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Abstract: We consider a series which combines two Dirichlet series constructed from the
coefficients of a Laurent series and derive a general integral representation of the series
as a Mellin transform. As an application, we obtain a family of Mellin integral identities
involving the Weierstrass elliptic functions and some Lambert series. These identities are
used to derive some of the properties of the Lambert series.
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1. Introduction

For a power series f(q) = Y.;—1 anq", an € C, the Dirichlet series

L(f;s) = il

n

is called the L-series attached to f. Let us use the same notation in general for a series as
well as the function defined by its limit. Under an appropriate condition on f, the function

(g(;))s L(f;s) is given by the Mellin transform of f(e~2""); namely, the identity
F(S) .Q) — « =27ty ys—1
Gy L) = | feretar M)

holds when s is in some right half-plane [1,2]. This relation simply follows from the integral
I'(s) = / e 't°7dt, Res >0,
0

provided that we can interchange the integral and the sum in (1). Such a representation of
the Dirichlet series dates back to Riemann, and various properties of the power series f
are generally reflected in the nature of its L-series and vice versa [3]. In particular, if the

—27'(1‘)

function f (e exhibits some additional symmetry under the modular transformation

t — 1/t, this property is reflected in the existence of the corresponding functional equation
of L(f;s) [4,5].

In this article, we are interested in the following analogous situation. Instead of a
power series, suppose we are given a Laurent series

f(z) = Z ayz", a, € C. )

nez
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Let us define a “two-sided” L-series, called the H-series attached to f in this article (to be
given more precisely in Definition 3), as

Hifis) =¥ Y e ® 3 0 ®

3‘:

Let us assume the Laurent series (2) converges in a neighborhood of the unit circle. Under
this assumption, some immediate properties of H(f;s) are listed in Proposition 1. For
example, H(f;s) converges for all s € C to an entire function. Furthermore, it is not hard

to show that (1;(;))5 H(f;s) is also given by a Mellin integral of the form

(i) = [ (7@ = 3 bl @

j=0

where s is in some vertical strip, and the values of b; are the Taylor coefficients of f (e2in)
at u = 0. The precise statement and a simple proof of this formula are given in Theorem 1.
One application of this result involves the following generating function of an arith-
metic function. For s € C, let 05(n) = L4, d° be the sum of positive divisors function [6].
Let us use the notation
H={teC|Imt >0}

to denote the upper half-plane. For T € §) and s € C, let

9= Yo' = Y w g ©)
n=1

where g = ¢¥™T. A(t,s) is an entire function in s for every T € $) and a Lambert series in
g for every s € C, and it was studied in [7] in the context of the analytic continuation of
the classical Eisenstein series to a complex weight s. It is closely related to the periodic
function of the real analytic Eisenstein series given in [8]. The transformation property of

A(t,s) under
at+b
cT+d

for (“ Z ) € SL(2,Z) is known to have many applications, which generalizes the modular
transformation properties of the classical Eisenstein series. The transformation formula

of the logarithm of the Dedekind eta function can also be deduced as a special case. A

at+b
cT+d’

is given in terms of some integral expressions in [9,10]. Another integral expression

general formula expressing A ( s) in terms of A(7,s) is somewhat complicated and
involving cotangent sums with a simpler proof is given in [11]. In [12], some modular-type
transformation properties are expressed in terms of a generalization of the modified Bessel
function of the second kind.

We now give an overview of our result on A(7,s). We consider, for a fixed T € $
with g = €27, the Laurent series f(z) = —2mi Y,
lq] < |z| < |g|~!. The H-series (3) attached to f is

n
ﬂqn (z" —z~") which converges for

TTis Ttis

—2mi(e2 —e 2 )A(T,1—5). (6)

In fact, f(z) can be expressed in terms of the Weierstrass zeta function (Proposition 2). By
using (4), we obtain identities relating A(7,s) and the Mellin integral of some expressions
involving the Weierstrass elliptic functions (Corollaries 1 and 2). Some known results can
also be derived from these identities, including a transformation formula of A(7,s) under
the modular transformation of T (Corollaries 3 and 4).
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2. Laurent Series and the H-Series
Definition 1. For ¢ > 0, let O¢ be the C-algebra of analytic functions on the annulus

