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Abstract: Let IF; be a finite field, and let 1 be a positive integer such that ged(g, 1) = 1. The
irreducible factors of x” — 1 and x”* — A are fundamental concepts with wide applications
in cyclic codes and constacyclic codes. Furthermore, the number of irreducible factors of
x" —1and x"* — A is useful in many computational problems involving cyclic codes and
constacyclic codes. In this paper, we give a more concrete irreducible factorization of x” —1
and x™ — A. Based on this, the number of irreducible factors of x* — 1 and x” — A over Fq,
for any A € [}, is determined through research on the representatives and the sizes of the
g-cyclotomic cosets. As applications, we present the necessary and sufficient conditions for
| §(x" —1) |= 6 and a more concrete factorization of x* — 1 in these cases.
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1. Introduction

Let I, be a finite field, and let n be a positive integer such that ged(n, q) = 1. For any
¥ € Z/nZ, the g-cyclotomic coset modulo n containing 7y is defined by the subset

usg() ={vvq, g

where T is the smallest positive integer such that yq° = 7 (mod n). Each element in
¢n/q(y) is called a representative of the coset c¢;,/,(7). The study of cyclotomic cosets
plays a very important role in many computational problems. Since g-cyclotomic cosets
completely determine the irreducible factorization of x" — 1, ®;,(x), and x" — A over I,
cyclotomic cosets are also needed in coding theory, such as the classification of constacyclic
codes and counting problems involving constacyclic codes. These problems all require the
parameters of cyclotomic cosets, for example, leaders, sizes, or representatives.

In [1], the g-cyclotomic cosets modulo n contained in the subset 1 + rZ/nrZ, such
that ged(nr,q) = 1 and r | g — 1, were determined. Further, the authors enumerated the
Euclidean self-dual codes. In [2,3], algorithms for calculating the leader of cyclotomic cosets
were given based on the stream cipher m-sequences and problems in statistical physics,
respectively. Determining the representatives and the sizes of g-cyclotomic cosets modulo
n under certain conditions can help in studying problems involving constacyclic codes.
Some research work can be seen in [4-11].
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This paper was inspired by [12]. The purpose of this paper is to determine the number
of irreducible factors of x" — A over I, for any A € F;. We know that we can calculate the
number of irreducible factors of x” — 1 using the equation

M —=1=]]®u(x),

dln

¢(d)
ordy(q)
the same degree ord,(q) over IF;. In [12], a necessary and sufficient condition for

where, for any d | n, ®,;(x) can be factored into

monic irreducible polynomials of

S =1 |=s

was given, where | §(x" — 1) | denotes the number of distinct irreducible factors of x" — 1
over [F;. Suppose that ny, 1, - - -, ny are t factors of 1, and d;;; denotes the order of 4 modulo
n;. Then,

S =1) |=s

if and only if

is a solution to the Diophantine equation
X1 +x2+ -+ X =5.

As an application, [12] obtained the sufficient and necessary conditions for | F(x" — 1) |=
3,4,5.

Through a careful study of the g-cyclotomic cosets, we give more concrete factorization
of x —1and x" — A than the factorization formula given in [13]. Then, based on the splitting
or stability of cyclotomic cosets, we determine the number of irreducible factors of x* — A
and x" — 1 over [, for any A € [F}; however, the method differs from that in [12]. As an
application, we establish the necessary and sufficient conditions when

5" —1) |=6.
In addition, a more concrete factorization of x” — 1 in these cases is given.

2. Preliminaries

Throughout this paper, we assume that 7 is a positive integer and that F; denotes
a finite field with g elements, where g = p° is a power of a prime p and ged(p,n) = 1.
F; = Fq/{0} is the multiplicative group of F; consisting of all non-zero elements of ;. We
first review some basic results in number theory and finite fields, which we will use in the
subsequent sections.

2.1. Basic Number Theory

Let ¢ be a prime number. We denote the /-adic valuation of  as follows:
vy(n) = max{k € Z : ¥ | n}.

Then we introduce the following lift-the-exponent lemmas in two cases.
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Lemma 1 ([2]). Let ¢ be an odd prime number, and let m be an integer such that ¢ | m — 1. Then,
vy (m? —1) = vy(m — 1) +v,(d) for any positive integer d.

Lemma 2 ([2]). Let m be an odd integer, and d be a positive integer. Based on this, the following
cases arise:

(1) Ifm=1 (mod 4), then
vy (m? —1) = va(m —1) + va(d), va(m? +1) =1.
(2) Ifm =3 (mod 4) and d is odd, then
vy (m* —1) =1, vp(m? +1) = va(m +1).
(3) Ifm =3 (mod 4) and d is even, then
vy (m? —1) = vy (m+1) +vy(d), va(m? +1) = 1.

2.2. Cyclotomic Cosets

If the decomposition of  is given by n = p{' - - - p¢*, where py,-- -, ps are distinct
prime numbers and ey, - - - , s are positive integers, m is an integer coprime to n. We define
rad(n) and ord, (m) as follows:

rad(n) = p1---ps,
ord,(m) =min{k € Z:m* =1 (mod n)}.

If (Z/nZ)" is a cyclic group, each generator of (Z/nZ)" is called a primitive root
modulo n. A well-known theorem about the existence of primitive roots is shown below.

Lemma 3 ([14]). Let n be a positive integer. Then, n possesses primitive roots if and only if n is of
the form 2,4, p*, or 2p*, where p is an odd prime and « is a positive integer.

We also review some familiar results below.

Lemma 4 ([15]). Let 1 be a primitive root modulo an odd prime . If 4~ is not congruent to 1
modulo (2, then 1 is a primitive root modulo (¢ for all d > 1.

Lemma 5 ([12]). Let ¢ be an odd prime and 1 be a primitive root modulo (2, with gcd(n, ¢) = 1.
Then, 1 is a primitive root modulo (¢ for all d > 1.

Lemma 6 ([12]). Let 1 be a primitive root modulo ¢%. Then n is a primitive root modulo 2¢%, where
1, ¢, and d are defined as above.

