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1. Introduction

As a nontrivial example of where we can encounter the Pochhammer product (Leo
August Pochhammer (1841-1920), German mathematician known for his work on special
functions), let us take the sequence a,(x), given recursively as ag(x) := 1 and a,(x) :=

n
g Y. a,_k(x), forn > 1and x # 0. The dynamics of this sequence strongly depend on the
k=1

value of the parameter x and we would like to reveal it. It is easy to see that a,(x) satisfies

: x+n
the recursion a,,1(x) = ay(x), for n > 0. Consequently, we have

1+x

x+0
a(p) =370 (¥ =x1=x

x+1 x+1 x(x+1
w(p) = T (p) = T = Y
as )_x+2'x(x+1) o x(x+1)(x+2)
W =12 2 T 2.3 '

Hence, using the total induction, we conclude with the following expression

The product in the numerator of the fraction a, (x) is called the rising Pochhammer product

of order n and basis x. We denote it by x("). The product in the denominator of a,(x) is
(n)

called n-factorial and is denoted by n!. Thus, n! = 1) and ay(x) = %, for integers

n > 0 and any x, when we additionally define 0! = 1! = 1, x(%) = 1 and x(1) = x.

For large n, the fraction a, (x) in (1) becomes complicated due to the many factors in
its numerator and denominator. Thus, it is difficult to directly conclude the dynamics of the
sequence a,(x) as a function of n and x. Therefore, it is imperative to simplify the sequence
ay(x) or find its simple approximation to minimize the error of this approximation. Fortu-

nately, Pochhammer’s product can be expressed with the famous gamma function, denoted

by T, as x(") = w . In this way, we obtain the equality (considering the equality
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I'(x+n)
ra =1 = o

W=D = 5o 1)
gamma function [1] Sect. 9.5, we can provide the approximation of a,(x). The obtained
approximation allows us to investigate the dynamics of the sequence a,(x) as a function
of x.

. Now, using the Stirling formula for approximating the

In our contribution, we will illustrate the usefulness of the derived approximation
formulas for Pochhammer products using three examples of approximations of binomial
coefficients. Namely, for integer n >> 1, we will obtain the following approximations:

-3 1128 1 564 1
2 ) ~ 2| ~ =
( n ) (=1)" 3000 v, < n > ~ (=1 000 S/

% z( 1)n+1 282 1
n 1000 ny/n”

Pochhammer’s products or shifted factorials, falling (lower) and rising (upper), are
often encountered in pure and applied mathematics as well as in several exact sciences. For
example, the ordinary (Gaussian) hypergeometric function > F; (4, b; ¢; z) is defined using
rising Pochhammer products ), 5" and c(*) as

2Fi(a,b;c;z) = Z

The concept of Pochhammer’s product is constantly being generalized, see, e.g., [2].

Pochhammer’s products are found in combinatorics, number theory, probability,
statistics, statistical physics, etc. These products are closely related to the famous I function,
which is also accessible in a numerical sense, see, e.g., [1,3-13].

As we have already said, the classical rising Pochhammer’s product of the order
neN=/{1,2,3,...} and the basis x € C,

Hx+] (x4+1) - (x+n—1),
j=0

can be expressed, for x € N, in terms of the I' function as

x(n) _ (X+Tl—1)! _ F(x—i—n)
(x —1)! ['(x) °

There are only a few articles on approximating Pochhammer’s product. One of which is [7],
where several approximations of the products in question are provided. In our paper, we
would like to present sharper and more general results than those given in [7].

The final equation above suggests the most useful extension of the classical rising
discrete-order Pochhammer’s factorial to a continuous-order Pochhammer’s factorial x(7)
by setting the following definition.

Definition 1. The rising Pochhammer’s factorial xP) is defined as

_Tlx+p)
P .= T

Obviously, ¥(©) = 1 and x(V) = x, for x € R*.

