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Abstract: Investigating causal interactions between entities is a crucial task across various
scientific domains. The traditional causal discovery methods often assume a predetermined
causal direction, which is problematic when prior knowledge is insufficient. Identifying
causal directions from observational data remains a key challenge. Causal discovery typ-
ically relies on two priors: the uniform prior and the Solomonoff prior. The Solomonoff
prior theoretically outperforms the uniform prior in determining causal directions in bi-
variate scenarios by using the causal independence mechanism assumption. However,
this approach has two main issues: it assumes that no unobserved variables affect the out-
come, leading to method failure if violated, and it relies on the uncomputable Kolmogorov
complexity (KC). In addition, we employ Kolmogorov’s structure function to analyze the
use of the minimum description length (MDL) as an approximation for KC, which shows
that the function class used for computing the MDL introduces prior biases, increasing the
risk of misclassification. Inspired by the insufficient but necessary part of an unnecessary
but sufficient condition (INUS condition), we propose an asymmetry where the expected
complexity change in the cause, due to changes in the effect, is greater than the reverse. This
criterion supplements the causal independence mechanism when its restrictive conditions
are not met under the Solomonoff prior. To mitigate prior bias and reduce misclassification
risk, we introduce a multilayer perceptron based on the universal approximation theorem
as the backbone network, enhancing method stability. Our approach demonstrates a com-
petitive performance against the SOTA methods on the TCEP real dataset. Additionally,
the results on synthetic datasets show that our method maintains stability across various
data generation mechanisms and noise distributions. This work advances causal direction
determination research by addressing the limitations of the existing methods and offering
a more robust and stable approach.

Keywords: causal discovery; minimum description length; regression

MSC: 62D20

1. Introduction
The era of big data has facilitated great strides in scientific research. However, tradi-

tional research methods based on correlations, such as machine learning techniques, often
lead to knowledge containing spurious correlations, which can lead to erroneous percep-
tions of the world [1]. Effectively and accurately obtaining causal relationships is more
practically significant than merely identifying and detecting correlations. For example,
there is a relationship between weather temperature and ice cream sales [2]. A prediction
model for ice cream sales based on correlations cannot further guide ice cream shop owners
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in devising more appropriate sales strategies. Similarly, the same temperature can result in
completely different sales figures at the beach compared with urban office areas. Therefore,
we are more concerned with how temperature causally affects ice cream sales after other
potential confounding variables are removed. Randomized controlled trials (RCTs) are
widely regarded as the gold standard for studying causal relationships [3]; however, it is
worth noting that RCTs implicitly assume the causal direction between the two variables.
The design of RCTs is based on researchers having already determined which variable is the
potential “cause” (intervention variable) and which is the “effect” (outcome variable). Un-
fortunately, such knowledge about the direction between two variables is difficult to obtain
in many research fields, such as the widely discussed climate warming and carbon dioxide
concentration [4], and the causal directions in relationships such as economic growth and
technological innovation [5]. Therefore, inferring causal directions from observational data
is a significant research problem in causal science.

Generally, we consider causal relationships to be a subset of correlation relationships.
The uniqueness of causal relationships lies in their logical asymmetry, meaning that we
find it more reasonable to intervene in the cause to induce changes in the effect rather than
to intervene in the effect to cause changes in the cause [6]. This asymmetry implies that
causal relationships are directional, so we typically use directed acyclic graphs (DAGs) to
describe the causal relationship structure between variables [7]. We need to utilize certain
fundamental priors to constrain and filter which correlations can be considered causal
relationships or, in other words, to determine under what circumstances we can regard
these correlations as containing causal relationships. Identifying causal relationships from
observational data is referred to as causal discovery. In the field of causal discovery, there
are two fundamental priors: the uniform prior and the Solomonoff prior [8]. Although the
former may not have been directly mentioned, one of its implications, the minimality of
factorization, is widely used in the field of causal structure discovery. In short, in directed
acyclic graphs (DAGs) that describe the conditional independence of variables, the true
causal structure should be the DAG with the fewest edges. However, the task of causal
direction identification differs from the general causal structure discovery tasks; we only
have data for two variables, and therefore, the commonly used conditional independence
tests in causal structure discovery cannot be implemented [9]. Such a predicament drives
us to further seek assumptions about causal generative mechanisms, for example, the
causal independence mechanism (ICM) assumption based on the Solomonoff prior, which
is based on the idea that the simplest explanation or model for a given observation should
be preferred. This assumption posits that the mechanism generating the cause variable
and the cause–effect mechanism are mutually independent [10]. On the basis of these
assumptions, it becomes possible to identify the asymmetrical relationships between causes
and effects as statistical asymmetries, from the data, thereby allowing us to infer causal
directions using observational data [11].