Recently, a criterion for the primitive root system and a proof of the existence of the
primitive root system modulo pi' - - - p&* were given in [16].

Lemma 7 ([16]). Let py,- - -, ps be distinct odd primes, and let eq, - - - , es be positive integers. An
s-tuple (111, - - - , 1) of integers is said to be a primitive root system modulo pi* - - - p& if, for any
1 <i <5, the following conditions hold:

(1)  #; is a primitive root modulo p?for alld > 1;

2) n;=1 (mod pjj)for any j # i.

For any odd primes py, - - -, ps and positive integers ey, - - - , €s, there exists a primitive root system
modulo p{' - - - p&.
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Further, the explicit representatives and sizes of g-cyclotomic cosets modulo an odd
integer n are given. If n = pi' - - - p&* for distinct odd primes py, - - - , ps different from p and
positive integers ey, - - - , ¢, fix a system of primitive roots (11, - - - ,#s) modulo n. For any
integers 1, -+ ,ys such that0 <y; <e;, i =1,---,s, the notations are defined as follows:

D fiy = Ordptjrw (q);
() iy = qb(Pfi_yi)/fi,yi"
G Ty = Ordp;)l*yl..-pgs’ys (q) =lem(fry, - foye)-

Lemma 8 ([16]). Let pq,- - -, ps be distinct odd prime numbers different from p, and let eq, - - - , es
be positive integers. Then, all the distinct g-cyclotomic cosets modulo n = p{' - - - p$* are given by

Cuyg(myt - omEepyt - pl) ={pt oy p]t o pl Yt plog,
PP ,;7;(1 e ;7;(5P¥1 PPN pzsqul“‘ys—l}
for 0 < yi < ¢ i = 1,---,50 < x1 < gy — L and 0 < x; < gy, -

ng(lCm(f],yl, T Ifi—l,yifl)lfi,yi) - 1/ i= 2/ c S

By applying the lift-the-exponent lemma, a more concrete size of the g-cyclotomic
cosets modulo 7 is given.

Lemma 9 ([16]). Denote by ¥ = X(n;q) the set of all applicable 2s-tuples (y1,- -+ ,Ys, X1, , Xs)
that satisfy the inequality above. For any 2s-tuple (y1,- -+ ,Ys, X1, - ,Xs) € X, the g-cyclotomic

coset ¢ /(™1 -+ nepdt - pl) has a size of

Typoys = lc:m(orde1 (q) - piwl,~ -+ ord,ms (q) - pMs),
where m; = min{e; — y;, 1} and M; = max{e; — y; — vpi(qordf’i(q) -1),0},i=1,---,s.

Based on the theories above, [16] considered the case where modulo 7 is even. Let
n = 2% pil -+ p&, where py, - - -, ps are different odd primes and ¢y, ey, - - - , e5 are positive
integers. Since there is no primitive root of Z/2%Z, where ey > 3, Lemma 8 does not apply
in this case.

Lemma 10 ([16]). Let n be an arbitrary positive integer, and let q be an odd prime power that
is coprime to n. Let 7y be an element in Z/nZ with the associated g-cyclotomic coset modulo n
given by

nsg(V) ={vva, )

(1) If2n | yq" — vy, that is, va(q" — 1) + va(7y) > va(n) + 1, then by viewing 7y as an element
in Z/2nZ, the g-cyclotomic coset modulo 2n containing vy is

cansg(v) = {7, "
Moreover, the g-cyclotomic coset
Conpg(n ) ={n+7,(n+7)q,, (n+7)9""}

modulo 2n containing n + v is disjoint with ¢y, (), and the union o, /() U c2n/q(n + )
is exactly the preimage of c,,4(y) under the projection Z./2nZ — 7/ nZ.
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(2) If2n{yqt —y, thatis, v2(q" — 1) + v2(7y) < va(n) + 1, then by viewing 7y as an element
in 7./ 2nZ, the g-cyclotomic coset modulo 2n containing <y is

cansg(v) = {vva, - g™ )

Moreover, the coset ¢y, /q('y) contains n + vy and is exactly the preimage of c,, /q(y) under the
projection Z/2n7Z. — Z/nZ.

If v € Z/nZ fits the first condition in Lemma 10, we say that c,,/4(7) is splitting with
respect to the extension Z/2nZ : Z/nZ. Otherwise, we say that c,/,(7) is stable with
respect to the extension Z/2nZ : Z./nZ. We define that an element y € Z/nZ is divisible by
2% if any representative of <y in Z is divisible by 2. This definition is clearly well defined.
Then, we give an explanation of g-cyclotomic cosets modulo #n, where 7 is even.

Forany y € Z/ n’Z, where 1’ is the greatest odd factor of 1, we denote the size of the
g-cyclotomic coset modulo n’ containing <y by T, and it is easy to see that 2° | . Since

va(7) +v2(q" = 1) = 02(21"),
we have that the g-cyclotomic cosets modulo 27’ containing 7 is
consg(v) = {78, g
and
consg(r+n) ={y+n,(y+n)g, - (y+n)g

If 7y is odd, then we have 2 | v + n’; otherwise, we have 2 | . We assume that 2 | v (if
2 | n’ + v, the proof is similar). Since

02(7) +02(77 — 1) = 02(2%1'),
we have that the g-cyclotomic cosets modulo 221’ containing v is
Couyo(v) = {09, v}
and
corsg(v+20") = {y+ 21, (y+20")gq, -, (v +2n")g" '}

If 22 { 9, then we can easily see that 22 | 21’ + . Conversely, if 2% { 2n’ + +, then we
can easily see that 22 | 7. So there must be one of y and 21’ + v that is divisible by 22. And
soon, for n = 29pi - - pg*, if 2% | v, we can verify that there is exactly one among ¢y, /4(7)
and ¢y, /4(n + ) that is divisible by 2%+, Furthermore, there is a g-cyclotomic coset that
will keep splitting, while others will remain stable when

va(7) +v2(g" — 1) < va(n).