, forxeR Y andareal p > —x. 2)
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Lemma 1. For p,q,x € R", we have

(9)
() I (p)
X o p)(‘” (x+q)'P. (3)

Proof. Considering Definition 2, we have, for p,¢q,x € RT,

_ T(xtg+p) _ Tx+p+q) _ (x+p)DT(x+p) _ (x+p)@
(x+q)") = e i e e T 0 . 0

The classical falling Pochhammer’s product of order n € N = {1,2,3,...} and basis
x € C,

3
|
—_

X(n) = | (x—j)=x-(x—=1)-...-(x—n+1), 4)

T
(e}

can be expressed by the rising Pochhammer’s factorial, as

X(n) = i (X - Tl)(n) ’ (5)

X—n

for an integer n and a real x satisfying x > n > 0. Therefore, we extend the domain of the
falling Pochhammer’s factorial to a continuous case setting
x x I'(x)
P (x—p) ) = =
W= —p TP x—p T(x—p)

Moreover, as yI'(y) = T'(y + 1), for y > 0, we set the next definition.

Definition 2. The falling Pochhammer’s factorial x ) is defined as

= T+l o (p) +
x(p).—m—(x p+1)\W, forx,peR",suchthatx > p > 0.

Obviously, x(g) = 1and x(;) = x, for x € RT.

2. Auxiliary Result (Approximation of I' Function)

The Stirling approximation formula of order » > 0 for the I' function says that for
x € RT, we have [1] (Sect. 9.5)

2 x
I(x) = 7” . (g) -exp (sp(x) +dy(x)), (6)
where
_ v By;
so(x) =0 and s,(x) = l:Zl i 1) (202 forr >1, (7)
and, for some @,(x) € (0,1),
dy(x) = ©, (x) - D42 ®)

(2r+1)(2r+2) - x2r+1°
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The numbers By, By, B, .. .are known as the Bernoulli coefficients (the positive numbers
(—1)**1By; are called the Bernoulli numbers.). We have, for example,

1 1 1 5 691
B, = & B4—Bs—*%, B6—E, 310—%, Blz—*%,
7 3617 43867 174611
By = & Big = 510 B18= —og v B2 = 55, )
B _ 854513 _ _236364091 and B — 8553103
2 = g Bu=——rr— 6= ¢

with the estimates —1 < By, < —1, —8 < By < —7,54 < Byg < 55, =530 < By < —529,
6192 < By < 6193, —86581 < Byy < —86580, 1.42 - 106 < By < 1.43 - 10°.

As a consequence, we have for the (continuous) factorial function x! :=T'(x +1) =
xI'(x) the following expression (the Stirling factorial formula)

x! = \/27rx<g)xexp(sr(x) +dy(x)) (x e RT). (10)

3. Approximations to Pochhammer’s Products
3.1. Approximation to Rising Product x(P)

We are now able to prove our main result: a theorem on the asymptotic approximation
of the generalized Pochhammer’s rising product.

Theorem 1. For p,x € R and for integers m,r > 0, the equality
xP) = P,(x,m, p) - exp (6,(x,m, p)) (11)

holds, where, (considering oo(x, m, p) = 0, by definition)

Py(x,m,p) :=P*(x,m, p) - exp (0y(x,m, p)), (12)
(m) x+m—1/2 4
P*(x,m,p) = i xrmtp xemEp ’ (13)
(x+p)m\ x+m e
. I By; 1 _ 1
or(x,m, p) = 1; (2i — 1)(2i) ((x Fm+p)2T (x+ m)2i1>’ (14)

and, uniformly in p,

~ |Barso|

|6, (x,m, p)| < 6 (x,m) := D@ D P (15)
Proof. Using (2) and (6), we calculate
2 + x+p
x) = ﬁ , (x : p) cexp (sr(x +p) +dr(x+ p))

-1
ORI,

:(X?)“/Z(’ij)p exp (sr(x +p) = 5:(x))
-exp (dr(x + p) — dr(x)), (16)
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where, according to (8), for p, x > 0, we have

|B27+2|
. 17
(2r+1)(2r+2) - x2r+1 17)

|dr(x+p) —dr(x)| <2

At small x the estimate (17) becomes useless. Therefore, using the identity (3), together
with Formulas (16) and (17), replacing x with x + m, we find all relations of Theorem 1. [

Example 1. For p,x > 0, we have

1/2—x p
. X X+ N 1
o =P eon = () () e < g

and

N x+p+1 x+1/2 x4+p+1\P 1 1 1
Pl(x,l,p)—ﬁ( Fan| ) e eXP\ 12\ xFpF1 — ¥41

with 81(x,1) < g5y -

For x € R and any integer p > 2, we obviously have x? < x(P) < (x4 p —1)P.
Moreover, setting m = 1 and r = 0 in Theorem 1, we obtain a more accurate estimate, given
in the next corollary (which can be improved by increasing m).

