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Abstract: In this paper, we show that even-order Pascal tensors are positive-definite, and
odd-order Pascal tensors are strongly completely positive. The significance of these is
that our induction proof method also holds for some other families of completely positive
tensors, whose construction satisfies certain rules, such that the inherence property holds.
We show that for all tensors in such a family, even-order tensors would be positive-definite,
and odd-order tensors would be strongly completely positive, as long as the matrices in
this family are positive-definite. In particular, we show that even-order generalized Pascal
tensors would be positive-definite, and odd-order generalized Pascal tensors would be
strongly completely positive, as long as generalized Pascal matrices are positive-definite.
We also investigate even-order positive-definiteness and odd-order strong complete pos-
itivity for fractional Hadamard power tensors. Furthermore, we study determinants of
Pascal tensors. We prove that the determinant of the mth-order two-dimensional symmetric
Pascal tensor is equal to the mth power of the factorial of m − 1.

Keywords: Pascal tensor; positive-definite tensor; completely positive tensor; strongly
completely positive tensor; determinant
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1. Introduction

The symmetric Pascal matrix has the form P =
(

(i+j−2)!
(i−1)!(j−1)!

)
. Its entries are the

entries of the Pascal triangle, i.e., the coefficients of binomial expansion. It has many
interesting properties and applications in numerical analysis, filter design, image and signal
processing, probability, combinatorics, numerical analysis, chaotic system, and electrical
engineering [1–4]. In 2016, Luo and Qi extended symmetric Pascal matrices to symmetric
Pascal tensors and proved that they are completely positive tensors. Symmetric Pascal
tensors are also studied in [5]. An mth-order n-dimensional Pascal tensor has the form

P =

(
(i1 + . . . im − m)!

(i1 − 1)! . . . (im − 1)!

)
, (1)

where i1, . . . , im = 1, . . . , n, m ≥ 3, n ≥ 2. In this paper, for brevity, we simply call P a Pascal
matrix, and P a Pascal tensor.

Besides being a completely positive tensor, does a Pascal tensor have any other interest-
ing properties? Structured tensors are very important in tensor analysis and applications [5].
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As Pascal tensors have a nice structure, the study of Pascal tensors may serve as a prototype
for studying more complicated structured tensors. This is the motivation of this paper.

For even-order tensors, positive semi-definiteness, positive-definiteness and sum-
of-squares (SOS) are the three most important properties. Pascal tensors are completely
positive tensors. Even order completely positive tensors are SOS and positive semi-definite
tensors. Hence, even-order Pascal tensors are SOS and positive semi-definite tensors. It
is well known that Pascal matrices are positive-definite. Thus, a core problem for Pascal
tensors is whether even-order Pascal tensors are positive-definite or not. To the best of our
knowledge, this is an unsolved problem in structured tensor study. In the next section, by
induction, we show that even-order Pascal tensors are positive-definite.

For odd-order tensors, strong complete positiveness is a property somewhat corre-
sponding to positive-definiteness in the even-order case [6–8]. In Section 3, we show that
odd-order Pascal tensors are strongly completely positive.

Actually, these two properties are valid for broader families of completely positive
tensors. We state such a theorem in Section 4, and show that even-order generalized
Pascal tensors are positive-definite, and odd-order generalized Pascal tensors are strongly
completely positive, as long as generalized Pascal matrices are positive-definite. We also
investigate these two properties for the fractional Hadamard power tensors.

In 2004, Edelman and Strang showed that the determinant of a Pascal matrix is
always 1 [2]. This is an exceptionally elegant property. A natural question is what is the de-
terminant of a Pascal tensor? The determinant of a symmetric tensor was introduced in [9].
Suppose that an mth-order n-dimensional real tensor is denoted as A =

(
ai1 ...im

)
, where

i1, . . . , im = 1, . . . , n. Let x ∈ Rn. Then, Axm−1 is a vector in Rn, whose ith component is

∑
i2,...,im=1,...,n

aii2 ...im xi2 . . . xim .

The determinant of A, denoted as det(A), is the resultant of Axm−1 = 0. For the determi-
nant of such a tensor, also see [5,10].

