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an algorithm for computing the ideals associated with some Py, (S)-monoids. These are
the key to studying some factorization properties of Py, (S)-monoids and some additive
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1. Introduction

Additive number theory is the subfield of number theory that is concerned with the
study of subsets of integers and their behaviour under addition. More abstractly, the
field of additive number theory includes the analysis of abelian groups and commutative
monoids with an operation of addition (see [1] and the references therein). Some of the
main objects of this study are (i) the sumset of two subsets, A and B, in an abelian group
G, A+B={a+b|aec Abec B}, and (ii) to determine the structure and properties of
the h-fold sumset hA when the set A is known. There is a beautiful and straightforward
solution to the direct problem of describing the structure of the h-fold sumset #A for any
finite set A of integers and for all sufficiently large & (see [2] (Theorem 1.1)). This result has
implications for the study of Weierstrass semigroups, such as shown in [3]. In an inverse
problem, we start with the sumset 1A and try to deduce information about the underlying
set A. A reference for inverse problems can be found in [4] (Chapter 5).

A numerical monoid S (also called numerical semigroup) is an additive submonoid of
N whose greatest common divisor is equal to 1, or equivalently, N \ S is finite [5]. Here, we
consider the commutative monoid whose elements are the finite non-empty subsets of S,
denoted by (P, (S), +) with + the operation defined as before. This monoid is the power
monoid of S (see [6,7], and the references therein). A submonoid of the power monoid
(Ptin (S)-monoid) is a monoid generated by a finite number of elements of Py, (S). By [8],
these monoids are atomic reduced monoids with finite elasticity.

In general, it is well known that finitely generated monoids are finitely presented
(see [9]). That is, there exists p € N and a congruence ¢ in N¥ x N? such that the monoid S
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is isomorphic to N? /. Equivalently, there exists a binomial ideal I5 in the polynomial ring
k[x1,...,xp] such that S is isomorphic to the set of monomials in k[xy, ..., xp]/Is with the
product operation. The presentation of S (or a system of generators of the monoid ideal I5)
provides us with a way to obtain the expressions of an element of the monoid in terms of its
generators. This computation can be performed with Grobner bases and related techniques.
For instance, particularizing these techniques on Py, (S)-monoids, given A C N a finite
subset, we could check whether the h-fold of any A can be expressed as a sumset of other
elements. Hence, a bridge between computational commutative algebra and additive
number theory is constructed by using these techniques. In this context, Theorem 3 and
Theorem 4 are the first bricks of this link. In this work, we give the ideals of some families
of Pgin (S)-monoids.

We also introduce a new Python library [10] that includes an implementation of our
algorithms and the examples that illustrate it.

The work is organized as follows. In Section 2, we present some definitions and results
on Grobner bases. In Section 3, we introduce the Py, (S)-monoids and study some of their
properties. In Sections 4 and 5, by using algebraic commutative algebra tools, we study the
ideals of some families of Pgy, (S)-monoids, thereby allowing us to introduce Algorithm 1
and provide some examples.

2. Some Results on Commutative Algebra

For a field k and a set of indeterminates X = {xy,...,x;}, the polynomial ring k[X] =
k[xq,...,x¢] is the set of polynomials in {xi,...,x;} with coefficients in k; that is, the set
(X apxt - xt [meN, a; €k ay,...,a; € N}. We denote by X* the monomial x}* - - - x},
witha = (ay,...,a;) € N In this work, some results use Grébner basis theory and the elimina-
tion theorem. The necessary background can be found in [11] (§2 and §3) but is also provided
here so that the present work is self-contained.

It is well known that any ideal in a polynomial ring is finitely generated. In particular,
a special generating set is associated with the ideals, namely a Grobner basis. This concept
depends on the election of an order on the monomials. A monomial order < on k[X] is a
multiplicative total order on the set of monomials if for each two monomials X*, Xf such
that X* < XP, then X*X7 < XPXY for every monomial X7.

For a fixed monomial order < on k[X], In-(I) denotes the set of leading terms of
non-zero elements of I, and (In-(I)) the monomial ideal generated by In~ (I). A subset G
of I is a Grobner basis of I if (In4(I)) = ({In<(g) | § € G}), where InL(g) is the leading
term of g. An algorithm for computing a Grobner basis for [ is given in [11] (Chapter 2, §7).
It is also well known that Grobner bases of binomial ideals are sets of binomials.

Given two polynomials f and g, their S-polynomial is defined by S(f,g) = % f-
I rfj((;) g, where aX* is the least common multiple of In- (f) and In< (g). Also, for k non-zero

polynomials fi, ..., fy, we say that S(f;, f;) = Xf:l g1 f1 has an Icm representation if the least
common multiple of the monomial leaders of f; and f; is bigger than In<(g; f;) (respect <)
whenever g;f; # 0. Thus, we obtain another equivalent definition of a Grobner basis.

Theorem 1 ([11] (Chapter 2, §9, Theorem 6)). A basis {f1,... fx} of an ideal I is a Grébner
basis if and only if for every i # j, the S-polynomial S(f;, f;) has an lcm representation.