The existing theories indicate that the Solomonoff prior is more suitable for cases
involving observational data with only two variables [12]. This point can be validated by
the fact that many causal direction determination methods based on the ICM assumption
(which follows the Solomonoff prior), such as SLOPE [13], achieve better performance
on commonly used TCEP datasets compared to methods based on structural equation
models, such as ANM [14]. However, the widespread validity of the causal independence
mechanism assumption based on the Solomonoff prior remains to be verified [15]. To
enhance the application of the Solomonoff prior in causal direction inference, we explore an
assumption that, while still based on the Solomonoff prior, holds outside the applicability
range of the causal independence mechanism, thereby establishing a new principle for
causal direction inference. Our analysis identifies one of the primary limitations of the
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causal independence mechanism: it requires that all parent nodes of the outcome variable
in the causal relationship be fully included within the observational dataset [8]. Using
the task of inferring the causal direction between two variables as an example, if a causal
relationship X→Y exists, the principle of inferring the causal direction based on the causal
independence mechanism is valid under the condition that Y does not have any unobserved
parent nodes other than X. To overcome this limitation, we introduce the insufficient but
necessary part of an unnecessary but sufficient condition (INUS condition) [16], a concept
in causation theory, as our fundamental assumption. If the causal mechanism conforms to
the form defined by the INUS condition, we propose that there exists an asymmetry in the
expected complexity changes between the cause and the effect. On this basis, we design
our causal direction inference principle.

When instantiating our principle, since we adhere to the Solomonoff prior, the com-
plexity within the principle corresponds to the uncomputable algorithmic complexity.
Currently, this is generally approximated using the two-part minimum description length
(two-part MDL). The existing methods typically construct a set of basis functions and
calculate the final two-part MDL score by statistically balancing the types and quantities of
basis functions used by the model along with the fitting accuracy. Through Kolmogorov’s
structure function [17], we theoretically find that constructing the function class used to
compute the two-part MDL may introduce prior biases, ultimately leading to the risk of
misclassification caused by these prior biases when the causal direction inference principle
is applied. To address this issue, our method employs a multilayer perceptron (MLP)
based on the universal approximation theorem as the backbone network of our model. By
integrating indicators that evaluate the model’s complexity based on the weight values
with the fitting accuracy into the loss function [18] and balancing these two components
through gradient descent learning, our approach mitigates the risk of misclassification,
and enhances the method’s stability. This is achieved by eliminating the need to manually
construct a set of basis functions, thereby reducing the potential for prior-induced errors,
and improving the overall robustness.

Our method achieves competitive accuracy compared with the existing state-of-the-
art (SOTA) methods on the widely used real bivariate causal discovery dataset, TCEP.
Furthermore, unlike some methods that typically require univariate data as input, an-
other advantage of our approach is its ability to handle all causal pairs within the dataset
comprehensively. Additionally, experiments on commonly used synthetic datasets demon-
strate that our method maintains excellent stability across a variety of data generation
mechanisms with different functional forms.

Our contributions can be summarized in the following two points:

• A new causal direction inference principle is proposed on the basis of the INUS
condition. The limitations of the causal independence mechanism assumption is
overcome in causal direction inference tasks (such as the presence of unobserved parent
nodes for the outcome variable). By introducing an asymmetry in the complexity
changes accompanying the causal directions, we enhance the applicability of the
Solomonoff prior.

• We develop an MLP-based MDL scoring mechanism for computing our causal direc-
tion inference principle. By adopting a function class-free approach, we avoid the
prior bias that may arise from the manual construction of basis function sets in the tra-
ditional methods, thereby enhancing the stability and accuracy of the causal direction
inference. Furthermore, we theoretically demonstrate the necessity of this approach.

The remainder of this paper is organized as follows. We first introduce related work
and some preliminary knowledge. The methods section primarily consists of two parts:
first, we outline the new proposed causal inference principle, where we also formally define
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the causal direction determination problem; second, we detail the specific implementation
of the algorithm. Finally, the experimental section includes both real and synthetic data.

2. Related Works
In the task of determining the causal direction between two variables, many classical

methods have been widely applied across various research fields [2,19–21], such as Granger
causality [22] and the convergent cross mapping (CCM) [23] methods. However, these
methods are designed for time-series data [24], and their effectiveness relies on high-
quality time series observational data. Our method addresses the problem of causal
direction determination for non-time-series data, as in many cases—such as in the field of
earth sciences—long time-series data are difficult to obtain, or are prohibitively costly to
acquire [25].

The existing methods for causal direction determination in non-time-series data can
be broadly categorized into two types based on the specific location of their assumption for
obtaining statistical asymmetries:

1. Methods based on structural equation models: These approaches utilize structural
equations to model the causal relationships between variables, leveraging the inherent
structure to infer causality.

2. Methods based on causal independence mechanisms: These approaches rely on the
assumption that the causal mechanisms of the cause and effect are independent, using
this independence to determine the direction of causality.

The function model-based approach posits that causal relationships between two
variables can be represented using a function model. For example, if X → Y , there exists
a fitted function model Y = g( f (X), n), where n is a noise variable independent of X.
Conversely, if we fit a model in the opposite direction, X = g( f (Y), n′), the noise variable
n′ will not be independent of Y. In practical implementation, additional assumptions
regarding the specific forms of f and g and the distribution of n are often needed. For
example, the LiNGAM method [26] assumes that the causal relationship follows a linear
function model, where f is linear, and the noise variable n follows a Gaussian distribution.
Furthermore, a series of approaches have been developed to relax these assumptions to
broaden their applicability. For example, ANM [14] does not assume linearity in the causal
relationship but assumes that the noise is additive. On the other hand, PNL [27] permits
the additive noise to combine with the causative variable after a nonlinear transformation,
which is then passed through another nonlinear function to generate the outcome variable.
These methods share the common principle of determining the causal direction by testing
the independence of the noise and the independent variable, and their effectiveness is
contingent upon the data-generating mechanism satisfying the specific assumptions of the
function model [9]. Recent methods, such as CEMM [28], leverage a learnable module to
integrate these different model-based assumptions, thereby ensuring the selection of the
most appropriate function model under varying data-generating mechanisms.

