44) and rearranging
Equation (A44), the following holds:

E
[∥∥∇Hν(zt)λ

∗
t,ν
∥∥2
]

≤
E
[
hν

i (zt)− hν
i (zt+1)

]
ηt

+ l
√

V +
Lηt

2
E
[
∥Sν(zt, ut, wt)∥2

]
=
E
[
hν

i (zt)− hν
i (zt+1)

]
ηt

+ l
√

V +
Lηt

2
E
[
∥Sν(zt, ut, wt)−∇Hν(zt) +∇Hν(zt)∥2

]
=
E
[
hν

i (zt)− hν
i (zt+1)

]
ηt

+ l
√

V +
Lηt

2
E
[
∥Sν(zt, ut, wt)−∇Hν(zt)∥2 + ∥∇Hν(zt)∥2

]
≤
E
[
hν

i (zt)− hν
i (zt+1)

]
ηt

+ l
√

V +
Lηt

2

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
, (A47)

where the last inequality is due to Lemma A2.
Following Lemma A6, the following holds:

E
[∥∥∇H(zt)λ

∗
t,ν
∥∥2
]
≤

2E
[
hν

i (zt)− hν
i (zt+1)

]
ηt

+ 2l
√

V +
Mν2

2
L2(d + 3)3

+ Lηt

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
. (A48)

Due to ∥∇H(zt)λ∗
t ∥

2 ≤
∥∥∇H(zt)λ∗

t,ν
∥∥2, we have the following:

E
[
∥∇H(zt)λ

∗
t ∥

2
]
≤

2E
[
hν

i (zt)− hν
i (zt+1)

]
ηt

+ 2l
√

V +
Mν2

2
L2(d + 3)3

+ Lηt

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
. (A49)
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Setting ηt = η and summing over t ∈ {0, . . . , T − 1}, the following holds:

1
T

T−1

∑
t=0

E
[
∥∇H(zt)λ

∗
t ∥

2
]

≤
2E
[
hν

i (z0)− hν
i (zT)

]
Tη

+ Lη

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
+

Mν2

2
L2(d + 3)3

+ 2l

√√√√(2
c
+ c
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2
)

2 + log(K)√
K

≤2CH
Tη

+ Lη

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
+

Mν2

2
L2(d + 3)3

+ 4l

√
1 + log(T)

cT
+ 2l

√
2c + 2c log(T)

T

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
.

(A50)

Therefore, Theorem 1 is proved completely.

Proof of Theorem 2. Following the smoothness of hν
i (zt), the following holds:

hν
i (zt+1) ≤ hν

i (zt) + ηt⟨∇hν
i (zt),−Sν(zt, ut, wt)λt⟩+

L
2

η2
t ∥Sν(zt, ut, wt)λt∥2. (A51)

For any λ ∈ △M, we have the following:

Hν(zt+1)λ ≤ Hν(zt)λ + ηt⟨∇Hν(zt)λ,−Sν(zt, ut, wt)λt⟩+
L
2

η2
t ∥Sν(zt, ut, wt)∥2. (A52)

When taking the expectation with respect to the condition zt, the following holds:

E[Hν(zt+1)λ] ≤E[Hν(zt)λ] + ηtE[⟨∇Hν(zt)λ,−∇Hν(zt)λt⟩] +
L
2

η2
t E
[
∥Sν(zt, ut, wt)∥2

]
=E[Hν(zt)λ] + ηtE[⟨∇Hν(zt)λ,−∇Hν(zt)λt⟩]

+
L
2

η2
t E
[
∥Sν(zt, ut, wt)−∇Hν(zt) +∇Hν(zt)∥2

]
=E[Hν(zt)λ] + ηtE[⟨∇Hν(zt)λ,−∇Hν(zt)λt⟩]

+
L
2

η2
t E
[
∥Sν(zt, ut, wt)−∇Hν(zt)∥2 + ∥∇Hν(zt)∥2

]
≤E[Hν(zt)λ] + ηtE[⟨∇Hν(zt)λ,−∇Hν(zt)λt⟩]

+
L
2

η2
t

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
, (A53)

where the last inequality follows Lemma A2.
For the second term on the right side, following Lemma A4, the following holds:

− ηtE[⟨∇Hν(zt)λ,∇H(zt)λt⟩]

≤ ηt

2βt
E
[
∥λt − λ∥2 − ∥λt+1 − λ∥2

]
+

ηtβt

2
E
[∥∥∥Sν

(
zt, u′

t, w′
t
)⊤Sν

(
zt, u′′

t , w′′
t
)∥∥∥2
]

− ηtE
[
∥∇Hν(zt)λt∥2

]
. (A54)
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Plugging Equation (A54) into Equation (A53), and rearranging, the following holds:

E
[
∥∇Hν(zt)λt∥2

]
≤ 1

ηt
E[Hν(zt)λ − Hν(zt+1)λ] +

1
2βt

E
[
∥λt − λ∥2 − ∥λt+1 − λ∥2

]
+

βt

2
E
[∥∥∥Sν

(
zt, u′

t, w′
t
)⊤Sν

(
zt, u′′

t , w′′
t
)∥∥∥2
]

+
L
2

ηt

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
≤ 1

ηt
E[Hν(zt)λ − Hν(zt+1)λ] +

1
2βt

E
[
∥λt − λ∥2 − ∥λt+1 − λ∥2

]
+

βt

2

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2

+
L
2

ηt

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
, (A55)

where the last inequality is due to Lemma A3.
Following Lemma A4, the following holds:

E
[
∥∇H(zt)λt∥2

]
≤ 2

ηt
E[Hν(zt)λ − Hν(zt+1)λ] +

1
βt
E
[
∥λt − λ∥2 − ∥λt+1 − λ∥2

]
+

Mν2

2
L2(d + 3)3 + βt

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2

+ ηtL
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
. (A56)

Due to ∥∇H(zt)λ∗
t ∥

2 ≤ ∥∇H(zt)λt∥2, we have the following:

E
[
∥∇H(zt)λ

∗
t ∥

2
]
≤ 2

ηt
E[Hν(zt)λ − Hν(zt+1)λ] +

1
βt
E
[
∥λt − λ∥2 − ∥λt+1 − λ∥2

]
+

Mν2

2
L2(d + 3)3 + βt

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2

+ ηtL
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
. (A57)

Setting ηt = η, βt = β and summing over t ∈ {0, . . . , T − 1}, the following holds:

1
T

T−1

∑
t=0

E
[
∥∇H(zt)λ

∗
t ∥

2
]

≤ 2(Hν(z0)λ − Hν(zT)λ)

Tη
+

∥λ0 − λ∥2 − ∥λT − λ∥2

Tβ
+

Mν2

2
L2(d + 3)3

+ β

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2

+ ηL
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
≤ 2CH

Tη
+

2
Tβ

+
Mν2

2
L2(d + 3)3 + β

(
Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)2

+ ηL
(

Mν2

2q1q2
L2(d + 6)3 +

2d + 9 + q1q2

q1q2
Ml2

)
, (A58)

where the last inequality is due to Assumption 3 and supλ,λ′∈△M∥λ − λ′∥2 ≤ 2. Thus,
Theorem 2 is proved completely.
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