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Abstract: We consider a series which combines two Dirichlet series constructed from the
coefficients of a Laurent series and derive a general integral representation of the series
as a Mellin transform. As an application, we obtain a family of Mellin integral identities
involving the Weierstrass elliptic functions and some Lambert series. These identities are
used to derive some of the properties of the Lambert series.
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1. Introduction
For a power series f (q) = ∑∞

n=1 anqn, an ∈ C, the Dirichlet series

L( f ; s) =
∞

∑
n=1

an

ns

is called the L-series attached to f . Let us use the same notation in general for a series as
well as the function defined by its limit. Under an appropriate condition on f , the function

Γ(s)
(2π)s L( f ; s) is given by the Mellin transform of f (e−2πt); namely, the identity

Γ(s)
(2π)s L( f ; s) =

∫ ∞

0
f (e−2πt)ts−1dt (1)

holds when s is in some right half-plane [1,2]. This relation simply follows from the integral

Γ(s) =
∫ ∞

0
e−tts−1dt, Re s > 0,

provided that we can interchange the integral and the sum in (1). Such a representation of
the Dirichlet series dates back to Riemann, and various properties of the power series f
are generally reflected in the nature of its L-series and vice versa [3]. In particular, if the
function f (e−2πt) exhibits some additional symmetry under the modular transformation
t 7→ 1/t, this property is reflected in the existence of the corresponding functional equation
of L( f ; s) [4,5].

In this article, we are interested in the following analogous situation. Instead of a
power series, suppose we are given a Laurent series

f (z) = ∑
n∈Z

anzn, an ∈ C. (2)
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Let us define a “two-sided” L-series, called the H-series attached to f in this article (to be
given more precisely in Definition 3), as

H( f ; s) = e
πis
2

∞

∑
n=1

an

ns + e−
πis
2

∞

∑
n=1

a−n

ns . (3)

Let us assume the Laurent series (2) converges in a neighborhood of the unit circle. Under
this assumption, some immediate properties of H( f ; s) are listed in Proposition 1. For
example, H( f ; s) converges for all s ∈ C to an entire function. Furthermore, it is not hard
to show that Γ(s)

(2π)s H( f ; s) is also given by a Mellin integral of the form

Γ(s)
(2π)s H( f ; s) =

∫ ∞

0

(
f (e2πiu)−

m

∑
j=0

bjuj)us−1dt (4)

where s is in some vertical strip, and the values of bj are the Taylor coefficients of f (e2πiu)

at u = 0. The precise statement and a simple proof of this formula are given in Theorem 1.
One application of this result involves the following generating function of an arith-

metic function. For s ∈ C, let σs(n) = ∑d|n ds be the sum of positive divisors function [6].
Let us use the notation

H = {τ ∈ C | Im τ > 0}

to denote the upper half-plane. For τ ∈ H and s ∈ C, let

A(τ, s) =
∞

∑
n=1

σs−1(n)qn =
∞

∑
n=1

ns−1 qn

1− qn , (5)

where q = e2πiτ . A(τ, s) is an entire function in s for every τ ∈ H and a Lambert series in
q for every s ∈ C, and it was studied in [7] in the context of the analytic continuation of
the classical Eisenstein series to a complex weight s. It is closely related to the periodic
function of the real analytic Eisenstein series given in [8]. The transformation property of
A(τ, s) under

τ 7→ aτ + b
cτ + d

for
(

a b
c d

)
∈ SL(2,Z) is known to have many applications, which generalizes the modular

transformation properties of the classical Eisenstein series. The transformation formula
of the logarithm of the Dedekind eta function can also be deduced as a special case. A
general formula expressing A

( aτ+b
cτ+d , s

)
in terms of A(τ, s) is somewhat complicated and

is given in terms of some integral expressions in [9,10]. Another integral expression
involving cotangent sums with a simpler proof is given in [11]. In [12], some modular-type
transformation properties are expressed in terms of a generalization of the modified Bessel
function of the second kind.

