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Abstract: Model-free adaptive control (MFAC) can carry out various tasks using only
I/0 data, providing advantages such as lower operational costs, higher scalability and
easier implementation. However, the robustness of MFAC remains an open problem. In
this paper, a robust fractional-order model-free adaptive control (RFOMFAC) scheme is
proposed to address the robust tracking control issue for a class of uncertain discrete-time
nonlinear systems with bounded measurement disturbance. First, we use a fractional-
order dynamic data model relating the relationship between the output signal and the
fractional-order input variables based on the compact form dynamic linearization. Then,
the pseudo-partial derivative (PPD) is obtained using a higher-order estimation algorithm
that includes more information about past input and output data. With the introduction
of a reference equation, a fractional-order model-free adaptive control (FOMFAC) law is
then proposed. Consequently, using a higher-order PPD-based FOMFAC law can improve
the control performance. Furthermore, a modified RFOMFAC algorithm with decreasing
gain is constructed. Theoretical analysis indicates that the proposed algorithm can effec-
tively attenuate measurement disturbances. Finally, simulation results demonstrate the
effectiveness of the proposed method.

Keywords: model-free adaptive control; fractional order; robust; discrete-time system

MSC: 93D21

1. Introduction

Model-free adaptive control (MFAC) and data-driven control approaches focus on
designing controllers using only the input/output data of the controlled system. These
methods do not require the specific dynamic characteristics of the control system [1].
Thanks to its fewer identification parameters and wide range of application background,
MFAC plays an important role in many fields and applications [2—4].

Using a concept called the pseudo-partial derivative (PPD), a series of equivalent
dynamical linearized time-varying models are built along the dynamic operation points
of the controlled plant. Generally, the dynamic linearization method includes three main
forms: compact form dynamic linearization (CFDL), partial form dynamic linearization
(PFDL), and full form dynamic linearization (FFDL). Using the CFDL technique, the MFAC-
based consensus tracking scheme for multi-agent systems was proposed in [5]. Considering
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the PFDL technique in case of multiple-variable systems, an improved model-free adaptive
predictive control approach with application to vibration reduction of an elastic crane
was developed in [6]. In [7], FFDL-based MFAC was investigated in a specific moving-
mass controlled flying robot system. A high-order estimation algorithm was designed
in [8,9] to estimate the value of PPD. An improved high-order MFAC method was proposed
in [10], which considers more control knowledge from the previous time and uses more
information from the previous time in the estimation algorithm.

Fractional-order MFAC (FOMFAC) is an attractive technique that has gained consid-
erable interest in recent years. In [11], an FOMFAC algorithm was proposed based on
the obtained fractional-order data-driven equivalent model. In [12], the inherent memory
properties of fractional-order operators were considered in producing a discrete-time equiv-
alent input-output data model, and the fractional PPD was computed to emulate networks
by means of fuzzy rules. An event-triggered model-free adaptive fractional-order sliding
mode controller was designed in [13]. In [14], the authors designed a fractional-order
data-driven sliding mode controller for nonlinear systems. All parameters in the proposed
controller were optimized using an artificial neural network.

Input/output data may suffer from external disturbances [15] or data dropout. Hence,
it is interesting to investigate the robust performance of the MFAC algorithm. In [16], the
authors presented a robust MFAC algorithm for a class of unknown MIMO systems with
measurement noise. An adaptive decreasing factor was introduced to attenuate the effect
of noise on performance, resulting in improved robustness of the algorithm. In [17], a
data-driven MFAC law was designed for a mobile manipulator, with a radial basis function
neural network (RBFNN) applied to approximate uncertainties in the data model. The
problem of MFAC for the class of non-affine nonlinear systems with fading measurements
was investigated in [18]. In [19], a data-driven control algorithm was presented by coupling
MFAC and sliding mode control, with the aim of strengthening standard techniques in
the presence of a class of output-dependent perturbations. An event-triggered MFAC
problem for nonlinear networked control systems with presence of sensor faults and denial-
of-service attacks was investigated in [2]. PID-like MFAC with discrete extended state
observer was proposed in [20], with the external disturbance being rebuilt in order to
reduce the influence of disturbance on PPD.

These observations motivate our current study. We present a novel MFAC approach.
The main contributions of this paper mainly include two aspects:

1.  Based on the CFDL technique, we use a fractional-order data-driven equivalent model
and a high-order algorithm for PPD estimation to indirectly take advantage of more
input and output data.

2. We propose a modified robust FOMFAC algorithm with variable gain, with the aim of
attenuating the measurement disturbance.