In Sections 3 and 6, we explore this problem. Denote the determinant of the mth-order
n-dimensional Pascal tensor by f (m, n). If we count matrices as second-order tensors, we
have f (2, n) ≡ 1 for n ≥ 2. In Section 3, we explore the value of f (m, 2). We multiply
the Sylvester–Pascal matrix of the mth-order two-dimensional Pascal tensor by a certain
pivoting matrix. Then, we take the LU decomposition of the reshaped Sylvester–Pascal
matrix. By identifying the formulas of the diagonal entries of the upper triangular matrix
of the LU decomposition, and considering the sign changes, we prove that f (m, 2) =

[(m − 1)!]m. In Section 6, we explore the value of f (m, n) for n ≥ 3. We make a conjecture
that f (m, n) is the mth power of an integer function, and is an integer factor of f (m, n + 1).
In particular, we make a conjecture on the formula of f (m, 3) for m ≥ 3. This poses a
challenge to people.

Some final remarks are made in Section 7.
In this paper, f , g, h, i, j, k, m, n, r and s are all positive integer values.

2. Even-Order Pascal Tensors Are Positive-Definite
Let A =

(
ai1 ...im

)
be an mth-order n-dimensional symmetric tensor, where m ≥ 2 is

an even number. Then, FA(x) = Axm defines a function FA : Rn → R. If FA(x) ≥ 0 for
x ∈ Rn, then A is called a positive semi-definite tensor. If FA(x) can be expressed as SOS
polynomials of x1, . . . , xn, then A is called an SOS tensor. If FA(x) > 0 for x ∈ Rn and
x ̸= 0, then A is called a positive-definite tensor. An SOS tensor is a positive semi-definite
tensor, but not vice versa. Similarly, a positive-definite tensor is a positive semi-definite
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tensor, but not vice versa. These three properties are the most important properties of
even-order symmetric tensors [5].

Let A be a symmetric tensor of order m and dimension n. If there are nonnegative
vectors u(1), . . . , u(r) ∈ Rn such that

A =
(

u(1)
)m

+ · · ·+
(

u(r)
)m

, (2)

then A is called a completely positive tensor. Furthermore, if
{

u(1), . . . , u(r)
}

spans Rn,
then A is called a strongly completely positive tensor [5,7].

A complex number λ is called an eigenvalue of A with an eigenvector x if x ∈ Cn,
x ̸= 0 and

Axm−1 = λx[m−1],

where x[m−1] ∈ Cn and its ith component is xm−1
i . If x ∈ Rn, then λ is real and called

an H-eigenvalue of A. An even-order symmetric tensor always has H-eigenvalues. An
even-order symmetric tensor is positive semi-definite if and only if it has no negative
H-eigenvalues. An even-order symmetric tensor is positive-definite if and only if it has no
non-positive H-eigenvalues. The determinant of a symmetric tensor is equal to the product
of all of its eigenvalues. These are the main contents of the spectral theory of symmetric
tensors [5,9].

Theorem 1. Let P be an even-order Pascal tensor with-order m and dimension n. Then, it is a
positive semi-define tensor and an SOS tensor. Furthermore, it is a positive-definite tensor as long
as its determinant f (m, n) ̸= 0.

Proof. By Proposition 6.19 of [5], the Pascal tensor P is a completely positive tensor. Now,
assume that P has the form of (2). Then

FP (x) =
r

∑
k=1

((
u(k)

)⊤
x
)m

. (3)

This shows an even-order Pascal tensor is an SOS tensor, hence a positive semi-definite tensor.
If, in addition, f (m, n) ̸= 0, then P does not have zero H-eigenvalues. The last

conclusion of this theorem follows from the fact that a positive semi-define tensor is positive-
definite if and only if it does not have zero H-eigenvalues. This completes the proof.

The last conclusion of this theorem shows the relation between the positive-
definiteness problem and the determinant problem of Pascal tensors.

The following is a sufficient and necessary condition for an even-order completely
positive tensor to be positive-definite.

Theorem 2. Suppose that A is a completely positive tensor of order m and dimension n, where m
is even. Then, A is positive-definite if and only if A is strongly completely positive.