We now give an overview of our result on A(τ, s). We consider, for a fixed τ ∈ H

with q = e2πiτ , the Laurent series f (z) = −2πi ∑∞
n=1

qn

1−qn (zn − z−n) which converges for

|q| < |z| < |q|−1. The H-series (3) attached to f is

−2πi(e
πis
2 − e−

πis
2 )A(τ, 1− s). (6)

In fact, f (z) can be expressed in terms of the Weierstrass zeta function (Proposition 2). By
using (4), we obtain identities relating A(τ, s) and the Mellin integral of some expressions
involving the Weierstrass elliptic functions (Corollaries 1 and 2). Some known results can
also be derived from these identities, including a transformation formula of A(τ, s) under
the modular transformation of τ (Corollaries 3 and 4).
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2. Laurent Series and the H-Series
Definition 1. For ε > 0, let Oε be the C-algebra of analytic functions on the annulus
(1 + ε)−1 < |z| < 1 + ε. For ε > ε′ > 0, we have the inclusion Oε → Oε′ by restriction.
We define the C-algebra O to be the direct limit

O = lim
−→
Oε.

The notation O will be used throughout the article. By the above definition, f ∈ O
can be represented by a function f (z) which is analytic on (1 + ε)−1 < |z| < 1 + ε for some
ε > 0. As the unit circle is compact, this condition is the same as f (z) being analytic in any
neighborhood of the circle. Equivalently, f (e2πiu) as a function of u is periodic with period
1 and is analytic in a neighborhood of R.

Definition 2. We define the derivation D : O → O by

(D f )(z) = 2πiz
d
dz

f (z). (7)

Note that for f ∈ O, we have (D f )(e2πiu) = d
du f (e2πiu).

Lemma 1. f ∈ O if and only if its representative function has the Laurent expansion

f (z) = ∑
n∈Z

anzn (8)

such that |an| = O(ρ|n|) for some 0 < ρ < 1.

Proof. If f (z) is an analytic function on (1 + ε)−1 < |z| < 1 + ε for some ε > 0,
the convergence of (8) at z = ρ and z = ρ−1 for any (1 + ε)−1 < ρ < 1 shows
|an| = O(ρ|n|). Conversely, if |an| = O(ρ|n|) for 0 < ρ < 1, then the series (8) converges for
ρ < |z| < ρ−1.

Let us use the same notation to denote f ∈ O and its representative function f (z) as
well as its Laurent series, and write

∑
n∈Z

anzn ∈ O

to indicate that the series satisfies |an| = O(ρ|n|) for some 0 < ρ < 1. We regard O as a
subset of C[[z, z−1]], the set of all formal series of the form ∑n∈Z anzn, an ∈ C.

Definition 3. Given a series f (z) = ∑n∈Z anzn ∈ C[[z, z−1]] and s ∈ C, the H-series attached
to f is

H( f ; s) = e
πis
2

∞

∑
n=1

an

ns + e−
πis
2

∞

∑
n=1

a−n

ns . (9)

If the series converges at s ∈ C, we denote its limit again by H( f ; s).

We have

H( f ; s) = e
πis
2 L+( f ; s) + e−

πis
2 L−( f ; s)

for two Dirichlet series

L+( f ; s) =
∞

∑
n=1

an

ns , L−( f ; s) =
∞

∑
n=1

a−n

ns . (10)
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Proposition 1. For f ∈ O, let H( f ; s) be the H-series attached to f . Then, we have the following:

(i) H( f ; s) converges for all s ∈ C to an entire function of s.

(ii) H( f ; s) = 0 identically if and only if f is constant.

(iii) H(D f ; s) = −2πH( f ; s− 1), where D is the derivation given in Definition 2.

Proof. Proposition part (i) follows from the bounds on the Laurent coefficients of f (z) from
Lemma 1.

If f is constant, then H( f ; s) = 0 by definition. Conversely, if H( f ; s) vanishes iden-
tically but f (z) is not constant, let n > 0 be the least integer such that either an 6= 0 or
a−n 6= 0. Taking the limit of nsH( f ; s) = 0 as s → ∞ along the real line, we see that
e

πis
2 an + e−

πis
2 a−n → 0, which is a contradiction, and (ii) follows.

If f (z) = ∑n∈Z anzn, then D f (z) = ∑n∈Z 2πinanzn. Thus,

H(D f ; s) = e
πis
2

∞

∑
n=1

2πinan

ns − e−
πis
2

∞

∑
n=1

2πina−n

ns

= −2π
(
e

πi(s−1)
2

∞

∑
n=1

an

ns−1 + e−
πi(s−1)

2

∞

∑
n=1

a−n

ns−1

)
= −2πH( f ; s− 1)

and (iii) holds.

3. Representation as Mellin Transform
Let g : (0, ∞)→ C be a locally integrable function such that

g(u) =

O(uα) as u→ 0

O(uβ) as u→ ∞
(11)

for ∞ > α > β > −∞. For −α < Re s < −β, we have g(u)us−1 ∈ L1(0, ∞), and the Mellin
transform of g is given by

G(s) =
∫ ∞

0
g(u)us−1du.