Corollary 1. For p,x € RY, the following inequalities hold:

) > Al p) = 255 ()T (22 exp (- i) as)
x(P) < B(x,p) :== ﬁ(XI_’ZF)XH/Z(H’:HYexp(ﬁ). (19)

Figure 1 illustrates (all figures in this paper are produced using Mathematica [14])
relations (18) and (19) by plotting the graphs of the functions x — A(x, 7r) and x — B(x, 1),
together with the graph (continuous line) of the function x — P(x,3, 7r), which nearly
coincides with the function x s x(70).

8’ /

6 y

0.2 0.4 0.6 0.8 1.0

Figure 1. The graphs of the functions x — A(x, 77), x — B(x, 7r) and x + x(") from Corollary 1.

Remark 1. In Formula (15), m and r are the parameters that affect the error term 5, (x,m, p). We
stress that | By, | becomes very large for large r. Indeed, according to [3] (23.1.15), we have

(2n)!
(27-[)271

(2n)!

2 N 7
(27-[)211 4

< |Bau| < 4 forn e N. (20)

In addition, referring to (6) and (8), or using [15], we have the double inequality

2nm(%)m<m! < M(%)mexp(ﬁ), form e N. (21)
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Consequently,
2n 2n
4\/7T1’l(i) < |Bon| <9\/nn(l) , forneN. (22)
ern er
Thus, considering (15), we find (considering the estimate \/r + 1/ (2r + 1) < 1/(2+/7), forr > 0)
g 5* 9+l r+1 2+l >0 0 23
c(x,m) < 8 (x,m) := eV \ er(x ) (m,r >0, x>0) (23)
2r+1
1 +1
< 4 (Fs) (m>0,r>1x>0). (24)

Corollary 2. For p,x € R and for integers m,r > 1, satisfying r < 4m — 1, the approximation
x(P) ~ P,(x,m, p), given in Theorem 1, has the relative error

x(P) — Py(x,m, p)
Py(x,m,p)

or(x,m, p) = , (25)

estimated as

2 r+1 2r+1
ortemp)| < (14 ) acem )| < 2 (L)

Proof. According to Theorem 1, using Taylor’s formula, we obtain, for some & € (0,1),

P.eo — P,

— |0 _
Pr - |e 1|

’Pr(x/ m,p)| =

S + 3% 67

Oyl

< [8| + S5t |6r] - |- (26)

r+1
ert(x+m) <

2r+1
< % Consequently, referring to (15) and (24), we estimate ‘5,] < % (%) < %.

Now, for integers m,r > 1, satisfying * < 4m — 1, and for x > 0, we have 0 <

r+1
8(x+m)
Hence, considering (26), we obtain

oremp)| < [0+ 52 416 < (14 )6 < V2-[3] < v2- |6 O
The immediate consequence of Corollary 2 is the next corollary.

Corollary 3. For p,x € R and for integers m,r > 1, satisfying r < 4m — 1, the inequalities

2r+1
x(P) > (1 _ 3(6712;':”1)) )Pr(x, m,p) (27)

2r+1
(P < (1 + \/?(m@jm)) )Py(x, m, p) (28)

hold.

Example 2. Settingr = 1 and r = 7 in Corollary 3 we obtain the following double inequalities:

(1-— aﬁggﬁﬁg)zﬁ(x,nupa <xP < (1«+ QRE%;5§>Iﬁ(x,ﬂL;ﬂ, (29)
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true for p,x € R* and m > 1, and

(1 — W)Py(x, m,p) < xP) < (1 + W)Pﬂx, m,p), (30)
valid for p,x € R* and m > 2.

The inequalities in (29) are illustrated in Figure 2, where the dashed line represents
the graph of the function x — Py(x,1, 7r) and the continuous line, compressed between

the nearly coinciding graphs of the functions x — ( )P1 (x,1, 7T), represents the

1
¥ 550510
graph of the function x ~— x(7).