The rest of this paper is organized as follows: some preliminaries and problem formu-
lation are presented in Section 2; the robust FOMFAC algorithm and theoretical analysis
are derived in Section 3; Section 4 provides numerical simulations to illustrate the validity
of the design method; finally, our conclusions are drawn in Section 5.

Throughout this paper, R denotes the real number space, N represents the set of
non-negative integers, and N means the set of positive integers.

2. System Description

Consider the following SISO discrete-time nonlinear system:

y(k+1) = f(ky(k),...,y(k —ny),u(k),..., ulk—ny)) (1)
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where u(k) € R is the control input, y(k) € R is the system output at time instant k, and
ny,ny € N are two unknown integers.

Definition 1 ([11]). The fractional-order difference operator for u(k) is defined as
min(k,N)
Auk)y=Y w(i,a)u(k—i), )
i=0

where a € (0,1) is the fractional order, N € N is the buffer size, and

w(i,a) = (l— 1—;(1)7/0(1‘—1,61), (3)

with w(0,a) = 1 as the fractional binomial coefficient.

Remark 1. It can be seen that when a = 0, Au®(k) = u(k), while when a = 1, Au'(k) =
u(k) — u(k — 1) degenerates to the conventional integer-order cases.

The following assumptions are needed for System (1).
Assumption 1. The partial derivative of f(-,-,-,-) is continuous for the control input u(k).

Assumption 2. There exist positive constants up; and yyp such that |A*u(k)| < up and
Y| < ym-

Assumption 3. For Y k, System (1) satisfies the Lipschitz condition
[Ay(k+1)| < b|A"u(k)| 4)
for |A%u(k)| # 0, where Ay(k+1) = y(k+ 1) — y(k), b > 0 is a Lipschitz constant.

The objective of this paper is to design a data-driven robust FOMFAC law u(k) for the
nonlinear System (1) such that the tracking error e(k) = y,(k) — y(k) is uniformly bounded,
with y, (k) as the desired trajectory.

By virtue of the third assumption, the nonlinear System (1) can be expressed by the
following fractional-order dynamic data model [11]:

Ay(k+1) = ¢p(k)A"u(k) )

where ¢(k) is a time-varying function. This function is called the fractional pseudo-partial
derivative (FPPD), and satisfies |¢(k)| < b. In this way, the robust FOMFAC law design
problem is transformed into the design problem of A%u (k).

3. Robust Fractional-Order Model-Free Adaptive Controller Design
3.1. PPD Parameter Estimation Algorithm

Because ¢(k) in model (5) is unknown, a high-order estimation algorithm is needed
to obtain the estimated value of ¢(k). Therefore, the following cost function for parameter
estimation is used:

J(@(K)) = [Ay(k) — p(k)A"u(k — 1) + p|gp (k) — i ajp(k — ) (6)
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where m € N* is the high-order degree, «; are weighting coefficients with Z]m:1 aj =1, and
u > 0is a penalty factor.

By calculating 9] (¢(k))/o¢(k) = 0, the high-order PPD parameter estimation algo-
rithm is expressed by

ay(k —1)2 moaid(k—j
H06) = Au(k—1)°Ay(k) | M1 Yty aj(k —j)

- , )
p Atk =1t Atk - 1)

where 7 is the step-size factor [21].

Remark 2. Compared with the first-order estimation algorithm [4—7], the parameter adaptive
estimation law (7) is a high-order algorithm which can enhance the control performance by uti-
lizing more historical data [8-10]. Although high-order algorithms imply more storage units
and more computing complexity, there is a tradeoff between improved control performance and
resource requirements.

Remark 3. At the first time, an initial value needs to be assigned to ¢(1). Because the calculation
of ¢ (k) relies on the previous m instances, it can only be computed when k > m. Therefore, the
HOPPD parameter estimation algorithm (7) is only applied for k > m.

Remark 4. Here, &« = (a1, ap,. .., 0y represents the weights of the parameters estimated at the
previous time. In general, these weights can be set as xq > ap > - -+ > .

The stability of the sequence {¢(k)} is stated in the following.