Another category of methods, which is based on the causal independence mechanism
hypothesis, does not require additional assumptions about the specific functional form
of the causal relationship. These methods adhere to the Solomonoff prior, which posits
that the mechanism governing the causal relationship is independent of the mechanism
generating the cause, whereas the mechanism generating the effect is not independent of
the causal mechanism, and involves algorithmic mutual information. Consequently, their
fundamental principle for determining the causal direction remains consistent, expressed
as I(X : Y|X) = 0, or equivalently K(Y|X) ≤ K(Y) + K(X|Y). However, the specific ap-
proaches used to instantiate the uncomputable K differ among these methods. For example,
Origo [29] uses binary string data as input and approximates K by measuring the diffi-
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culty of lossless compression. On the other hand, CURE [30] employs a semisupervised
inverse regression technique to assess whether the marginal distributions contain informa-
tion about the joint distribution, thereby directly representing the presence of algorithmic
mutual information. SLOPE [13], which follows the two-part MDL principle, uses the
complexity of the regression model and regression loss, achieving state-of-the-art (SOTA)
performance on widely used real-world datasets, such as TCEP [31]. In fact, while methods
based on the causal independence mechanism no longer rely on restrictions regarding the
functional form of the regression model between causal variables, most of these methods
still approximate K through regression tasks.

3. Preliminaries
In this section, we briefly introduce the algorithmic information theory concepts

involved in NMDL4CO, and the INUS condition assumptions used to construct our causal
direction inference principles.

3.1. Kolmogorov Complexity

Kolmogorov complexity, also known as algorithmic complexity, is used to quantify
the complexity of an object [17]. It can be defined as the length of the simplest description
of an object. In other words, for a given string s, its Kolmogorov complexity K(s) is the
length of the shortest program capable of generating s (on a fixed universal computational
model, such as a Turing machine). More formally, it can be defined as:

K(s) = minp:U(p)=s|p| (1)

where s is the string to be described. p is the program input to a universal Turing machine
U such that U(p) outputs the string s. |p| represents the length of the program (in bits).

This paper also involves an extension of Kolmogorov complexity, known as conditional
Kolmogorov complexity, which considers the length of the shortest program required to
describe an object given some additional information. Its definition is similar to that of
Kolmogorov complexity:

K(s | t) = minp:U(p,t)=s |p| (2)

t is the conditional string. p is a program input to a universal Turing machine U such
that, given the condition t, the program p outputs the string s. For example, suppose that
we have two strings s and t:

s = “abababababababab”t = “ab”

In this case, the conditional Kolmogorov complexity of s given t, denoted as K(s | t),
would be relatively low, because s can be described using a simple repetitive pattern that is
based on t: “repeat t seven times.”

3.2. Minimum Description Length

For any string s, its Kolmogorov complexity K(s) is uncomputable because there is
no universal method to find the shortest program that generates s. The MDL principle
aims to minimize the description length of the data by selecting the optimal model. This
aligns with the goal of Kolmogorov complexity: finding the most concise description. Thus,
MDL can be used as an approximation of Kolmogorov complexity. Specifically, MDL can
be defined in the following two-part form:

MDLtwo-part = L(model) + L(data | model) (3)
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• Model description length L(model): Select a model and calculate the encoding length
required to describe it. This corresponds to selecting an appropriate program with
Kolmogorov complexity.

• Data description length L(data | model): Given the model, calculate the length re-
quired to describe the data. This part is analogous to running the program to generate
the data.

In practical computations, to ensure computability, the MDL principle relaxes the
requirement for Turing completeness. In simple terms, MDL does not aim to search for the
optimal model across all possible model sets but instead approximates by searching for the
best model within a predefined model search space.

3.3. INUS Condition (Insufficient but Necessary Part of an Unnecessary but Sufficient Condition)

For an event A, if events X and Y exist such that (A ∩ X) ∪ Y is a necessary and
sufficient condition for the occurrence of event E, and A alone is not sufficient to cause E
but merely constitutes an unnecessary, yet sufficient, part of A ∩ X, where A ∩ X itself is
an insufficient but necessary part of (A ∩ X) ∪ Y, then A is called an INUS condition for
E [16].

The primary significance of the INUS condition lies in partially completing the full
meaning of causal statements. It emphasizes the factors involved in constituting causal
relationships rather than focusing on the independent mechanisms that highlight the
independent pathways of causal connections.

An example of an INUS condition can be illustrated with the scenario of a house fire.
Suppose a cigarette is carelessly discarded, and it causes a fire. However, the cigarette
alone is not sufficient to start the fire; it requires the presence of a flammable material, such
as dry curtains, to ignite. The combination of the cigarette and the flammable material is
sufficient to cause the fire, but neither one is enough by itself. In this case, the cigarette is
an insufficient condition, but it is necessary as part of the combination. So, we can say that
a carelessly discarded, still-lit cigarette is an INUS condition for a fire.

4. Methodology
4.1. Problem Description

This paper focuses on the problem of determining the causal graph between two
observed variables, X and Y, specifically whether the causal direction is X → Y or X ← Y .
In fact, we assume that X and Y are statistically dependent, and that this statistical depen-
dence arises from a causal effect in the form of either X → Y or X ← Y . This task can be
regarded as a special case of the causal discovery problem, which we refer to as causal
orientation. Table 1 summarizes the main mathematical symbols and their meanings.