2.3. The Factorization of x" — 1, ®,(X), and x" — A

In this subsection, we review the formula in [13] for the factorization of x" — 1, ®,(x),
and x" — A. Here, n is a positive integer coprime to 4.

Lemma 11 ([13]). Let w = ord,aq(y)(q), and set s = wif4{nor g =1 (mod 4); otherwise,
set s = 2cw. Furthermore, for all positive integers t, we define d¥) = ged(n,q' — 1), and for



Mathematics 2025, 13, 473

6 of 23

everyi € CRy (d®)), where CR4(d (5)), denote a complete set of representatives of the g-cyclotomic
cosets modulo d®), we set ¢; = min{t € N| % | i}. Then, the factorization of x" — 1 into monic
irreducible factors over Fy is

l ci—1 1-g*
[T TII Zx” —1)° Y TI1ad8 |
0]~y i€CRy(d)) |1 UC{0,-,c;—1} ueld
ged(i,v)=1 [U|=ci—1

(d©)) such that ged (i, v) = 1, the monic irreducible factor

46
ged(i,d))”

belongmg to (v, z) has degree vc; and order v -

Lemma 12 ([13]). Let n € N such that ged(n,q) = 1. Let w = ordy,q(,(q), and set s = w if
41norq® =1 (mod 4); otherwise, set s = 2w. Furthermore, we define d®) = ged(n,q° — 1).

d(s))

Then, the factorization of the cyclotomic polynomial ®,(x) into il s— monic irreducible factors of

" ,
degree <7 - s over Fy is

n

S
! s—I i-g"
H Zxd() 71) Z Hgd(s)]'
i€CR, (1)) 1=0 uc{o,-s—1} ueU
ged (1,d®))=1 [U|=s—1

Lemma 13 ([13]). Let A € Fj and n € N such that ged(n,q) = land n = ny - ny,
where rad(nq) | ord(A) and ged(ng,ord(A)) = 1. Let w = ordyag(n)(q), and set s = w
if4 t norq¥ = 1( (mod 4)); otherwise, set s = 2w. For all positive integers t, we set

(s)
( )= ged(ny, 5 Ord( )) and d( ) = ged(ng, gt ). If4 ¢ dgs) orqg=1 (mod 4), then s; = %;
1

(s)
otherwise, s1 = zd%. Foreveryi € CRy (d( )) where CRq(d( )) denote a complete set of representa-
1

(s)

4
tives of the q-cyclotomic cosets modulo d,”’, we set t; = min{t € N | %— | i} and c; = lem(t;, s1).
Then, there exists b € s such that bdls = a, and the factorization of x" — A over IF, is

ged(t;,51)—

H H H H S(j,v,i,m)/

je{0,~-, 1}/~ z;| y i€CRq(d (>)
2 ged (i, u)zl

where, for all applicable (j,v,1,m), the monic irreducible polynomial S; , ; ) of degree % “U -G

(S)

d order ord(a) -nq - v - defined
and order ord(a) - ny - v gcd(zd<)) is defined as
Ci d%)“(l'l Ci—l l“qm ] o qu
Soim = 2 X1 - (=1) Y. II (§d<s> (gd@)b) )
1=0 Uc{oci-1} ued 2 1

[U|=c;—1

where r is a positive integer satisfying r = 1ifa = 1 or rny = 1( (mod ord(a) - dgs))) otherwise.

Furthermore, for all j,j € {0,- - - ,dgs) — 1}, we have j ~ j if and only ijf§;<s) = égg;n b" 1 for an
integer 0 <m < s; — 1. ' '

It is not difficult to observe that, although [13] provided the explicit factorization of
1" —1,®,(x), and " — A, we cannot calculate the number of irreducible factors for any
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n,q such that ged(n,q) = 1 because the author did not provide the explicit representatives
and sizes of the g-cyclotomic cosets modulo # in the formula.

3. Main Results

Let [F,; be a finite field, and let ¢ = p®, n be a positive integer such that ged(n,q) = 1.
Then, we give a different formula to calculate the number of irreducible factors of x" — 1
and x" — A over F; for any A € Fy.

3.1. The Number of Irreducible Factors of x"* — 1

Letn = 2€0p'i~1 e p?, and set

o ordq(n)(q),  ifd4fnor g (@) =1 (mod 4);
B 20rd,q(n)(9),  otherwise.

d=gecd(n,q¥—1) = ZEOP? copf,d = pi] ol
Without loss of generality, we assume that the odd primes py, - - -, ps are ranked in
such a way that

OrdPl (Q)/ Ordpz (q)f B Ordps/ (4)

are even, and

ordp, , (q),0rdy,,,(q), -, ordp(q)

are odd.

Fix a system of primitive roots (13, ,7s) modulo ' = p{'---p¢, and let & =
%.(d’; q) be the set of applicable 2s-tuples, i.e., the tuples (y1,- - ,ys, X1, -+, Xs), such that
0<y; <eandthat0 <x; < g1y, —land0 < x; < g, -ged(lem(fry,, -+, fic1y y)r fig)
fori=2,---,m.

Forany (v, x) = (y1, - ,¥s, X1, -+ ,Xs) € &, define I'(y) = T'(y1,-- - ,ys) to be the set
of all s-tuples u = (uy,-- - ,us) of integers satisfying 0 < u; < ¢; —¢; and u; = 0 given
y; # 0. Forany y = (y1,- -+ ,ys), where (y,x) € X, let {iy, - - ,ia(y)} consisting of index i
such that y; = 0.

Now, we will calculate the number of irreducible factors of x" — 1. We begin with the
easier cases where, ¢y = 0 and e7 = 1.

Proposition 1.

(1) Ifeg =0, then x — 1 can be factored into the irreducible factors over F, as

¥"—-1= H H Sy,x,ur

(yx)eXuel(y)

where, for every (y,x) = (y1,- -+ ,Ys, X1, , %) € Zand u = (uy,--- ,us) € I'(y), the
irreducible polynomial Sy x,, is given by

Typ s xs 01

. ... LI . uq u
Sy = & (| p R it
j=0 RC{0,+ Ty, -.ys —1} rER
IR|=Ty, - ys =]
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(2)  The number of irreducible factors of x™ — 1 is

ﬁ[P?iyiil(Pi—l)] )
k= Yy -y E <H(e~ij—ei/+1)>.

