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Abstract: The primary objective of this study is to present a new technique and library
designed to validate the outcomes of numerical methods used for addressing various
issues. This paper specifically examines the reverse osmosis (RO) model, a well-known
water purification system. A crucial aspect of this problem involves solving an integral
that is part of the overall solution. This integral is handled using one of the quadrature
integration methods, with a focus on Romberg integration in this study. To manage the
number of iterations, as well as to ensure accuracy and minimize errors, we employ the
CESTAC method (Controle et Estimation Stochastique des Arrondis de Calculs) alongside
the CADNA (Control of Accuracy and Debugging for Numerical Applications) library. By
implementing this approach, we aim to achieve not only optimal results, but also the best
method step and minimal error, and we aim to address numerical instabilities. The results
show that only 16 iterations of the Romberg integration rule will be enough to find the
approximate solutions.To demonstrate the efficacy and precision of our proposed method,
we conducted two comprehensive comparative studies with the Sinc integration. The first
study compares the optimal iteration count, optimal approximation, and optimal error
between the single and double exponential decay methods and the Romberg integration
technique. The second study evaluates the number of iterations required for convergence
within various predefined tolerance values. The findings from both studies consistently
indicate that our method outperforms the Sinc integration in terms of computational
efficiency. Additionally, these comparative analyses highlight the potential of our approach
as a reliable and effective tool for numerical integration.

Keywords: reverse osmosis system; Romberg integration; CESTAC method; CADNA
library

MSC: 65D30

1. Introduction

There is no denying the importance of mathematical models in our lives. We may
represent and evaluate a wide range of issues using linear and nonlinear models [1]. The
RO model, which can create drinking water based on a semi-permeable membrane that
eliminates undesirable molecules and bigger particles like ions from water, is one of the
most significant and useful procedures in water treatment [2]. A significant body of research
has been dedicated to the modeling, optimization, and application of RO in water treatment
and desalination. For instance, the study in [3] delved into the modeling and optimization
of reverse salt, while ref. [4] explored the optimization of reverse osmosis desalination from
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brackish waters. Furthermore, the solution-diffusion model for water transport in reverse
osmosis was elucidated in [5], providing valuable insights into the underlying mechanisms
of the process.

In recent years, several researchers have made notable contributions to the field of
RO. Y. Zhai et al. [6] investigated the feasibility of a one-step RO process for drinking
water purification, highlighting its potential as an efficient and effective method. Mean-
while, B. Zhang et al. [7] examined the issue of membrane fouling in reverse osmosis
filters, a critical concern in maintaining the performance and longevity of RO systems. S.
Jamil et al. [8] explored the application of pressure-assisted forward osmosis for water
purification, demonstrating its promise as an alternative approach.

Additional studies have focused on the development and optimization of RO-based
water treatment systems. V. N. Epimakhov [9] discussed the use of RO filtration in water
treatment, while V. V. Goncharuk et al. [10,11] concentrated on the design and imple-
mentation of low-pressure RO systems. These efforts have collectively advanced our
understanding of RO and its applications in water treatment and desalination. For a
more comprehensive review of the literature on RO, readers are referred to [12-14], which
provide a wealth of information on the latest developments and findings in this field.

In order to perform the water treatment process in the RO, we must be able to apply
pressure to the system and overcome the osmotic pressure. As a result, we will be able
to purge the water of pollutants and biological elements like bacteria [15]. The outcome
is that the trash must stay in the pressured space while the pure water is moved to the
other side. As a result, bigger molecules, such as ions, cannot pass through the membrane,
and only tiny molecules can pass through [16]. Due to the model’s significance, several
researchers have recently investigated the RO model and used it to apply various controls.
The model predictive control and dynamic matrix control were combined in [17], and the
model predictive control methods were directly examined in [18]. Figure 1 shows the

RO system.
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Figure 1. Reverse osmosis system.

Several researchers are investigating the model of the RO system. Luo et al. utilized
machine learning techniques to develop an optimal design for the RO system in [19].
Razeghi et al. concentrated on the capability of geographic information systems (GISs) to
provide energy to RO devices in [20]. Sayyad et al. [21] designed a hybrid forward system
for RO. Kahrizi et al. [22] used computational fluid dynamics modeling to investigate the
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relationship between membrane porosity, tortuosity, and the forward water and reverse salt
fluxes in forward osmosis. Additional research on the RO system can be found in [23,24].