For any α > α0 > β0 > β, when s is in the set −α0 ≤ Re s ≤ −β0, we have

g(u)us−1 =

O(uα−α0−1) as u→ 0

O(uβ−β0−1) as u→ ∞

and |g(u)us−1| ≤ |g(u)|u−α0−1 on (0, 1) and |g(u)us−1| ≤ |g(u)|u−β0−1 on (1, ∞), inde-
pendently of s. It follows from Morera’s and Fubini’s theorems that G(s) is analytic in the
strip −α < Re s < −β. Hence, if ∞ ≥ α > β ≥ −∞ are the supremum and the infimum of
α and β satisfying (11), respectively, then G(s) is analytic in the region −α < Re s < −β.

Now, suppose f ∈ O is not constant. Since f (e2πiu) cannot be a polynomial in u, the
set of integers n ≥ 0 such that (Dn f )(1) 6= 0 is infinite. Let 0 < n1 < n2 < · · · be the
sequence of all positive integers such that (Dnj f )(1) 6= 0, and let n0 = 0. Hence, f (e2πiu)

has the following Taylor expansion

f (e2πiu) = ∑
j≥0

(Dnj f )(1)
nj!

unj (12)
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at u = 0, which is valid in a neighborhood of 0. Here, (Dnj f )(1)
nj !

6= 0 for all j > 0, but there is

no such requirement for f (1) for j = 0 in (12).

Theorem 1. Suppose f (z) = ∑n∈Z anzn ∈ O is not constant, and let H( f ; s) be the H-series
attached to f . Let 0 < n1 < n2 < · · · be the sequence of all positive integers such that
(Dnj f )(1) 6= 0 for j > 0, and let n0 = 0. Let ` ≥ 0 be an integer. Then, we have

Γ(s)
(2π)s H( f ; s) =

∫ ∞

0

(
f (e2πiu)−

`

∑
j=0

(Dnj f )(1)
nj!

unj
)

us−1du (13)

in the strip −n`+1 < Re s < −n`.

Proof. Let ` ≥ 0 be given, and let m be an integer such that n` ≤ m < n`+1. Let L+( f ; s)
and L−( f ; s) be the entire functions defined by (10). Let us write

f+(z) =
∞

∑
n=1

anzn, f−(z) =
∞

∑
n=1

a−nz−n

so that f (z) − a0 = f+(z) + f−(z). Let bj = Dj f (1)
j! and b±j = Dj f±(1)

j! for j ≥ 0, and let
σ = Re s. We have Taylor expansions

f+(e−2πt) = ∑
j≥0

b+j (it)
j,

f−(e2πt) = ∑
j≥0

b−j (−it)j

at t = 0. Since the partial sums of f+(e−2πt) = ∑∞
n=1 ane−2πnt are dominated by(

∑∞
n=1 |an|

)
e−2πt on (0, ∞), we have

Γ(s)
(2π)s L+( f ; s) =

∫ ∞

0
f+(e−2πt)ts−1dt (14)

for σ > 0, and it follows that

Γ(s)
(2π)s L+( f ; s) =

∫ ∞

0

(
f+(e−2πt)−

m

∑
j=0

b+j (it)
j
)

ts−1dt (15)

for −(m + 1) < σ < −m. Indeed, the expression

∫ 1

0

(
f+(e−2πt)−

m

∑
j=0

b+j (it)
j
)

ts−1dt +
m

∑
j=0

b+j ij

s + j
+
∫ ∞

1
f+(e−2πt)ts−1dt,

which is meromorphic for σ > −(m + 1), reduces to (14) for σ > 0 and to (15) for
−(m + 1) < σ < −m.

Similarly, we have

Γ(s)
(2π)s L−( f ; s) =

∫ ∞

0

(
f−(e2πt)−

m

∑
j=0

b−j (−it)j
)

ts−1dt
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for −(m + 1) < σ < −m, and thus,

Γ(s)
(2π)s H( f ; s) = e

πis
2

∫ ∞

0

(
f+(e−2πt)−

m

∑
j=0

b+j (it)
j
)

ts−1dt

+ e−
πis
2

∫ ∞

0

(
f−(e2πt)−

m

∑
j=0

b−j (−it)j
)

ts−1dt
(16)

for −(m + 1) < σ < −m. The functions f+(e2πiu), f−(e2πiu) are analytic in u in some
neighborhoods of the upper and the lower half-planes, respectively. Letting u = it and
u = −it in the two integrals in (16), respectively, we have

Γ(s)
(2π)s H( f ; s) =

∫ i∞

0

(
f+(e2πiu)−

m

∑
j=0

b+j uj
)

us−1du+
∫ −i∞

0

(
f−(e2πiu)−

m

∑
j=0

b−j uj
)

us−1du.