0<cer  0<yige, 1 (fLy e foye) =1

Proposition 2.

(1) Ifeg =1, then x — 1 can be factored into the irreducible factors over F, as

x"—1= H H Sy,x,u : (S/y,x,u)/

(yx)ETuel(y)

where, for any (y,x) € L and u € T'(y), the irreducible polynomials Sy, and S, . ,, are,
respectively, given by

Ty1mys . xq xs Y1 ys ]
Syxu = Z (71)@1“%_1 Z ngl sty s g x]pg’l,,.pgs
j=0 RC{0,- Ty .ys —1} TER
|R\:Ty1,..ysfj
and
/ Ty1--ys - . Ufl,,,ngfsﬁl,__pgsqr TR
Syu = Yo (—1)Twd Y I1-2 g s
j=0 RC{0,+ Ty, —1} 7€R
RI=tyy 45

(2) The number of irreducible factors of x" — 1 is 2x, where

o ei—yi—1
’l—Il[pf Y (Pi - 1)] a(y)
K = = . (€~—€+1) .
0<y1<es 0<ys<es lcm(fl’yll o /fS,}/s) <]I:]1: ’ ’

We still need to consider the case where ¢9 > 2. Fix an applicable 2s-tuple
(y,x) = (y1,"* ,Ys, X1, -+ ,Xs) € X and an s-tuple u = (uy,---,us) € I'(y). Let

— vz(qulmys _ 1), — — Uz(qryl'”ys + 1)‘

+
Oy, -y, Uy ey

Proposition 3. If ¢ = 3 (mod 4), for any s-tuple y = (y1,---,Yys), where (y,x) € L,
gvs =3 (mod 4) if and only if

yi =€, fOT’iZl,--- /S,/
where Ty,...y, is the size of the g-cyclotomic coset modulo d’.

Proof. Since g =3 (mod 4), g"1~% =3 (mod 4) if and only if 7,,...;, is odd. According to
Lemma 9, we know that

Tyr-ys = lcm(orde1 (’7) : pi\/h,_ o 'Ordp;"5 (q) : Péws)/

where m; = min{e; —y;,1} and M; = max{e; — y; — vpi(qord”i(q) -1),0},i=1,---,s.
Noting that

ordy, (9),0rdp, (q), - - -, ordp, ()
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Ky:

are even, Ty, ...y, is odd if and only if ¢; = y; forany i =1, - - - . O

Proposition 4. Foranyy = (y1,- -+ ,Yys), where (y,x) € Z,if g¥1-¥ =1 (mod 4), the number
of irreducible factors of x™ — 1 associated withy = (y1,- -+ ,Ys) is

o

)
202(d)— Yeg —eo+ 1[I (e —el+1)]+2”2(d [H( .—ei],+1)],1§02(d)Svyﬁ_..ys,

+[(v2(d) —

j=1 j=1

ot 1, aly)
2917 (6 — eg + 1)[]—[1(61']- —ej;+1)]
]:
7 aly)
y1 —1). sy 20;1.%} [ Hl (eij —ei + 1)],02(d) > vjlmys +1
j=

Proof. For any (y,x) = (y1,--- ,Ys, X1, - ,Xs) € X, when v5(d) = 1, there will be two
g-cyclotomic cosets modulo d

Carg(mt - nEplt - pl) cupg (it - plopyt - pl + d)

generated by ¢y, (7" -+ - 73°p{" - - - pd°), and there is one among cq/, (77" - - - 7 py* -+ - pl°)
and cgy, (17" -+ n3*py" - - - p{° + d') whose elements are all even, while the other has ele-
Xs Y1 Xs Y1

ments that are all odd. Suppose that 77" - - - 3 p7" - - p¥* is odd, then nteneplt CpE
d’ is even. Since

v (it - mEpy - pE) Foa(gi 1) =) L,

according to Lemma 10, we know it can split until vp(d) = U;wys/ ie., when 1 <
vp(d) < U;,rl , there will be 2?21 g_cyclotomic cosets modulo d generated by
o' /g (gt pl .- p¢®), and the length of them will be Ty, - On the other hand, since

va(yt - pEpl ) Foa(gt 1) > 0f L

according to Lemma 10, ¢/ (177" - - - 3°p{" - - - p¥* + d') can also split until vy (d) = v} ...,.,
ie, whenl < vy(d) < Uytwys/ there will be 2%2(9)~1 g-cyclotomic cosets modulo d generated
by cogr (i -+ 73p]" -+ - p® 4+ d’), and the elements in these g-cyclotomic cosets are all even.
Noting that {i1, - - ,i,(,)} is the subset of {1 -, s} such that yi, =0forj=1,--- ,u(y),
we can easily see that when 1 < v3(d) < v} ..., , there will be

a(y) a(y)

2201 (& —eg + V[ [ (6, — e, + 1)) + 27219~ —ei;+1)]
j=1 /:1

irreducible factors of x" — 1 associated with y = (y1,- - -, ¥s)-
When vp(d) = v+ .y T 1, the g-cyclotomic cosets modulo d generated by

C2d’/q(’7 775 pl 'st)

are stable, and the g-cyclotomic cosets modulo d generated by ¢y /q(nf s p%l pP

d") will split into 2%%1-vs g-cyclotomic cosets. Now, we only need to consider the number
of q—cyclotomic cosets modulo d generated by cogrjq(myt -+ npy -+ p® +d'). When

vy(d) = ]/1 y, 12, there will be § -2° V1% stable g-cyclotomic cosets and the other 1 vyl -

q—cyclotomlc cosets will split into 2° 1-vs g-cyclotomic cosets modulo d. Continuing this

process, when v;(d) > vy, ..., + 1, there will be (v2(d) —v;),..,, — 1) - 2051 4 2%