Proof. Suppose that A is completely positive with the form (2).
Suppose that A is strongly and completely positive. Then, for any x ̸= 0, in (3), there

is at least one k such that ((
u(k)

)⊤
x
)m

> 0,

as
{

u(1), . . . , u(r)
}

spans Rn. This shows that A is positive-definite.
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On the other hand, suppose that A is not strongly completely positive, i.e.,{
u(1), . . . , u(r)

}
does not span Rn. Then, we may find x ∈ Rn, x ̸= 0, such that(

u(k)
)⊤

x = 0 for k = 1, . . . , r. This results FA(x) = 0, i.e., A is not positive-definite.

This theorem may also be the resulted of Theorem 3.9 of [7], and the main content of
spectral theory of symmetric tensors stated before Theorem 1.

We now present the main result of this section.

Theorem 3. Even-order Pascal tensors are positive-definite.

Proof. Fix n ≥ 2. We prove this by induction on m.
For m = 2, we know that Pascal matrices are positive-definite.
Suppose that the mth-order n-dimensional Pascal tensor is positive-definite, where

m is even. Consider the (m + 2)th-order n-dimensional Pascal tensor P . Since P is a
completely positive tensor, we have nonnegative vectors u(1), . . . , u(r) ∈ Rn such that

P =
(

u(1)
)m+2

+ · · ·+
(

u(r)
)m+2

. (4)

Now, fix the first two indices of the entries of P as i1 = i2 ≡ 1. Then, we obtain an
mth-order n-dimensional sub-tensor of P . Denote it as P11. Then, we have

P11 =
(

u(1)
1

)2(
u(1)

)m
+ · · ·+

(
u(r)

1

)2(
u(r)

)m
,

i.e.,
P11 =

(
v(1)

)m
+ · · ·+

(
v(r)

)m
, (5)

where

v(k) =
(

u(k)
1

) 2
m u(k),

are nonnegative vectors, for k = 1, . . . , r. By the structure of Pascal tensors, P11 is nothing
else, but the mth-order n-dimensional Pascal tensor. Then, (5) is its form as a completely
positive tensor. By our induction assumption, P11 is positive-definite. By Theorem 2, P11 is
strongly completely positive. Thus,

{
v(1), . . . , v(r)

}
spans Rn. Then,

{
u(1), . . . , u(r)

}
also

spans Rn. This implies that P is strongly and completely positive. By Theorem 2, P is
positive-definite. This completes our induction proof.

3. Pascal Tensors Are Strongly Completely Positive
We have the following theorem.

Theorem 4. Pascal tensors are strongly completely positive.

Proof. By Theorems 2 and 3, even-order Pascal tensors are completely positive. We now
consider odd-order Pascal tensors.

Suppose that P is the (m + 1)th-order n-dimensional Pascal tensor, where m, n ≥ 2
and m is even. Assume that it is not strongly or completely positive. By Theorem 3.9 of
[7], P must have a zero H-eigenvalue. Thus, we have x ∈ Rn, x ̸= 0, such that Pxm = 0.
This implies that P1xm = 0, where P1 is the mth-order n-dimensional tensor obtained by
fixing the first index of the entries of P as i1 ≡ 1. By the structure of Pascal tensors, P1 is
exactly the mth-order n-dimensional Pascal tensor. Then, by the definition of even-order
positive-definite tensors, P1xm = 0 and x ̸= 0 implies that P1 is not positive-definite. This
conflicts with Theorem 3. Hence, P must be strongly completely positive.
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4. An Inherence Property for Some Completely Positive Tensor Families
Actually, Pascal tensors are prototypes of some families of completely positive tensors.

The study in Sections 2 and 3 shows that since Pascal matrices are positive-definite and the
construction of Pascal tensors satisfies certain rules, even-order Pascal tensors are positive-
definite, and odd-order Pascal tensors are strongly completely positive. The significance is
that this inherence property may hold for some other completely positive tensor families. In
this section, we show that for a certain completely positive tensor family, if its construction
satisfies certain rules, then even-order tensors in this family would be positive-definite, and
odd-order tensors are strongly completely positive, as long as matrices in this family are
positive-definite.

Actually, such an inherence property reminds us of strong Hankel tensors [5]. In
general, even-order Hankel tensors may not be positive-definite. However, if the Hankel
matrix, generated by the same vector that generates a Hankel tensor, is positive semi-
definite, then that Hankel tensor is called a strong Hankel tensor. We know that even-order
strong Hankel tensors are positive semi-definite and SOS tensors [5].