7EY G
6F 7
E //
5t B P
F y=Po(x,1,m)_~
4; //// y:x(”)
3 e
2c -~
1 [
I L L L L L L L L L L L L L L L L L X\
0.2 0.4 0.6 0.8 1.0

Figure 2. The graph of the function x — Py(x,1, ) (dashed line) and the practically coinciding
graphs of the functions x — (1 T m) Py (x,1, ) (continuous line).

3.2. Dynamics of the Sequence r +— 6,(x,m, p)

We are interested in how the sequence r — &,(x,m, p) varies. Indeed, thanks to
Theorem 1, for p, x € R™ and integers m, 7,7’ > 0, we have

P (e ) - exp (07 (x,m, p) + 6 (x,m, p))
= x() :W~ exp (o (x,m, p) + 6, (x,m, p)).

Therefore, for integers 0 < r < ¥’ and m > 0, for real p,x > 0, and for the difference
Dr,r’ (x/ m, P)/

D, ,(x,m, p) := o,(x,m, p) — or(x,m, p) 31)

_ / Byi 1 1
= i:;1 (2i —1)(2i) ((x +m+p)2T (x+ m)zl-_l),

using (15), we estimate

6,(x,m,p) > Dy (x,m, p) — &y, m)

Or(x,m, p) < Dy p(x,m,p)+0p(x,m). (32)

The inequalities (32) can be used to estimate the error 6, (x, m, p) by using the appropriate
r' > r, which specifies a negligibly small 6, (x, m) < 0% (x,m) (see (23)) and, thus, provides a
useful estimate for 6, (x, m, p). Figures 3 and 4 illustrate the estimate (32), for r € {0,1,2,3},

~ 2:5+1
by showing the graphs of the functions (with d5(x,4) < % (8(50114)) < 5x1077)

x — D, 5(x,4,7) — d5(x,4) and x — D,5(x,4, 1) + 05(x,4), cramming the graphs of the
functions x — 6,(x, 4, 77).

Remark 2 (open problem). Figures 3-6 suggest the hypotheses that (—1)"*16,(x,m, p) > 0, for
all allowed values of all arguments.
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~0.0065 |
~0.0070 ¢ r=0 X107y =

~0.0075 ~4x107 ¢

~0.0080 | -5.x1077}

~0.0085 ex10

02 04 06 08 10

Figure 3. The graphs of the functions x — &,(x, 4, 7).

02 04 06 08 1.0

0.000035
3.x10°8 P
0.00003 25%1078 ¢
r=1 .
0000025 | 2.x107"¢
1.5x1078 |
0.00002 | Lx10-4

02 0.

4 06 08 10

02 04 06 08 10

Figure 4. The graphs of the functions x — D, 5(x,4, 77) F d5(x,4) = &,(x, 4, 7).

_ =L

005 =l 06 08 10
-5.x1070

-0.10 1

015t ~0.00001 |

020 -0.000015 |

025t 1=

e -0.00002

Figure 5. The graphs of the functions x — J,(x, m, 7).

0.00030
—6 |

0.00025 | 1.5x10

0.00020 | .
1.x107™°

0.00015 |

0.00010 | 5% 1077 |

0.00005 |

02 04 06 08 10

Figure 6. The graphs of the functions x — &,(x, m, 7).

3.3. Approximation to Continuous Factorial Function

For p € N, the quantity p! = szl = 1(P) is called p-factorial. The discrete factorial
function p + p! is extended continuously, for real p > —1, as p! := 1(P). Immediately,
from Theorem 1, we read the next corollary, which presents a formula for p! that does not
contain the constant 71, compared with Formula (10).
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Corollary 4 (approximation of the continuous factorial function). For p € R and integers
m,r > 0, we have (taking into account the definition Z?:l x; =:0.)

' m+1/2 p
Pl = m! <m+p+1> <m+p+1) (33)
(p+1)m) m+1 e

: By; 1 1 19'|Bzr 2|
"exXp (2 PSP ((m+p+1)2i1 - (m+1)2f1> + (r+1)(2r+1)(+p+m)2’+1>’

i=1
for some 8 = 8(m, p,r) from the interval (—1,1).

3.4. Approximation to Falling Product x,)

Using Definition 2 and Theorem 1, we obtain the approximation of the generalized
Pochhammer’s falling product, presented in the next theorem.