The above theorem allows us to prove the following result. We use this lemma in the
following sections.
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Lemma 1. Let I C k[X,Y]|and | C k[Z,X,Y] be two binomial ideals with | generated by
G ={z1— My,...,zt — My}, where each M; is a monomial in k[X, Y]. Fix < a monomial order
on k[Z, X, Y] such that xj, yx < zj, for every x;j,yi and z;. Then, the union of G and a Grobner
basis of I respect < is a Grébner basis of 1 + | respect <. Moreover, if a binomial L — T belongs to
(I+])Nk[X,Y] then L—T € L

Proof. Note that G is a Grobner basis of | respect <, and consider G’ = {g1,...,gn} C
k[X, Y] a Grobner basis of I. Thus, S(f, f') and S(g,¢’) have an Icm representation for
every f,f' € Gand g,¢' € G'. Let L — T be a binomial in G/, z; — M; € G, and assume
L > T.Hence, S(z; — M;,L—T) = L(zj — M;) —z;(L—T) = T(z; — M;) — M;(L — T); that
is to say, S(z; — M;, L — T) has an lcm representation. Therefore, G U G’ is a Grobner basis
of [ +].

Considerany L — T € [ 4+ Jwith L — T € k[X, Y]. By [11] (Chapter 2, §3, Theorem 3)
and [11] (Chapter 2, §6, Corollary 2), we have that L — T = Z?:l figi, withIn (L —T) =
In<(figi), fori=1,...,h. Hence, every f; belongs to k[X,Y]. O

A method for computing the ideal I N k[x;;1,...,x¢] (for t > [ > 1) is called the
elimination theorem .

Theorem 2 ([11] (Chapter 3)). Let I C k[xq,...,x¢] be an ideal and G be a Grébner basis of
I with respect to lexicographical order where x1 > xp > --- > x;. Then, for every 0 < I <
t, the set G N K[x;11,...,x¢] is a generating set of the ideal I NK[x;y1,...,x¢]. Furthermore,
GNXK[x14q,...,x¢] is a Grobner basis of I N k[x;, 1, ..., x¢].

We introduce the monoid ideal as an important object in this work. Recall that a
monoid is a non-empty set equipped with an associative binary operation (denoted by +),
and an identity element. In this work, we assume that all our monoids are commutative. A
monoid S is finitely generated when there exists a finite set A = {ay,...,4;} C S such that
S=(A):={aja1+ -+ | a1,...,0; € N}. For a field k, S has associated the binomial
ideal in k[xq, ..., x¢],

Is = <{Xﬂf — XP | ilxiﬂi = iﬁiai,withtx = (ar,.,0),B=(B1,---,Bt) € Nt)}>'
i=1 -

i=1

This ideal is usually called the monoid ideal (or semigroup ideal) of S, and it plays
an essential role in studying some properties of monoids [12]. Note that if X* — Xf € I,
then « and 8 are two factorizations of the same element of S. Therefore, Is codifies the
relationships among the elements of S. For example, the semigroup (3,5, 7) is associated
with the ideal (y” — 2%, xz — y?, xy° — z*, x%y® — 23

relationship for each binomial. The interpretation of this ideal is straightforward; for
4

,x3y — 22, x* — yz) which shows us one
example, the fact that xy° — z* is in it means that the first generator plus five times the
second one is the same as four times the third generator. In other words, the monomial z* is
identified by xy°. Associated with these ideals, we have the lattice M of Z' generated by the
elements {a — B | X¥ — XP € Is} C Z*. Inour previous example, the lattice is generated by
the elements of {(0,7,-5),(1,-2,1),(1,5,—4),(2,3,-3),(3,1,-2),(4,—1,—1)}. We say
that I5 is strongly reduced whenever M N N! = {0} (this concept was introduced in [13]).
Define Zy, the finitely generated cancellative submonoid of N x N, all of whose elements
(a, B) verify &« — B € M. Note that Z; is a Krull monoid [14]. Let .A(Z)) be the minimal
system of generators of 7). This minimal generating set can be computed by performing
the following steps:
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1.  Compute a system of linear homogeneous equations Ax = 0 of M from its system of
generators [15] (Chapter 2).

2. The Hilbert basis of (A| — A)(x,y) = 0is the set A(Zys). That basis can be computed
by using [16].

In [5], readers can find some algorithms for computing the ideals of numerical monoids.

3. Some Properties of P, (S)-Monoids

We start this section by recalling some standard definitions in monoid theory. Assume
S is a commutative monoid, S is cancellative if x + z = y + z for some x,y,z € S, implies
x = y. Anelement x € Sis a unit if x +y = 0 for some y € S. The set of units of S is
denoted by U(S). When SN (—S) = {0}, S is named reduced. An atom in S is any non-unit
x € S such that there do not exist two non-units y,z € S with x = y + z. The monoid is
atomic if S\ U(S) is generated by its atoms. The set of atoms of S is denoted by A(S).

From now on, S is a numerical monoid, and let Py, (S) be the set whose elements
are the finite non-empty subsets of S; that is, the power monoid of S. Recall that on
Pein(S), the binary operation + is defined as A+ B = {a+0b | a € A,b € B} for all
A,B € Pgn(S). Since S is commutative and asociative, with 0 being its identity element,
the pair (Pgn (S), +) is a commutative monoid and {0} is its identity element. Every finitely
generated submonoid of (P, (S), +) is called a Py, (S)-monoid. If A € P, (S) and w € N,
denote by aA the sumset Y1 ; A, and a - A is defined as {aa | @ € A}. For example,
{1,3} +{1,2,3} = {2,3,4,5,6}, and 2{1,2,4,5} = {2,3,4,5,6,7,8,9,10}, illustrate the
results of the previous operations.

The power monoid Py, (N) satisfies the following interesting properties studied in [17]:
e itis non-cancellative, for example {1,3} + {1,2,3} = {1,2,3} + {1,2,3};
e itis areduced monoid;
e itis not torsion-free, for example 2{1,2,4,5} = 2{1,2,3,4,5};
*  Pgn(N) is atomic and BF-monoid. Moreover, its submonoids are also BF-monoids.