We have the following inherence theorem for completely positive tensors.

Theorem 5. (Inherence Theorem) Suppose that we have a family C of completely positive tensors.
Assume that C satisfies the following three properties.

1. For each pair of m and n with m, n ≥ 2, there is at least one member in C.
2. For m = 2, all the member matrices in C are positive-definite.
3. If we fix the first index of the entries of an mth-order n-dimensional tensor A in C as i1 = 1,

then we have a sub-tensor A1 of A. Then, A1 ∈ C.

Then, all the tensors in C are strongly completely positive, and all the even-order tensors in C
are positive-definite.

Proof. The results may be obtained through the same induction process as in Theorems 3 and 4.
Hence, we omit the details for brevity.

The followings are some examples to apply this theorem.
1. Generalized Pascal tensors. Let c = (c1, . . . , cn) ∈ Rn

+ be a nonnegative vector and
let the mth-order n-dimensional tensor A =

(
ai1 ...im

)
be defined by

ai1 ...im =
Γ(ci1 + ci2 + · · ·+ cim + 1)

Γ(ci1 + 1)Γ(ci2 + 1) · · · Γ(cim + 1)
, (6)

then A is a generalized Pascal tensor and c is called a generating vector of the generalized
Pascal tensor A. If ci = i − 1 for any i = 1 . . . , n, then A is the Pascal tensor [5].

Theorem 6. Suppose that c satisfies c1 = 0 and the generalized Pascal matrix is positive-definite.
Then, the generalized Pascal tensors are strongly completely pos. Even-order generalized Pascal
tensors are positive-definite.

Proof. By Proposition 6.19 in [5], generalized Pascal tensors are completely positive.
Because there are no points z at which Γ(z) = 0, the generalized Pascal tensor class

is nonempty for any m, n ≥ 2. Furthermore, by fixing i1 = 1, we have A1 is an (m − 1)th-
order n dimensional generalized Pascal tensor with the same generating vector c. Then, the
results of this theorem follow directly from Theorem 5.

This completes the proof.

2. The fractional Hadamard power tensors.
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For any given nonnegative tensor A = (ai1 ...im), its fractional Hadamard power
is defined by the form A◦α = (aα

i1 ...im). For factional Hadamard powers, the complete
positivity may not be preserved, as shown by a counterexample in Qi and Luo [5].

Theorem 7. Suppose that α > 0 and c satisfy c1 = 0 and the fractional Hadamard power of
the generalized Pascal matrix is positive-definite. Then, the fractional Hadamard power of the
generalized Pascal tensor A◦α is strongly completely positive. If, in addition, m is even, then A◦α is
positive-definite.

Proof. By Corollary 6.22 in [5], the fractional Hadamard power of the generalized Pas-
cal tensor is completely positive. Then, the conclusions of this theorem follow from
Theorems 5 and 6.

Theorem 8. Let A = (ai1 ...im) ∈ Sm,n be a generalized Hilbert tensor defined by

ai1 ...im =
1

i1 + · · ·+ im − m + c
,

where c > 0 is a positive number. Suppose that α > 0 and c satisfy c1 = 0 and the frac-
tional Hadamard power of the generalized Hilbert matrix is positive-definite. Then, the fractional
Hadamard power of the generalized Hilbert tensor A◦α is strongly completely positive. If, in addition,
m is even, then A◦α is positive-definite.

Proof. The generalized Hilbert tensor is a Cauchy tensor with ci = i − 1 + c
m for any

i = 1, . . . , n. By Theorem 6.21 in [5], the fractional Hadamard powers of the generalized
Hilbert tensors are completely positive.

It follows from the definition that the generalized Hilbert tensor is well defined for any
m, n ≥ 2. Furthermore, by fixing i1 = 1, we have A1 is an (m − 1)th-order n dimensional
generalized Hilbert tensor with the same parameter c. Then, the results of this theorem
follow directly from Theorem 5.

This completes the proof.