To predict the concentration of salt solutions in semi-permeable membranes within
the RO model, it can be expressed as an advection—diffusion equation [25]:

152 =23, <1>
with a = 1;—2‘ and the boundary conditions
Q(0,77) = Lo, Q(z,0) = Ly, 2
and 20
—P3; (20 =4Q(=0). ®)

In this equation, there are constant parameters representing the velocity of water flow
through the semi-permeable membrane g, the dispersion of salt in water P, the distance
from the semi-permeable boundary to the center of the canal %, and the horizontal velocity
at a distance / from the semi-boundary vg. The variables z and 1 denote spatial coordinates,
while Q = Q(z,7) represents the concentration of salt solutions at the point (z,7). The
stationary model for reverse osmosis water purification assumes that the system has reached
a steady-state condition, where the concentrations of salt solutions are independent of time
and the water before and after the membrane is uniformly fouled and purified, respectively.
In [25], Fulford and Broadbridge found the solution of the RO system (1) as

_1 1
Qz,0) = > PS;LO <I;':> AL 4)

This model can also be used to estimate the concentration of salt solutions in the RO system,
where J is defined as an improper integral given by J = fooo exp(—A3)AdA. The integral
J presents a significant challenge, as improper integrals are often difficult to solve using
direct methods. Therefore, selecting an accurate and efficient numerical method for finding
the solution is essential for this study. Typically, the numerical methods employed to tackle
engineering problems rely on floating-point arithmetic (F-PA), which involves a specific
value, denoted as ¢, to manage step sizes and errors. When we have exact and approximate
solutions (J and J,) or two successive approximations (J, and J,11), we apply certain
conditions, such as

|\ T —T|<e or |Ts1—T|<e (5)

The motivation behind this study stems from a series of fundamental questions that
have driven our research and led to the development of this paper. Specifically, we sought
to address the following key inquiries:

1.  What constitutes an effective stopping condition when applying numerical methods
to solve problems, and why is it essential to implement such a condition?

2. How many iterations are required when employing numerical methods, and what
factors influence this number?

3. What strategies can be employed to control the number of iterations in numerical
methods, and how can they be optimized?

4.  How can we determine the optimal approximation when seeking a numerical solu-
tion, and what are the implications of this approximation on the overall accuracy of
the results?
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5. What is the optimal value for the tolerance parameter ¢ in condition (5), and how can
it be determined?

6. How can we control the accuracy of numerical methods using the absolute error (5)
when the exact solution is unknown?

7. What approaches can be used to identify the optimal error in numerical methods,
and how can this information be leveraged to improve the overall performance of
these methods?

These questions, along with several others, have motivated us to undertake this
research and develop innovative solutions to address the challenges associated with nu-
merical methods.

The main idea of this research is to cover the mentioned gaps by using the CESTAC
method and the CADNA library. In this method, we apply

T — Tl = @0, (6)

where the informational zero @.0 indicates the equality of the number of common signifi-
cant digits between two successive iterations [26-31]. This technique is rooted in stochastic
arithmetic, and there are studies focused on dynamically controlling numerical methods.
The primary innovation of this approach lies in its ability to determine optimal results,
errors, and steps for numerical methods. Recently, this method has been utilized to vali-
date numerical results derived from various techniques for solving a range of problems,
including numerical integration rules [32-35], interpolation [36], solving integral equa-
tions [37,38], optimizing regularization methods [39] and load leveling issues [40]. Our
study offers several novel contributions, including:

1. The identification of the optimal iteration of the Romberg integration rule for the RO
system, which has significant implications for the efficient solution of this problem.

2. The determination of the optimal approximation of the problem, which provides a
benchmark for evaluating the accuracy of numerical methods.

3. The discovery of the optimal error of the Romberg integration rule for the RO model,
which enables the optimization of the numerical method for this specific application.

4. The application of dynamical control (6) to regulate the accuracy and efficiency of the
numerical method, ensuring that the results are reliable and computationally efficient.

5. The utilization of the CADNA library to implement the CESTAC method mentioned
in Section 3, which enables the automatic control of accuracy and efficiency in numer-
ical computations.

6. The development of a strategy to control the accuracy of numerical methods without
requiring knowledge of the exact solution, which is a significant advancement in
the field.