Remark 5. In order to guarantee the well-posedness of the control scheme for all time instants, the
following resetting algorithm is suggested:

P(k) = (1), if P(k) <e or

Au(k — 1)‘ <e £>0. ®)

3.2. FOMFAC Law Design
The dynamic equation in terms of the tracking error e(k) = y;(k) — y(k) becomes

e(k+1) = e(k)—¢(k)A"u(k) + Ays(k+1). )
Consider the reference equation
e(k+1) = (1—cy)e(k), (10)

where ¢1 € (0,2). From (9) and (10), the controller can be solved from

e(k) — ¢(k)A"u(k) + Ay (k+1) = (1 —cq)e(k). (11)
Therefore,
Au(k) = — (cre(k) — Ayalc+1)). (12)
¢ (k)

Note that ¢(k) is unknown and cannot be used directly. The inverse of ¢(k) can be

approximated by % for A > 0, yielding the controller

0y — P _

Au(k) = 0 (cle(k) Aya(k + 1)), (13)
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that s,
o min(k,N)
u(k) = /\fg{z)(k) (cle(k) — Ayy(k+ 1)) - 1:21 w(i,a)u(k —i). (14)

Summarizing, the HOPPD-based FOMFAC algorithm is provided by (15).

2 YT A u(k—1)[Ay (k) —p(k—1)Au(k—1)]

con  Au(k—1)Ay(k) | P1E ap(k—))
Pk) = perlATu (k=1 T At (k-1)] 7

k>m
(15)

b(k) = $(1),if p(k) < e or |A%u(k — 1)‘ <e >0,

bk in(k,N) . .
u(k) = % (c1e(k) — Ayg(k + 1)) - E?;T( ) w(i,a)u(k —1)
Remark 6. In comparison with the existing FOMFAC law in [11,12], our novel controller incorpo-
rates more historical input and output data, enriching the gain parameters by involving ¢ (k) due to
the inclusion of fractional-order and high-order algorithms.

Remark 7. In the HOPPD-based FOMFAC algorithm provided in (15), larger values of A and
u mean a faster convergence; however, overshooting may occur as a tradeoff, while smaller values
of i indicate faster convergence [10]. In addition, if the control knowledge is close to the current
iteration, its weight coefficient may be large, and vice versa; therefore, it is generally possible to select
ny > g > -+ > oy for the algorithm of order m. The HOPPD-based FOMFAC algorithm (15)
contains some parameters that affect the control performance. It can be optimized, for instance by
using particle swarm optimization, which is a significant topic for future research.

3.3. Robust Stability Analysis

In many industrial environments, the system output is can be contaminated by mea-
surement disturbances. Therefore, the measurement output can be rewritten as

Yo(k) = y(k) + w(k), (16)

where y, (k) is the measurement output and w(k) is the measurement disturbance. In this
case, the corresponding HOPPD-based RFOMFAC algorithm is described as follows:

P _oa 1A u(k—1)[Ayo (k) —p(k—1)A"u(k—1)]
Bl = plk—1) + pRTCre: , 2<k<m
N Au(k—1)Ay,(k) | M1y ap(k—) k> m

(k) = pit | A (k—1) 2 pt At (e—1)* 7
(17)

$(k) = $(1),if (k) < e or |A™u(k — 1)( <e >0,

u(k) = 728 (o1 (va (k) = vo(k) = Aya(k+ 1)) = £ (i, ayulk — ).

The following lemma is developed first.

Lemma 1. For the nonlinear System (5), if Assumptions 1-3 hold, then ¢ (k) in (17) is uniformly
ultimately bounded ¥ k with y > 0, € (0,1], and Z}":l aj = 1.
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Proof. When?2 < k < m,
S e
From the assumptions on System (1), we have
()

whenever |A%u(k — 1)Ay,(k)| < oo since 0 < p < u+ |A"u(k —1)|?. According to
Assumptions 2 and 3, we have

[A%1(k = 1)Ayo (k)| < (b+2b0)|Au(k = 1) (20)
Consequently,

Au(k —1)Ay,(k b|A*u(k —1)?

)| <

A Ak —1)2| — u+ |A%u(k—1)|? < (042b0) < eo. @1
If we choose 4 > 0, 7 € (0,1], then
AU (k—1)% < A" (k —1) < pu+ Au?(k— 1), (22)
which leads to Ak 112
0< ‘1—;7VL|ZH(u(;_)|1)|2 <1 (23)

From (18), (21), and (23), we can conclude that cf)(k) is uniformly ultimately bounded.
When k > m, by taking the absolute value on both sides, we obtain from ¢(k) in (17)

that
) Au(k — 1) Ay, (k)| |y ajdp(k — )

k 24
S PN M PET) R PE PP Y

Atk =P [

< (b+2by) + 11— Bk —
< (b+2by)+7 3 zx]rf)(k—j)‘. (25)

j=1

As the boundedness of };; j¢(k — ) has already been demonstrated, $(k) is uni-

formly ultimately bounded and the proof is completed. [

Theorem 1. For the nonlinear System (1) with Assumptions 1-3 and using the HOPPD-based
c2p?

FOMFAC algorithm (17), if y > 0, n € (0,1], and A > -4, then the tracking error e(k) is
uniformly ultimately bounded.