Mathematics 2025, 13, 473 10 of 23

g-cyclotomic cosets modulo d. Furthermore, the number of irreducible factors of x"” — 1
associated withy = (y1 - - - ys) is

N a(y) T
2997 (G — g + D[ [(6 — e + D] + [(02(d) — 0],y — 1) - 205"
j=1
ot aly)
+ 2% [ (6 — e, + 1)
j=1

Ifny' - npyt - plisevenand 5y - - - i p] - - - p° + d’ is odd, the proof is similar.
Now we conclude the proof of this proposition. [J

Proposition 5. Foranyy = (y1,-- - ,ys), where (y,x) € &, if g% =3 (mod 4), the number
of irreducible factors of x"™ — 1 associated withy = (yq,-- - ,Ys) is

a(y) a(y)

(@~ + DL — e, + 1]+ T1(E —e; +1),02d) = 1
i j=
N a(y) aly)
(o —eo+1)] 1—11(61',» —ey t DI +2- 116 — e +1),02(d) =2,
i= j=
_ aly)
292D=2(&5 —eg + 1) IT (¢, — ei; +1)]
_ j=1
K= a(y)
+(202(d)~ 2+1)[H( — ¢ +1)],3 < vy(d) SOpy L
j=1
- a(y)
2%nw (& —eo + 1)[ T (6, — e, +1)]
j=1
_ a(y)
+(02(d) — 05, — 2) 20%evs g % 4 1][ ] (e;; —ei, +1)],v2(d) > vy +2.
j=1

Proof. For any (y,x) = (y1,--- ,Ys, X1, ,Xs) € X, when v,(d) = 1, there will be two
g-cyclotomic cosets modulo d

Cd/q(’?icl"'ﬁfspgl"'r’y) Cn/q(’7 ;75 Pl '-~pzs+d’)

generated by Cd’/qwf ' ’72‘q %1 -ps°), and there is one among Carg(my 1’ P )
and ¢y /q(lﬁ LRy p?l - p¥* + d’) whose elements are all even, while the other has ele-

ments that are all odd. Suppose that 17" - - 7°p]" - - - p{ is odd and 5} - - - 7 p]* - p° +
d’ is even. Since

02(77;(1 - ;7;(5}7{1 e pzs) + vz(qul“'ys — 1) — 1’

it will be stable when v (d) = 2, and the size of cyop (177" - - - 73°p3" - - - p2°) is 27Ty ...y, From

the lift-the-exponent lemma,

oa( g pyt - pE) (g7 1)
=0+ova(g s +1) +1
=0,y +1
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and we can easily see that the g-cyclotomic cosets cyy (1771 -+ - 73 p3" - - - p*) will split until
02(d) = vy,..y, + 1 ie, when3 < 0p(d) < Uyl 41, there will be 222(4)~2 g_cyclotomic
Xs ]/1

cosets modulo d generated by ¢z, q(iy NPy - pL*). On the other hand, since

v (17" - "7?}7]{1 o pl 4 d) oy (P — 1)
=140, ., +1
=240y,
>0y + 1,
for any 3 < vp(d) < v,,.., +1, there will be 1 + 222(d)=2 g_cyclotomic cosets modulo d

generated by ¢y, q(ﬂl : 175 pit - pd +d'). If all elements in these g-cyclotomic cosets
are even, we have that the number of the irreducible factors of x™ — 1 is

a(y) a(y)
292 "2(g5 —eg+1) [T I(e& —ei +1)] + (2242 +D[[I( e +1)].
j=1 j=1

When v,(d) = y,..y, + 2, the g-cyclotomic cosets modulo d generated by

y

oy - Py )
are stable, and the g-cyclotomic cosets modulo d generated by
CZd//q(ﬂicl Ce ;ﬁfsp{] - pg“ + d/)

will split into 1 4 2°1-¥ g-cyclotomic cosets modulo d. When v, (d) > y,..ys T3, we only
need to consider the g-cyclotomic cosets modulo d generated by

cpg (it mdplt - pl + d)),

and when vy (d) = vy, ..., + 3, there will be 2%n-v 1 4 1 g-cyclotomic cosets that are stable,
and the other 2°1-% ! g-cyclotomic cosets will split into 2°%1-% g-cyclotomic cosets modulo
2d, and so on. When v, (d) > vy,...y, + 2, there will be

a(

[(Uz(d) — Z)yfl,,,ys - 2) . 2”91--% 4.2° e + 1” ( — 61 + 1)]

<
=

-
Il
-

g-cyclotomic cosets modulo d generated by

Caarsq(my' - oyt o+ ).
Furthermore, the number of irreducible factors of x” — 1 associated with y =
1 ys)is

_ a(y) -
207 E = eo 4 DITT(E =i+ 1]+ [(02() = 2y, —2) 200
=1

-1

2%vs 1] H(el ei; +1)]

Xs Y1

Iyt pdplt - plisevenand 5y’ - - -y pY' - - pl° + d’ is odd, the proof is similar.
Now we conclude the proof of this proposition. [
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Theorem 1. The notations are defined above. When ¢ = 1 (mod 4), the number of irreducible
factors of x* —11is

S

I P (py = 1)]

K = .. .Ky . .
0<y1<er OSst:Ses lem(fiy,, -+ foye)

When q = 3 (mod 4), the number of irreducible factors of x" — 1 is
s ei—yi—1
, I—’[H[pi (pi —1)]
;) i=s
K = P K-
Z Z Y : rfS,ys )

y1=e1 Yg=ey lcm(fs’—HI o

T1p5 ™ (pr — 1))

I N Y 'Ky‘ilzc;(fl,ylw-,fs,ys)'

0<y;<e;—1  0<yy<ey—10<yy <es,;  O0<ys<es

Proof. If g =1 (mod 4), forany y = (y1,--- ,ys), where (y,x) € £, g%% =1 (mod 4).
Then, by applying Lemma 8, we have that the number of g-cyclotomic cosets modulo 4 are

T Z 8Ly '82,y1ng<fl,y1rf2,yz) T &8s—1ysq ng(lcm<fl,y1/ T /fsfl,ysﬂ)rfs,ys)

0<y1<eq 0<ys<es

(") 97 ")

0<y;<e;  0<ys<es fimn faye
~ged(fiy,, foyn) ¢(ps ") . fos lem(fry - foorys 1o fue)
v J2y Fope lem(f1y,, - foys)
S ei—yi—1
I " (i = 1)l
1=

0<yi<er  0<ys<es lem(fry,, -+ foys)
By applying Proposition 4, we can easily see that the irreducible factors of x"* — 1 when
g=1 (mod 4) are

S

El[Pf"*yi*l(Pi - 1)]
Z - Z Ky - lcm(fl,y1/ .. ’fS,ys) .