7. The elimination of the need to specify an epsilon value to control efficiency, which
simplifies the implementation of numerical methods and reduces the risk of user error.

We believe that the research addresses significant gaps in the existing literature and provides
innovative solutions to pressing challenges in the field of numerical methods.

2. Romberg Integration Rule

This section focuses on the Romberg integration rule [41]. In this approach, we can
find our initial estimates using other conventional methods such as the trapezoidal rule
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or Simpson’s rule. Here, we apply the trapezoidal rule, beginning the process with = 2
nodes. Then, doubling ¢ and utilizing the formula

Y Tri-1 — Tk-1,i-1

e ?)

Jki =

we can find the approximations one by one in the following table

Ji1
Jo1 Jop
J1 T2 T33

Js1 Ta2 Taz  Jaa

Ts1 Ts2 Ts53 Tsa T

The error for [J1(£) and the order 2 + 2 can be written as [42]

0‘21521 e21+2
(21 +2)!

Eif =) -J = 2 ) (8)

where ay; = By; [ %=1 (8,) — £ 2=V (9;)], with the Bs being the Bernoulli numbers. Also
for J>(¢), we obtain

! 621+2 1 1
Bar = (0 - = L ><4_1<4i1—1>+o<(21+2)! ><4_1<4,—1>), ©)

Also, J;(¢), r = 2,...,n can be found as

B B L 0‘2i€2i r—1 1 1 B ( €21+2 r—1 1 B )
Ef = Jr(0) J—i; @i 1 4]_1(41}7]. 1)+0 pTESTR | i 41 =1~ 1) (10)
Therefore,
- B _ (_1)1710‘21521 52’+2
BF =30 =T =" a0 O\ @y an
and we can approximate the integral as [41]
253
T(r) = [ F @)z = () +E(F), (12)
1

where J,(F ) = h¥i_; wil (z).
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If the initial values of the Romberg integration rule are given by the trapezoidal

approximation Ji 1 (F ) and we denote by /; = ﬁéki %  then we obtain

Pl = FlF )+ 7 )],

To(r) =2 [HZO) L2 (204 6) + F(z»}

2
(13)
=0 ) 1 )+ 2 G0+ 252
1
=3 {51,1(/?) +0F (20 + 52)}
and the general relation can be obtained as
1 k=2
FalF) = 3 [Feaa() +lia T F ot @=1)], k=23 (9
j=1
Finally, we can write
Tri—1(F) = Jk1i1(F
jk,i(F) — jk,j_l(F) + k,l 1( ) k 1,1 1( ) (15)

411

3. Main Idea

In this section, we explore the fundamental concept of the CESTAC method and how
it can be integrated with other numerical techniques to achieve optimal results errors, and
steps. This concept is fundamentally rooted in stochastic arithmetic. It is important to
note that this method is not a problem-solving scheme; rather, it serves as a technique for
validating the outcomes of various numerical methods [26-28].

Assume that A is a set of values represented by a computer and G is a member of A
that can be written based on computer arithmetic in the form

G=g—m2""P ny, (16)

where ¢ € R, with p mantissa bits, 171 shows the sign, 27°n, is the missing segment of
the mantissa, and z is the binary exponent. Also, we should note that the results can be
produced by single and double precisions for p = 24, 53.

By assuming 7, to be uniformly distributed on [—1, 1], we can apply small pertur-
bations on the last bit of mantissa. Thus, we will be able to have the mean (y) and the
standard deviation (¢) values for the results of G. By repeating the process for m times,
we will have a quasi-Gaussian distribution for Gy, k = 1, ..., m, which means that we will
have equality between the mean value of the sample and G. On the other hand, in order
to control the numerical procedure, we can find the number of common significant digits
between the mean value Gy and G, using

V1| Gage|

o6 = 10810 =

Here, 15 represents the value from the T distribution, while 1 — J indicates the confidence
interval with m — 1 degrees of freedom. The algorithm will terminate and display the
informational zero @.0 when Gy = 0 or Cg,,c < 0. To apply the CESTAC method,
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direct implementation is not necessary. Instead, writing CADNA codes allows the library
to implement the method and validate numerical results. These codes can be written in
programming languages such as C, C++, FORTRAN, or ADA and executed on the Linux
operating system [28-31]. The following algorithm (Algorithm 1) is the general algorithm
of the CESTAC method.