5. Determinants: The Case That n = 2
By the Sylvester Formula [9,11] and (1), for m ≥ 3, we have f (m, 2) = det(Sm), where

Sm =



1 a1 a2 · · · am−2 am−1 0 0 · · · 0
0 1 a1 · · · am−3 am−2 am−1 0 · · · 0
· · · · · · · · · · · · · ·
0 0 0 · · · 1 a1 a2 a3 · · · am−1

1 b1 b2 · · · bm−2 bm−1 0 0 · · · 0
0 1 b1 · · · bm−3 bm−2 bm−1 0 · · · 0
· · · · · · · · · · · · · ·
0 0 0 · · · 1 b1 b2 b3 · · · bm−1


,

ai =
(

m−1
i

)
i! and bi =

(
m−1

i

)
(i + 1)! for i = 1, . . . , m − 1. We call the 2(m − 1)× 2(m − 1)

matrix Sm a Sylvester–Pascal matrix.
By direct computation, we have

f (3, 2) =

∣∣∣∣∣∣∣∣∣
1 2 2 0
0 1 2 2
1 4 6 0
0 1 4 6

∣∣∣∣∣∣∣∣∣ = 8 = (2!)3,
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f (4, 2) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 3 6 6 0 0
0 1 3 6 6 0
0 0 1 3 6 6
1 6 18 24 0 0
0 1 6 18 24 0
0 0 1 6 18 24

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 64 = (3!)4

and

f (5, 2) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 3 6 6 0 0
0 1 3 6 6 0
0 0 1 3 6 6
1 6 18 24 0 0
0 1 6 18 24 0
0 0 1 6 18 24

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 245 = (4!)5

From the above fact, we may think that f (m, 2) = [(m − 1)!]m.
Aiming at proving this, we consider the LU decomposition of the Sylvester–Pascal

matrix. We first define the row permutation matrix Pm to reshape Sm as follows,

Tm ≡ PmSm =



1 b1 b2 · · · bm−2 bm−1 0 0 · · · 0
1 a1 a2 · · · am−2 am−1 0 0 · · · 0
0 1 b1 · · · bm−3 bm−2 bm−1 0 · · · 0
0 1 a1 · · · am−3 am−2 am−1 0 · · · 0
· · · · · · · · · · · · · ·
0 0 0 · · · 1 b1 b2 b3 · · · bm−1

0 0 0 · · · 1 a1 a2 a3 · · · am−1


,

where ai =
(

m−1
i

)
i! and bi =

(
m−1

i

)
(i + 1)! for i = 1, . . . , m − 1. Then, the leading

principal minors are not zeros and the LU decomposition of Tm always exists. To move the
m-th row to the first row while keeping the order of the first to (m − 1)-th rows unchanged,
it requires (m − 1)-th row switches, and to move the (m + 1)-th row to the third row while
keeping the order of the third to m-th rows unchanged, it requires (m − 2)-th row switches.
We repeat this process. It requires totally m(m−1)

2 times of row permutations to formulate

PSm stated above. Therefore, det(Sm) = (−1)
m(m−1)

2 det(Tm).
Let

Tm = LmUm,

where Lm is a lower triangular matrix with all 1 diagonal entries. Then, f (m, 2) is equal
to the product of the diagonal entries of the upper triangular matrix Um multiplied by

(−1)
m(m−1)

2 . Here are the forms of Um for m = 3, 4, 5:

U3 =


1 4 6 0
0 −2 −4 0
0 0 2 6
0 0 0 2

,

U4 =



1 6 18 24 0 0
0 −3 −12 −18 0 0
0 0 2 12 24 0
0 0 0 6 18 0
0 0 0 0 6 24
0 0 0 0 0 −6


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and

U5 =



1 8 36 96 120 0 0 0
0 −4 −24 −72 −96 0 0 0
0 0 2 8 72 120 0 0
0 0 0 12 72 144 0 0
0 0 0 0 6 48 120 0
0 0 0 0 0 −24 −96 0
0 0 0 0 0 0 24 120
0 0 0 0 0 0 0 24


.

We see that det(Tm) = det(Um) is equal to the product of the diagonal entries of Um.
Then, we have the following claim.

Claim 5.1. Suppose the LU decomposition of Tm = LmUm, where Lm = (lij) ∈
R2(m−1)×2(m−1) and Um = (uij) ∈ R2(m−1)×2(m−1). Then, we have u2i−1,2i−1 = i! and

u2i,2i = (−1)i
(

m−1
i

)
i! for i = 1, . . . , m − 1.