(1+e)™' < |z| < 1+e Fore > ¢ > 0, we have the inclusion O — O by restriction.
We define the C-algebra O to be the direct limit

O =1lmOQO:..
—}

The notation O will be used throughout the article. By the above definition, f € O
can be represented by a function f(z) which is analytic on (14 &)~ < |z| < 1 + ¢ for some
g > 0. As the unit circle is compact, this condition is the same as f(z) being analytic in any
27Tiu )

neighborhood of the circle. Equivalently, f (e as a function of u is periodic with period

1 and is analytic in a neighborhood of R.

Definition 2. We define the derivation D : O — O by

. d
(Df)(z) = ZmZEf(Z)' @)
Note that for f € O, we have (Df)(eZm'u) _ %f(ezni”),

Lemma 1. f € O if and only if its representative function has the Laurent expansion

z) =Y apZ" ®)

nez

such that |a,| = O(p!"!) for some 0 < p < 1.

(1+¢e)7! < |z| < 1+ e for some ¢ > 0,
the convergence of (8) at z = pand z = p~! for any (1 +¢)"! < p < 1 shows
|an| = O(p!"!). Conversely, if |a,| = O(p!"!) for 0
p<lzl<pl O

Proof. If f(z) is an analytic function on

< p < 1, then the series (8) converges for

Let us use the same notation to denote f € O and its representative function f(z) as
well as its Laurent series, and write

Zanz” cO

nez

to indicate that the series satisfies |a,| = O(p!"l) for some 0 < p < 1. We regard O as a
subset of C[[z,z!]], the set of all formal series of the form Y. a,z", a, € C.

Definition 3. Given a series f(z) = Y,z anz" € C|[z,z7 Y]] and s € C, the H-series attached
to f is

H(f;s) = ¥ L o te ; = ©)
If the series converges at s € C, we denote its limit again by H(f;s).
We have
H(f;s) =eTLi(fis) +e L (fs)
for two Dirichlet series
Lfs) =L %, L=} o 10
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Proposition 1. For f € O, let H(f;s) be the H-series attached to f. Then, we have the following:
(i) H(f;s) converges for all s € C to an entire function of s.

(il) H(f;s) = 0identically if and only if f is constant.
(iii) H(Df;s) = —2mH(f;s — 1), where D is the derivation given in Definition 2.

Proof. Proposition part (i) follows from the bounds on the Laurent coefficients of f(z) from
Lemma 1.

If f is constant, then H(f;s) = 0 by definition. Conversely, if H(f;s) vanishes iden-
tically but f(z) is not constant, let n > 0 be the least integer such that either a,, # 0 or
a_n # 0. Taking the limit of n”H(f;s) = 0 as s — oo along the real line, we see that
e a, + e_%a,n — 0, which is a contradiction, and (ii) follows.

If f(z) = Y ,ez anz", then Df(z) = Y, c7 2mina,z". Thus,

mis = 27TiNa _mis o 27Tina_
H(Df;s):ez Z e n —e 2 Zl p n
n=

n=1

mi(s—1) e ay _ mi(s—1) 0 a_y
= —2m(e” 2 n;ln37l +e 2 ng’lns*l)
— 27H(f;s — 1)

and (iii) holds. O

3. Representation as Mellin Transform
Let g : (0,00) — C be a locally integrable function such that

(1) = Ow*) asu—0 an
s = O(uP) asu — oo

for oo > & > B > —oco. For —a < Res < —fB, we have g(u)u*~! € L!(0, ), and the Mellin
transform of g is given by

G(s) = /Ooog(u)us_ldu.