We see that the ray of integration in the first integral can be deformed to have any angle
0 ≤ θ ≤ π when −(m + 1) < σ < −m, since ( f+(e2πiu)− ∑m

j=0 b+j uj)us−1 = O(|u|m+σ)

as u → 0 and ( f+(e2πiu) − ∑m
j=0 b+j uj)us−1 = O(|u|m+σ−1) as u → ∞ in the sector

0 ≤ arg u ≤ π. Hence, the contour in the first integral can be deformed to the positive
real line. The same bounds hold for the second integrand in the lower half-plane, and the
contour there can also be deformed to the positive real line. Hence,

Γ(s)
(2π)s H( f ; s)

=
∫ ∞

0

(
f+(e2πiu)−

m

∑
j=0

b+j uj
)

us−1du +
∫ ∞

0

(
f−(e2πiu)−

m

∑
j=0

b−j uj
)

us−1du

=
∫ ∞

0

(
f (e2πiu)−

m

∑
j=0

bjuj
)

us−1du (17)

for −(m + 1) < σ < −m. The expression (17) is in fact

Γ(s)
(2π)s H( f ; s) =

∫ ∞

0

(
f (e2πiu)−

`

∑
j=0

bnj u
nj
)

us−1du (18)

due to the vanishing of bj for n` < j < n`+1, as we have chosen m such that
n` ≤ m < n`+1. The equality (18) is valid for −(m + 1) < σ < −m, but for u ∈ (0, ∞),
f (e2πiu)−∑`

j=0 bnj u
nj = O(un`+1) as u→ 0, while it is O(un`) as u→ ∞, so the right-hand

side of (18) is analytic for −n`+1 < σ < −n`. Hence, the left-hand side of (18) is also
analytic in this region, and the equality holds for −n`+1 < σ < −n`.

4. Weierstrass Zeta Function and a Lambert Series
Let τ be in the upper half-plane H. Let us use the notations

Z+Zτ = {m + nτ | m, n ∈ Z}

and (Z+Zτ)× = (Z+Zτ)\{0}. For integers k ≥ 2, the Eisenstein series of weight 2k is

G2k(τ) = ∑
ω∈(Z+Zτ)×

ω−2k = ∑
(m,n) 6=(0,0)

1
(m + nτ)2k . (19)
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The Eisenstein series of weight 2 is defined by summing over m first in (19) so that

G2(τ) = ∑
m 6=0

1
m2 + ∑

n 6=0

(
∑

m∈Z

1
(m + nτ)2

)
. (20)

The Weierstrass zeta function is given by

ζ(u, τ) =
1
u
+ ∑

(m,n) 6=(0,0)

(
1

u− (m + nτ)
+

1
m + nτ

+
u

(m + nτ)2

)
(21)

where τ ∈ H and u ∈ C\(Z+Zτ). Our normalization of the Eisenstein series is such that
they appear as the Laurent coefficients of ζ(u, τ) as

ζ(u, τ) =
1
u
− G4(τ)u3 − G6(τ)u5 − · · · = 1

u
−∑

j≥2
G2j(τ)u2j−1 (22)

which can be obtained by expanding (21).

Proposition 2. Let τ ∈ H. Let ζ(u, τ) be the Weierstrass zeta function, and let G2(τ) be the
Eisenstein series of weight 2. For |q| < |z| < |q|−1,

ζ(u, τ)− G2(τ)u− π cot(πu) = −2πi
∞

∑
k=1

qk

1− qk (z
k − z−k) ∈ O (23)

where q = e2πiτ and z = e2πiu.

Proof. In the expression (21) for ζ(u, τ), we can sum over m first by absolute convergence.
Thus, from (20), we have

ζ(u, τ)− G2(τ)u =
1
u
+ ∑

m 6=0

(
1

u−m
+

1
m

)
+ ∑

n 6=0
∑

m∈Z

(
1

u− (m + nτ)
+

1
m + nτ

)
.