Table 1. List of symbols.

Symbol Meaning Symbol Meaning

K(X) X’s Kolmogorov complexity Sc Minimal sufficient set of C
L(X) X’s MDL C1 One of the causal variables of E
MX|Y A model that encodes X, given Y c1 A sample value of C1
DX|Y Data X encoded, given Y E Outcome variable of interest

P(X | Y) Conditional distribution e A sample value of E
P(X) X’s distribution I Defined event
P(I) Probability of I occurring
E(X) Expected value of X
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4.2. The Causal Orientation Principle Inspired by the INUS Condition
Motivation

Solomonoff’s prior is an elegant implementation of Occam’s Razor, which posits that
simple generative mechanisms are more likely to occur than complex, random ones. This
prior can serve as an insight into causal mechanisms, suggesting that in a system, if we
describe the causal interactions between elements using a causal graph structure, a graph
with lower complexity is more likely to represent the true causal relationships. We typically
use Kolmogorov complexity as a measure of the complexity of such mechanisms. Existing
theories have proven that this prior is more suitable for the causal orientation task than
another commonly used prior in causal discovery, the uniform prior.

Most methods following Solomonoff’s prior adhere to the independent causal mech-

anism (ICM) assumption. This assumption posits that K(s1, . . . , sn) ≪
n
∑

j=1
K
(
sj
)
, mean-

ing that in a system with causal relationships, using causal mechanisms for a joint de-
scription results in a lower complexity than the sum of the complexities of describing

each element individually. Specifically, K(P(X1, . . . , Xn))
±
=

n
∑

i=1
K(P(Xi | Parents(Xi))).

Implicit in this process is the assumption that the parent set of Xi is known. In the
case of a causal orientation, where only two observed variables are present, we have
K(P(X, Y)) +

= K(P(X)) + K(P(Y | X)) or K(P(X, Y)) +
= K(P(Y)) + K(P(X | Y)). This

implies that regardless of whether the true causal graph is X → Y or X ← Y , the IC as-
sumption inherently presumes that the parent set of the effect variable includes only the
other variable, i.e., “no other unobserved causes exist.” However, this assumption is often
difficult to verify in real-world scenarios. For example, the average life expectancy of
residents in a region clearly depends on numerous causal variables, many of which may
be unobservable. It should be noted that the other unobserved variables we mentioned
above do not imply that they are confounding variables. From a causal graph perspective,
the unobserved variable we refer to is not a parent node of the observed cause variables,
whereas a confounding variable is a parent node of both the cause and outcome variables.
To overcome this limitation, we propose a new principle for causal orientation inspired by
the INUS condition, The main difference between our method and the ICM-based methods
is shown in Figure 1.
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based methods.

In this work, we assume that if variable X is an INUS condition for Y, then X can be
regarded as a causal variable for Y. Since the INUS condition does not require the causes
corresponding to an effect to be unique, our principle does not assume that the variable
identified as the cause is the sole cause of the effect. Instead, we allow for the possibility of
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other unobserved causes. This stands in contrast to the ICM framework, which implicitly
assumes the absence of other unobserved causes. This distinction represents the most
significant difference between our approach and the other ICM-based methods.

4.3. Theoretical Derivation and Formula

We use Figure 2 to specifically illustrate the application of the INUS condition. Dashed
arrows represent necessary condition relationships, while solid arrows represent sufficient
condition relationships. Here, C is the variable considered the cause in the INUS condition,
E is the variable regarded as the effect, and Sc represents the minimal sufficient set of
variables for causing a change in E, with C being a necessary condition within this set.
The solid arrows in the diagram indicate sufficient condition relationships, whereas the
dashed arrows represent necessary condition relationships. Among the variables C, Sc,
and E, there exist events where a change in one variable is accompanied by a change in
another. Specifically, we focus on the four types of events depicted in the diagram, and
the probability relationships of these events form the foundation for deriving our causal
orientation principle.
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Both C and E are necessary conditions for Sc. Since Sc is defined as the minimal
sufficient set for C under the INUS condition, C is the maximal necessary subset of Sc. Any
other necessary condition set, including E, has a sufficiency less than or equal to that of
C. Therefore, we can observe that the probability of Event I occurring is greater than that
of Event III. On the other hand, if we analyze the specific situations in which each event
occurs, the occurrence of Event I necessarily implies the occurrence of Event II. This is
because, according to the definition of the INUS condition, a change in Sc is a sufficient
condition for a change in E. Conversely, the occurrence of Event II does not necessarily
imply Event I. A change in E might be caused by another sufficient set outside of Sc, with
C coincidentally changing at the same time. Similarly, ¬III

∨
IV reflects the same reasoning.