For any & > &g > Bo > B, when s is in the set —xg < Res < — g, we have

()51 O(u**=1) asu—0
W' =
8 O(uP=Po=1) asu — oo

and |g(u)us~1 < |g(u)|lu=*"1on (0,1) and |g(u)u*"!| < |g(u)|u=Po~1 on (1, 00), inde-
pendently of s. It follows from Morera’s and Fubini’s theorems that G(s) is analytic in the
strip —a < Res < —pB. Hence, if co > @ > B > —oo are the supremum and the infimum of
« and B satisfying (11), respectively, then G(s) is analytic in the region —& < Res < —p.

Now, suppose f € O is not constant. Since f(e?™*) cannot be a polynomial in u, the
set of integers n > 0 such that (D" f)(1) # 0 is infinite. Let 0 < n; < np < --- be the
sequence of all positive integers such that (D" f)(1) # 0, and let ny = 0. Hence, f(e*™*)
has the following Taylor expansion

f(eZHiu) _ Z (D”jf)(l) W' (12)

1
=
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at u = 0, which is valid in a neighborhood of 0. Here, (D jf ;é 0 for all j > 0, but there is

no such requirement for f(1) for j = 0in (12).

Theorem 1. Suppose f(z) = Y. ,czan2" € O is not constant, and let H(f;s) be the H-series
attached to f. Let 0 < ny < np < --- be the sequence of all positive integers such that
(D"if)(1) # 0 forj > 0,and let ny = 0. Let £ > 0 be an integer. Then, we have

¢ i
(ES))SH(f;S)—/ ( (e27) ]Z(:) & f ) du 13)

in the strip —ny 1 < Res < —ny.

Proof. Let £ > 0 be given, and let m be an integer such that n, < m < ny,q. Let Ly (f;s)
and L_(f;s) be the entire functions defined by (10). Let us write

(z) = ianz”, fo(z) = ianz”

so that f(z) —ap = f4(z) + f-(z). Let b; = D]{!(l) and b]i = %i,(l) for j > 0, and let

o = Res. We have Taylor expansions

—27It Z b+ lt

j>0
27Tt Zb _lt
j=0
at t = 0. Since the partial sums of fi(e ™) = Y%  a,e”2™ are dominated by
(L1 |an|)e 2™ on (0, 0), we have
I'(s) . ® o m2mhy =1
Gyl (i) = | et tar (14)
for o > 0, and it follows that
F(S) Q) — « 727rt + s—1
(2n)5L+(f,s)_/0 ( Zb (it) )t dt (15)

for —(m+1) < ¢ < —m. Indeed, the expression

1 m
0
j=0 j=
which is meromorphic for ¢ > —(m + 1), reduces to (14) for ¢ > 0 and to (15) for
—(m+1)<o<—m.
Similarly, we have
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for —(m+1) < ¢ < —m, and thus,
I(s) B[ oy .
H ; —— ( 7'[t ) s—1
@) (f;s)=e A Z £ dt
(16)

+e‘”Tis/O°°( (™) Zb —ity )t

j=

for —(m+1) < ¢ < —m. The functions f (e?™), f_(e*™") are analytic in u in some
neighborhoods of the upper and the lower half-planes, respectively. Letting u = it and

u = —it in the two integrals in (16), respectively, we have

I'(s) feo (2 - 1 (27 S
H(f;s) = 7'(114 j),5— / TTiuy A s .

s = [ (£l - Lh s+ - )l

We see that the ray of integration in the first integral can be deformed to have any angle
0<6<mwhen —(m+1) < ¢ < —m, since (f; (e?™) — 0 b;ruf)us’l = O(|u|™*7)
as u — 0 and (fy(e¥™) - LI, b*u]) sl = O(Ju|™1) as u — oo in the sector
0 < argu < 7. Hence, the contour in the first integral can be deformed to the positive
real line. The same bounds hold for the second integrand in the lower half-plane, and the
contour there can also be deformed to the positive real line. Hence,

