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Abstract: Mathematics is the wide-ranging solid foundation of the engineering sciences
which ensures their progress by providing them with its unique toolkit of rules, methods,
algorithms and numerical systems. In this paper, an overview of the numerical systems
that have currently found an application in engineering science and practice is offered,
while also mentioning those systems that still await full and comprehensive applicability,
recognition, and acknowledgment. Two possible approaches for representing hypercom-
plex numbers are proposed—based on real numbers and based on complex numbers. This
makes it possible to justify the creation and introduction of numerical systems specifically
suited to digital signal processing (DSP), which is the basis of all modern technical sciences
ensuring the technological progress of mankind. Understanding the specifics, peculiarities,
and properties of the large and diverse family of hypercomplex numbers is the first step
towards their more comprehensive and thorough study, and hence their use in a number
of high-tech intelligent applications in various engineering and scientific fields, such as
information and communication technologies (ICT), communication and neural networks,
cybersecurity and national security, artificial intelligence (Al), space and military tech-
nologies, industrial engineering and machine learning, astronomy, applied mathematics,
quantum physics, etc. The issues discussed in this paper are, however, far from exhausting
the scientific topics related to both hypercomplex numbers in general and those relevant
to DSP. This is a promising scientific area, the potential of which has not yet been fully
explored, but research already shows the enhanced computational efficiency and intelligent
performance of hypercomplex DSP.

Keywords: real; complex; hypercomplex numbers; quaternions; biquaternions; bicomplex
numbers; digital signal processing; Cayley—Dickson algebra

MSC: 11R52; 62P30

1. Introduction

Generally speaking, the science of mathematics is at least one developmental step
ahead in comparison to the technical sciences, and this is a necessity, given that it is
mathematics which is the main theoretical basis for these sciences. Numerical sys-
tems are no exception to this rule and can be classified as follows: real, complex, and
hypercomplex numbers.

Hypercomplex numbers are a natural mathematical extension of complex numbers.
As with most new mathematical theories, hypercomplex numbers did not find a practical
application immediately after their discovery. A seminal moment that transformed them

from a pure mathematical concept into a theoretical basis of engineering research was, for
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example, the notion of them being able to represent 3D rotation, leading to the earliest
applications of hypercomplex numbers in fields such as computer graphics, coordinated 3D
image processing, aerospace engineering for stabilization, and altitude control. Currently,
the applications of this intricate but very powerful mathematical tool are numerous and
far reaching, and include the following: robotics, aerospace, telemedicine, air and sea
navigation, seismology, meteorology, microbiology, geology, etc. One of the most inten-
sively developing application areas of hypercomplex numbers is telecommunications. Over
the last thirty years, there has been an increased interest in this number system, which
is proving suitable for the development and improvement of many of today’s telecom-
munication technologies. Numerous research papers have reported on problems related
to machine-to-machine (M2M) communications, Low-Power Wide-Area Networks (LP-
WAN:s), satellite communications, facial recognition, neural networks, medical imaging,
moving object data processing, color image analysis, segmentation and restoration, color
watermarking, remote speech recognition, 3D audio systems, the localization and recon-
struction of 3D objects, noise estimation in color images, digital wavelet processing, radar
and sonar signals, encryption systems, filter banks for the parallel processing of 2D and 3D
signals, beamforming, interference and interference protection, adaptive filtering of 3D and
4D signals, intelligent Orthogonal Frequency-Division Multiplexing (OFDM) telecommuni-
cation systems, and many more. These applications have something in common—for all of
them, DSP is a fundamental theoretical basis and tool.

The use of hypercomplex numbers in the field of DSP began at the dawn of the de-
velopment of this science around the middle of the 20th century. As an example, research
based on quaternions and Hamiltonian biquaternions has brought to the foreground some
of their shortcomings and shown that they are not always suitable for DSP applications.
This has led to the development and introduction of various new hypercomplex numerical
systems, such as the so-called reduced biquaternions. These, in essence, are bicomplex
numbers possessing the commutativity property, which is of prime importance for DSP
algorithms. Algorithms with bicomplex coefficients, often referred to by the generic name
hypercomplex, have become particularly popular in recent years because of their advan-
tages in processing signals represented by real, complex, or hypercomplex numbers. It is
well recognised that complex DSP algorithms demonstrate greater efficiency, intelligence,
and smartness compared to real DSP algorithms. Similarly, hypercomplex DSP could bring
additional computational efficiency to the methods, increased intelligence in processing,
and could possibly further facilitate their implementation.

Numerical systems and their applications have been discussed in many publications,
some of which will be mentioned in this work. However, it would be useful to provide
a summary of these issues, and that is the aim of this paper. It approaches the topic by
first reviewing the number systems in detail and their representation in general. Then,
the subset of numbers applicable to DSP is defined, clarifying their place among the large
family of hypercomplex numbers and the properties they require in order to be used in DSP.

This paper is organized in the following way: numerical systems based on real num-
bers are introduced in Section 2. Section 3 outlines the essence and main properties of
numerical systems based on complex numbers. Numerical systems applicable to DSP
are presented in Section 4, with the focus being on 4D hypercomplex numbers. Section 5
concludes the paper and suggests directions for future research.

2. Numerical Systems Based on Real Numbers

The first nine numerical systems based on real numbers are known to exist and are
presented in Figure 1. These are part of the Cayley—Dickson algebra, based on real numbers,



Mathematics 2025, 13, 504

3 0f28

and have different dimensions based on 2", where n denotes the number of the imaginary
units in the corresponding numerical system.

R—Real numbers (1ID)
C—Complex numbers  (2D)
@Q—Quaternions (4D)
O—Octonions (8D)
S—Sedenions (16D)
P—Pathions (32D)
X—Chingons (64D)
U—Routons (128D)
V—Voudons (256D)

Figure 1. Numerical systems based on the real numbers with different dimensions, according to
Cayley-Dickson algebra.

For n = 0, we obtain the real numbers (R—Real), which are one-dimensional (1D) since
20 = 1. For n = 1, 2! = 2, the two-dimensional (2D) complex numbers (C—Complex) are
derived. For consistent terminology, 1D numbers have also been called unarions, and 2D
numbers, binarions [1]. For n = 2, 2% = 4—the numbers of dimension four (4D), quaternions
(Q—Quaternions), are obtained, and for 1 = 3, 23 = 8—the eight-dimensional (8D) octonions
(O—Octonions) are obtained. These are followed by the 16D sedenions (S—Sedenions),
32D pathions (P—Pathions), 64D chingons (X—Chingons), 128D routons (U—Routons), and
256D voudons (V—Voudons). All number systems with a dimension higher than two are
collectively called hypercomplex numbers.

The numbers of the first four numerical systems of the Cayley-Dickson algebra
(Figure 1) are presented in Figure 2, where a and its associated subscript denote the real
numbers, and 7 and the corresponding subscript denote the imaginary units.

a
Y - real number

;0 gt = (ao,al)
- complex number

io + alll -H?ZI2 + a313 = (ﬂo,ﬂl,ﬂz, a3) quaternlon

£+a,i+ai+ai+ai+n,i+:1i+ai=aa.aaaa,ﬂa .
0 T Hyty Tty TGty Tl Tl T e T Uy (0' 1 Borbigrtiyrtisries 7) - octonion

Figure 2. Cayley—Dickson numerical systems represented by real numbers.