Proof. We define the measurement error ¢,(k) = y;(k) — y,(k). From (5), (13), and (16),
we have

a0 (k) _aglk)
Au(k) = meo(k) T 5 (e(k) —w(k)). (26)
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Substituting the control input (26) into (9), we have
c1¢p (k) (k) c1p (k) (k)
k+1) = |1-—F-|elk) + ———w(k). 27
e(k+1) { /\+¢2(k)}e()+ A+ 2 “W @7
Because A > % > w, we have
c1p (k) (k)
O0<di £ —/—5~F-<dry <L 28
1S e = (28)
Thus, (27) yields
e(k+1)] < (1—dy)le(k)] +daby
< (1=di)?le(k = 1)| + (1 — d1)dabe + dabe (29)
< (L =d)¥e(D)] + (1 —d1)*dabe
+ -+ (1 —dqy)doby + daby,
which implies that
. d2bw bw
< = —_.
lim fe(k)| < 5L S (30)
The proof is completed. [
3.4. FOMFAC with Variable Gain
The modified FOMFAC algorithm with variable gain is constructed as follows:
) — a9 (k) (@) -

A+ §2(k) k+1

Theorem 2. For the nonlinear System (1) under the FOMFAC law (31), if the conditions in
Theorem 1 are satisfied, then the tracking error e(k) satisfies klg{)lo e(k) =0,

Proof. From (5), (13), and (31), we have

o o agk) elk)  wk)
Afu(k) = /\-|1-qS2(k)<k+l_k+l)' (32)

Substituting the control input (31) into (9), we have

~ ~

o apld® . aplpE)
W) = [ G e O G g ne® @

Because
0<dlgc“¢’+(k)"3(k):9(k)gd2<1, (34)

from (33) we have
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d d
le(k+1)] < (1—k+11)|e(k)y+k+—21bw
d] dl dl dZ dew
= (1_k+1)<1_?)|e(k_1)|+(1_k+1)?w k+1 (35)
dq dq dq dy 4
= (1_k+1)<1_?) ~ (1 —=d)[e(0)] + [(1_k+1>(1_?) ~(1-3)
dl dl 1 dl 1
* ”+(1_k+1)(1_?>k—1+<1_k+1)E+k+1}d2b
Clearly, there exists a positive constant ¢ such that
dy dy
0<<§§k+1 ?<~~<d1<1 (36)
and
d
1—dy <--- . k+117 <1 (37)
It follows from (35) and (37) that
1 _ 1
etk + D] < (1= e+ [(1 =) + 50 =0 44 L1 =0 + g b (38)
For given k, if k is even, then
1 _
etk+ D] < (1= e(0)] +dabo | (1-8)F + 51— )
1
1 _ (k/2)+1
1 1 1
- 1=z
My e U A1 Gl O ar ]
1 1
< 0= O] +dabu(1 = H (14 5+ -+ 75
1
= =2 ...
+ b [0 4 =)+ ]
< (1= 0% (je(O)] + Sdaby) + daby o - 1 (39)
which implies that klim le(k)| = 0.
—00
Similarly, if k is odd, then we have
1 _
le(k+1)] < (1—=8)*e(0)] + dabu [(1 —Of -0t
1 1
_ukn/2y 2 (1 = o\ ((1)/2)-1
SRR o sy AUt 2 M (g sy g A Ol
1 1
+ E(l -¢)+ m}
1 1
< (1- )(k+1)/2|e(0)| + doby (1 — é,‘)(k+1)/2 (1 + 5 Lot W)
1
- |1 -—alk)/2)-1 _
+ dzbw((k+l)/2)+l[(1 ) oot (1) +1]
k+1 1 1
< (1=)®D2(je(0)] + S —daby) by 2 T (40)
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which also implies that klim le(k)| = 0. The proof is completed. O
—00

4. Application to Speed Control of DC Motor System

In this section, we apply the proposed RFOMFAC algorithm to the speed control of a
DC motor system, which we selected from [22] to validate the effectiveness of our algorithm.

Example 1. The schematic diagram of the DC motor is illustrated in Figure 1. The dynamics of the
DC motor are as follows:

di, .
Uy = Lud—: +i,R, + E, (41)
W (t
jeon® _ g gy @)

dt
where u,, i, Ry, and L, are the voltage, current, resistance, and inductance of the armature,
respectively, E; = Cowp (t) represents the potential of the armature, T, = Ceig, Ce, Wy, and Ty
represent the torque, coefficient of potential, rotation speed, and load torque, respectively, and |
stands for the total value of the moment of the inertia converted into the motor axis. The relevant
parameters are set as L, = 0.01 H, R, = 1.20 ), C, = 0.3 Nm/A2, J = 0.208 kg~m2, and
T; = 18 Nm.