The operation # A has useful properties in this work. We show some of them in the
following lemma.

Lemma 2. Let A, B be in Pg,(S) and a, B € N; then

1. «a(BA) = (ap)A;
2. wa(A+B)=aA+aB.

Let S be a P, (S)-monoid minimally generated by {A1,..., A¢}. By definition, the
elasticity of a non-unit A € Sis p(A) = sup {m/n | Faq,...,am,b1,...,by € A(S) with
A=Y"a; =Y, bi} ; that is, it measures how far an element is from having all its
factorizations be of the same length (see [18]). The elasticity of S is defined as p(S) =
sup{p(A) | A € S\ {0}}. If there is an element in the monoid whose elasticity “reaches”
that of the whole monoid, we say that the monoid has accepted elasticity.

Recall that the ideal associated with S is

Is = <{X“ — xP | itxiAi = iﬁ1A1}> C k[xl,...,xt].
i=1 i=1
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This ideal is strongly reduced. In the other case, let « € M NN be a non-zero
element; thus, there exists € Nf such that X**f — Xf = XP(X* — 1) € Is, and then
(e + Bi)A; = X!, BiA;. Therefore, max Y\ (a; + B;)A; = Yi_; (@ + B;) max A; >
Y!_ | Bimax A; = maxY:_; B;A;, which it is not possible. Hence, M N N is {0}.
Since I; is strongly reduced, we have that S is an atomic reduced monoid with finite
elasticity (see Theorem 15 in [8]). Moreover,

t

p(S) = maX{ = ;i | (a,B) € A(Im)}- 1)

i=1 Pi

Any finite subset A = {17 < --- < a,} C N canbe expressed as A = {a1} + {0,a, —
ai,...,an —ay }, where A denotes the set {0,a> — ay,...,a, —a; }. Note that the monoid S =
(A1,..., Ap), with A; = {ay < --- < agy,}, is a submonoid of ({a11},..., {an}, Ay, ... A,
Trivially, the monoid ({a11},...,{a1;}) is isomorphic to the monoid (ajy,...,ay;); thus

Liay,.a) = Ligan},o o)

Proposition 1. For every S = {{a1},...,{as}, A1,..., A}, with a; # 0 and min A; = 0, we
have Is = Lig, o+ 1ia, 4,y Where Ly oy CKlx1,..,xs]and Iz 2y CKlyr,...,yi-

Proof. Trivially, I(ul,...,us>/ I(Al,..‘,At) C IS~'

Let X¥YP — X7Y° € I5, then Y5y ai{a;} + X BiAi = Y5y vi{ai} + X, 6 A;. Since
min A; = 0, we then have Y5_; a;{a;} = Y5, 7i{a;}, and Y!_, B;A; = Y!_, 6;A;. That is
tosay, X" — X7 € Ijp, oy, and YP —Y® € I 5 . Note that X*YP — X7Y* = YF(X* —
X))+ XV (YP-Y%) € Lay,nsy + 14y, 4y C K[x1,...xs,y1...,yt). O

Since the monoid (a3, ..., 4s) is isomorphic to a numerical monoid, there exist algo-
rithms for computing I\, .. Thus, to compute a presentation of S, we need an algorithm
to calculate I\, 7. In the next sections, we provide results for computing the ideals of
some families of Py, (S)-monoids.

4. Monoid Ideals of a Fundamental Family of Py, (S)-Monoids

In this section, we explicitly give the ideal associated with the Py, (S)-monoid gener-
ated by the elements {0, ka} and {0,kb}, where a < b are two positive co-prime integers,
and k € N'\ {0}. These monoids are key to provide an algorithm to compute the monoid
ideals of more types of Pgy,(S)-monoids. Consider that S is a numerical monoid with
a,besS.

Fix a < b as two positive co-prime integers and k € N\ {0}, and consider the
monoid S = (ka, kb) C N and the P, (S)-monoid S minimally generated by {0,ka} and
{0,kb}. We prove that Iz C k[x, y] is a principal ideal providing its generator. Note that
;Clz= (xP —y2).

Lemma 3. Set x*yP — x7y° € I\ {0}. Then, a # vy, p # Sand a fpy 6 > 1.

Proof. Note that, since f = x*yf — x7y° € I5, a{0,ka} + {0,kb} = 7{0,ka} + 5{0,kb}.

Suppose &« = v, then, we have aka + pkb = max {a{0,ka} + p{0,kb}} =
max {a{0,ka} + 6{0,kb}} = aka + kb, and B = 4. Since f # 0, this is not possible,
and therefore, & # <. Analogously, it can be proved that § # 4.
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Suppose a = 0; then, we have kb = min {${0,kb} \ {0}} = min {(y{0,ka} +
5{0,kb})\ {0} }. If v isnon-zero, then kb = min { ({0, ka} +6{0,kb})\ {0} } = ka. There-
fore, the integers <y, B, and J are zero and f = 0. Similarly, 8, y,d > 1 can be proved. O

From the previous lemma, in the sequel, we assume & > ¢ > 1, and x*yf — x7y° €
I3\ {0}. Since I3 C (x —y3),a >band s > a.

Lemma 4. If « > <y, then 6 > B. Furthermore, there exists a positive integer n such that
& =nb +yand § = na+ p.