In this paper, real numbers will be denoted by the lower-case letters of the Latin
alphabet, except for i, j, and k, which, with or without numerical subscripts, will be used to
denote the imaginary units, forming the so-called base of the numerical system {1, i1, iy, . . .,
in}. Usually, the base of the numerical system satisfies the condition: i# € {—1, 0, +1},
i.e., the square of the imaginary unit can be equal to —1, to 0, or to +1.

As can be seen from Figure 2, the numbers of the different numerical systems can
also be represented as ordered sequences of real numbers (ag, a1, ay, . . .., a,). To denote the
numbers of the numerical systems with a higher dimension than the one-dimensional real
numbers, capital Latin letters with or without a numerical subscript will be used, namely,
for complex numbers—C, for quaternions—Q), for biquaternions—BQ, and for bicomplex
numbers—BC.
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2.1. Real (1D) and Complex (2D) Numbers

The one-dimensional system of real numbers R has been known to mankind since
ancient times, although the name “real” was only officially introduced in the 17th century
by the French mathematician René Descartes. One of the most significant hurdles associated
with real numbers, which has taken centuries to overcome, is the adoption of negative real
numbers. Besides their ability to realize counting and ordering, real numbers are also the
means of expressing linear distance. Being one-dimensional, the real numbers constitute
an infinite line, called the axis of real numbers, which the number zero divides into two
semi-axes—for real positive numbers and for real negative numbers.

The complex numbers C owe their existence to the problem arising in the solution of
the quadratic equation x* + 1 = 0. The problem with the cubic equation is similar in the
case where all three of its roots are real numbers—they may contain the square root of a
negative number that cannot be represented as a real number, which is why it is called an
imaginary number [2]. Thus, in 1545, the Italian mathematician and physician Girolamo
Cardano [3] arrived at the idea of complex numbers. Subsequently, for more than three
centuries, many mathematicians worked on the theory of complex numbers—in 1794, the
Swiss mathematician, physicist, and astronomer Leonard Euler defined the “imaginary
unit”, and in 1831, the German mathematician and physicist Johann Carl Friedrich Gauss
definitively introduced the term “complex number” [4].

In modern mathematics, three types of numbers are defined by the 2D numerical
system, depending on the value of the square of the imaginary unit i (Figure 3):

v Complex numbers for which i? = —1;

v Hyperbolic numbers, often called split-complex numbers, double numbers, or bireal numbers,
for which i2 = +1, buti # +1;

v Dual complex numbers, when ?=0,buti#0.

complex (2D) numbers
C={C=a+bilabelR 2={-1,0,+1}}

complex numbers hyperbolic numbers
Cc={Cc=a+bilabeR ?=-1} Ca={Ci=a+bilabelR 2=+1,i=+1}

dual complex numbers

Co={Ci=a+bilabeR 2=0,i=0}

Figure 3. Types of complex (2D) numbers.

Each of these three types of complex number [5-7] is used as the basis for obtaining
the corresponding type of higher dimension number.

Complex numbers implement all the operations typical of real numbers, as well as
some impossible ones, such as modulus and complex conjugates. The dimensionality of
complex numbers defines their domain of realization as points on an infinite plane called
the complex plane (Figure 4).
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[ C=a+bi=re=r(cos 0 +isin0)

rsin 0=b

7 )
D

B N
[

Figure 4. Geometric representation of the complex number C = a + bi in Cartesian (rectangular) and
polar coordinate systems.

The complex number C (Figure 4) can be represented in arithmetic form by its real and
imaginary parts, as an ordered pair of real numbers, in exponential form, or in trigonometric
form after the Euler transformation is used, [8,9]:

C =a+bi
= (a,b)
=rel® M

=1(cos® +1isin®).

r=1Cl| is called the modulus (absolute value), and 0 is the argument of the complex
number, which can be determined by the real a2 and imaginary b parts of the complex

number, as follows:
r= VTR =|c| = |C];

0= arctg%.

(2)

The modulus r of the complex number C is also called the Euclidean norm or canonical
norm and is the length of the vector from the coordinate origin to the complex number

(Figure 4).
The complex conjugate number of C is denoted by an asterisk and is:
C* =a—-bi
=re i (3)

=r(cos0 —isin0).

The following dependencies hold for the complex numbers C1, Cp, and C and its
complex conjugate C*:
C+C*=2q C-C*=—-i20b;

cl_oC . a_ &g @)
TNOT G T NG

N(C) is called the norm of the complex number and is the product of the complex
number C and its complex conjugate number C*:

N(C) =r=a+p =|Cf =|c=C.C". ©)

The arithmetic operations, including multiplication of the complex number C by a
numerical constant g, rooting, and exponentiation of a complex number are as follows:

C =g(a+bi) = (ga) + (gb)i. (6)

YC=atbi=trd i @)
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n N ,in

C"= (a+bi " (cos n® + isinnod);

( ) =r"e
(a+bi)* = (a2 b? ) +i(2ab); ®)
(a4 bi)® = (a® — 3ab?) +i(3a2b — 1%);

) at

(a+bi — 6a%b? + b*) +i(4a%b — 4ab3).

a
f=(a
The complex numbers C; = a1 + iby and Cp = ay + ib; are equal (C; = Cp) if a1 = ap and
b1 = by, which is equivalent to ry =, and 01 = 2mk6,, k=0, 1, £2, ...
The addition/subtraction, multiplication, and division operations of the complex
numbers C; and C, are:

Ci£Cy = (a1 + bqi) £ (ap + byi)
= (al.:t 02) +.(b1 + bz)l 9)
= 116191 4+ 1pei%2 = (rq1cos01 £ rpcos0;) 4 i(ry sin61 £ rpsin 07);

GG = (ﬂ1 + b]i)(az + bzi)
= (@182 — b1ba) + (b1ay + arba)i (10)
= 11126/ (®1102) = 175 [cos (81 + 02) 4 isin(01 + 6,)];

C  _ aptbyi
Q@ aaby byt
_ maptbiby —a 2+ 142 ;
= Tag T a (11)

= %ei(el_eﬁ == [cos(61 —0y) +isin(061 — 67)].

The theoretical basis of complex numbers is now fully developed in detail, and there
have long been no theoretical obstacles to their widespread application in a variety of fields,
including engineering. Complex numbers have been used in radar systems [10,11], in
digital complex adaptive systems and digital filtering [12-14], in image processing [15,16],
and in many other applications.

2.2. Quaternions (4D) and Octonions (8D)

In mathematics, the quaternions Q are an extension of complex number theory and
represent a higher dimensional generalization of the two-dimensional complex numbers
C (Figure 2). Only a few years after the full development of the algebra of complex
numbers, in 1843, the Irish mathematician Sir William R. Hamilton defined quaternions
as a generalization of complex numbers. In fact, some of the earliest work concerning
quaternions and their properties belongs to Euler, but Hamilton is considered to be their
true originator, having related the three imaginary units to the properties of rotation [17].
The Lectures on Quaternions published in 1853 [18] and Elements of Quaternions in 1866 [19]
are among Hamilton’s many notable works on the subject. It is also interesting to note that
the German mathematician Gauss had likewise worked on the subject of quaternions a
quarter of a century earlier. As early as 1819, Gauss worked on the subject of quaternions,
but his work only gained recognition much later, in 1900. Many scientists, including Peter
Tait [20], Josiah Willard Gibbs, Edwin Bidwell Wilson [21], Oliver Heaviside [22], and
Hermann von Helmholtz, worked extensively on the theory and applications of Hamilton’s
quaternions and even founded the International Quaternion Association.