T(s) 1op
S H(fs)
— /O (i (e2min) - ];‘3 bl )+ /O (f-(e2m) — ];‘3 by ) du
= /Ooo (f(ezni”) - 2 b]-uj> w5 du (17)
j=0
for —(m +1) < o < —m. The expression (17) is in fact
(I;S))SH(f;s) — /Ooo (e Zb ") du (18)

due to the vanishing of b; for n, < j < mnyy1, as we have chosen m such that
ny < m < ngyq. The equality (18) is valid for —(m +1) < ¢ < —m, but for u € (0, 0),
f(e2miny — Zf-:() bnju”f = O(u"t+1) as u — 0, while itis O(u") as u — oo, so the right-hand
side of (18) is analytic for —ny;1 < ¢ < —ny. Hence, the left-hand side of (18) is also
analytic in this region, and the equality holds for —n,; <o < —n,. O

4. Weierstrass Zeta Function and a Lambert Series
Let 7 be in the upper half-plane ). Let us use the notations

Z+7Zt={m+nt|mmnecZ}

and (Z + Zt)* = (Z + Z7)\{0}. For integers k > 2, the Eisenstein series of weight 2k is

Gu(n)= Y w*= Y

we (21 Zt)* () Z(00) (M +nT)

L (19)
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The Eisenstein series of weight 2 is defined by summing over m first in (19) so that

Go(r) = ¥ — +2(21)Z). (20)

m;éO n#0 meZ (Wl +ntT

The Weierstrass zeta function is given by

1 1 1 u
u,T)=—+ + + 21
) " (m,ng(o,o) (u —(mtnt) - mtnr - (m+ nr)z) @

where T € § and u € C\(Z + Z7). Our normalization of the Eisenstein series is such that
they appear as the Laurent coefficients of {(u, T) as

(u,7) = % — Gy(D)ud — Gg(T)u® — - = = — Y Goj(T)u 2j-1 (22)
j>2

which can be obtained by expanding (21).

Proposition 2. Let T € $. Let {(u, T) be the Weierstrass zeta function, and let Gy(T) be the
Eisenstein series of weight 2. For |q| < |z| < |q]71,

C(u,7) — Go(T)u — mweot(mu) = —27mi Z (F-zFeo (23)

27T 27Tiu

whereq =e™Tandz =e

Proof. In the expression (21) for {(u, T), we can sum over m first by absolute convergence.
Thus, from (20), we have

(u,t) — Gy f+ Z(

m#0

1 1 1
m) +n§:0m;2(u—(m+nr) Jrrrz—l—m’)'

+%),

Subtracting 7t cot(7u) = & + ¥, 20 (

C(u,7) — Go(T)u — weot(mu) =

M

1
+
B Z u— m—i—nr) m+nT)

n

RIS

§

eZ(u—(ml—l-nr) +u+(ﬂi+nr)>

S
V
o

A~ =

mtcot (t(u — nt)) + reot (r(u + nT))).

v
o

n

We see that {(u, T) — Go(T)u — 7t cot(mru) is periodic in u with period 1 and analytic on the
horizontal strip | Im u| < Im T containing the real line, and thus, it is analytic in z = 2™
in the annulus |g| < |z| < |g|~! with g = ¢?™7. For each n > 0, we have expansions

1 n
rteot(m(u+nt)) = —m’ljznz = —m( —I—ZI;JL]’{” k) for |z| < 1/q|",
>
meot(m(u —nt)) = M = m(l +2Y 4z _k) for |z| > |g|".
s k>0
Summing over n > 0 gives {(u, T) — Go(T)u — meot(mu) = —27i Yo 1 kq (zF — z7F) for