Algorithm 1: CESTAC Algorithm
Step 1--Make the perturbation of the last bit of mantissa to produce
] samples of G as ® = {Gl,Gz,...,G]}.

I G

Step 2--Find Gy = Zl‘]l’
] (Gj — Gupe)?
Step 3--Compute 02 = Z’_l(]l 1 ave) .

\[”Gave\.

Step 4--Find the NCSDs of G and Ggpe applying Cg,,c = logj, po
6

Step 5--Print G = @.0 if Gy =0, or Cg,,,c < 0.

The CESTAC method offers several advantages over traditional floating-point arithmetic:

1. The termination criterion is based on two successive approximations, eliminating the
need for an exact solution.

2. Unlike floating-point arithmetic, the CESTAC method does not rely on a predefined
epsilon value for its stopping condition.

3. The CESTAC method avoids unnecessary iterations, which can occur in floating-point
arithmetic when using large epsilon values.

4. It provides the ability to display the number of common significant digits using the
informatical zero sign (@.0), a feature not available in floating-point arithmetic.

5. The CESTAC method enables the determination of the optimal approximation, error,
and step size for numerical procedures, which is not possible with floating-point
arithmetic.

6.  Additionally, the CESTAC method can reveal numerical instabilities that may not be
apparent in floating-point arithmetic.

Definition 1 ([30,31]). For q1,4q2 € R, the number of common significant digits can be defined as

71+ 492
2(q1 — 92)

1
qlq_lqz SIom A (17)

Cqy0, = logy = log,
and Cg, 4, = +oo.

Theorem 1. Let f (z) be a continuous function, J = | 19‘912 F (z)dz, and J, be an approximation of
J, which is obtained by Romberg integration rule. Then,

02
Cod = Ca,0 +0(5). (18)
Proof. Using Definition 1, we obtain

Cjuj = 10810 2(«7[ _ j)

J+J '
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Now, we have

J+Jd _ J 1 7.
HATTATT R e o)

_ J

Chn (14 Ot )|

_ T, (20)12:=1)

()0t |1+ Oy )| )

Ji(20)12:=1)
(= 1)L, 2 {1 + O(fj)]

z@mﬂﬁﬂx{ 1 }
(=D a2l 1+ 0(5)

T2 [1+0(£2)}

T e 2

_ J(2yr O(ﬁ(zmzwl))

- (—1)1_1“2162[ 202
T2 0 (20)12:=1)
T (D) Tag 222 )
Similarly,
1p1(1—1) 19:(1—1)
T+ T+ _ j,(Zt)_.Z o (21).27 . (20)
2T = Ji1)  (—1) Tap 2 2022

From Equations (19) and (20), we deduce

Ji(20)1240=1) 2
Ca.,7.1 = logyg W +logy ( 1+ O(Tz) ,
and finally,
€2
Cr.0.,=Cq0+0 ([2> (21)
O

4. Numerical Results

In this section, first, we discuss the general CADNA algorithm on the Romberg
integration rule to improve the accuracy of the RO model. As we can see, we have covered
both the difference between two successive approximations, as well as the absolute error.
And when we obtain @.0, the algorithm will stop. Thus, the new algorithm (Algorithm 2)
is not dependent on a value like e.
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Algorithm 2: CESTAC Algorithm for the RO system
Step 1: Put 1=1;
Step 2: Enter a,b;
Step 3: Do:
{

Step 3-1: Apply Equation (13) to find the initial approximations;

Step 3-2: Calculate other approximations using Equation (15);
Step 3-3: Print 1, J,|J41— 7| and | T — Ji|;
Step 3-4: 1=n+1;

} while |J41 — J/| # @.0.

By employing the CESTAC method along with the CADNA library, we can derive
optimal iterations, approximations, and errors. To evaluate [/, we consider the interval
[0,m], where m is sufficiently large such that | [ e vdv| = @.0, indicating that this value
has no significant digits. By selecting m = 10, we obtain:

10
J = / e vdv = 0.4513726464754668... .
0

The results of our numerical experiments are presented in Table 1, which provides a
comprehensive summary of the approximate solution, the difference between two succes-
sive approximations, and the absolute error. Notably, the absolute error calculation was
performed using results from other methods, as the exact solution was not readily available.
A closer examination of Table 1 reveals that the optimal step for the Romberg integration is
Lopt = 16, yielding an optimal approximation of J16 = 0.4513726464755. The appearance of
an informational zero indicates that the number of common significant digits between the
differences of two successive approximations and the exact and approximate solutions has
reached equality, thereby triggering the algorithm to terminate at : = 16.