By the above discussion, we see that this conclusion is true for m = 2, 3, 4, 5. Assume
that m ≥ 6.

Write Um = (uij), Tm = (tij) and Lm = (lij) for i, j = 1, . . . , 2m − 2. Then, lii = 1,
lij = 0 for j > i and uij = 0 for j < i. By Tm = LmUm, for i, j = 1, . . . , 2m − 2, we have

tij =
2m−2

∑
k=1

likukj =
min{i,j}

∑
k=1

likukj. (7)

Letting i = 1 in (7), we have u1j = t1j for j = 1, . . . , 2m − 2. This implies that u11 = t11 = 1.
Now, letting i ≥ 2 and j = 1 in (7), we have ti1 = li1u11 = li1. However, t21 = 1 and

ti1 = 0 for i ≥ 3. Thus, l21 = 1 and li1 = 0 for i ≥ 3.
Consider i = 2 and j ≥ 2 in (7). We have t2j = l21u1j + l22u2j = t1j + u2j. This

implies that

u2j = t2j − t1j =

(
m − 1
j − 1

)
(j − 1)!(1 − j),

for j = 2, . . . , m, and u2j = t2j − t1j = 0 for j = m + 1, . . . , 2m − 2. Then, u22 = 1 − m.
For i ≥ 3 and j = 2, by (7), we have t32 = l31u12 + l32u22 = l32(1−m). Thus, l32 = t32

1−m .
Since t32 = 1, l32 = −1

m−1 . Similarly, we have l42 = −1
m−1 and li2 = 0 for any i ≥ 5.

For i = 3 and j ≥ 3, by (7), we have t3j = l31u1j + l32u2j + l33u3j =
u2j

1−m + u3j, i.e.,

u3j = t3j −
u2j

1 − m
,

u33 = t33 −
u23

1 − m
= 2(m − 1) +

(
m−1

2

)
2! × 2

1 − m
= 2.

For i ≥ 4 and j = 3, we could derive l43 = 3−m
2 , l53 = 1

2 , l63 = 1
2 , and li3 = 0 for any

i ≥ 7.
By repeating this process, we could derive that for i = 1, . . . , m − 1, j = 1, . . . , 2m − 2,

u2i−1,j =


i!, if j = 2i − 1;(

m−i
j−2i+1

)
(j − i + 1)!, if 2i ≤ j ≤ m + i − 1;

0, otherwise,

u2i,j =

{
(−1)i

(
m−1
j−i

)(
j−i

i

)
(j − i)!, if 2i ≤ j ≤ m + i − 1;

0, otherwise,
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and for i = 1, . . . , 2m − 2,

lij =


1 if j = i;

|Xij |
u11 ...ujj

, if j + 1 ≤ i ≤ 2j;

0, otherwise,

(8)

where Xij is a j × j matrix,

Xij =


u11 u12 . . . u1,j−1 u1j

0 u22 . . . u2,j−1 u2j
...

...
. . .

...
...

0 0 . . . uj−1,j−1 uj−1,j

ti1 ti2 . . . ti,j−1 tij

.

By matrix multiplication, we have LmUm = Tm. Then, for i = 1, . . . , m − 1, u2i−1,2i−1 = i!

and u2i,2i = (−1)i
(

m−1
i

)
i!.

By (8), the expression of the lower-triangular matrix L is more complicated than that
of U. We list the upper left corner of L as follows,

L =



1
1 1

1
u22

1
1

u22
3−m
u33

1
1

u33
4−m
u44

1
1

u33
5−2m

u44
m2−6m+11

u55
1

1
u44

7−m
u55

m2−7m+18
u66

1
1

u44
8−2m

u55
3m2−17m+26

u66

(m−5)(−m2+5m−10)
u77

· · ·
1

u55
10−2m

u66
m2−11m+46

u77
· · ·

1
u55

11−3m
u66

3m2−25m+58
u77

· · ·
1

u66
14−2m

u77
· · ·

1
u66

15−3m
u77

· · ·
1

u77
· · ·

1
u77

· · ·
· · ·



.

Theorem 9. For m ≥ 2, we have f (m, 2) = [(m − 1)!]m.