Subtracting π cot(πu) = 1
u + ∑m 6=0

(
1

u−m + 1
m

)
,

ζ(u, τ)− G2(τ)u− π cot(πu) = ∑
n 6=0

∑
m∈Z

(
1

u− (m + nτ)
+

1
m + nτ

)
= ∑

n>0
∑

m∈Z

(
1

u− (m + nτ)
+

1
u + (m + nτ)

)
= ∑

n>0

(
π cot

(
π(u− nτ)

)
+ π cot

(
π(u + nτ)

))
.

We see that ζ(u, τ)− G2(τ)u− π cot(πu) is periodic in u with period 1 and analytic on the
horizontal strip | Im u| < Im τ containing the real line, and thus, it is analytic in z = e2πiu

in the annulus |q| < |z| < |q|−1 with q = e2πiτ . For each n > 0, we have expansions

π cot(π(u + nτ)) = −πi
1 + qnz
1− qnz

= −πi
(

1 + 2 ∑
k>0

qknzk
)

for |z| < 1/|q|n,

π cot(π(u− nτ)) = −πi
qn/z + 1
qn/z− 1

= πi
(

1 + 2 ∑
k>0

qknz−k
)

for |z| > |q|n.

Summing over n > 0 gives ζ(u, τ)− G2(τ)u− π cot(πu) = −2πi ∑k>0
qk

1−qk (zk − z−k) for

|q| < |z| < |q|−1.



Mathematics 2025, 13, 582 8 of 14

Corollary 1. For τ ∈ H, let

f (z) = −2πi
∞

∑
n=1

qn

1− qn (z
n − z−n) ∈ O,

where q = e2πiτ . Then, the H-series attached to f is

H( f ; s) = 4π sin
(πs

2
)

A(τ, 1− s),

where

A(τ, s) =
∞

∑
n=1

ns−1 qn

1− qn

is the Lambert series given in (5), and

Γ(s)
(2π)s 4π sin

(πs
2
)

A(τ, 1− s)

=



∫ ∞
0

(
ζ(u, τ)− G2(τ)u− π cot(πu)

)
us−1du if − 1 < Re s < 0,∫ ∞

0

(
ζ(u, τ)− π cot(πu)− 2ζ(2)u

)
us−1du if − 3 < Re s < −1,∫ ∞

0

(
ζ(u, τ)− π cot(πu)− 2ζ(2)u

−(2ζ(4)− G4(τ))u3)us−1du if − 5 < Re s < −3,
...

...

(24)

where ζ(s) is the Riemann zeta function, and in general, for ` ≥ 1,

Γ(s)
(2π)s 4π sin

(πs
2
)

A(τ, 1− s) =
∫ ∞

0

(
ζ(u, τ)− G2(τ)u− π cot(πu)

−
`

∑
j=1

(2ζ(2j)− G2j(τ))u2j−1
)

us−1du
(25)

for −(2`+ 1) < Re s < −(2`− 1).

Proof. Since f (z) = −2πi ∑n>0
qn

1−qn (zn − z−n), we have

H( f ; s) = −2πi(e
πis
2 − e−

πis
2 ) ∑

n>0
n−s qn

1− qn = 4π sin
(πs

2
)

A(τ, 1− s).

From the Laurent expansions

ζ(u, τ) =
1
u
− G4(τ)u3 − G6(τ)u5 − · · ·

and
π cot(πu) =

1
u
− 2ζ(2)u− 2ζ(4)u3 − 2ζ(6)u5 − · · · ,

we have the Taylor expansion

ζ(u, τ)− G2(τ)u− π cot(πu)

= (2ζ(2)− G2(τ))u + (2ζ(4)− G4(τ))u3 + (2ζ(6)− G6(τ))u5 + · · · (26)

= ∑
j≥1

(2ζ(2j)− G2j(τ))u2j−1

and (24) and (25) follow from Proposition 2 and Theorem 1.
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Corollary 2. For τ ∈ H, let

f (z) = −2πi
∞

∑
n=1

qn

1− qn (z
n − z−n) ∈ O,

where q = e2πiτ . For ϕ(D) = c0 + c1D + · · ·+ ckDk ∈ C[D], we have ϕ(D) f (z) ∈ O, and

H(ϕ(D) f ; s) =
k

∑
j=0

cj(−2π)j4π sin
(π(s− j)

2

)
A(τ, 1 + j− s), (27)

and
(ϕ(D) f )(e2πiu) = ϕ(∂u)(ζ(u, τ)− G2(τ)u− π cot(πu)).