Proof. Since x*yf —x7y° € Iz, a{0,ka} + p{0,kb} = 7{0,ka} + 5{0,kb}, and aka + kb =
max {#{0,ka} 4+ p{0,kb}} = max{y{0,ka} +6{0,kb}} = vka+ ékb. So, (6 — B)kb =
(o« —y)ka > 0. Furthermore, (x —y)/(6 —B) = b/a. Since gcd(a,b) = 1, there exist
two positive integers n and m such that « = nb + v and 6 = ma + B. From the equality
aka + Bkb = yka + 0kb, we deduce thatn = m. O

Lemma 5. Let x*yP — x7y € I\ {0}. Then, v > b—1, B > a— 1, and there is a positive
integer n € N such that x*yP — x7y? = xTyP (x™® — y").

Proof. Assume v < b — 1. Take (y + 1)ka + pkb in a{0,ka} + p{0,kb} (recall &« > 7).
For that element, there exist two integers i € [0,79] and j € [0,4] such that (v + 1)ka +
Bkb = (y —i)ka+ (5 — j)kb € ~{0,ka} + 5{0,kb}, hence (1 +i)ka = (5 — B — j)kb.
Since ged(a,b) = 1,i+1 >bandi > b—1 > 7, buti < v, which is a contradiction.
Analogously, the fact B > a — 1 can be proved.

By Lemma 4, there exists n € N\ {0} such that

xayﬁ _ x'yyé — xnb-l—'yyﬁ _ x'yyna+/3 _ x'yy,B (xnb _ yna)‘
O]

Theorem 3. Let 1 < a < b be two co-prime integers, k € N\ {0}, and S be the P (S)-monoid
({0, ka},{0,kb}). The ideal Iz C k|x,y] is principal and is generated by xP~1ya~1(xb — y2).

Proof. Observe that xP~1y2=1(xP — y2) = x?b=1ya=1 _ yb=1y2a=1" T, prove this the-
orem, we describe explicitly the sets A = (2b —1){0,ka} + (a —1){0,kb} and B =
(b —1){0,ka} + (2a — 1){0,kb} associated with the monomials x*? 1421 and xP~1y2a~1
(respectively), to achieve A = B.
Note that the first set A = (2b — 1){0,ka} + (a —1){0,kb} is equal to
{0,ka,...,(2b —1)ka} + {0,kb,...,(a—1)kb} =
—k- ({O,a,...,(Zb—l)a}U{O,b,...,(a—l)b}U
{a+Db,...,.a+(a—1)b}U{2a+Db,...,2a+(a—1)b} U---
U{(2b-1)a+b,...,(2b—1)a+ (a—l)b})
k- ({O,a,...,(b—1)a,ba,(b+1)a,...,(2b—1)a}U
{0,b,...,(a—1)b}u{a+b,...,a+(a—1)b}U---
U{(b-1)a+b,...,(b—1)a+(a—1)b}U
{ba+Db,...,ba+(a—1)b}U
{(b+1)a+b,...,(b+1)a+(a—1)b}U---
U{(2b~1)a+b,...,(2b—1)a+ (a—1)b}).
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We denote C; = {0,a,...,(b—1)a},C, = {0,b,...,(a—1)b}, G = UP"{ia+b,...,ia+
(a—1)b},Cy ={ab}U{ba+b,...,ba+ (a—1)b},Cs ={(b+1)a,...,(2b—1)a}, and
Co =U2 1 {ia+b,...,ia+ (a—1)b}. The set A is the union US_;k - C;.

The set B= (b —1){0,ka} + (2a —1){0,kb} is

{0,ka,...,(b—1)ka} + {0,kb,...,(2a — 1)kb} =
—k- ({O,a,...,(b—1)a}U{O,b,...,(a—1)b,ab,...,(2a71)b}u
{a+b,...,.a+(a—1)b,a+ab,...,a+ (2a—-1)b}U---
U{(b—1)a+b,...,(b—1)a+(a—1)b,(b—1)a+ab,...,(b—1)a+(2a—1)b})

=8 k-C.

Thus, A = B, and x?~1y2~1(xP — ) € I5.

To finish the proof, we use Lemma 5. So, v > b—1, f > a — 1, and there is
n € N\ {0} such that x*yP — x7y° = x7yP(x"™ —y"). If n = 1, then x*yf — x7y’ =
xY~bHlypatlyb—lya—l(yb _4a) n case n > 1, by factorizing the binomial x™® — y"2,
we obtain

xayﬁ _ ij/é —
x’y—b-&-lyﬁ—a-&-l (x(n—l)b + x(n—Z)by 4t xy(n—Z)a _|_y(n—1)a)xb—1ya—1(xb _ ya)‘

Inany case, Iz = (xP~1ya~1(xb —y2)). O

Corollary 1. Let ay,...,as be positive integers, and S be the Pgy,(N)-monoid generated by
{{m}, ..., {as},{0,ka}, {0,kb}}. Then,

Is = L, a0y + (P (P — ) C Kxy, .. xs, X,y
Proof. The proof comes from Proposition 1 and Theorem 3. [

5. Computing the Monoid Ideals

The aim of this section is to determine an algorithm for computing the ideals associated
with some families of submonoids of power monoids. As in the previous section, we
consider two positive co-prime integers a < b, k € N'\ {0}, the monoid S = (ka, kb), and
the power monoid S = ({0,ka}, {0,kb}).

For any two non-negative integers n and m, A, ,) denotes {aka+ kb | a €
{0,...,n}, peA{0,...,m}} =nk{0,a} +mk{0,b}.