Now, we can establish the following probability relationships: P(II) > P(I) > P(III) and
P(IV)− P(III) = P(II)− P(I). Thus, we have:

P(II) ≥ P(IV) (4)

Since we aim to derive a general causal relationship (type/general causality) between
classes of events that is independent of the specific event contexts, we focus on how the
distribution of one variable changes when the distribution of another variable changes,
rather than the specific values of the variables. This implies that when using Kolmogorov
complexity to construct the inference principle, the objects we measure are the distributions
P(C) and P(E), specifically their conditional complexities. By incorporating Event II and
substituting specific events into Equation (4), we have:

E[K(P(C1|e))]
K(P(C1))

> E[K(P(E|c1))]
K(P(E)) (5)
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For simplicity, if we assume that the initial complexities of the cause and effect are com-
parable, i.e., the differences in algorithmic complexity between the marginal distributions
of the two variables are not significant enough to fundamentally affect the causal direction
inference, then we can infer the causal direction solely by comparing the numerators of
the equation. The most intuitive way to model the numerator is to compute the complex-
ity of the distribution of the effect (or cause) for each fixed value of the cause (or effect)
based on the observed data. However, this approach is clearly impractical, because for the
continuous observational data, the samples corresponding to a fixed value of a variable
are often extremely few or even unique. To address this, we approximate the expected
algorithmic complexity of the effect (or cause) distributions across all values of the cause (or
effect) using conditional algorithmic complexity. Given the uncomputability of algorithmic
complexity, we substitute it with the two-part MDL score of a regression model.

Our causal direction inference rule can be formalized as the following equation:

MDLScoreX→Y = α
(

L
(

MY|X

))
+ β

(
L
(

DY|X,x

))
(6)

MDLScoreY→X = α
(

L
(

MX|Y

))
+ β

(
L
(

DX|Y,y

))
(7)

If:
MDLScoreX→Y −MDLScoreY→X > 0 (8)

We determine X as the cause of Y if the above condition holds and, conversely, Y as
the cause of X otherwise. Here, L(M) and L(D) represent the complexity of encoding the
model and the complexity of encoding the data after applying the model, respectively. The
coefficients α and β adjust the relative importance of these two components in the overall
MDL score.

4.4. Algorithm Implementation for Our Causal Orientation Principle

We model the conditional distribution of Y given X using a regression approach.
Specifically, we employ a multilayer perceptron (MLP) as our regression model, which
does not require the construction of a predefined function class. The neural MDL (NMDL)
score is used to measure the complexity of encoding the model, whereas regression loss is
employed to quantify the complexity of encoding the data after applying the model. The
combination of model simplicity and regression error forms the loss function, which is
minimized during model training to balance the model complexity and data complexity.
The final overall loss is taken as the MDL score for that causal direction.

4.4.1. Class-Free Implementation
Estimating the Complexity of the Encoding Model

When measuring model simplicity, conventional methods often use regularization
terms such as the L1 or L2 norms to encourage the model to use sparser or smaller weight
values to ensure simplicity. However, in reality, smaller weight values do not necessarily
equate to simplicity. In contrast, we believe that a weight value of 1 should be considered
simpler than a smaller value, such as 0.3532, which requires more bits for data transmission.
On this basis, we adopted the same weight encoding method used by Nur Lan et al. [18].
This encoding method takes into account the number of bits required to represent the
weight values, which aligns better with our simplicity criterion.

L(M) = L(parameters) + L(weights) (9)

The encoding method for the model is specifically described by the following formula.
The algorithmic complexity of the model consists of two parts: the hyperparameters
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required for model initialization and the weight values of the trained model. The encoding
method for these values is based on the prefix-free encoding technique proposed by Li and
Vitányi [17], as shown in the following equation:

L(numbers ) = 11111 . . . 111︸ ︷︷ ︸
Unary enc. of ·⌈log2n⌉

0︸︷︷︸
Separator

10101 . . . 00110︸ ︷︷ ︸
Binary enc. of ·n

(10)

Any number is represented as a fraction, where the denominator’s maximum length
is determined by hyperparameters, which can be understood as the minimum encoding
resolution. The numerator is then determined on the basis of the specific value at the
resolution provided by the denominator. This encoding method meets the simplicity
requirement discussed earlier: intuitively simple numbers such as 1 and 0 require only
one bit for the denominator and one bit for the numerator, whereas more complex values
require longer bit representations. To ensure fairness in causal direction inference, we use
MLP models with the same number of layers and hidden layer sizes for both directions.
Therefore, the encoding of the model hyperparameters is identical for both directions, and
can be ignored in this step.

Estimate the Complexity of the Encoded Data

In our implementation, the regression model reduces the difference between the
modeled conditional distribution and the true conditional distribution by minimizing the
regression error. In other words, the regression error reflects the portion of the data’s
conditional distribution information that the model fails to capture. The smaller the error is,
the lower the remaining uncertainty in the data under the model, leading to a shorter condi-
tional description length. Conversely, a larger error indicates an increase in the remaining
uncertainty, requiring more bits to model the residual uncertainty information. Naturally,
we use the regression error from the regression model to represent the L(data | model)
component in our causal direction inference principle.