Proof. Based on Claim 5.1, we have

f (m, 2) = det(Sm) = (−1)
m(m−1)

2 × det(Tm) = (−1)
m(m−1)

2 ×
2m−2

∏
r=1

ur,r

= (−1)
m(m−1)

2 ×
m−1

∏
i=1

(−1)i ×
2m−2

∏
r=1

|ur,r| =
2m−2

∏
r=1

|ur,r|.
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Therefore,

f (m, 2)

=
2m−2

∏
r=1

|ur,r|

=

[
m−2

∏
k=1

u2k−1,2k−1
∣∣u2m−2k−2,2m−2k−2

∣∣]× u2m−3,2m−3 × |u2m−2,2m−2|

=

[
m−2

∏
k=1

k! ×
(

m − 1
m − k−1

)
× (m − k−1)!

]
× [(m − 1)!]2

= [(m − 1)!]m.

This completes the proof.

6. Determinants: The General Case
The entries of the mth-order n-dimensional Pascal tensor are the coefficients of the

n-th power of an m-term multinomial. The determinant of the mth-order n-dimensional
Pascal tensor P , f (m, n), is equal to the multivariate resultant of Pxm−1 = 0. We may use
the Macaulay formula [12,13] to calculate f (m, n) for m ≥ 3 and n ≥ 3. The Macaulay
formula converts the computation of a resultant to the computation of the quotient of two
matrix determinants. Thus, theoretically, we even do not know if f (m, n) is an integer for
m ≥ 3 and n ≥ 3.

By computation via the Macaulay formula and (1), we have the following results

f (3, 2) =

∣∣∣∣∣∣∣∣∣
1 2 2 0
0 1 2 2
1 4 6 0
0 1 4 6

∣∣∣∣∣∣∣∣∣/1 = 8 = 23,

f (3, 3)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 2 2 2 6 6 0 0 0 0 0 0 0 0 0
0 1 0 2 2 0 2 6 6 0 0 0 0 0 0
0 0 1 0 2 2 0 2 6 6 0 0 0 0 0
0 0 0 1 0 0 2 2 0 0 2 6 6 0 0
0 0 0 0 1 0 0 2 2 0 0 2 6 6 0
0 0 0 0 0 1 0 0 2 2 0 0 2 6 6
0 1 0 4 6 0 6 24 30 0 0 0 0 0 0
0 0 1 0 4 6 0 6 24 30 0 0 0 0 0
0 0 0 1 0 0 4 6 0 0 6 24 30 0 0
0 0 0 0 1 0 0 4 6 0 0 6 24 30 0
0 0 0 0 0 1 0 0 4 6 0 0 6 24 30
0 1 0 6 12 0 12 60 90 0 0 0 0 0 0
0 0 1 0 6 12 0 12 60 90 0 0 0 0 0
0 0 0 0 1 0 0 6 12 0 0 12 60 90 0
0 0 0 0 0 1 0 0 6 12 0 0 12 60 90

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

/

∣∣∣∣∣∣∣
1 0 6
0 1 2
0 1 6

∣∣∣∣∣∣∣

= 723,

and
f (3, 4) = 723 × 809 = (72 × 512000)3.
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Then, we have a conjecture.
Conjecture 1. For n ≥ 2, f (3, n) is a cubic number.
Write f (3, n) = [g(3, n)]3. We have g(3, 2) = 2, g(3, 3) = 72 and g(3, 4) = 72 × 512000.

Then, g(3, 3) = g(3, 2)× 62 and g(3, 4) = g(3, 3)× 803. Thus, we have a further conjecture.
Conjecture 2. For n ≥ 2, g(3, n + 1) can be divided by g(3, n), i.e., g(3, n) = g(3, n −

1)h(3, n) for some positive integer valued function h.
According the last section, we have f (m, 2) = [(m − 1)!]m. By computation, we

know that
f (3, 3) =

[
23 × 32

]3
,

f (4, 3) =
[
25 × 39 × 52

]4
,

f (5, 3) =
[
221 × 313 × 54 × 72

]5
,

f (6, 3) =
[
227 × 321 × 515 × 74

]6
,

f (7, 3) =
[
244 × 340 × 519 × 76 × 112

]7
,

f (8, 3) =
[
252 × 350 × 523 × 721 × 114 × 132

]8
,

f (9, 3) =
[
2105 × 362 × 529 × 725 × 116 × 134

]9
.