Theorem 4. Let {(n;,m;) | n;,m; €N, nj +m; >0,i=1,...,t} beanon-empty subset of N?,
bi,...,bp,a1,...,as € N\ {0} with s < t, and consider S the Py (N)-monoid generated by

{{bl},. ey {bp}, {111} + A(nllml), ey {{15} + A(VlSrms)’A(”lemHl)” . "A(Vlt,mt>}’

and the Py (N)-monoid §" = ({b1},...,{bp},{m},...,{as}, {0,ka},{0,kb}).
Then, the ideal Is € K[x1,...,Xp,21,...,24] is

n m n Mms n mg n m
(IS/+<zl—w1x M, zg — wsxy™s, zg q — xSy Lz — XMy f>)

(k[x1,...,xp,21,...,2),

with Iy C K[x1,...,Xp, w1, ..., Ws, X, Y]
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Proof. We prove that ideal Is is an elimination ideal of I¢s + ], where | is the ideal
(z1 —wix™My™, . zg — wex" Y™, zg g — Ky Lz — Xy,

Firstly, we show that any monomials Z? and Z° can be rewritten as follows. De-

note fi = T2}, fi = Tz, ) = Tl (wdy™ )P, 8 =TT (wesy™)%,
K, :Hk (x ”kymk)ﬁk h] [T, (x"y™)%, and suppose By = dy = 0, then we have that

s—1 ) ‘ t . _ .
ZP =2t 2 = Y fioagh (P - g + Y fiagihi (2 — hl) + ginty
i=0

i=s+1

and

5 ’ il B . ot
4 _21 : Zt = Zfz+280 lﬁl 8;11) + Z fz+1glh;+1( _hi‘) + §ihs 11
i=s+1

Thus, consider F the binomial X*g5ht, ; — X7&5h! ;.
Since any binomial u" — v" is equal to (u —0) (" U204 uv" 2 40" 1), the
binomials z!' — (w;x"y™)" and zf — (x"iy™)" belong to | for every non-negative integer n
and alli = 1,...,sandj=s+1,...,
Let X*ZP — X7Z° be a binomial belonging to Iss + ], so F = X*ZP — X7Z° +q € I +],

with g € J. By Lemma 1, we have F € Ig, hence

y z{b}+2ﬁ{ﬂ}+2( (m:{0, ka}) + B;(mi{0,kb}) ) =

=1

Zy,{b}+zfs{a}+z( (ni{0, ka}) + & (mi {0, kb}) ).

Therefore,

Z l{b}+25 {u}+An,,ml + 2 ﬁl (njm;) —

i=1 i=s+1

t
;%‘{bi} + ;51‘({%} + Ay my)) ;51‘A(m,mi)'

and X*ZP — X77° € I.
Analogously, if X*ZP — X7Z° € Is, then F € Iy, and X*ZP — X7Z°% € Ig + ]. This
completes the proof. O

The above proof can also be carried out using [19] (Proposition 4). In our proof, we
employ the language of polynomials, ideals, and Grobner bases, avoiding congruences.

From Theorem 4, we obtain an algorithm (Algorithm 1) for computing the ideal of the
Pin(N)-monoid generated by

{{bl}r {bp} {al} + A (ny,mq)” {QS} + A (ns,ms)” A(nsﬂ,msﬂ)r s fA(nt,mt)}'
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Algorithm 1: Computation of Is.

Data: {{bl}r ceey {bp}, {al} + A(nlrml), e, {[ls} +
Alng ey Angsymea)r -+ Anemy) |- the generating set of S .

Result: G, a generating set of the monoid ideal of S.

begin

S« {{b1},... . {bp}, {m}, ... {as}, {0 ka}, {0, kb}};

S+ {{b1},... {bp} {m},... {as}};

G1 < a generating set of I;5,y C k[X, W];

G’ + Gy U {xP~lya=1(xP —y2)} C k[X, W, x,y], it is a generating set of Lisny
(Corollary 1);

Gy « G'U{zy —wix™y™, ..., zg — wsx"sy™s, zg g — xMsH1yMsl L 7y —
xmy™t C k[X, W, x,y,Z];

G3 < a Grobner basis of G; respect to a monomial order with x, y, w,; > x; and
X, Y, Wg > zj foreveryi=1,...,p,j=1,...,t,andq=1,...,s;

G« {X*ZP — X770 | X*ZP — X7Z° € G3}, itis a generating set (Grobner
basis) of Is;

return G;

We show how this algorithm works with an example.

Example 1. Let S be the numerical monoid generated by {3,4}, and S be the Py, (S)-monoid
generated by
{{3}, {4}, {6,12},{7,10,13},{0,3,6,9} }.

Then, from the first steps of Algorithm 1,

o & ={{38},{4}.{6},{7}.{0,3},{0,6}},
© Si={{8L{4}{6}.{7}}.

If we compute a generating set of the ideal of Sy, then we get the following one, G; = {w] —
wl, wixy — W3, WXy — W, W1X3 — W3, X3 — WI, WaX] — WXy, WIX] — WyX3, X1Xp — W, X3 —
wy }. Therefore, G' = Gy U {x(x* —y) } and G, = G' U {z1 — w1y, zp — wpx?,z5 — x°}.