4.4.2. Theoretical Analysis of Necessity

The idea of approximating the algorithmic complexity of the conditional distribution
via a two-part MDL score from a regression model is not new. In practice, the regression
model used to compute the two-part MDL inevitably relaxes the Turing completeness
requirement compared with an ideal general Turing machine, which introduces approxi-
mation biases that affect the accuracy of causal direction inferences. To discuss this issue
more formally, we use the theory of Li and Vitányi [17]. Kolmogorov’s structure function,
also known as the maximum likelihood estimator (MLE), is defined as follows:

hx(i) =
min

S
{log|S| : S ∋ X, K(S) ≤ i} (11)

Here, S is the expected model used to model x, and i is a nonnegative integer that
constrains the complexity of the expected model S. We can understand this function as
follows: the encoding of x consists of two parts. The first part is the shortest model length
i within the predefined expected model space S, and the second part is the information
length hx(i) required to model x under this model. According to the theory presented
in this paper, hx(i) is a nonincreasing function, and the sum hx(i) + i has the following
relationship with K(x):

K(x) ≤ i + hx(i) + O(1) (12)

Specifically, as i increases, hx(i) has a lower bound determined by K(x). This lower
bound is referred to as the sufficient line L(i) = K(i)− i. Additionally, when i exceeds a



Mathematics 2025, 13, 544 11 of 18

certain value α, the model is considered to have captured all the effective information about
X. As i increases further, the additional complexity i− α begins to model an increasing
amount of noise in the data x, indicating that the model has reached an overfitting state. In
this state, hx(i) closely adheres to the sufficient line. The value i = α is termed the minimal
sufficient statistic, at which point hx(i) first approaches L(i), as illustrated in Figure 3:
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In fact, according to this theory, the specific value of α is uncomputable, meaning that
we cannot expect the “true” model to be within our model search space. However, our goal
is not to find the best model with the best generalization performance but rather to find a
metric hx(i) + i that approximates K(x) for causal direction determination. Therefore, the
metric in an overfitting state is as effective as when i = α. Additionally, for the same K(x)
and |n|, different samples x correspond to different shapes of the function hx(i) within
the shaded region. In other words, the deviation of hx(i) + i from K(x) depends on the
specific distribution of the x samples, which could lead to incorrect judgements in the causal
direction. Therefore, our key idea is to ensure that the structure functions corresponding to
the model have narrower possible shape regions for different x values, thereby reducing
the risk of making erroneous judgements.

Intuitively, when instantiating our inference principle, a more general model class
should be used to minimize biases caused by model selection as much as possible. For
example, when a set of basis functions is used as a predefined search space, if the types
of candidate basis functions do not include a specific basis function, the two-part MDL
score obtained by approximating with other basis functions will be higher than when the
specific basis function is included. In other words, when constructing the predefined model
search space, it is necessary to introduce as few priors as possible to ensure that the model
does not favor specific data distributions. In terms of causal mechanism functions, this
means that we need to fairly assess the complexity of the various forms of the mechanism
functions. On the basis of the above considerations, we use an MLP as the regression model,
and employ a model weight encoding method as a measure of model simplicity.
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5. Experiment Results and Discussion
In this section, we provide a detailed description of the experimental setup, which

is specifically divided into two parts: benchmarks and baselines. First, we introduce the
different benchmarks used for evaluation, including their selection criteria and relevance
to the research objectives. Next, we discuss the selection of the baseline methods, which
are used for comparison in experiments to help us better understand the effectiveness of
the experimental results and the relative performance of the research methods. Through
these introductions, we aim to lay the foundation for the subsequent results analysis
and discussion.

5.1. Benchmarks

To validate the effectiveness of our method, we apply it to one widely used real-world
dataset and two synthetic datasets. The real-world data reflect the complex causal structures
present in practical problems, including potential noise, confounding factors, and nonlinear
relationships. Therefore, we can use the method’s performance on these datasets as a
direct measure of its effectiveness in real-world applications. Additionally, synthetic data
provide a controlled environment that can simulate specific causal generation mechanisms.
We utilize them to verify the stability of our method under different data generation
mechanisms, such as the presence or absence of noise and potential confounding factors.

Real-world data: The Tübingen cause–effect pairs dataset (TCEP) dataset was released
by researchers from the University of Tübingen in Germany. Each sample contains two
variables and clearly indicates the direction of the causal relationship between them. The
dataset is collected from multiple other datasets across different professional fields, en-
compassing data samples from disciplines such as physics, economics, biology, and social
sciences. Owing to the diversity of samples and precise annotations, it has become a
widely used benchmark dataset in the field of causal inference. At the time of writing, the
dataset contains a total of 108 cause–effect pairs, and is still being continuously expanded.
Therefore, in the baseline models discussed later, the accuracy of some models may differ
from the accuracy reported in their original papers. To ensure fairness, for methods with
significant differences, we referenced the baseline model accuracies reported in a recent
review on causal direction determination [32].

Synthetic data: The synthetic datasets we selected come from two widely used sources.
Four synthetic causal pairs examine different noise distributions and confounder scenarios,
namely, SIM (without confounders), SIM-ln (with low noise), SIM-G (with distributions
close to Gaussian), and SIM-c (with confounders). Additionally, three synthetic causal pairs
investigate different noise mechanisms, including additive noise (AN), nonlinear noise
(LS), and multiplicative uniform noise (MN-U). Each scenario in these synthetic datasets
includes a certain number of mutually independent samples to assess the performance of
the methods under these settings.