Proof. This follows from Corollary 1 and Proposition 1.

For the cases ϕ(D) = −D and ϕ(D) = −D2 in Corollary 2, we obtain, since

∂uζ(u, τ) = −℘(u, τ)

where ℘(u, τ) is the Weierstrass ℘-function,

−D f (z) = −4π2
∞

∑
n=1

nqn(zn + z−n)

1− qn = ℘(u, τ) + G2(τ)− π2 csc2(πu),

−D2 f (z) = −8π3i
∞

∑
n=1

n2qn(zn − z−n)

1− qn = ℘′(u, τ) + 2π3 cot(πu) csc2(πu)

and

H(−D f ; s) = −8π2 cos
(πs

2
)

A(τ, 2− s),

H(−D2 f ; s) = 16π3 sin
(πs

2
)

A(τ, 3− s).

We have Taylor expansions, by (26),

℘(u, τ) + G2(τ)− π2 csc2(πu) = −(2ζ(2)− G2(τ))− (6ζ(4)− 3G4(τ))u2

− (10ζ(6)− 5G6(τ))u4 − · · ·
℘′(u, τ) + 2π3 cot(πu) csc2(πu) = −(12ζ(4)− 6G4(τ))u− (40ζ(6)− 20G6(τ))u3

− (84ζ(8)− 42G8(τ))u5 − · · · .

Hence, we also obtain the identities

− Γ(s)
(2π)s 8π2 cos

(πs
2
)

A(τ, 2− s)

=



∫ ∞
0

(
℘(u, τ)− π2 csc2(πu) + 2ζ(2)

)
us−1du if − 2 < Re s < 0,∫ ∞

0

(
℘(u, τ)− π2 csc2(πu) + 2ζ(2)

+(6ζ(4)− 3G4(τ))u2)us−1du if − 4 < Re s < −2,∫ ∞
0

(
℘(u, τ)− π2 csc2(πu) + 2ζ(2)

+(6ζ(4)− 3G4(τ))u2 + (10ζ(6)− 5G6(τ))u4
)

us−1du if − 6 < Re s < −4,
...

...
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and

Γ(s)
(2π)s 16π3 sin

(πs
2
)

A(τ, 3− s)

=



∫ ∞
0

(
℘′(u, τ) + 2π3 cot(πu) csc2(πu)

)
us−1du if − 1 < Re s < 0,∫ ∞

0

(
℘′(u, τ) + 2π3 cot(πu) csc2(πu)

+(12ζ(4)− 6G4(τ))u
)
us−1du if − 3 < Re s < −1,∫ ∞

0

(
℘′(u, τ) + 2π3 cot(πu) csc2(πu)

+(12ζ(4)− 6G4(τ))u + (40ζ(6)− 20G6(τ))u3
)

us−1du if − 5 < Re s < −3,
...

... .

5. Some Properties of the Lambert Series
We now derive some implications of the above identities. For example, from the

second equation in (24), we have

A(τ, 1− s) =
(2π)s−1 csc

(
πs
2
)

2 Γ(s)

∫ ∞

0

(
ζ(u, τ)− π cot(πu)− π2u

3
)
us−1du (28)

for −3 < Re s < −1. Replacing s with 1− s,

A(τ, s) =
csc(πs) sin

(
πs
2
)

(2π)sΓ(1− s)

∫ ∞

0

(
ζ(u, τ)− π cot(πu)− π2u

3
)
u−sdu (29)

for 2 < Re s < 4. Using the function equation of the Riemann zeta function

ζ(s) = 2(2π)s−1 sin
(πs

2

)
Γ(1− s)ζ(1− s),

we can rewrite the front factor in (29) as

A(τ, s) =
tan
(

πs
2
)
ζ(1− s)

2π ζ(s)

∫ ∞

0

(
ζ(u, τ)− π cot(πu)− π2u

3
)
u−sdu (30)

for 2 < Re s < 4. The following relation of A(τ, s) given in [7] can be derived from this
Mellin integral representation.

Corollary 3. For Re s > 2, we have

A(τ, s) = e
πis
2

Γ(s)
(2π)s ∑

ω∈Ω+

ω−s (31)

where Ω+ = {ω ∈ Z+Zτ | Im ω > 0}.