Broadly speaking, a quaternion is a group of four real numbers 4, b, ¢, and d—one
scalar a, and one tri-dimensional vector (b, ¢, d). Being a member of the large family of
hypercomplex numbers, quaternions are often referred to, not entirely accurately, by the
more general name hypercomplex numbers. The quaternion is represented in hypercomplex

form as follows:
Q :H+bi1+Ci2+di3

12
Qs + Qv 12
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where Qs = a and Qy = bij + cip + di3 are called, respectively, the scalar and vector parts
of the quaternion. a4, b, ¢, and d, as noted, are real numbers, while 7y, iy, and i3 are mutu-
ally orthogonal imaginary units whose squares, in general, can be equal to —1, +1, or 0.
Depending on this, and on the multiplication rules valid for i, iy, and i3, different types
of quaternions are defined, all belonging to the family of 4D hypercomplex numbers. In
Table 1, three of them, defined by Cantor and Solodovnikov [23], are given, which by
no means exhausts all the possible combinations of values and mutual dependencies of

imaginary units.

Table 1. Types of quaternion (4D) numbers.

Q = a+ biy + cip + dis

a,b,c,A—Real Numbers

i1, i3, i3—Imaginary Units

Types of Quaternions i1, 12, 13 Canonical (Euclidean) Norm
2 =—-1i%=+1 3 =+1;
. i1ip = i3; irip = —i3;
pseudo-quaternions 2 2l Q|| = Va2 — b2 — 2 — d?
Il = —11; I3l =11,
iz = —1p; 1311 = 1.
2=-1i>=0;i{=0;
. i1ip = i3; irip = —i3;
degenerate quaternions 12— 21 ¥ Q| = Va? +b?
iz = 0; i3y =0;
i1i3 = —iz,‘ i3i1 = iz.
4 . 2=1i"=113=0;
egenerate Ca e e D
& iy =13; I2ly = —13; Q| = Va2 =12
pseudo-quaternions iz = 0; i3ip =0;
i1i3 = iz; i3i1 = —iz.

The most commonly used are Hamilton’s quaternions, which we will consider in this
publication and which we will call simply quaternions. For their imaginary units, known as
the orthogonal basis, the following relations are satisfied:

2 =i’ =i =i1iiz = —1;
pa T b T 3
213 = 11; 1312 = —11;
i3i1 = i2,‘ i1i3 = —iz.

The vector part Qy is also known as the imaginary part, and the scalar part Qs as the
real part of the quaternion. When the vector part is zero, the quaternion Q = Qg is called
the scalar (real) quaternion, and when the scalar part is zero, Q = Qy is called the vector
quaternion. When both parts are equal to zero, a zero quaternion results.

The conjugate quaternion of (12) is:

Q*

a— bil —Ciz —di3

14
= Qs — Qv. (14

The scalar Qg and vector Qy parts of the quaternion (12) can be obtained by the
conjugated quaternion (14) as follows:

B = Qg =g;

. 15
Q-9" — Qy = biy + cip + dia. (15)
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The canonical (Euclidean) norm of a quaternion Q is the square root of its product
with the conjugate quaternion Q* and is a non-negative real number:

IQll = VQQ* = VQ Q= Va?> + b2 + 2 +d2. (16)

The quaternion Q and its conjugate quaternion Q* have the same real parts and the

same canonical norms.
For the quaternions Q, Q1, and Qy, the reciprocal quaternion Q~!, and the real constant

g, the following equivalences are satisfied:

Q" 1

IgQll = IgllIQll; QiQall = QillllQll; Q"= T (17)

Similar to complex numbers, the norm of a quaternion Q is the square of its canonical
norm (16):
N(Q) = QI = a® + b* + & + d°. (18)

Any quaternion can be represented by a so-called polar decomposition, using the
so-called unit quaternion or versor Ug, which is defined as a quaternion whose canonical

norm is equal to one, i.e., ||[Ugl| = 1:

Q = Ug|Qll (19)

An interesting property of a vector quaternion Qy is that its square is equal to —1 if its
norm is ||Qy|| = 1. The set of all vector quaternions for which this property holds form
a unit sphere and are called unit-length vector quaternions or right versors. Two vector
quaternions are similar if Qyq = gQy2, where g is a real constant.

There are simple rules for basic operations such as addition, subtraction, multiplication,
and division by quaternions. Usually, only addition is meant, because subtraction is
reduced to addition with a quaternion of the opposite sign. Addition is an associative and
commutative operation and is performed by simple element-wise summation of the four
real number components of the quaternions:

Q+Q = (01 + 112) + (b1 + bz)il + (Cl + Cz)iz + (dl + dz)i3. (20)

where:
Ql = + blila + Cliz + d1i3;

. 21
Qo = ap + byiy + coip + dpis. 1)

The multiplication of the quaternion (12) by a numerical constant g is also an element-
wise operation:

gQ = ga + gbiy + gciy + gdis. (22)

The multiplication of quaternions is more complicated and is conducted by combina-
tions of the components, subject to rules for the different vector products. The product of
the quaternions Q1 = Q15 + Q1v and Qy = Qa5 + Qoy, for example, is:

Qi1Q2 = (Q1Q2)s +(Q1Q2)y 23)
= (Q15Q2s — QiveQav) + (Q15Q2v + Q2sQv + Q1v X Qav).

The quaternion multiplication operation has the properties of associativity: Q1Q»Q3 =

(Q1Q2)Qs = Q1(Q2Q3), and distributivity: Q1(Q2 + Q3) = Q1Q2 + Q1Q3, but not the
property of commutativity: Q1Q2 # Q2Qj. The lack of commutativity in the multiplication
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of quaternions is due to the existence of a scalar product of the vector quaternions Q;y
and sz:

Q*V QZ‘/ Q*ZV Ql[/ QlV Q*ZV QZV Q*V 24
Ql ve QZ 1% L 2 2 1 ’ ( )
and tlleil vector plOdUCt:

Qv Qav — szle.

5 (25)

Qv x Qov =

Like complex numbers, quaternions can implement the division operation using the
norm (16) of the quaternion dividend Q; and the conjugate (14) of the quaternion divisor Qy:

Q1 Q15

Q il

(26)

Hamilton’s quaternion theory is a theory of vectors in space. The multiplication
of quaternions corresponds to successive rotations of their vector parts about different
axes and is thus closely related to the nature of three-dimensional space. A quaternion
transforms one vector into another vector by multiplication. Representing spatial rotations
by quaternions is much more compact and allows for faster computations compared to
representing them by matrices. Quaternions are used in purely theoretical mathematics
as well as in applied mathematics and physics, especially for efficient spatial rotation
calculations [24-26]. They are of great importance for a number of modern applications
such as biology, astronomy, mechanics, medicine, chemistry, geology, biophysics, etc.