Table 1. The results of the Romberg integration rule using the CESTAC method.

vt T | T i1 — T | T — T|

1 0.304949145163061x 107! 0.304949145163061x 101 0.420877731959160

2 0.594149303635848 0.563654389119542 0.14277665716038

3 —0.200760426946730 0.794909730582579 0.652133073422197

4 0.761872617669618 0.962633044616349 0.310499971194151

5  0.465708721516427 0.5166096557688 x 102 0.14336075040960 x 10!
6 0.444491866350899 0.19175506470476 x 10~} 0.6880780124567 x 102
7  0.45383696884876 0.3941087914349x 10~ 1 0.2011050409409x10~2
8  0.45126413292979 0.350959223824 x 102 0.10851354567 x 103

9 0.451374180171874 0.11005252904x 1033 0.153369640x 107>

10  0.451372647634939 0.155793983x10~° 0.115947 %108

11 0.45137264624239 0.13844x 108 0.23306x10~?

12 0.45137264647676 0.25229%x 10~ 0.129x10~ 1

13 0.45137264647560 0.9x1013 0.13x10~12

14  0.45137264647578 0.28x1012 0.31x10712

15  0.45137264647560 0.1x10712 0.1x10712

16  0.4513726464755 @.0 @.0

In contrast, Tables 2 and 3 present the results obtained using the SE/DE Sinc integration
rules. For single precision, the optimal iteration is found to be 545, whereas for double
precision, it is significantly reduced to 78. A comparative analysis of these results with our
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own findings reveals that the CESTAC-based Romberg integration rule outperforms the
Sinc integration in terms of efficiency.

Table 2. The results of the SE Sinc integration rule applying the CESTAC.

L Ti4+1 |Ti+1 — T | Ti41 — T

1 0.84180x 10~ 15 0.84180x 1015 0.451372646475465
2 0.71243x 108 0.71243x 108 0.4513726393511

3 0.10741x 104 0.10734x 1074 0.4513619048

543 0.451372646475176 09x10~14 0.290x 1012

544  0.45137264647518 0.8x1014 0.28x10~12

545  0.451372646475192 @.0 0.27x10-12

Table 3. The results of the DE Sinc integration rule applying the CESTAC.

N  Jnt1 |IN+1 — IN| |IN+1 — I

1 —0.74872505235097x 101 0.74872505235097 x 10~} 0.52624515171056
2 —0.604727538493393x1072  0.68825229850163x 10! 0.457419921860400
44 0.451372644708314 0.131409%10°8 0.176715%x10~8

45  0.451372645943506 0.123519%x 108 0.531960%x10~?

77  0.451372646475445 0.1x10713 0.20x10~13

78  0.451372646475444 @.0 02x10~13

To further illustrate the relative performance of these methods, Table 4 provides a
comprehensive comparison of the number of iterations required for various values between
the Romberg integration rule with double precision, the Sinc integration rule with double
exponential decay (DE), and single exponential decay (SE). The results, based on floating-
point arithmetic and the stopping condition (5), demonstrate that larger values result in
fewer iterations, while smaller values lead to more iterations due to the absence of the
optimal value. This observation highlights the importance of carefully selecting the value
to achieve optimal performance.

Moreover, the data presented in Table 4 underscore the superiority of the CESTAC-
based Romberg integration rule, which consistently requires fewer iterations to achieve
a specified level of accuracy compared with the Sinc integration rules. This finding has
significant implications for the development of efficient numerical integration methods
as it suggests that the CESTAC-based approach can provide substantial computational
savings without compromising accuracy.

Consequently, the optimal solution for the RO model can be expressed as

Q(z,0)

0

1
3
_ 1.5361171751(%) <Zh) A
0

which serves as a mathematical formula to predict the concentration of salt solutions in
semi-permeable membranes within the RO model.
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Table 4. The number of iterations in Romberg and Sinc integrations for different e.
Method &  Small Values e=10"5 e=10"3 e=10""1 e=10.5 Large Values
Romberg Integration ¢ >>6 6 5 3 1 1
DE Sinc Integration >>17 17 12 8 2 1
SE Sinc Integration ¢ >>120 120 59 18 1 1
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