Therefore, in general, we have the following conjecture.
Conjecture 3. For m ≥ 3 and n ≥ 2, we have f (m, n) = [g(m, n)]m, g(m, 2) = (m − 1)!,

g(m, n + 1) = g(m, n)h(m, n + 1), where g and h are positive integer valued functions.
Then, we have g(m, 2) = (m − 1)!,

h(3, 3) = 62,

h(4, 3) =
(

22 × 34 × 5
)2

,

h(5, 3) =
(

29 × 36 × 52 × 7
)2

,

h(6, 3) =
(

212 × 310 × 57 × 72
)2

,

h(7, 3) =
(

220 × 319 × 59 × 73 × 11
)2

,

h(8, 3) =
(

224 × 324 × 511 × 710 × 112 × 13
)2

,

h(9, 3) =
(

249 × 330 × 514 × 712 × 113 × 132
)2

.

Conjecture 4. For m ≥ 3, we have f (m, 3) =
[
(m − 1)!(s(m))2]m, where s is a positive

integer valued function.
Here, we have

s(3) = 2 × 3,

s(4) = 22 × 34 × 5,

s(5) = 29 × 36 × 52 × 7,

s(6) = 212 × 310 × 57 × 72,

s(7) = 220 × 319 × 59 × 73 × 11,
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s(8) = 224 × 324 × 511 × 710 × 112 × 13,

s(9) = 249 × 330 × 514 × 712 × 113 × 132.

Based on these computational results, we have the following conjecture.
Conjecture 5. For m ≥ 3, we have s(m) = [(m − 1)!]m−1 × 3!! × · · · × (2m − 3)!!, i.e.,

f (m, 3) =
{
[(m − 1)!]2m−3 × [3!! × · · · × (2m − 3)!!]2

}m
. (9)

The above computational results for m = 3, . . . , 9, confirm this conjecture. It would be
a big challenge to prove or to disprove (9).

7. Conclusions and Discussions
In this paper, we showed the even-order Pascal tensors are positive-definite and

strongly completely positive. We also showed that odd-order Pascal tensors are strongly
and completely positive. We further presented the determinants of two-dimensional Pascal
tensors. These research topics are highly related to each other. These attempts not only
increase our knowledge of Pascal tensors but also enhance our understanding of general
structured tensors. This is the significance of our exploration.

In this paper, we concluded that an inherence property for Pascal tensors may work
for some other completely positive tensor families, such as generalized Pascal tensors and
fractional Hadamard power tensors. More study on such tensors and some other possible
completely positive tensor classes would also be interesting.

Very recently, the concepts of positive semi-definiteness, SOS and positive-definiteness
were extended to odd-order symmetric tensors in [14]. Let A =

(
ai1 ...im

)
be an mth-

order n-dimensional symmetric tensor, where m ≥ 2 is an odd number. Then, GA(x) =
Axm−1 defines a function GA : Rn → Rn. If GA(x) ≥ 0 for x ∈ Rn, then A is called a
strongly positive semi-definite tensor. If each component of GA(x) can be expressed as
SOS polynomials of x1, . . . , xn, then A is called a strongly SOS tensor. If If GA(x) > 0
for x ∈ Rn and x ̸= 0, then A is called a strongly positive-definite tensor. Odd order
completely positive tensors are strongly positive semi-definite and SOS tensors. Thus,
odd-order Pascal tensors are strongly positive semi-definite and SOS tensors. On the other
hand, though several other odd-order completely positive tensor classes, such as odd-order
Hilbert tensors and Lehmer tensors, have been proved to be strongly positive-definite, we
still do not know if odd-order Pascal tensors are strongly positive-definite or not. Hence,
this will be the next challenging question for Pascal tensors.

We explored the value of f (m, n) for n ≥ 3. There are still some conjectures left
unanswered. We made a conjecture that f (m, n) is the mth power of an integer function,
and is an integer factor of f (m, n + 1). In particular, we made a conjecture on the formula
of f (m, 3) for m ≥ 3. It would be intriguing to provide responses to them.
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