When doubling the quaternion dimension, the 8D number system of octonions @ is
derived. One of the discoverers of octonions was another Irish mathematician and close
associate of Hamilton—John Thomas Graves. His keen interest in Hamilton’s work bore
fruit and only a few months after the discovery of quaternions in 1843, Graves set out his
idea for the eight-dimensional algebra of octonions, in correspondence with Hamilton, who
congratulated him and promised to publish his discoveries. Unfortunately, this did not
happen quickly enough and in the meantime, Arthur Cayley, a British mathematician also
inspired by Hamilton’s work, arrived at ideas similar to Graves’ conclusions and published
them [27]. Despite the objections of Graves, who did publish his work [28], but after Cayley,
the accepted view is that it was Cayley who discovered eight-dimensional algebra, and
octonions were hence given the name Cayley numbers.

Octonions are representable by real numbers (Figure 2) and have a double dimension
compared to quaternions, i.e., they appear as their logical extension. If ay, a1, az, a3, as, as,
a6, and ay are real coefficients, and {7y, i3, ..., iy} are imaginary units whose squares are
equal to —1, the octonion can be represented as follows:

O = ag + aqi1 + azip + asiz + agiy + asis + agig + ayiy. (27)

The dependencies of any three i, it.1, and i;43 of the seven imaginary units satisfy the
conditions (13) valid for the three imaginary units of the quaternion.

The operations addition, multiplication by a constant, and canonical norm of the
octonion are equivalent to those of the quaternions. The division of octonions is also based
on the norm and the conjugate octonion. Unlike numerical systems with lower dimensions,
the multiplication of octonions is not associative.

According to the doubling dimension logic on which the Cayley-Dickson algebra is
based, after octonions, the so-called sedenions S (16D number system) can be obtained,
and so on (Figure 1). Most of the numerical systems presented in Figure 1 are still the
focus of attention only in purely theoretical sciences. At present, the technical sciences are
successfully working with real and complex numbers, and intensive research based on the
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4D hypercomplex numbers, the quaternions, has been carried out in the last three or four
decades. Octonions are not as well studied as complex numbers and quaternions, and as a
result have not yet found widespread practical application. Octonions are associated with
astonishing and unusual structures in mathematics, such as the extraordinary Lie groups,
for example. The areas of application of octonions include string theory, quantum logic, and
special relativity theory. The applications of octonions in physics are largely conjectural,
such as attempts to study quarks via an octonic Hilbert space [29,30]. Octonions have been
used to study the entropy and thermodynamics of black holes [31], and recent research
areas include robotics, machine learning, neural networks, and image processing [32-35].
However, despite intensive research and publication activity, especially in the last few
years, the full potential of the powerful mathematical apparatus of octonions is still to
be unleashed.

Of particular importance for the practical application of numerical systems are the
properties of the multiplication operation. The presence or absence of the properties of
commutativity, associativity, alternativeness, and degree associativity for the first five
number systems of the Cayley-Dickson algebra are given in Table 2.

Table 2. Properties of the multiplication operation in different numerical systems.

Number . ‘ Properties
System Dimension Commutativity Associativity  Alternativeness A Poyve.r c
ssociativity
R 1D + + + +
C 2D + + + +
Q 4D — + + +
(0] 8D — — + +
S 16D = = = +
commutativity— X1Xo = XpXq
associativity— X1 X0 X3 = (X1X2) X3 = X1(X2X3)
alternativeness— (XX)Y = X(XY)or Y(XX) = (YX)X
power associativity— XXX = (XX)X = X(XX)
X, X1, X3, X3, and Y are elements of the corresponding number system—real numbers for R, complex numbers
for C, quaternions for Q, etc. The symbols “+” and “—" indicate the presence and absence of the corresponding

property, respectively.

From Table 2, it can be clearly seen that each successive numerical system with higher
dimensionality loses one of the properties of commutativity, associativity, alternativeness,
and power associativity. Unlike the real numbers R, the complex numbers C cannot express
ordering, but both systems have all the listed properties. Quaternions Q, like all consequent
number systems, lose the commutativity property. The octonions @, in addition to being
noncommutative, are also nonassociative, but satisfy the alternativity property, which, as
seen in Table 2, is a soft form of associativity. The sedenions S, on the other hand, only
manage to retain the property of power associativity.

3. Numerical Systems Based on Complex Numbers

Only the first four number systems R, C, Q, and O are normed division algebras based on
the real numbers, i.e., spaces with multiplication and division. The multiplication operation
has to be defined in such a way that it also allows the inverse operation, division. The
norm, addition, and multiplication by a number for these four number systems are defined
in an equivalent way. Multiplication by a nonzero element is a reversible operation, and for
the norms of any two elements X and Y of any of these number systems, it is satisfied:

XY = [ XYY (28)
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In addition to octonions, John Graves attempted to create a 16-dimensional normed di-
vision algebra, but without success. Each of the four normed division algebras is contained
in the next, and each time losing one of the properties given in Table 2. With octonions, the
associativity of multiplication is also lost, making it impossible, by doubling them, to create
a new composition algebra. Sedenions exist as 16-dimensional structures, but the division
operation cannot be defined for them. In 1898, the German mathematician Adolf Hurwitz
proved that the only composition algebras are the four normed division algebras of the real
numbers, complex numbers, quaternions, and octonions, i.e., the possible dimensions of a
composition algebra are 1, 2, 4, and 8. Every composition algebra is an alternative algebra,
i.e., the multiplication does not need to be associative, as it is enough to be alternative
(Table 2) [36].

As already clarified, every normed division algebra has double the dimension of
the previous one. The quaternions Q, for example, can also be expressed in terms of the
complex numbers C: Q = C + C i, and their dimension is twice that of the complex numbers.
Therefore, in addition to being an ordered quaternion of real numbers (12), a quaternion
can also be represented as an ordered pair of complex numbers:

Q =a+biy+cip)+dis

= (a+biy) +ia(c + dip). (29)

If the first complex number is taken as the scalar part, then the quaternion represented
in the form (29) can be called a vector of complex numbers. Similarly, octonions can be
represented as an ordered pair of quaternions. This is the essence of the Cayley-Dickson
principle of doubling the dimension of any number system with respect to the previous
one, and is the only way to form a new normed algebra with division, i.e., by doubling the
previous one.

The elements of each successive Cayley—Dickson numerical system of higher di-
mension (Figure 1) can also be obtained by replacing each real number in the preceding
numerical system with a complex number—see Figure 5. This yields numerical systems
based on complex numbers—bicomplex numbers, biquaternions, bioctonions, bisedenions,
etc. It is obvious why they are also called bi-number systems.

iy - real number

\
_

ay+ai, - complex number (ao,ll,)

/ 0\

a +aji ) +iy(a, +aj,) - bicomplex number (a,0,0,a,)

//\\

{(a,+aj, i) +ig{(a, + 0 )+i,(a, +ai)} - biquaternion (aﬂ,a],a,, L,0,,0.,0,,0,)

Figure 5. Numerical systems represented by complex numbers.