0<y1<ey 0<ys<es

When g =3 (mod 4), forany y = (y1,-- - ,¥s), where (y,x) € L, if ;... is odd, then
gy =3 (mod 4); if T,...y, is even, then %1% =1 (mod 4). From Proposition 3 and
similar to g =1 (mod 4), we have that the number of irreducible factors of x" — 1 when
g =3 (mod 4) is

S

1 )
Z Z Ty lem(fyy1, -, fsys)

n=e Yy =ey

Tl - 1)
+ Z Z Z Z Ty lCm(fl,yU'“'fSr.‘/s‘)'

0<y1<e;—1 0<yy<ey—10<yy <egq 0<ys<es
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3.2. The Number of Irreducible Factors of x* — A

Let n = ny-ny, where rad(n;) | ord(A), ged(mp,0rd(A)) = 1, and let n, =
20p - pe. Set

ord,, _ .
w— ordyag(n) (9),  if4{mnor g trde (@ =1 (mod 4); @)
20rd,q(n)(9),  otherwise.

dy = gcd(nl,m) dy = gcd(nz,q —1) =2%p{t--- p?,d’z =p-ps Ifdtdiorg=1

-1 -1
ng(nlr ord(/\) ) . ngd(nl’ ord(/\) )
——— 7  otherwise, s = ——— ———

1
ged(ny, OfT(/\)) ged(ng, -1 (T ))
satisfyingm = 1if A =1 ormny =1 (mod ord(A) - dq).

Without loss of generality, we also assume that the odd primes py, - - - , ps are ranked

(mod 4), then s = . m is a positive integer

in such a way that

OrdPl (Q)/ Ordpz (q)f Tty Ordps/ (4)

are even, and

ordp,,,(9),ordy, ,(q), -, ordp,(q)

are odd.

Fix a system of primitive roots (171, - - - ,#js) modulo d’ = pi' - - - p&, Let © = £(d’; q)
be the set of applicable 2s-tuples, i.e., the tuples (y1, - ,ys, X1, -+, Xs), such that 0 <
yi<eand0 < x; < g1y —land 0 < x; < gy, - ged(lem(f1y,, -+, fic1,y, 1), fiy,;) for
i=2--,m

Forany (y,x) = (y1,- -+ ,Ys, X1, -+, %s) € X, define ' (y) =T(y1,- -+ ,ys) as the set of
all s-tuples u = (uy, - - - ,us) of integers satisfying 0 < u; < ¢; —¢; and u; = 0 when y; # 0.
Foranyy = (y1,- -+ ,ys), where (y,x) € X, let {iy, - - - ,ilx(y)} consist of indices i such that
¥i=0,

Now, we calculate the number of irreducible factors of x” — A. We begin with the
easier cases where ¢y = 0 and ¢7 = 1.

Proposition 6.

(1) Ifeg =0, then x" — A can be factored into the irreducible factors over Iy as

gcd(ﬂry1 ys8)—1

x” —A= H H H H Sz,y,x,u,u/

2€{0,--,d1—1}/~ (y,x)eZ uel(y)

where, for everyz € {0, -+ ,d1 — 1}/ ~, (y,x) = (y1,- - ,Ys, X1, -, Xs) €L, u € ['(y),
0 <a < gcd(Ty,-.y,,5) — 1, the irreducible polynomial S,y ., is given by

lem(Ty, -..y5,5)

. (_1)lcm(ry1..,ys,5)fj
j=0 RC{0, - lem(Ty, ...ys,5)—1}

IR|=lem( Ty, -..ys,5) ]
rer (

Sz,y,x,u,a =

X q' i
G g )’”Pfl'"”gs) P

2
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(2)  The number of irreducible factors of x — A is

g il
.Hl[Pi (pi —1)] rx(y) d,
K = = —e; +1)] —-gcd("r cyyss S)-
ogy;gel OSst:SES lem(fuy,, - foys) 121 ! "

Proposition 7.

(1) Ifey =1, then x — A can be factored into the irreducible factors over I, as

gcd(ry1 ys,8)—1

X" — A= H H H H Sz,y,x,u,a : (S;,y,x,u,a)'

z2€{0,--,d1—1}/~ (y,x)eZ uel'(y)

where, for everyz € {0,--- ,d; — 1}/ ~, (y,x) = (Y1, -+ ,Ys, X1, -+ ,Xs) €L, u € I'(y),
0 <a < ged(Ty,..y,,5) — 1, the irreducible polynomial Sy, is given by

lem(Ty, -.y5,8) .
Sz,y,x,u,a = Z (= 1)lcm(ry1 “45:5)7]
j=0 Rg{O,---lcm(Tyl...ys,s)f'l}
[R[=lem (T, -..ys,5) =]

X1...,,%s uq us qr oL U1 us
7 s P < Ps’ P P
(e gy ) A

reR
and

lem(Ty, -..ys,5) '
. (_1>lcm(ry1 ys/S)—]

j=0 RC{0, - lem(Ty, .ys k) —1}
[R|= lcm("f/1 s k) =]

X1 .. .,,%s u qr ny Ms
-Ilﬂd;%“ P (g5 by %j I,

reR

S/

Zyxu,a

(2)  The number of irreducible factors of x" — A is 2k, where

QW?W%m—ma@ P
k=Y ) = — - ged(Ty; -y, 9)-
fsr]/s s

0<iice,  0<yices LCmfiy o ] 1

We still need to consider the case where ¢ > 2. Fix an applicable 2s- tuple
(y,x) = (y1,- -+ ,¥s, %1, ,%s) € Land an s-tuple u = (uy,--- ,us) € [(y). Leto, .., =
va(gvs — 1), vy ., = v2(g¥1% +1). By combining Proposition 3, Proposmon 4,
Proposition 5, and Lemma 9, we can easily obtain the theorem below.