Proof. Consider the integral

I(τ, s) =
∫ ∞

0

(
ζ(u, τ)− π cot(πu)− π2u

3
)
u−sdu (32)

for 2 < Re s < 4. The integrand is O(|u|3−Re s) as u → 0, and away from the poles, it is
O(|u|1−Re s) for large |u|. Hence, (32) can be evaluated using an appropriate branch of u−s

and a keyhole contour. Equivalently, by moving the ray of integration in (32) by an angle of
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2π along the Riemann surface of u−s, the integral changes to e−2πis I(τ, s) while picking up
the residues of the poles in between. Hence,

I(τ, s) = e−2πis I(τ, s) + 2πi(1 + e−πis) ∑
ω∈Ω+

ω−s,

from which it follows that

I(τ, s) = π
(

cot
(πs

2

)
+ i
)

∑
ω∈Ω+

ω−s. (33)

From (30), we have

A(τ, s) =
1
2

(
1 + i tan

(πs
2

)) ζ(1− s)
ζ(s) ∑

ω∈Ω+

ω−s (34)

and since the right-hand side is analytic for Re s > 2, (34) holds for Re s > 2. From the
functional equation, one can show

1
2

(
1 + i tan

(πs
2

))
ζ(1− s) = e

πis
2

Γ(s)
(2π)s ζ(s),

and (34) can be written as (31).

The Equations (34) and (31) can be written as

A(τ, s) =
1
2

(
1 + i tan

(πs
2

))
ζ(1− s) ∑

ω∈Ω+

ω−s = e
πis
2

Γ(s)
(2π)s ζ(s) ∑

ω∈Ω+

ω−s

where Ω+ = {m + nτ ∈ Ω+ | gcd(m, n) = 1}.
For

(
a b
c d

)
∈ SL(2,Z), τ ∈ H, and s ∈ C, transformation formulas relating A

( aτ+b
cτ+d , s

)
and A(τ, s) are given in [9–11]. Since A(τ, s) is clearly invariant under τ 7→ τ + b for b ∈ Z,
we only need to consider τ 7→ aτ+b

cτ+d with c > 0. The Mellin integral representation (30)
gives a convenient way of deriving such a formula for Re s > 2, from which a formula for
s ∈ C may be found by analytic continuation.

Corollary 4. Let
(

a b
c d

)
∈ SL(2,Z) such that c > 0. For Re s > 2, we have

(cτ + d)−s A
(

aτ + b
cτ + d

, s
)
= A(τ, s) +

1
2
(
1− (cτ + d)−s)ζ(1− s)

− i tan
(πs

2

) ζ(1− s)
ζ(s) ∑

ω∈Ω

′
ω−s

(35)

where Ω = {ω ∈ (Z+ Zτ)× | 0 ≤ arg ω ≤ arg(cτ + d)}, and the summation ∑ ′ means that
we add 1

2 ω−s instead of ω−s if arg ω = 0 or arg ω = arg(cτ + d).

Proof. The right-hand side of (35) is analytic in s for Re s > 2, and it suffices to show the
equality for 2 < Re s < 4. In this region, from (30), we have

(cτ + d)−s A
(

aτ + b
cτ + d

, s
)
=

tan
(

πs
2
)
ζ(1− s)

2π ζ(s)
(cτ + d)−s I

(
aτ + b
cτ + d

, s
)

(36)

where

I
(

aτ + b
cτ + d

, s
)
=
∫ ∞

0

(
ζ

(
u,

aτ + b
cτ + d

)
− π cot(πu)− π2u

3

)
u−sdu.
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From (21) or (22), we have ζ(u, aτ+b
cτ+d ) = (cτ + d)ζ((cτ + d)u, τ). By letting t = (cτ + d)u,

(cτ + d)−s I
(

aτ + b
cτ + d

, s
)

= (cτ + d)−s
∫ ∞

0

(
(cτ + d)ζ((cτ + d)u, τ)− π cot(πu)− π2u

3

)
u−sdu

=
∫ (cτ+d)∞

0

(
ζ(t, τ)−

π cot( πt
cτ+d )

cτ + d
− π2

3
t

(cτ + d)2

)
t−sdt

where the ray of integration in t has the angle 0 < arg(cτ + d) < π. By the bounds of the
integrand discussed previously, we can move the ray of integration clockwise to a contour
C from 0 to ∞ traversing slightly above the positive real axis, picking up the residues of the
poles in between, so that