5.2. Baselines

In selecting baseline models, we considered both the ICM-based methods that adhere
to the Solomonoff prior, and the other classic methods that do not follow the Solomonoff
prior. Among the ICM-based methods, we select a representative and state-of-the-art series
of algorithms, including the CURE, IGCI [33], QCCD [34], and slope algorithms. Other
classic algorithms include Lingam, ANM, PNL, and RESIT [35]. Additionally, we selected
a recently emerged method, CEMM, as a representative of the state-of-the-art functional
causal model-based approaches.
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5.3. Results
5.3.1. Real-World Data

In the experimental setup of our proposed method, certain hyperparameters need
to be configured (e.g., the architecture of the backbone network). To avoid excessive
hyperparameter tuning, and ensure the objectivity of the experimental results, we used the
same hyperparameter settings for each of the 108 data pairs included in TCEP. Except for
a few pairs where one or two variables (cause or effect) are multivariate, we adjust some
necessary parameters (such as the sizes of the input and output layers) to ensure that the
data can be properly input into the model. The performance of each method on the TCEP
dataset is shown in Figure 4.
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Since real-world data reflect causal mechanisms, noise mechanisms, and other in-
formation that are generally considered uncontrollable and diverse in real-world usage
scenarios, the chosen methods need to use the most general and robust simple assumptions
possible when designing causal direction inference principles. One of the objectives of our
proposed method is to explore such simple and general assumptions for causal direction
inference tasks. In Figure 4, the upper half shows the ICM-based methods that follow
the Solomonoff prior, as well as our proposed NMDL4CO method inspired by the INUS
condition on the right. As theoretically expected, Figure 4 shows that these methods exhibit
excellent performance with relatively small differences, with one reason being that the
methods adhering to the Solomonoff prior typically do not make explicit restrictive as-
sumptions about the functional forms of data generation mechanisms or noise distributions.
This allows such methods to perform better when dealing with real-world datasets that
contain various complex causal relationships. In contrast, the methods in the lower half
of Figure 4 require explicit assumptions about the data generation mechanisms, resulting
in greater performance variability on real-world datasets. Although the CEMM method,
owing to its unique design, is no longer limited to a single assumption, its effectiveness
theoretically still depends on the data generation mechanism conforming to at least one of
the existing assumptions. Furthermore, compared with other methods that also follow the
Solomonoff prior, our method achieves an accuracy of 68.5%, demonstrating competitive
performance. The superior performance of our method over the other methods also indi-
cates that the theoretical foundation of our method does not rely on the assumption that
“the effect variable does not contain other unobserved causes”, making it more consistent
with real-world scenarios. The relatively small performance differences are attributed, in
our view, to a considerable portion of real-world data satisfying the assumption that the
effect variable does not contain other unobserved cause variables. In other words, in our
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observed samples, there exist cases where other unobserved cause variables are either
consistent or vary minimally, thereby having little impact on the effect. For example, certain
factors influenced by geographical location remain largely consistent because of sampling
within the same area. For example, in the TCEP dataset, pairs 49–51 record the impact
of temperature from three regions on near-ground ozone concentrations, and pairs 94–96
record the relationships among the number of hours in a day, temperature, and hourly
electricity consumption at a certain location. Since the chemical reaction activity for ozone
generation is influenced primarily by temperature, temperature is the key factor affecting
the near-ground ozone concentration. Additionally, the near-ground ozone concentration
is also influenced by local microclimatic conditions, such as urban inversions that cause
ozone to accumulate in the environment. Since these three data pairs are collected in fixed
regions, we can simply assume that the influence of these factors on the near-ground ozone
concentration is rarely reflected in the data samples. Similarly, residents’ electricity con-
sumption at different times is influenced by their daily routines, which are in turn regulated
by the solar altitude angle. The solar altitude angle can be approximated by the number of
hours in a day; in the absence of drastic weather changes, the temperature within a day can
also reflect changes in the solar altitude angle. On this basis, within specific time periods,
the temperature and hour counts can be regarded as the primary influencing factors on
residents’ electricity consumption, because other potential influencing factors (such as
regional economic levels) typically do not undergo significant changes during short data
collection periods. The causal independence mechanism assumption is more applicable
to these data pairs. We compare the performance of our method with that of the classical
SLOPE and IGCI methods, which represent the two most representative ideas based on
the Solomonoff prior: (1) utilizing the relationship between the algorithmic complexities of
marginal and conditional distributions and (2) leveraging the independence between the
cause and the causal mechanism. The results are shown in Table 2, Symbol ✓ represents
a correct method identification result, while symbol ✘ represents an incorrect method
identification result.

Table 2. Comparison of method performances under conditions where the impact of unobserved
cause variables is not significant.

Ours (0%) Slope (100%) IGCI (83%)

Pair 49 ✘ ✓ ✓
Pair 50 ✘ ✓ ✓
Pair 51 ✘ ✓ ✘
Pair 94 ✘ ✓ ✓
Pair 95 ✘ ✓ ✓
Pair 96 ✘ ✓ ✓

In contrast, when there are clearly other unobserved cause variables present, such as
in pairs 43–46 and 56–63 of the TCEP dataset, our method performs significantly better.
Pairs 43–46 describe the impacts of temperature, ground pressure, sea level pressure, and
relative humidity at the previous time step on the next time step within a certain range.
Pairs 56–63 describe the influence of capital latitude on the life expectancy of males and
females. The performance on these datasets is shown in Table 3.

Table 3. Comparison of method performances under conditions of significant impact from unobserved
cause variables.

Ours (91%) Slope (25%) IGCI (58%)

Pair 43 ✓ ✘ ✓

Pair 44 ✓ ✘ ✘

Pair 45 ✘ ✓ ✘
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Table 3. Cont.