Theorem 2. The notations are defined above. When ¢ = 1 (mod 4), the number of irreducible
factors of x* — Ais

Srei—yi—l,
H[pi (Pz 1)] d

i=1 1
K = . K - - — - gcd(Ty, ey S)-
o§yzl:§e1 OSy;Ses Podem(fiy, o fon) s e
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When q = 3 (mod 4), the number of irreducible factors of x* — A is
S ei—yi—1
[T fp" " (pi—1)]

§ § : y i=s'+1 dq
K = K. '7‘ng(T . ,S)
]/1 =e1 ys/ zes/ y lcm(fs/+1, AR 'fS,ys) S yl yS

TP~ (pi 1)

i=1

+ Y - % Y DY 'Ky'lzm(f1,y1,"'rfs,ys)

0<y1<e;—1 0<yy<ey—1 ogyS,H geslﬂ 0<ys<es

d
. ?1 -ged(Ty, e s 9)-

4. Application

Let [, be a finite field, and let n be a positive integer such that ged(n, q) = 1. Denote
by §(x" — 1) the set of all distinct monic irreducible factors of " — 1 over F,.
Based on the theories in [12], we now give the necessary and sufficient conditions for

|S(x"=1)[=6

and the irreducible factorization of x™ — 1 in these cases.

(i) If the number of factors of 1 is 6, the possible values of n are p3, 2°, p3p,, 22py, 2p3.
The unique positive integer solution of the equation

X1+x2+x3+x4+x5+%x5=06
is
X] =Xy = X3 =X4 =X5 =X =1.
Case 1: If n = 25,
" —1 = Py (x) Do (x) Dy (x)Pg (%) D16 (x) D32 (x).

Since 8,16,32 have no primitive roots, we have that ®g(x), ®16(x), P3p(x) are re-
ducible over [F;. Then,

15" —1) |> 6.
Case 2: If n = p2p,,
X =1 = @y () @y, (X) P,y (X) Py, (X) P2 (x) D2, ()

Since p;p» and p3p, have no primitive roots, we have that @, », (x) and q)p%pz (x) are
reducible over F; and

15" 1) |> 6.
Case 3: If n = 22p,,

X" =1 = ®p(x) P (x)Pp, Py (x) P2, (x)CIDZzpl(x).
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Since 22p; has no primitive root, we that have ®,» p, is reducible over F; and
| §(x" —1) |>6.

Case 4: If n = p3, we have

¥ 1= @4 (x)0, ()82 (1)D, ()B4 (1)1 (x)
and
¢(p) _ o(p) _ or}) _ o(p1) _ 9(r?)
dp, dp% dl’i’ dpAIL dp?
Since
Ordrad(n)(q) = ordy, (9) = ¢(p1)
and

d = ged(n,q? ") — 1) = ged(p}, 47" — 1) = p1.

According to Lemma 8, since

_¢p) _ o(p1)
810 = fio  ordy(q) L

we have that the g-cyclotomic cosets modulo d are
0
casq(p1) casg(p1)-
Further, according to Lemma 11, we have that the irreducible factorization of x" — 1 is

x" =1 =01 (x)Pp, (x)CDp%(x)CDP%(x)q)p%(x)CI)p?(x)

gl i Tt i b,
(=1 [[TC=Z-TT& =2 - [T =20
=0 =0 =0
T0—1 i T—1 i
ATT G =20 (T (=2,
=0 =0

where 1) = ¢(p1), 4 is the d-th primitive root, and d = py.
Case 5: If n = 2p3,

x" =1 = &1(x) Py (x)Dp, (x)@zpl(x)cbp%(x)cbzp%(x)

and
plp) _ p2p) _ 9B _erd) |
dpl dZPl dp% de%
Since
Ordrad(n)(q) = Ord2p1 (q) = ¢(p1)
and

d = ged(n, g7 — 1) = ged(2p3, 477 —1) = 2p1.
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According to Lemma 8, since
_9p) _ 9(p)
81,0 = = =4
fro ordy (q)
we have that the g-cyclotomic cosets modulo p; are
casa(PY), casg(p1),
and according to Lemma 10, the g-cyclotomic cosets modulo d are
casq(1),casq(1+ p1),casg(pr),casq(2p1).
By applying Lemma 11, we have that the irreducible factorization of x" — 1 is
= 1= (x) P2 )0y, (x) Pz, (1), (x) B2 (1)
'['071 i Tofl (1+ ) i To*l i
= =D+ [T =1 T =g DN TT G = 23]
j=0 j=0 j=0
B (L4p1)g
AT =2
=0

where 1) = ¢(p1), {4 is a d-th primitive root, and d = 2p;.
If the number of factors of n is 5, then the possible values of n are p},2*. The unique
positive integer solution of the equation

X1+x+x3+x4+x5=6

is
X1 =xp=x3=x4=1,x5 =2.

Case 1: If n = 24,
¥ — 1 = @y (x) D (%) Py (x) P (x) P15 ().

Since 8 and 16 have no primitive roots, we have that at least one of ®g(x) and ®14(x)
is reducible over I; and
| F(x" —=1) |> 6.

Case2: Ifn = pf,

and

v}’l (q%¢(Pl) _ 1)
=0y, (7290 — 1) — v, (p1) > 1,

which contradicts ordy, (q) = ¢(p1).
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(iii) If the number of factors of  is 4, then the possible values of 1 are p‘I’, 2p1, p1p1,8. The
positive integer solution of the equation

X1+x2+x3+x4 =06

is
xp=xp=x3=1,x3=30rx1=x2=1,x3=x4 =2.