3.1. Bicomplex Numbers

The modern definition of bicomplex numbers describes them as an ordered pair of
complex numbers C; and C;, with specifically defined properties [37]:

BC = (11 + bil) + iz(C + dil) =C+iC = (Cl, Cz), (30)
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where 12 ={—1,0, +1},i,2 ={—1, 0, +1}, and i1, ip, and 71i, are independent and commutative
(i1ip = ipi1). Therefore, bicomplex numbers are complex numbers with complex coefficients,
which explains the name bicomplex.

The set {1, iy, ip, i1i3} is the basis of the bicomplex numbers, which can also be repre-
sented as four-dimensional numbers with real coefficients, as are the quaternions:

BC = a + biy + ciy + diyi. (31)

The need to find a solution to the problem of the missing commutativity of mul-
tiplication in quaternions (Table 2) led to the discovery of bicomplex numbers and the
development of their theory. The first bicomplex numbers, called tessarines, were pro-
posed almost at the same time as Hamilton’s quaternions in 1848 by James Cockle, an
English mathematician and lawyer [38]. This was prompted by irrational equations, such as
/] — 1 = 0, whose roots are neither real nor complex. To obtain a solution to this problem,
James Cockle proposed a new imaginary unit, whose square equals one, i.e., j* = +1 but
j # £1, and represents tessarines like quaternions:

T = a+ biy + cip + dis. (32)

where g, b, ¢, and d are real numbers, and i% = —1, i% = 41, i1ip = ipi; = i3. In a series of
publications, he analyzed the algebraic properties of tessarines and compared them to other
known hypercomplex numbers. Cockle generalized his discovery to higher dimensions,
proposing octrines [39-41].

At the end of the 19th century, in 1892, the Italian mathematician Corrado Segre,
studying complex geometry, proposed the concept of multicomplex numbers and the idea
of an infinite set of n-complex algebras [42]. Among them is bicomplex algebra, which is
obtained for n = 2. For n = 4, we speak of the biquaternion algebra (Figure 5), which had
already been proposed by Hamilton some forty years earlier. Segre’s bicomplex numbers
can be represented either in the form (30) of pair of complex numbers or in the form (31) of
four-dimensional numbers with real coefficients:

Segre’s BC = (a+ biy) +ip(c +diy)
=C +iC (33)
= a+ biy + cip + di3,

and the following dependencies are valid for their imaginary units:
t=—1;=—1,8 =41 i3 = i1ir = iri. (34)

Bicomplex numbers have been studied for a long time, and to the name of Corrado
Segre, those of Dragoni [43], Spampinato [44], and many other mathematicians and re-
searchers can be added.

In an ordered pair (30), the complex numbers can be of any of the three types of
complex numbers defined in Section 2.1 (Figure 3), namely, the classical complex numbers
Cc, the hyperbolic numbers Cy, and the dual complex numbers Cp. Tessarines, for
example, are hyperbolic numbers with complex coefficients. They, together with bicomplex
numbers, are still of interest today [5,45-47]. It was only at the end of the 20th century that
dual numbers with complex coefficients (complex dual numbers) were proposed [7], which,
however, have noncommutative multiplication.

Depending on the specific values of the squares of the imaginary units, various
bicomplex numbers are defined, some of the better known of which are presented in
Table 3.
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Table 3. Types of bicomplex (4D) numbers.

BC = (a+bi1)+i2(c+di1) =C1+1Cy
= a + biy + cip + diz
a, b, ¢, A—Real Numbers; C1, C,—Complex Numbers; i1, i, i3—Imaginary Units

Type of Bicomplex Number i1 iy i =iy = ipiq
bicomplex numbers ii =-1 i% =-1 i§ =+1
tessarines it=-1 i3 =+1; iy # £1 iz =+1
complex hyperbolic numbers i% =-1 i% =41 ip # %1 ig =-1
hyperbolic complex numbers i% =+1; i; #+1 i% =-1 i% =-1
hyperbolic dual numbers it =+1; i # 1 2=0;iy#0 ipiz = 0; i1i3 = ip
dual hyperbolic numbers ii =0;i1 #0 i% =41 i #+1 iz =iy; i1i3 =0
hyper-dual numbers i1 =0; i1 #0 3=0;iy #0 =0 i3#0

The bicomplex numbers (31) resemble Hamilton’s quaternions (12), but in fact, these
two types of 4D hypercomplex numbers differ substantially. It has already been mentioned
that, unlike quaternions, the multiplication of bicomplex numbers is commutative. Achiev-
ing this commutativity has a cost, which is the appearance of so-called zero divisors, because
of which the field of bicomplex numbers is not actually a field or a plane, but a ring with
two imaginary units (i1 and iy) and can be seen as a combination of two complex spaces.
A zero divisor is a nonzero element whose product with another nonzero element is zero.
James Cockle called bicomplex zero divisors impossible, and their existence is the reason
the field of bicomplex numbers is not integral. Bicomplex zero divisors are defined as
follows: { BC|BC # 0, C% + C% = 0}. Among them, there are two (ey and ep*) of special
importance, which are called mutually complementary idempotent elements, for which ey =
(eg)? and eg* = (ep™)? are satisfied, as well as:

_ 14i1ip 2 k. ot (p )2 (o) FT

‘30+— 2 € =€ =¢€ 7 % _(e0+) =(e0) (35)
_ 1-iji + 1. + _ _

ey = ——5= eot+ey =1, ep-ey =ej -eg=

Any bicomplex number can also be expressed in terms of bicomplex zero divisors ¢y
and ep* (35), as follows [48]:

BC = (ﬂ + bl]) + iz(C + dll)

. . . (36)
=C1+iC = (Cl - 11C2)€0 + (Cl + 11C2)€8_.

By analogy with the complex conjugate number C* (3), and due to the availability
of three independent imaginary units, three different conjugates can be defined for a
bicomplex number (33) [49]:

BCT = ({Il +b11) — i2(C+di1) = C1 - iZCZ;
BC* = (a — biy) +ip(c — di1) = C} +i2C3; (37)
BC*" = (a — biy) — ia(c — diy) = C} — i, C3.

All three bicomplex conjugates (37) satisfy the properties of additivity:

(BCi + BCy) ™ = BC{ + BCS;
(BCy + BCy)* = BC; + BCj; (38)
(BC; + BCy)"+ = BC; T +BC; ¥,

involutivity:
(BC*)* =BC; (BCT)" =BC; (BC**)"" =BC, (39)



Mathematics 2025, 13, 504 14 of 28

and multiplicity:
(BCy - BGy)* = BC{ - BCS;
(BCy - BCy)* = BC; - BCS; (40)
(BC; - BCy)*" =BC; T - BCsT.