lal <zl <lql~". O
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Corollary 1. For T € §, let
:—271121_ (z"—z" e,
where q = ¢*™T. Then, the H-series attached to f is
H(f;s) = 4msin (%)A(T,l —s),
where
514"
A(t,s) = n’
(1,5) E_l T
is the Lambert series given in (5), and
I'(s) . TTS
2y 47t sin (T)A(T,l —s)
I (g(u 7) — Go(T)u — rweot(mu) )us~tdu if —1 <Res <0,
I (¢(u, T) — meot(mu) — 27 (2)u)ustdu if —3 <Res < —1, (24)
= (C(u,T — rreot(mru) — 27(2)u
—(20(4) — Ga(1))u®)us~ldu if —5 < Res < —3,
where {(s) is the Riemann zeta function, and in general, for £ > 1,
L) 47tsin (E)A(T 1—s)= /‘oo (é(u T) — Go(T)u — 7 cot(mu)
(2m)s 2 ’ Jo ’
¢ , (25)
— Y (20(2)) = Goj(0)u? ) du
j=1
for —(20+1) <Res < —(20 —1).
Proof. Since f(z) = —2mi ) ,~¢ %(z” — 2z~ "), we have
omis s s q" . TTS
H(f;s) = —2mi(e2 —e~2) ) n — =4rmsin (o) A(T,1—5s).
n>0 1—q 2
From the Laurent expansions
1 3 5
{(,7) = &~ Ga(e) — o) — -
and 1
meot(mu) = P 20(2)u —27(4)u® —27(6)u° — - -,
we have the Taylor expansion
C(u, ) — Go(T)u — 7t cot(mu)
= (20(2) = Ga(T))u + (20 (4) = Ga(1))u + (25(6) = Go(T))w* + -+ (26)

= Y (22(2) — Gyj(1))u? !

21

and (24) and (25) follow from Proposition 2 and Theorem 1. [J
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Corollary 2. For T € §, let

:—271121_ (z"—z" e,

where q = €™, For ¢(D) = co + ¢1D + - - - + ¢ DX € C[D], we have (D) f(z) € O, and

H(gp(D)f;s) = f ¢j(—2m)i4msin (”(Sz_ ) AT 1+]—s3), (27)
j=0

and

(@(D)f)(e”™) = ¢(9u) (L (1, T) — Go(T)u — 7 cot(rtu)).
Proof. This follows from Corollary 1 and Proposition 1. [

For the cases ¢(D) = —D and ¢(D) = —D? in Corollary 2, we obtain, since

Il (1, T) = —p(u, 1)

where p(u, T) is the Weierstrass p-function,

—Df(z) = —4m? i W = o(u, ) + Go(1) — 7% csc? (rtu),
(0] n)

—D?f(z) = —87%i Z u = ¢/ (u, T) + 270 cot(rru) csc?(ru)

and
H(-Df;s) = —8n%cos (%)A(T,Z—s),
H(—D?f;s) = 167 sin (%)A(TJ —s).
We have Taylor expansions, by (26),

(1, T) + Go(t) — 7 es?(mu) = —(2(2) — Ga(7)) — (64 (4) — 3Ga(7))u?
— (107(6) — 5Gs(7))u* —

o (u, T) + 271 cot(mmu) esc® (ru) = —(127(4) — 6G4(T))u — (40Z(6) — 20Gg (7)) u®
— (847 (8) — 42Gg (7))’ —

Hence, we also obtain the identities

_T) 871> cos (%)A(T,Z —s)

(27r)°
Jo (p(u,T) = 7% esc®(mu) +24(2))us~'du if —2 < Res <0,
fooo (p(u,T) — 2 esc®(mu) +2¢(2)
+(6g(4) — 3G4(7))u?)us~du if —4 <Res< —2,

N (p(u, T) — 7% esc?(rru) + 22(2)
+(67(4) — 3Gy (T))u® + (10(6) — 5G6(T))u4)u5_1du if —6<Res < —4,
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and
T'(s
(Zgr))s 167° sin ( 5 JA(T,3 —5)
Jo~ (' (u, ) + 273 cot(mu) esc? (rru) ) us " du if —1<Res<0,
Jo° (9’ (u, ) + 2713 cot(mu) esc® (rru)
+(12(4) — 6G4(7))u)u*~tdu if —3 <Res< —1

) —
N (p’ u, T) + 2713 cot(mru) csc?(ru)
+(1 (4) — 6Gy(T))u + (40Z(6) — ZOGG(T))uS)uS_ldu if —5<Res < —3,

5. Some Properties of the Lambert Series

We now derive some implications of the above identities. For example, from the
second equation in (24), we have

2

2 s—1
(2m)"_csc TR lan @8)