Case 1: If n = p}, we have

=1 =D (x)Py, (x)<1>p% (x)dDP?(x)
(1) When
olpy) _ o(P) _, 9PD) _,
4y 4y LAy ,
we have

which contradicts ord, (q) = ¢(p1).
(2) When

we have

which contradicts ordy, (9) = ¢(p1).
Case 2: If n = 2p;, we have

x"—1=d; (x)(I)z(x)CDpl (x)q>2pl (x)

(1) When

o(p1) _ . ¢(2p1) _
dPl = dzpl =%

we have

which contradicts ordy, () = ¢(p1).
(2) When

¢(p1)  , ¢(2p1)
dl’l =% dzpl =1

and since ged(n,9) = 1, g is odd, we have

Zpl | q%‘P(Pl) -1,
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®)

@

which contradicts ordz, (7) = ¢(p1)-

When
¢p) _ ¢(2p1) _,
dp, dap, '
since 1
Ordrad(n) (9) = ordap, (7) = 5¢(p1)
and

d = ged(n,q2#") —1) = ged(2p1, ¢ —1) = 2p:.

According to Lemma 8, since

_¢p) _ 9(p1)
810 = fio  ordy(q) >

we have that the g-cyclotomic cosets modulo p; are

Cpl/q(ngp(l))r Cpl/q(ﬂlp(l))/ Cpl/q(Pl)/

where 77 is a primitive root modulo p;. Further, according to Lemma 10, the

g-cyclotomic cosets modulo 4 are

casg(1),carg(L+p1),¢arq(m), casg(m + p1),casg(p1), casg(2p1).

By applying Lemma 11, we have that the irreducible factorization of x" — 1 is

T—1 i T—1 i -1 i
W l=(r =D+ 1) [T =D T =g 1T (-2
j=0 j=0 j=0
. [Tﬁl(x _ gthFPl)qj)].
j=0

Case 3: If n = pypy, we have

X" —1=d (x)q)m (x)sz(x)cDPle (x)/

and since p;p2 have no primitive roots, we have the following cases:

When
¢(p1) _ ¢(p2) _ ;| ¢(pip2) _ 4
dm dpz ' dmpz '
since
ordy, (9) = ¢(p1),0rdp, (q) = ¢(p2),
we have
ordp,p,(9) = lem(¢(p1), ¢(p2))
__ o(p)o(p2)
ged(P(p1), ¢(p2))’
and since

2| ged(p(p1), ¢(p2)),

there exists a contradiction with ord,, »,(7) = %(f)(pl p2).
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(2) When
¢(p) ¢(p2) _ ¢(p1p2) _,
dlﬂl ' dpz dmpz '
since 1
Ordrad(n)(Q) = ordp,p,(q) = E‘P(PlPZ)
and

d = ged(n,q2#172) — 1) = pyp,.

According to Lemma 8, since

o(p1) _ 1 erg = $(p2) _ 2

10 = 20 =
8 f1,0 § f2,0

we have that the g-cyclotomic cosets modulo d are

carqaIn3PYP9), carg 13m208P3), casq (1P 93). s (1m20199), carg 133 pYp2), cayrg (1303 p1p2)

)

@)

and 1 1
Too = §¢(P1P1)/To1 =¢(p1), 0 = §<P(P2),T11 =1,

where #1, 12 are primitive roots modulo py, p, respectively. By applying Lemma 11,
we have that the irreducible factorization of x" — 1 is

Too—1 i Too—1 i T0—1 i
W =1= (1) [T c—=gFDI-[TT =g [TT (x =25
j=0 j=0 j=0
T0—1 j To1—1 i
IIT =D TTT (=22
j=0 j=0

where (; is a primitive d-th root and d = p;p».
Case 4: If n = 8, then

2% =1 = By (x) Py (x) Py (x) g (x).

When

it follows that 1
ords(q) = 5(8),

which is not an integer. Hence, there exists a contradiction.
When

it follows that 1
ordy(g) = 59(4) = 1,

1
ords () = 5(8) =2

and
d=gcd(n,qg—1) =4
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Then, we have that the irreducible factorization of x™ — 1 is

W1 = (=D (1) (x = Ga)(x = 8 (2 - L) (2 = 53,
where (4 is a primitive 4th root.
(iv) If the number of factors of 1 is 3, then the possible values of 1 are 4, p3. The positive
integer solution of the equation
X1+x1+x3=6
is
x1=xx=1,x3=40rx; =1,xp =2,x3 =3.
Case 1: If n = 4, the number of irreducible factors of x* — 1 is 4 at most.
Case 2: If n = p?, then we have
t—1= qbl(x)qbpl(x)cbp%(x)
(1) When

o
dpp

= 4,
it follows that

Up, (q%‘/’(pl) _ ])

= — 0y (p1) + 0py (19D — 1) > 1,

which contradicts ordy, () = ¢(p1).

(2) When
¢(p1) _ , ¢(pD) _
dp, - dp -

it follows that

>2,
which contradicts ordp% (7) = p(p?).
(3) When
2
$(p1) _ 2 ¢(r1) _ 3,
Apy ap2

it follows that
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(4) When
¢(p) _ . (P} _
dp, = dp -

there is a contradiction in the same way.

(v) If the number of factors of n is 2, then the possible value of #n is p;. The unique
solutions of the equation

X1 +x2=6
are
X1 = 1, Xy = 5,
and
¢(p1) _ ¢
dl’l

Further, we have

and

Then, the g-cyclotomic cosets modulo p; are

carg(pY)s casq(mipd), casq(nip?),casq(1ipY), casq (1Y), casg(npt),

where 77 is a primitive root modulo p;. By applying Lemma 11, we have that the
irreducible factorization of x"* — 1 is

Tofl . Tofl -
W 1= (x—1) - [[T =g [T x =) foé’“
j=0 j=0 j=0
To—l ] —
AT e
j=0 =

where (; is the d-th primitive root.
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