Regarding the multiplication of the bicomplex number BC with each of its three
conjugates (37), the following relations are met:

BC-BCT =C? +C3, (41)
BC-BC* = (|C1* ~ |G ) + 2Re(C1C3 )i, (42)
BC-BC™ = (|C1f* +[Cof?) + 2Im(C1C5 )i (43)

The norm of the bicomplex number (33) is:
N(BC) = BC' - BC = (C1 — inC2)(Cy +irCo) = C2 + C3. (44)

Since none of the modules in Formulas (42) and (43) are real numbers, the bicomplex
number canonical (Euclidean) norm is defined as follows:

IBC|| = \/C2+ C2 = Va2 + b2 + 2 + d2. (45)

The canonical norm of the multiplication of two bicomplex numbers satisfies:

IBC;y - BC2|| < V2|[BG || - ||BC, |- (46)
Bicomplex numbers can be added and multiplied:

BC1+BC, = (Cl + iZCZ) + (Cg + i2C4)

47
= (C1+C3) +ir(Ca+ Cy); #7)

BCy-BC, = (Cl + izCz) . (Cg, + i2C4)

. 48
= (C1C3 — C2C4) + 12(C1C4 + C2C3). (48)

Both the sum (47) and the multiplication (48) of bicomplex numbers are commutative:

BCy + BCy = BCy + BCy;

49
BCy - BC; = BCy - BCy, @
associative:
BC;y + (BCy + BC3) = (BCy + BCy) + BC3; (50)
BCy - (BCy - BC3) = (BCy - BGy) - BGg,
and the multiplication is also distributive:
BCy - (BCy 4+ BC3) = BCq - BCy + BCq - BC3 = (BCy + BC3) - BCy. (51)

Unlike complex numbers, in the domain of bicomplex numbers there are non-invertible
elements, non-trivial elements, and non-trivial zero divisors.

Bicomplex numbers are the commutative version of quaternions, and when in a quater-
nion, the real coefficients are replaced by complex numbers and the so-called biquaternions
are obtained.
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3.2. Biquaternions

Along with quaternions, in 1853 Hamilton defined the so-called biquaternions [18].
These are derived from quaternions following the same logic by which bicomplex numbers
are derived from complex ones. Biquaternions are 8D with respect to real numbers, but are
4D based on complex numbers (Figure 5), and are also called quaternions with complex
coefficients. A biquaternion is an ordered group of four numbers Cy, C1, Cp, and Cs, but
each of them is complex:

BQ =Cy+i1C; +ipCy +i3C3

4 . . (52)
= Co + (i1Cy +12Cy +i3C3) = BQs + BQy,

where C; = a; + ibj, [ = 0 + 3. By analogy with quaternions, for biquaternions, BQs = Cy is
called biscalar, and BQy =i1Cq + i,Cy + i3C3 is called bivector.

There is a commutativity between each of the imaginary units of the biquaternion (i1,
ip, and i3) and the imaginary unit i of its constituent complex numbers:

iy = iyi, ify = iai, ii3 = is. (53)

Three types of biquaternions are defined depending on the properties of the imaginary
unit i. Ordinary biquaternions, also known as Hamiltonian biquaternions, are obtained
when i# = —1, i.e., i is the classical imaginary unit. For split-biquaternions, also called
Clifford biquaternions, i = 1 (but i # +1), and for dual quaternions i*> = 0 (but i # 0).

As with quaternions, the multiplication of biquaternions is also not commutative, but
can become zero, i.e., nonzero biquaternions that are zero divisors exist.

The biquaternion (52) BQ = BQs + BQy has two conjugate forms: the bicomplex-
conjugated biquaternion:

BQ* =Cyp—i11C1 —ipCy —i3C3

; ; . (54)
= Co — (1C1 +12C2 +13C3) = BQs — BQy,
and the complex-conjugated biquaternion:
BQT =Cg +i1C; +iCS +i3CS, (55)

where C; = a; + ib; and C;* =a; — ib; for [ =0 = 3.

For the two conjugate forms of the biquaternion in (54) and (55), the following depen-

dencies hold:
(BQ1BQ2)" = BQ;BQ;;
(BQ1BQ,)" = BQf BQ;; (56)
(BQ")™ = (BQ")".

Biquaternions were introduced to the scientific community in the 19th century, but
their full mathematical theory was not completed until a century later. Part of it was the
idea that biquaternions could be obtained by bicomplex numbers, just as quaternions can
be obtained by complex numbers, subject to the Cayley-Dickson principle of doubling the
dimension of each number system regarding the previous one. According to this principle,
the complex numbers are, for convenience, represented as ordered pairs of real numbers:

C1 =a; + lbl = (all bl)/
Co =ap +iby = (az,by),

57
C4 = a4 + lb4 - (a4/ b4)/
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and two by two can form a bicomplex number:

BCy = (C1,C) = (a1, by, a2, b2);

(58)
BCy = (C3,Cyq) = (a3,b3,a4,by).

Then, the biquaternion BQ, in turn, will be an ordered pair of the two bicomplex
numbers (58), or an ordered quaternion of the complex numbers (57):

BQ = (BC],BCQ)

59
= (C1/ C2/ C3/ C4) ( )

The multiplication of two biquaternions BQ1 = (BCy, BC;) and BQ; = (BC3, BCy) will

be:
BQ1BQ, = (BCy,BCy)(BCs,BCy)

60
= (BClBC3 — BCZBCz, BC4BC1 + BCZBC;;;)' ( )

The conjugate of the biquaternion BQ, represented as an ordered pair of bicomplex
numbers (59), can also be represented as follows, in addition to the form in (54):

BQ* = (BCy,BC,)* = (BC1*, —B(y). (61)
The norm of the biquaternion BQ (52) is:
N(BQ) = C} + Ci + C5 + C3. (62)
and for the norms of every two quaternions, BQ; and BQ, are fulfilled:

N(BQ1BQ2) = N(BQ1)N(BQ>). (63)

Biquaternions also find an application in technical and engineering fields. Thus, just
as single quaternions are used to represent rotation in three-dimensional space, biquater-
nions are a very convenient means of describing arbitrary 3D motion. The application
areas of biquaternions include robotics, neural networks, computer vision, and computer
graphics [50-52].

4. Four-Dimensional (4D) Numerical Systems Suitable for DSP

The fact that the multiplication operation of many hypercomplex numbers, such as the
Hamiltonian quaternions and biquaternions, for example, does not have the commutativity
property makes these hypercomplex numbers difficult to apply in the field of DSP. Currently,
no digital processing algorithms based on noncommutative algebra have been developed.
This makes only commutative, in terms of multiplication, numerical systems suitable
for DSP applications. Only for these numerical systems is the convolution rule in the
hypercomplex case in the time- and z-domains

Y(z) = H(2)X(2) > y(n) = h(n) * x(n), (64)

valid. In general, algebras with applications in DSP should have both associativity and
commutativity properties (Table 4).
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Table 4. Properties of complex and hypercomplex algebras.
Hypercomplex Algebras
Property C Q BQ RBQ BC T
Associativity N + + + + +
a(bc) = (ab)c
commutativity

+ - - + + +

ab=ba
convolution N B B . N N

h(n)*x(n) <> H(z)X(z)
zero divisors B B + + + +
ab=0;b#0;a#0
normed division algebra + + - — - —
norm + + + + + +
N()

canonical norm (Euclidean)

VNO =1l=1] " i i i i i

C—complex; Q—quaternions; BQ—biquaternions; RBQ—reduced biquaternions; BC—bicomplex; and
T—tessarines.