+
if
L, R,
-0 Y YN
I
iq —
Uq E, i }-“-)"l -|Load| Jm
+

+ O

Figure 1. Schematic diagram of the DC motor.

The transfer function of the DC motor speed relative to the input voltage is [22]

Wi () 1.6338
H(s) = = . 43
(5) = %a(s) ~ 00065052 1 030235 11 (43)
Therefore, the difference equation of the DC motor is
y(k+1) = 0.3902u(k) + 0.09525u(k — 1) 4+ 0.7125y (k) — 0.009554y (k — 1), (44)

where y(k) and u(k) are the DC motor speed and the input voltage, respectively.
The reference DC motor speed is

1, 0<k<40,
va(k) =42 40 <k <80, (45)
1.5, 80 < k < 120.

The initial conditions are u(—1) = u(0) = 0, y(—1) = y(0) = —0.20, and ¢ = 1075,
while the controller parameters are A = 0.2, 0 = 0.1, y = 0.02, ¢y = 0.8, and 7 = 0.7. The
predefined number is fixed at L = 100. The fractional order is set as n = 0.8. The high-order
estimation is configured with m = 3, and the weighting coefficients are &1 = 0.45, x; = 0.45,
and a3 = 0.1. The high-order estimation algorithm commences at k = 4. The initial PPD is
uniformly set as ¢(1) = 2 for all controllers.
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The simulation results are shown in Figure 2. The results illustrate the tracking
performance of different controllers in response to the given reference signal for the ideal
case (w(k) = 0). It can be seen that the system output has bounded stability. Compared with
the traditional FOMFAC method [19], the proposed HOPPD-based RFOMFAC algorithm
has a faster response speed.

2.5

n
T
4

Tracking

1 — yd
]
0.5 1 Jf - -+ FOMFAC

! — REOMFAC

0 20 40 60 80 100 120
Time (k)

Figure 2. System output under different controllers.

To test the robustness of the proposed HOPPD-based RFOMFAC algorithm, the
measurement disturbance w(k) = 0.1xrand (1, 10) was added. The resulting system
contains changes in the desired output. The tracking performance results are shown in
Figures 3 and 4. In the proposed HOPPD-based RFOMFAC algorithm, the parameter
estimation response curves of the PPD are displayed in Figure 5. It can be observed that
the PPD estimator adjusts the estimation values under different situations. Figure 6 shows
the control input.

2.5
i M

— yd
0.5 — FOMFAC
—— RFOMFAC

Tracking

0 20 40 60 80 100 120
Time (k)

Figure 3. System output under different controllers with measurement disturbance.

1

08 — FOMFAC
—— RFOMFAC

0.6 H

0.4

e(k)

0.2

0

-02

-04 |

-0.6

0 20 40 60 80 100 120
Time (k)

Figure 4. Tracking error with measurement disturbance.
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0.5 F

0 20 40 60 80 100 120
Time (k)

Figure 5. Parameter estimation response of PPD.

1.5

09

u(k)

06 |

03

0 20 40 60 80 100 120
Time (k)

Figure 6. Control input u(k).

Table 1 presents the comparison results of the sum square error (SSE) and sum square
control (SSC) for the different controllers. It can be observed that the system outputs
possess bounded stability even under the effect of measurement disturbance. However,
better system control performance can be obtained under the proposed HOPPD-based
RFOMFAC algorithm, which shortens the response time and reduces the tracking error.

Table 1. Comparison of SSE and SSC with different controllers.

CONTROLLER SSE SSC
FOMFAC [11] 31.3524 1.8514
RFOMFAC 30.5291 1.3573

5. Conclusions

This paper considers a HOPPD-based REOMFAC algorithm for a class of uncertain
discrete-time nonlinear systems. A fractional-order dynamic data model is used to express
the discrete-time nonlinear systems, then a high-order estimation algorithm is applied to
obtain the estimated PPD value. By considering the desired reference equation and the
HOPPD-based RFOMFAC law, a robust stability analysis can be presented. Furthermore,
to account for outputs with measurement disturbances, a modified RFOMFAC algorithm
with variable gain is constructed to investigate the influence of such disturbances. Results
demonstrate that the robust stability of the algorithm can be guaranteed. We applied our
proposed RFOMFAC algorithm to the speed control of a DC motor system in order to
validate its effectiveness. It is worth noting that the parameters of the controller can be
optimized to accomplish specific real objectives or to achieve further experimental results,
which are the objects of our future research work.
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