Ours (91%) Slope (25%) IGCI (58%)

Pair 46 ✓ ✘ ✓

Pair 56 ✓ ✘ ✘

Pair 57 ✓ ✘ ✓

Pair 58 ✓ ✓ ✓

Pair 59 ✓ ✘ ✓

Pair 60 ✓ ✘ ✘

Pair 61 ✓ ✘ ✘

Pair 62 ✓ ✓ ✓

Pair 63 ✓ ✘ ✓

5.3.2. Synthetic Data

Figure 5 visualized the performance of Solomonoff prior-based methods on synthetic
data using radar charts. Under all the controlled environmental settings in the synthetic
data, our proposed method consistently demonstrated a relatively stable and reliable
performance, maintaining a top-tier performance in most settings. In other words, our
method is capable of handling the majority of cases involving complex data generation
mechanisms, including various functional forms and noise distributions or combinations,
when facing real-world application scenarios.
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(a) Our method, (b) SLOPE, (c) IGCI, and (d) QCCD are included. The QCCD method does not
conform to the assumptions of SIM-c, and is therefore excluded from the comparison. Additionally,
the CURE method is not included in the comparison because its code is unavailable.

This finding indicates that our analysis was effective when instantiating the concept
of Kolmogorov complexity involved in our inference principle. When designing causal
inference methods based on the Solomonoff prior, it is essential to avoid imposing ex-
plicit restrictions on the model class when approximating Kolmogorov complexity. On
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the one hand, this helps to prevent the method from exhibiting sensitivity to data genera-
tion mechanisms, similar to FCM-based methods. On the other hand, preserving Turing
completeness better ensures a more accurate approximation of Kolmogorov complexity,
thereby enhancing the method’s performance. For example, the QCCD method, which
similarly does not impose explicit restrictions on the model class, not only performs excel-
lently in terms of sensitivity to data generation mechanisms, but also exhibits a relatively
superior overall performance. In contrast, the SLOPE method, which is very similar to our
method, shows significant performance discrepancies in many cases, especially under the
multiplicative uniform noise (MN-U) setting, where the method almost completely fails.
Additionally, the IGCI method performs poorly under the SIM-ln setting, which contradicts
its declared requirement for low-noise environments. One explanation for this, is that under
the SIM-ln setting, the causal mechanism functions exhibit more non-injective or near-linear
relationships, which is also detrimental to the IGCI’s causal direction determination.

This also reminds us to be cautious when using synthetic data to evaluate methods’
performances under specific environments, because during the synthesis process, certain
technical reasons might lead us to not only restrict the conditions we intend but also
inadvertently alter some conditions that should remain unchanged. This is why we prefer
to demonstrate the validity of our method’s theoretical assumption through its performance
on real-world data rather than by constructing a specific synthetic dataset. The overall
performance of the methods on the synthetic datasets is shown in Table 4. The bold font
represents the performance of the SOTA method on this data.

Table 4. Comparison of method performances on synthetic data.

sim sim-g sim-c sim-ln AN LS MN-U

ours 0.59 0.76 0.67 0.84 1 1 1
slope 0.45 0.48 0.57 0.47 0.18 0.62 0.07
qccd 0.49 0.76 0.77 1 1 1
igci 0.42 0.54 0.42 0.52 0.41 0.81 0.02

cemm 0.7 0.88 0.65 0.79 0.98 0.89 0.85
resit 0.78 0.77 0.87 1 0.31 0.09

lingam 0.44 0.33 0.47 0.32 0.04 0 0
anm 0.39 0.39 0.35 0.38 1 0.55 0.21
pnl 0.19 0.12 0.23 0.16 0.95 0.97 0.96

6. Conclusions and Future Work
The main contribution of this study is the introduction of a new hypothesis, inspired

by the INUS condition, to the field of causal inference, based on the Solomonoff prior, and
the design of a new causal inference principle on the basis of this hypothesis. Compared
with the original ICM assumption, our proposed hypothesis aims to overcome its counter-
intuitive assumption that the effect in causal pairs does not include other unobserved cause
variables. In contrast, we believe that other unobserved cause variables are inherently
present, and play a crucial role in our causal direction determination. Additionally, we
analyzed how the approximation method of Kolmogorov complexity affects the effective-
ness of designing causal direction determination methods based on the Solomonoff prior.
On the basis of this understanding, we developed a specific algorithm on NMDL. The
experimental results on widely used real-world and synthetic datasets demonstrate that
our method performs excellently and remains stable.

However, it is important to note that we do not consider that our hypothesis fully
replaces the ICM assumption. Although we intuitively believe that the set of potential
cause variables for the effect variable is comprehensively observed in practical applications,
it is undeniable that causal mechanisms can be relatively simple, making comprehensive
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observation possible. From real-world experimental results, it can be seen that in pairs
49–51 and 94–96, where we can assume that no unobserved variables significantly affect
the outcome variable, our method’s accuracy was 0%, showing a clear failure. In contrast,
the two ICM-based methods achieved accuracies of 100% and 83%, respectively. A more
reasonable approach is to balance simple, comprehensive observations and complex, in-
comprehensive observations. Therefore, exploring unified hypotheses and causal direction
determination principles that bridge these two extremes is a potential future direction. Fur-
thermore, developing more accurate approximation methods for Kolmogorov complexity is
an effective means to enhance the performance of causal direction determination methods
based on the Solomonoff prior, and is equally worthy of further exploration.
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