Such algebras, of dimension 4D and higher, have zero divisors, which is valid for
associative, but not commutative, algebras of dimension 8D and higher. From a DSP point
of view, normed division algebras are neither required nor recommended because they lack
zero divisors. The presence of zero divisors can be seen as an advantage since it allows
orthogonal decomposition which, in turn, facilitates the analysis of digital systems and
improves computational efficiency.

Scientific results have been reported on which hypercomplex number systems of
what dimension would be suitable for DSP [23,46,53-56]. As has become evident from
the exposition so far, the higher the dimension of a numerical system, the more types of
hypercomplex algebras that can be defined in it.

Among the 4D numerical systems based on complex numbers, only those representing
an ordered pair of classical complex numbers Cg (i* = —1) or an ordered pair of hyperbolic
numbers Cy (i = +1) are commutative—see Figure 6.

2D complex numbers 4D hypercomplex numbers

reduced biquaternions

complex numbers = (bicomplex numbers)

== tessarines

hyperbolic numbers === hyperbolic complex numbers

== hyperbolic dual numbers

Figure 6. The 2D and 4D numbers with commutative algebra.
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Modern digital algorithms basically use real numbers. Complex numbers are also well
suited to represent signals and systems because they allow the compact implementation
and appropriate interpretation of quite complex processing [13,14]. Bicomplex numbers
contribute even more to the compact implementation of the signals and advanced DSP
algorithms due to their mathematical properties. The presence of zero divisors and the
possibility for them to be represented in exponential and trigonometric form contribute
to the simplification of the signal processing, thus improving the DSP computational
efficiency [46,54-56].

In this work, we will take note of the 4D hypercomplex numbers named reduced
biquaternions (RBQs), which, in fact, are bicomplex numbers, and this name has been
used in a number of research works [37,45,48,49,56-58]. It is evident from Table 4 that the
properties of reduced biquaternions (RBQ) and bicomplex numbers (BC) are identical.

4.1. Reduced Biquaternions

The two main advantages of quaternions Q are that they have a clear and unambiguous
geometric meaning and that they form a normed division algebra in which the division
operation (except to zero) is always possible. The impossibility of using them in DSP,
however, leads to the emergence of reduced biquaternions RBQg as their alternative.
Together with the fact that RBQg implement commutative multiplication, they have another
important property—for them, the hypercomplex convolution (64) is valid, which can also
be represented in the frequency domain by the Discrete Fourier Transform (DFT).

Unlike quaternions, which represent rotation in three-dimensional space perfectly,
reduced biquaternions have a complex geometric meaning that is useful for relativity but
not for engineering [53].

It is accepted that the name reduced biquaternions was proposed by Hans-Dieter Schutte
and Jorg Wenzel [59], who also introduced a new modified numerical system which is
commutative with respect to multiplication. According to them, the reduced biquaternion
can be obtained from the quaternion (12) if the following two actions are performed:
(1) the coefficients c and d are set to zero, which will effectively reduce the quaternion to a
complex number; and (2) the real coefficients a and b are expanded to complex numbers.
This procedure is equivalent to replacing each of the two real coefficients of a complex
number with complex numbers, resulting in a bicomplex number. Obviously, the reduced
biquaternion is inherently a bicomplex number since it is an ordered pair of complex
numbers and as such belongs to a 4D numerical system.

So, if we replace the real numbers a and b, representing the real and imaginary parts
of the complex number C, respectively, by two complex numbers, we obtain the reduced
biquaternion A [59]:

C=a+ib= (ap+jay)+i(az+ jaz)
— Ag +iAy (65)
= 4qy +jﬂ1 +la2 +ka3 - A/

where ay, a1, a5, and a3 are real numbers and the complex numbers Ag and Ay are called,
respectively, the scalar and vector parts of the reduced biquaternion. There are three
imaginary units in the reduced biquaternion A, and in this paper, they will be denoted by j,
i, and k.
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j is the classical imaginary unit for which j2 = —1 is satisfied. The i is called the vector
unit such that i* = —1, while the square of the imaginary unit k is equal to +1. The properties
that the three imaginary units of the reduced biquaternion A satisfy are as follows [59]:

2 —i2=_1. k2= 1;
A L S (66)
ij=ji=k jk=kji=—i; itk=ki=—j.

The comparison of (66) and (13) shows the presence of the commutativity of the
imaginary units in reduced biquaternions, as opposed to quaternions, which, as already
pointed out, is their main advantage in DSP applications.

Of importance for reduced biquaternions are their two idempotent zero divisors e;
and ey, which, by analogy with those introduced for bicomplex numbers (35), are:

1+k 1-k
=—; =—. 7
e = (67)
e1 and e, are both idempotent (e; = e;> and e, = e,%) and zero divisors (eje; = 0), and
reduced biquaternions can be represented by them as well [53]:

A = (ap+ jar) +i(az + jaz)
= AS =+ lAV
= (AS + Av)e1 =+ (AS — Av)€2
= [(a0 + a2) +j(a1 +az)]er + [(a0 — a2) + j(ar — a3)]es.

(68)

The representation of the reduced biquaternion by the two zero divisors (67) leads to a
reduction in computational complexity and the simplification of the analysis for operations
such as multiplication and Fourier transform.

Reduced biquaternions can also be represented in exponential form:

A= ag+jay +iay + kas

— ||A||e/%¢i0iekOk, (69)

||A|| is the canonical (Euclidean) norm of the reduced biquaternion A (65) and is
defined as follows:

2
Al = |A| = V(a%ﬂ% + a2 +a3)” — 4(agas — azay)® > 0. (70)

The exponential representation (69) is possible if the canonical norm (70) is not zero
and if the three polar phases 6 i) 0;, and 0 take values in the intervals:

T

9]‘6 (*7'[, 7'(]; 0; € (*E, E}, 0 € R. (71)
As with complex numbers, exponential representation (69) is very suitable for DSP

applications, especially if it is brought into trigonometric form using the Euler and Lorentz

transformations, giving the relation of exponential functions, respectively, to the trigono-

metric and to the hyperbolic functions [6,9,53]. The trigonometric form of the reduced

biquaternion is:

A = || Al|e/% kO

= || A]|[(cos 6; cos 6;) + j(sin 8; cos 6;) + i(cos 6;sin6;) + k(sin 6;sin 6;)]. (72)

The absence of 6y in (72) is explained by the impossibility of applying Euler’s formula
to ek9% since k is not the classical imaginary unit (k* = +1) and, therefore, instead of the
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trigonometric functions sin and cos, the hyperbolic functions sinh and cosh and the Lorentz
transformation are used:
kO = cosh 8y + ksinh8. (73)

The link between the form that uses the zero divisors e¢; and e, (67) and the exponential
form (69) can be derived through the following mathematical relationships:
% = ejefel + ejefez
el% = e/0i¢; 4 ¢ 1%, (74)
kO = eekel + 6*9k62

and is: o
A = | Ale/%e®ekOk

; ; 7
= ||A] Ke@ke](eﬁre[))el + (E*E’kef(ej*@i))ﬁ] (75)
For the reduced biquaternion A, two types of conjugates are defined—the vector
conjugate:
AT = Ag—iAy
= (a0 + ja1) — i(az + jaz) (76)
_ HAHE—]Gjesz,-ekak.

and complex conjugate reduced biquaternion:

A* = AL +iAy

. . . (77)
= (a0 — jar) +i(az — jas).
In addition, a so-called doubly conjugate reduced biquaternion is defined:
*+ _ * _ S Ak
A = AS — 1Ay, 78)

= (ao — jar) —i(az — jas).