Now, we compute a Grobner basis of G, with respect to the lexicographical order where
x>y >wp > x> zy for all i, j, and k, and we obtain

21 18,3 21 192 . 143 17 152 _ 17
G3 - {Zl Z3 - ZZ Z3,Zl Z2 - Z2 Z3, szZ 23 - Zl 23, x222 23 - Zl ZZ,
4 4 4 2,1 1 2,112 1
x;)_ZlZ3 - 2223, x;y_ZlZz - Zg, XZZZOZg - 21323, xZZZ ZS - 21322,
363 .9, 3,72 .9, 423 5 432 5
X222Z3 - 2123, x22223 - 2122/ X2ZZZ3 - 2123, x2Z223 - 2122,

5.2 2 2 3 3
Xp23 — Z127,X12223 — X2123, X127 — X221Z2, X12123 — ZpZ3,

3 4 4.2 2 2.2 2 2.2 3
X12122 — Zy, X1X525 — 2122, X12123 — X22523, X]2122 — X225,
2,33 3 3 2 3 2,2 ,3,3.2 3
x1x223 - 2123, x12123 - x22223, xlzlzz - xZZZ, x1x223 - Zz,

4_ .3 2.2 222 3y 2
X] — X5, Wy — X1X2, W1 — X7, Y2Z5 — X7X523,YZ12p — X]X223,

2 3.3 2 2 2 2 3 2
yzlzg - x223, yx22223 - x12123, yx22123 - 2223, yxz - xlzl,

2 2 2 2 .2 2.3
YX1X223 — 2223, YX1X22p — Zp,YX1 — Z21,Y 22 — X1X2Z3,Y 2123 — X723,
3 3 2 2 2 4
Y Z3 — Z3,X23 — Y Z3,XZp — X1X223,XZ1 — X123,XXpZ3 — X121Z2,

2 2.4 3 2 3
XX1X223 — Y2, XY — 23, X723 — YZ3,X Xy — X922, X" X1Xp — 22, X —23}.
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Finally, the output of the algorithm is

21 18,3 21 19,2 14,3 17 15,2 17
{Zl Z3 - Zz Z3’Zl Zz - ZZ Z3, szZ Z3 - Zl 23, 'XZZZ 23 - Zl Zz,

XpZi23 — 2323, X27120 — 25, x523025 — 21323, 152351 2% — 2182,

xX32823 — 2323, ¥3252% — 2720, X32323 — 2323, X32325 — 2322,

x%z% — le%, X122Z3 — X2Z123, xlz% — X2Z1Z2y, X12%Z3 - Z%Zg,, X12?Z2 - Z%,

X1X325 — 2320, X32323 — Xp2323, X3232) — X023, X3 X323 — 2323,

X3z123 — ¥32923, X32120 — X323, 33235 — 25, %] — %3 }.
Note that, since the binomial x1zpz3 — xpz12z3 € Is, {3} +{7,10,13} + {0,3,6,9} =
{4} +{6,12} +{0,3,6,9}, but {3} +{7,10,13} # {4} + {6,12}, the Pg,(S)-monoid S

is non-cancellative.

The following example introduces an algorithm to obtain an expression for an integer
set as a sum of other given integer sets, if possible. In particular, the i-fold sumset of a set
is studied.

Example 2. We now use the above presentation of S to check whether the element i{7,10,13} can
be expressed in terms of the other generators of the Pgy, (S)-monoid S. We compute the Grobner
basis with respect to the order given by the matrix

00010O0
11101
A=1]11 00 0 0 |,
01000
00100

and we obtain the set
4 3.2.33 .3 6.3 2.3 2 4.2
GA - {x1 - x2, xleZ3 - 2123, x223 - xlzlzg, leZ - x1X223,
2 3 2 52 2
X12223 — X22123,X52223 — X12123,2125 — XpZ3, X127 — X22122,
2 2.2 2.2 3 3 3.3.2
x22223 - xlzlz3, x222 - le]_Zz, Z2 - x1X2Z3 .

In Table 1, we show some elements zé that, when reduced with respect to the basis G 4, are expressed
by using only the variables x1, X, z1, and z3, and the expression of i{7,10,13} in terms of the
elements of the set {{3},{4},{6,12},{0,3,6,9} }.

Table 1. Expressions of some elements i{7,10,13} in terms of the subset of generators

{{3}, {4}, {6,12},{0,3,6,9} }.

i Reduction of z; i{7,10,13} =

3 x3x3z3 3{3} +3{4} +2{0,3,6,9}

4 x%xgzlz§ 2{3} +4{4} +1{0,6,12} +2{0,3,6,9}
5 x1x32323 1{3} +5{4} +2{0,6,12} +2{0,3,6,9}
6 x5z323 6{4} +3{6,12} +2{0,3,6,9}

7 xix3z3z3 3{3} +4{4} +4{0,6,12} +2{0,3,6,9}
8 x{x3z773 2{3} +5{4} +5{0,6,12} +2{0,3,6,9}

In general, the reduction of z, with respect to G 4 is

. i+1 1
_ +2+((i—3)mod4) .
x§2 1)mod4x2L T (( ) )le 325.
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Therefore, for every i > 3,

i{7,10,13} = ((2 — i) mod 4) {3} +

QEJ +2+ ((i —3) mod4) ) {4} + (i - 3){6,12} +2{0,3,6,9}.

4

The last examples are dedicated to study the elasticity of a P, (S)-monoid.