Theorem 2. For real x, p, satisfying x > p > 0 and for integers m,r > 0, we have the equality

X(p) = Qr(x,m, p) - exp (Ar(x,m, p)), (34)

where Qr(x,m, p) = Pr(x — p+1,m, p), that is

Qr(x,m, p) :=

(x—p+1><m>( x+14m )X—P+m+1/2
(x+1)m \x—p+1+m
.(x+1+m

p
; ) exp (v (x —p+1,m,p)), (35)

with 0, (x, m, p) defined in (14), and

|Bar 2]
(r+1)Q2r+1)(x—p+1+m)z+1’

A (x,m, p)| < AF(x,m, p) = (36)
Remark 3. For x € R and any integer p, satisfying 2 < p < x, we obviously have (x — p +
)P < x(,) < xP. In addition, using the inequality (1+ %)t < eP, true for t > |p|, from (35),
we obtain

—p)(m) x4m—p _
Qe m, p) < 355 - “‘x’j) (1+ ) e m) R P
xX+m—p
X, (x— P)( ) P.1.e7P.
<z e (x+m) e

Thus, for all integers m > 0 and x, p € R, such that p < x, we have a rough estimate (interesting
for a larger m)

x  (x—p™
x—p  x(m

Qr(x,m, p) < (x + m)P.

Using Definition 2 and Corollary 3, we read the next result.

Corollary 5. For real p, x satisfying x > p > 0 and for integers m,r > 1, such that r < 4m — 1,

2 r+1 2r+1
X(p) = (1_\/:<e7'[(x—p+1+m)> )QV(X,m,p) (37)

the inequalities




Mathematics 2025, 13, 506

10 of 14

and

2 r+1 artl
X(p) < (H\[(m(x_HHm)) )Qr(x,m,m (38)

hold.

Thanks to Corollary 5, the approximation x(,) ~ Q;(x,m, p) has a relative error

g (x,m,p) = (x(p) — Qs(x,m, p)) /Qr(x,m, p) estimated as

\/E 7/,_|_1 2r+1
[er (xom, p)| < r(en(x—p+1+m)> ’

true for x, p, m, r that meet all conditions given in Corollary 5.

4. Examples of Using Approximation Formulas

According to (4), the binomial coefficient “x over n”,

) = 71—[2;3()( —5) = () (xeR, neN)
n)’ n! 1(n) ! !

can be expressed using the upper Pochhammer’s product ac cording to the following
Proposition.

Proposition 1. For every real x and any integer n > 3, we have (for x > 0, the floor symbol | x |
means the integer part of x.)

(=1 x| (x<0),
(Z)”!I (1 = ) T (1) =) o< <m), @39)
(x—n+1)(n) (x >n).

Proof. The first and last cases are obvious. Relating to the second one, for 0 < x < n, we
have (considering the equality [T{_,, vx = 1, for m > n, true by definition)

n—1 [XJ n—1
[[x=k)=]](x=k J] (x—k)
k=0 k=0 k=|x)+1

[x] n—1
=TT L) +) - (-1 T ()
i=0 k=|x]|+1

]

= (_1)7171*LXJ . (.’X— LxJ)(LxJJFl) . (LXJ +1 —X) (nflfoJ). 0

Thanks to Proposition 1, Theorem 1, and (10), we present the following three examples.
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Example 3. Using m = 4 and r = 1 in Theorem 1 and in (10), we obtain, for some ¢ € (0,1) and
© € (—1,1), the following relations:

Thus, for every n € N and some ¢ € (0,1) and © € (—1,1), we have

(—3) (-=1)"-3-5-7-9- (11 +2n)5 (1+11/2>”

n n

(B3+2n)(542n)(7+2n)(9+2n)-11%-/27tn

Pla\ttvs 11 ) " 3601 1803 +4)3 )

Hence,

(_1),1‘3-5-7-9\/2?‘ p(n 2 )

157 OP\2 1211

7N
: ‘
NI
~_
%
>
=
—
=
N—
I

1128
~ (=1)"—— +/n, foraninteger n > 1.
(=1)"500 V1 f 8
. 3 [GD-tam]
Figure 7 shows the graphs of the sequences n — |(7,2)| and n ’]I’T, left and
1(n
right, respectively.
ol 0035
0030 %,
8 D
0025
6t 00200 %
41 0.015
2 0.010 £
20 40 60 80 100 20 40 60 80 100