The scalar Ag and vector Ay parts of A (65) can be determined by the vector conjugate
reduced biquaternion A* (76) as follows:

A+ At A—At

Ag = ; Ay = —. 79
s 5 v 5 (79)
Normally, the norm is a real number, but the norm of the reduced biquaternion is

defined in the domain of complex numbers and is as follows:
N(4) = A" = AA" = (As +iAv)(4s —iAy). (80)

When the norm of the reduced biquaternion is N(A) # 0, the so-called inverse or
reciprocal reduced biquaternion can be defined:
A+ e—jejefie,-ekak

71_ _
ATEN® T T A &

Analogously to (81), the reciprocal of the difference of two reduced biquaternions A
and B, whose norm N(A — B) is not zero, will be:

At — AT

(A-B) ' = NAZB)

(82)
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In contrast to complex numbers, for reduced biquaternions A and B and their vector
conjugates A* and B*, the following is satisfied:

(A+B)T £ AT +B*. (83)
Let us define the basic arithmetic operations for the reduced biquaternions A and B:

A= (IZO +jﬂ1) + i(a2 +ja3) = HAHejG/"“eieiAekekA;

05 i 84
B = (bo + jb1) + i(by + jb3) = ||B||e/®Bei®is kOrs. (84)

The addition and subtraction of the reduced biquaternions (84) are element-by-element
operations:

A+ B = [(apbo) +j(ay £by)] +i[(az £ b2) + j(as £ b3)]. (85)

The multiplication of the reduced biquaternions A and B (84) is:

AB — HAH||B||ef(ejA+9jB)ei(9iA+eiB)ek(9kA+9k3) (86)
=D = (dy+jdy) +i(dp + jd3),
where:
do = Llobo — a1b1 — azbz + ﬂ3b3,‘
dl = Llobl — a1b0 — azb?, + ﬂgbz,‘ (87)

dy = agby — a1bz — axbg + azby;
ds = agbs — a1by — aby + azby.

The specifics of the represented actions and rules make reduced biquaternions one
of the members of the family of bicomplex numbers and distinguish them from other
members of the family by the basis {1, j, i, ji} used, the type of complex numbers in the
ordered pair, and the values of the squares of their imaginary units. In 1992, T. A. Ell [60]
defined so-called double-complex algebra, again with commutative multiplication, but unlike
(66), the square of j is equal to +1. A set of 4D commutative hypercomplex algebras for
which i = +1 is also proposed in [61].

4.2. Applications of 4D Numerical Systems in DSP

Over the last few decades, 4D hypercomplex numbers with commutative algebra
have found increasing applications in various fields, such as power systems and en-
ergy efficiency [62-64]; biomedicine, bioengineering, and medical engineering [65-69];
meteorology [57,70,71]; energy and electronics [72-74]; aerospace engineering [51,75,76];
robotics [77-80], etc.

For the most part, technical sciences are associated with DSP. Signals and data are
digitally processed to be improved or changed, and analyzed to determine specific infor-
mational content. DSP is applicable to both real-time data streams and static data sets and
may involve linear or nonlinear operations. At present, the advantages of representing
digital signals by complex and hypercomplex numbers and their accompanying digital
processing are indubitable [46,54,55,58,59,81-88].

Digital signal processing is the essence of modern digital technologies in telecom-
munications. Modern 5G networks, distinguished by their heterogeneous nature and use
of a wide frequency range, throw up many new scientific challenges that can be solved
using the powerful mathematical apparatus of four-dimensional arithmetic. Among the
telecommunication applications for which 4D hypercomplex processing is a successful
and elegant tool for the description, analysis, and optimization of processes and systems,
the following can be mentioned: audio and speech signal processing [15,16,53,89-91]; dig-
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ital color image processing, restoration, and recognition [92-97]; noise and interference
measurement and suppression [96-100]; video signal processing, pattern, emotion, and
face recognition [101-105]; communication, neural, and adaptive networks [56,106-110];
data compression, coding, and information security [111-116]; radar, sonar, and sensor pro-
cessing [10,117-121]; motion control systems, location, spatial orientation, and computer
vision [50,122-126]; three-dimensional object reconstruction and localization [127-130],
and many others. Due to their inevitable connection with digital processing of different
types of signals, the listed applications involve hypercomplex processing, mostly based on
Hamiltonian quaternions or reduced biquaternions.

5. Conclusions and Directions for Future Research

The present work outlines an overview of the numerical systems known so far and part
of the Cayley-Dickson algebra, each one of which doubles the dimension of the previous
one. Besides 1D real numbers and 2D complex numbers, those of higher dimensions are
known as hypercomplex numbers.

The members of the large family of the hypercomplex numbers are both alike and yet
very dissimilar. Due to their intrinsic and distinctive properties, hypercomplex numbers
currently have numerous applications, most of which are referred to in this work. There is
no doubt that the areas of application of hypercomplex numbers will continue to expand
as this powerful mathematical tool increasingly attracts the attention of researchers.

As a general rule, the Cayley-Dickson numerical systems are based on real numbers,
but another approach discussed in this paper suggests that hypercomplex numbers can
be represented on the basis of complex numbers, thus introducing so-called bi-number
systems—bicomplex, biquaternions, bioctonions, etc.

A significant part of the application of hypercomplex numbers relates to the technical
sciences, which necessitate the formulation of hypercomplex numerical systems applicable
to DSP. The 4D numerical systems suitable for DSP are outlined in this paper, with emphasis
on bicomplex numbers which are ordered pairs of classical complex numbers, since these
are the most widely used in today’s advanced applications. They are often referred to as
reduced biquaternions, and more detailed research and a comparison to the 4D numbers
based on hyperbolic numbers (tessarines, hyperbolic dual numbers, etc.) will be beneficial
for many DSP applications.

There are still many scientific challenges related to hypercomplex DSP that deserve to
be more thoroughly and comprehensively analyzed and investigated, such as:

- Which of the possible representations of bicomplex numbers—as ordered pairs of
complex numbers, as four-dimensional numbers with real coefficients, in terms of
bicomplex zero divisors, in exponential form, or in trigonometric form—is the most
appropriate for a particular application;

- Since the octonions are the last member of the normed division algebras, it is perhaps
possible to develop commutative 8D numbers appropriate for DSP, just as quaternions
were modified into commutative reduced biquaternions.

The problems listed above are only a part of possible future research related to hyper-
complex numbers that can be used in digital signal processing algorithms.

As is often the case, solving a scientific challenge not only provides answers, but
also poses many new questions at the same time. One thing is definite—DSP algorithms,
real, complex, and bicomplex, have established themselves as an important part of the
DSP scientific field and have found great practical application for more than 70 years. It
is difficult to predict what technological innovations the near or more distant future will
bring us, but to date it can be argued that the development and refinement of this type of
digital processing is significant, promising, and noteworthy scientific pursuit.
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