Example 3. Again, consider the Pgy, (S)-monoid S given in Example 1. From its ideal, we compute

a generating set of its associated lattice M,

{{0, 0,21,-18,-2},{0,1,—-17,14,2},{0,1,4,—4,0},{0,2, —13,10, 2},
{0/ 3/ _9/ 6/2}/ {O/ 4/ _5/ 2/2}/ {0/ 5/ _1/ _2/2}/ {1/ _1/ _1/ 1/ 0}/
{11 Or 3r 73/ O}/ {1r4r 72/ 71/2}1 {Zr 71/ 21 72/ 0}/ {2, 3/ 73/ 012}/

{3/ _2/ 1/ _1/ 0}/ {3/ 3/ 0/ _3/ 2}/ {4/ _3/ 0/ 0/ 0} }/

and its system of linear homogeneous equations,

Ax =

-3
—6

-4 2 1 12

820 21 )70

We already know that S is strongly reduced, but this fact is far for being clear from the above
equations. We can check it by computing its Hilbert basis with Normaliz [20]:

>>> c1=Cone(equations=[[-3,-4,2,1,12],[-6,-8,2,0,211])

>>> c1.HilbertBasis()

tl

Since the above output is the empty list, we have M N N> = {0}. The Hilbert basis of (A |

—A)(x,y) = 0 has 109 elements:

HB = {{0,1,4,0,0,0,0,0,4,0},{1,0,3,0,0,0,0,0,3,0},{0,0,0,1,0,0,0,0,1,0}, {0,0,21,0,0,0,0,0, 18,2},
{0,21,0,0,8,0,0,0,12,0}, {0,0,0,12,0,0,21,0,0,8},{0,0,1,0,0,0,0,1,0,0},{0,0,0,0,1,0,0,0,0,1},
{0,0,0,18,2,0,0,21,0,0},{1,0,0,15,2,0,0,18,0,0}, {0,1,0,14,2,0,0,17,0,0},{1,0,0,0,0,1,0,0,0,0},
{0,0,0,10,0,0,16,1,0,6},{0,1,1,0,0,1,0,0,1,0},{0,1,0,0,0,0,1,0,0,0},{0,16,1,0,6,0,0,0,10,0},
{1,15,0,0,6,0,0,0,9,0},{0,0,0,9,0,1,15,0,0,6}, {2,0,0,12,2,0,0,15,0,0}, {2,0,2,0,0,0,1,0,2,0},
{0,0,6,0,0,0,9,0,0,4},{0,0,7,0,0,1,8,0,1,4},{1,1,0,11,2,0,0,14,0,0},{0,0,18,0,0,1,0,0,15,2},
{0,0,17,0,0,0,1,0,14,2},{0,2,0,10,2,0,0,13,0,0}, {3,0,0,9,2,0,0,12,0,0},{0,0,0,8,0,0,11,2,0,4},
{2,1,0,8,2,0,0,11,0,0},{0,11,2,0,4,0,0,0,8,0},{2,0,3,0,0,0,6,0,0,2},{0,0,0,7,0,1,10,1,0,4},
{0,0,1,2,0,4,2,0,0,2},{1,10,1,0,4,0,0,0,7,0},{0,0,14,0,0,1,1,0,11,2},{0,0,15,0,0,2,0,0, 12,2},
{0,0,13,0,0,0,2,0,10,2},{1,2,0,7,2,0,0,10,0,0}, {2,9,0,0,4,0,0,0,6,0},{0,0,0,6,0,2,9,0,0,4},

{0,0,2,1,0,5,1,0,0,2},{0,10,0,0,4,1,0,5,1,0},{0,0,1,2,0,0,5,0,0,2}, {4,0,0,6,2,0,0,9,0,0},
{1,8,0,1,4,0,0,7,0,0},{0,0,3,0,0,6,0,0,0,2}, {0,3,0,6,2,0,0,9,0,0},{1,0,4,0,0,0,5,0,1,2},

{3,1,0,5,2,0,0,8,0,0},{0,0,10,0,0,1,2,0,7,2},{0,0,11,0,0,2,1,0,8,2},{0,0,12,0,0,3,0,0,9, 2},

{0,0,9,0,0,0,3,0,6,2},{0,9,0,0,4,0,0,6,0,0}, {3,0,1,0,0,0,2,0,1,0},{0,0,0,6,0,0,6,3,0,2},
{0,0,2,1,0,1,4,0,0,2},{2,2,0,4,2,0,0,7,0,0},{1,0,5,1,0,0,10,0,0,4},{4,0,0,0,0,0,3,0,0,0},
{0,3,0,0,0,4,0,0,0,0},{0,0,6,0,0,5,0,0,3,2}, {0,0,5,0,0,4,1,0,2,2},{0,0,4,0,0,3,2,0,1,2},
{0,0,3,0,0,2,3,0,0,2},{9,0,0,0,2,0,2,2,1,0},{0,0,0,5,0,5,2,2,0,2},{5,0,0,3,2,0,0,6,0,0},
{0,0,5,0,0,0,4,0,2,2},{0,0,9,0,0,4,0,0,6,2},{0,0,8,0,0,3,1,0,5,2},{0,0,6,0,0,1,3,0,3,2},
{0,0,7,0,0,2,2,0,4,2},{1,0,0,1,0,0,1,1,0,0},{0,0,0,5,0,1,5,2,0,2},{0,7,0,0,2,3,0,2,1,0},
{1,3,0,3,2,0,0,6,0,0},{0,2,2,1,0,9,0,0,0,2},{0,2,0,1,0,3,0,1,0,0},{0,1,0,2,0,2,0,2,0,0},
{0,0,0,3,0,1,0,3,0,0},{0,6,3,0,2,0,0,0,6,0},{5,2,2,0,2,0,0,0,5,0},{8,0,0,0,2,0,1,1,2,0},
{0,0,0,4,0,0,1,4,0,0},{0,0,0,4,0,6,1,1,0,2},{4,1,0,2,2,0,0,5,0,0},{0,1,1,2,0,8,0,0,0,2},
{6,1,1,0,2,0,0,0,4,0},{1,5,2,0,2,0,0,0,5,0},{0,5,0,0,2,0,0,1,2,0},{1,4,0,0,2,0,0,2,1,0},
{2,3,0,0,2,0,0,3,0,0},{3,0,2,1,0,0,7,0,0,2},{0,0,0,4,0,2,4,1,0,2},{0,4,0,2,2,0,0,5,0,0},
{0,5,0,1,2,1,0,4,0,0}, {0,6,0,0,2,2,0,3,0,0},{0,0,0,3,0,7,0,0,0,2},{7,0,0,0,2,0,0,0,3,0},
{4,2,0,0,2,0,0,1,2,0},{5,1,0,0,2,0,0,2,1,0},{6,0,0,0,2,0,0,3,0,0},{2,4,1,0,2,0,0,0,4,0},
{1,0,0,3,0,0,6,0,0,2},{0,6,0,0,2,1,0,0,3,0},{3,2,0,1,2,0,0,4,0,0},{0,0,0,3,0,3,3,0,0,2},
{3,3,0,0,2,0,0,0,3,0}}