Figure 7. The graphs of the sequences ‘(jﬁ)‘ and ‘(71%) — by(n)|/|b1(n)|, left and right respectively.
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Example 4. Setting m = 3 and r = 2 in Theorem 1 and (10), we obtain, for some ¢ € (0,1) and
© € (—1,1), the next equalities:

1 1
1 ®.-L
X 1 1 30 1 1 42
b <1~2(§+3+n %+3) + 3-4 ((%+3+n)3 (%+3)3) + 5-6( +3)5>
1 ey 5 ~% 9 5
2nn(E) exP( 121 343 5.6-1u5)

Therefore, for any n € N, using some ¢ € (0,1) and © € (—1,1), we find

-3 (-1)"-3-5-(7+2n)3 7/2\"
( ”2> B (1+2n)(3+2n)(5+2n) -73~\/2nn<1+ n )

1 2 2 1 1 1 1 1
P (1z<7+n ~3-3) + (- EEETTE (%+3)3>

N S) 9 >
1260(1 +3)5  12601° )
Hence,

1
-2 3-5 7 1 1
2 ~ = (=1)" - — — [—
< " > ~ by(n) := (—1) T exp(2 42) 7
(—1)”1033?/5, for an integer n > 1.

Q

1
. —1 2)-b
Figure 8 shows the graphs of the sequences n — |(72)| and n — W, left and
2 (N
right, respectively.
. 0012
020 % 0010 %,
0008 %
0ISp % 0006 3
0.004 |
0.10
0.002 1
20 40 60 80 100 20 40 60 80 100

Figure 8. The graphs of the sequences ‘(_n%)‘ and ](_n%) — by(n)|/|ba(n)

, left and right, respectively.
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Example 5. Using m = 3 and r = 2 in Theorem 1 and in (10), and considering Example 4, we
have (using the identity x") = (x +n —1)x("=1)

N1 1N 1y () 1 n(%)(n)
<n)=nz‘(1> z) ) =y Y
B 1 (-1)"-3-5-(7+2n)? ( 7/2)"

2n—1) (1+2n)(3+2n)(5+2n)-73-V2mn

1+ 2=
n

1 2 2 1 1 1 1 1
P (12 (m 7 ﬁ) + %(?3 ELEET (%+3)3)

+

€) 0 )
1260(1 +3)5  1260n° )

for some & € (0,1) and © € (—1,1). Thus, for every n € N, there exists some ¢ € (0,1) and some
® € (—1,1), such that

AN 15- (7 +2n)3 7/2\"
<i)_( 2 H(Zn—l)-(1—|—2n)(3—|—2n)(5+2n)-73-\/27Tn(1+ n)

1 2 2 1 1 1 1 1
TP (12(”” 7 5) + %(W e ETTEig (l+3)3>

N © 8 )
1260(% +3)>  1260n° )

Consequently,

) =0 = e (G- 5) s

282
R~ (—1)”“10008\F, for an integer n > 1.
ny/n

1
M, left and
n) |

Figure 9 shows the graphs of the sequences n — |(%)} and n —

right, respectively.

0041 o
0008 e .
‘ 003f o
0006f .
0.004 | 0021 %
n K "
00 40 60 80 100 00 40 60 80 100

1 1
Figure 9. The graphs of the sequences |(2)| and |(2) — b3(n)|/ |b3(n)

, left and right respectively.

Remark 4. More about binomial coefficients can be found in [16].

5. Conclusions

In this contribution, we provided the approximations to generalized (classical) ris-
ing and falling Pochhammer’s products: x(") ~ P,(x,m,p) and X(p) ~ Qr(x,m,p).
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The relative errors p.(x,m,p) = (x(p) —Pr(x,m,p))/Pr(x,m,p) and & (x,m,p) =

(x(p) — Qr(x,m, p)) /Qr(x, m, p) of these approximations were estimated as

2/ r+1 ¥

= - > < —
lor(x,m, p)| < r(en(x+m)> (p, x>0, mr>1r<4m-—1),

2 r+1 2r+l

= > < —1).
lgr(x'm’p)|<\/;(en(x—p—i—l—i—m)) (x>p>0,mr>1,r<4m—1)

In this paper, we also illustrated the usefulness of the derived approximation formulas
with three examples of approximations for binomial coefficients.
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