(cτ + d)−s I
(

aτ + b
cτ + d

, s
)
=− 2πi ∑

ω∈Ω◦
ω−s

+
∫

C

(
ζ(t, τ)−

π cot( πt
cτ+d )

cτ + d
− π2

3
t

(cτ + d)2

)
t−sdt

(37)

where Ω◦ = {ω ∈ (Z + Zτ)× | 0 < arg ω < arg(cτ + d)}. Now, we write
ζ(t, τ) = (ζ(t, τ) − π cot(πt) − π2t

3 ) + π cot(πt) + π2t
3 in (37), and since∫

C(ζ(t, τ)− π cot(πt)− π2t
3 )t−sdt = I(τ, s),

(cτ + d)−s I
(

aτ + b
cτ + d

, s
)
= −2πi ∑

ω∈Ω◦
ω−s + I(τ, s) + J(τ, s) (38)

where

J(τ, s) =
∫

C

(
π cot(πt) +

π2t
3
−

π cot( πt
cτ+d )

cτ + d
− π2

3
t

(cτ + d)2

)
t−sdt. (39)

The integrand of (39) has poles at t = m and t = (cτ + d)m for integers m 6= 0, and by the
same argument as before,

J(τ, s) = e−2πis J(τ, s) + 2πi
(
(e−πis + e−2πis) ∑

m>0
m−s − (1 + e−πis) ∑

m>0
((cτ + d)m)−s

)
and we obtain

J(τ, s) = π
(

cot
(πs

2

)
− i
)

ζ(s)− π
(

cot
(πs

2

)
+ i
)
(cτ + d)−sζ(s)

= π cot
(πs

2

)(
1− (cτ + d)−s)ζ(s)− πi

(
1 + (cτ + d)−s)ζ(s), (40)

and combining (38) and (40) with (36), we have

(cτ + d)−s A
(

aτ + b
cτ + d

, s
)
= A(τ, s) +

1
2
(
1− (cτ + d)−s)ζ(1− s)

− i
2

tan
(πs

2

)
ζ(1− s)

(
1 + (cτ + d)−s)

−i tan
(πs

2

) ζ(1− s)
ζ(s) ∑

ω∈Ω◦
ω−s

which equals (35).
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6. Conclusions
We have applied the Mellin integral formula (13) to the Laurent series (23) and obtained

the identities (24) between the Weierstrass zeta function ζ(u, τ) and the Lambert series
A(τ, s). Corollaries 3 and 4 follow from the Mellin integral representation (28) of A(τ, s).
Taking the branch of the log so that −π ≤ arg z < π, the relation (31) in Corollary 3 can be
equivalently written as

∑
(m,n) 6=(0,0)

(m + nτ)−s = (1 + eπis)
(

ζ(s) + e−
πis
2
(2π)s

Γ(s)
A(τ, s)

)
, Re s > 2. (41)

When s = 2k for an integer k ≥ 2, this formula reduces to

G2k(τ) = 2ζ(2k) +
2(2πi)2k

(2k− 1)!

∞

∑
n=1

σ2k−1(n)qn, (42)

which is the usual Fourier expansion of the classical Eisenstein series. Since the right-
hand side of (41) is entire in s, it gives an analytic continuation of the Eisenstein series to
any complex weight s. In other words, the Mellin integral representation (28) provides a
different proof of these results. On the other hand, one can show (31) or (41) by finding the
Fourier expansion of the sum using the Poisson summation formula, as was done in [7].
Hence, we can use the identity (33) to give another proof of the integral representation (28),
while we have derived it as a special case of Theorem 1.

Computation of the Mellin transforms of special functions is itself an interesting topic,
and the formulas (27) give the Mellin transforms of the Weierstrass elliptic functions in the
following sense. Although the straightforward integrals∫ ∞

0
ζ(u, τ)us−1du,

∫ ∞

0
℘(u, τ)us−1du,

∫ ∞

0
℘′(u, τ)us−1du, · · ·

are not defined partly due to the poles of the integrand along the real line, considering the
“regularized” functions

ζ(k)(u, τ) =
( ∂

∂u

)k(
ζ(u, τ)− G2(τ)u− π cot(πu)

)
, k ≥ 0,

we have shown that∫ ∞

0

(
ζ(k)(u, τ)− ζ(k)(0, τ)

)
us−1du =

Γ(s)
(2π)s (−2π)k4π sin

(π(s− k)
2

)
A(τ, 1 + k− s)

for −1 < Re s < 0. We expect the algebraic relations among the Weierstrass elliptic
functions to be reflected in the corresponding Mellin transforms as some convolution
relations. Finding the detailed implications of this correspondence is left for further study.
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