Using the formula (1), we conclude that the elasticity of S is 3.
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To know if S has accepted elasticity, we use Algorithm 28 of [8], which is imple-
mented in https://github.com/D-marina/CommutativeMonoids/blob/master/ Sumsetssemigroups/
sumsetSemigroups.ipynb (accessed on 16 December 2024) of [10]. Running the commands,

>>> gbl4=computationIS([3], [4],[6,12],[7,10,13],[0,3,6,9])
>>> hasAcceptedElasticity(gb14, debug=True)

We compute a Groebner basis with the lexicographical ordering of
the variables [x2, z1, x1, z2, z3]

GroebnerBasis ([-xl1**4 + x2%%3, X1k*k4xx2x*2*xz3%*2 - z1*z2%*2,
-Xx1*%%3*%z1*%z2 + X2%*x2%z2%*2, -x1**x3%z1%z3 + X2*x*2%z2%z3,
-x1*%z2%*2 + x2*%z1*z2, -x1*%z2%z3 + x2*%z1%z3,

X1*kk5*xx2%z3%*%2 - zZ1**x2%z2, -x1**2*kxz1**x2xz2 + X2%*z2%*3,
—X1**2%z1%*%2%z3 + X2%z2*%*2%z3, -X1**6%z2*%z3%*2 + zZ1**3%z2,
—x1%*%6%z3%*3 + z1%*3*%z3, x1**¥T7*z3*%*2 - z2%*3],

x2, z1, x1, z2, z3, domain=’ZZ’, order=’lex’)

Once removed the variables [x2, zl1], we obtain

GroebnerBasis ([x1*x7*z3**2 - z2%x3], x1, z2, z3, domain=’ZZ’,

order=’lex’)

True

we obtain that the monoid has accepted elasticity. Moreover, from the above output, we see that
the binomial xx% — z3 belongs to Is. Since the quotient of the addition of the exponents of these
two monomials is (7 +2)/3 = 3 = p(S), the element 7{3} + 2{0,3,6,9} = 3{7,10,13} reaches
the elasticity.

We see now an example of Py, (S)-monoid without accepted elasticity.
Example 4. Let S be the 3-generated Py, (S)-monoid
({0,3},{0,4},{7,10,11,13,14,15,17,18,19,1,22,25} ).

Analogously to the preceding example, we use function hasAcceptedElasticity to check if S has
accepted elasticity. The display output of this function shows some steps of Algorithm 28 of [8] and
returns False; that is, the monoid has not accepted elasticity.

>>> gbil5=computationIS([0,3],[0,4],
[7,10,11,13,14,15,17,18,19,1,22,25])

>>> hasAcceptedElasticity(gb15, debug=True)

Positive cone of M (the semigroup is strongly reduced): []
Equations of M

(s, 4, ol, o, o, 111

Matrix (Al|-A) (equations of M \cap N~n, n=5):

[es, 4, o, -3, -4, o1, (o, o, 1, 0, 0, -111]

Generator system of M \cap N°n (number of generators 5):
rco, o, t, o, o, 11, fo, t, o, o, 1, o1, fo, 3, 0, 4, 0, 0O,
[+, o, o, 1, o, ol, [4, 0, 0, O, 3, 011

Elasticity of S: 4/3

Atoms of A(I_M) that reach the elasticity:

[(4, 0, 0, 0, 3, 0]]

S has not accepted elasticity (the monoid C is empty,


https://github.com/D-marina/CommutativeMonoids/blob/master/Sumsetssemigroups/sumsetSemigroups.ipynb
https://github.com/D-marina/CommutativeMonoids/blob/master/Sumsetssemigroups/sumsetSemigroups.ipynb

Mathematics 2025, 13, 584 13 of 14

see step 6 of algorithm in Algorithm 28 in
http://doi.org/10.1007/s00233-002-0022-4)
False

6. Discussion

In this work, we use some tools from computational commutative algebra to study
some problems related to additive number theory. For example, the relationship between
these two theories allows us to check when a subset of positive integers can be expressed
as the sum of other subsets, or to study the structure of A, where A is a finite subset of N.
The primary keys to construct the bridge between these two theories are Py, (N)-monoids
and their associated polynomial ideals. To use this computational approach, we need to
know a system of generators of the ideal associated with a given Py, (N)-monoid. The
results in this work characterize a system of generators for the ideals associated with a
family of Py, (N)-monoids, starting a way to provide more computational tools to solve
some problems in additive number theory.
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