A(t,1—5s) = 2T(s) (%) /Ooo (C(u, ) — mcot(mu) —

for —3 < Res < —1. Replacing s with1 — s,

s 2

i)) /0 (C(u, ) — cot(mu) — %)ufsdu (29)

cse(7s) sin(

Alms) = (Zn)sr(l

for 2 < Res < 4. Using the function equation of the Riemann zeta function
0(s) = 2(2m)"~ 1sm(7; )m —8)Z(1—s),

we can rewrite the front factor in (29) as

tan(Z)Z(1 —s)
27 {(s)

2

A(t,s) = /0 (C(u, ) — mweot(mu) — %)ufsdu (30)

for 2 < Res < 4. The following relation of A(t,s) given in [7] can be derived from this
Mellin integral representation.

Corollary 3. For Res > 2, we have

A(t,s)=e2 2 WGZ(:L w™® (31)
where Oy = {w € Z+Z7 | Imw > 0}.
Proof. Consider the integral
I(1,s) = /Ooo (C(u, T) — meot(mu) — ?)ufsdu (32)

for 2 < Res < 4. The integrand is O(|u|3~R¢*) as u — 0, and away from the poles, it is
O(|u|'~Res) for large |u|. Hence, (32) can be evaluated using an appropriate branch of u~*
and a keyhole contour. Equivalently, by moving the ray of integration in (32) by an angle of
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27 along the Riemann surface of 1%, the integral changes to e~2™*I (7, s) while picking up
the residues of the poles in between. Hence,

I(1,s) = e 2" [(1,5) + 271i(1 4 ¢ 7) Y w,

wey
from which it follows that
TS
I(t,s) = m(cot( ) +i) )}, w™ (33)
() ) T
From (30), we have
1 , 7ts\\ ¢(1 —s) _

A =—(1+4itan( — s 4
(1,s) 2( +i an( 5 )) O w§)+w (34)

and since the right-hand side is analytic for Res > 2, (34) holds for Res > 2. From the
functional equation, one can show

1 . s
2 (1+itan())e(1-s) =3 o)
and (34) can be written as (31). [

The Equations (34) and (31) can be written as

A(t,s) = %(1+itan(?))§(l—s) Y w =7 (Zn)sg(s) Y W

(d€§+

where O = {m+nt € Q | ged(m,n) = 1}.
For (’g g) €SL(2,Z), T € $,and s € C, transformation formulas relating A(Z;_tg, s)
and A(T,s) are given in [9-11]. Since A(7,s) is clearly invariant under 7 +— T+ b for b € Z,

at+b
cT+d

gives a convenient way of deriving such a formula for Res > 2, from which a formula for

we only need to consider T — with ¢ > 0. The Mellin integral representation (30)

s € C may be found by analytic continuation.

Corollary 4. Let (b)) € SL(2,Z) such that ¢ > 0. For Res > 2, we have

(cr+d)sA(ZiZ,s) = A(t,s) + %(1 —(ct+d)~*)Z(1—s)

_ itan(%) C(;(S;) Z ' o"

weD)

(35)

where QO = {w € (Z+7Z7)* | 0 < argw < arg(ct +d)}, and the summation Y.' means that
we add %a}‘s instead of w™° if argw = 0 or argw = arg(ct +d).

Proof. The right-hand side of (35) is analytic in s for Res > 2, and it suffices to show the
equality for 2 < Res < 4. In this region, from (30), we have

(cr+d)_sA( (36)

at+b \ (™ at+b S TR
I(cr—i—d's) —/0 (@(u, cr—i—d) ncot(nu)3>u du.

at+b \  tan(%)Z(1-s) o {at+b
cr+d's> N 27 (s) (cT+4d) I(cr+d’s)

where
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From (21) or (22), we have {(u, ©+b) = (ct 4 d){((cT + d)u, 7). By letting t = (cT +d)u,

7 ct+d
b
(cr+d)_sl<?:j_d,s>
=(ct+d)* /OOQ ((cr +d)C((ct+d)u, T) — mwcot(mu) — ?)u_sdu

(cT+d)oo ncot(cﬁd) 2 ¢ .
_/0 (g(t'T)_ ct+d 3 (ct+d)? £t

where the ray of integration in ¢ has the angle 0 < arg(ct + d) < 7. By the bounds of the
integrand discussed previously, we can move the ray of integration clockwise to a contour
C from 0 to oo traversing slightly above the positive real axis, picking up the residues of the
poles in between, so that

(28] o

we)®

”COt(cr+d) 2 t .
—i—/(:(é(t,r) cT+d 3 (cT +d)2 £t

where O° = {w € (Z+Zt)* | 0
T

(37)

< argw < arg(ct +d)}. Now, we write
24
)

) = (1) — 7TCOt(7Tt) ) + meot(nt) + &t in (37), and since
Jc(&(t,T) — mcot(mt) — )t Sdt = I(t,s),
b
+d51<”+ ,):—2 ' S I(ts) + (T, (38
(ct+4d) i 7T wgow (t,s) +J(t,s) )
where

J(t,s) = /C<7rcot(7rt) + L M - 712t)2> todt. (39)

The integrand of (39) has poles at t = m and t = (¢t + d)m for integers m # 0, and by the
same argument as before,

J(t,5) = e ] (1,8) + 2711'((6_’“S e )Y m Tt — (14 ™) Y ((et+ d)m)_s>

m>0 m>0

and we obtain

I(t,5) = n(cot(§) —i)(s) = 7 (cot( 2 : 2) +i) (et +d)E(s)

2 (40)
= rreot( - > ) (1= (et +d)™)g(s) = i1+ (T +d)7)E(s),

and combining (38) and (40) with (36), we have

1

Tt b,s) =A(T,s) + (1= (ct+d)°)g(1—5)

cT+d

(cT+ d)sA(

N

—tan(2) 2191+ (et +a) )
—itan(F) 0 F

weNe°

which equals (35). O
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References

6. Conclusions

We have applied the Mellin integral formula (13) to the Laurent series (23) and obtained
the identities (24) between the Weierstrass zeta function {(u, T) and the Lambert series
A(T,s). Corollaries 3 and 4 follow from the Mellin integral representation (28) of A(T,s).
Taking the branch of the log so that —7r < argz < 7, the relation (31) in Corollary 3 can be
equivalently written as

Y, (m+nt)=(1 +e”is)<§(s) te

A(T,s)), Res >2.  (41)
(mn)7(0,0)

When s = 2k for an integer k > 2, this formula reduces to

2k oo
(22(,37[_1)1)! Y o1 (n)g", (42)

n=1

Gar(7) = 20(2k) +

which is the usual Fourier expansion of the classical Eisenstein series. Since the right-
hand side of (41) is entire in s, it gives an analytic continuation of the Eisenstein series to
any complex weight s. In other words, the Mellin integral representation (28) provides a
different proof of these results. On the other hand, one can show (31) or (41) by finding the
Fourier expansion of the sum using the Poisson summation formula, as was done in [7].
Hence, we can use the identity (33) to give another proof of the integral representation (28),
while we have derived it as a special case of Theorem 1.

Computation of the Mellin transforms of special functions is itself an interesting topic,
and the formulas (27) give the Mellin transforms of the Weierstrass elliptic functions in the
following sense. Although the straightforward integrals

/@(u,r)us_ldu, / o(u, T)udu, / o (u, T)u*"du,
0 0 0

are not defined partly due to the poles of the integrand along the real line, considering the
“regularized” functions

70 (u, 1) = (%)k(g(u,*r) — Gy(t)u — meot(mtu)), k>0,

we have shown that

/0 ~ (@(u, ) — (0, r)) wldy = TR (—27)47 sin (@) A(t,1+k—s)

for —1 < Res < 0. We expect the algebraic relations among the Weierstrass elliptic
functions to be reflected in the corresponding Mellin transforms as some convolution
relations. Finding the detailed implications of this correspondence is left for further study.
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