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1. Introduction

Artificial neural networks (ANNSs) continue to lead to many groundbreaking studies
in both theoretical and applied research areas, especially after they became popular again in
the 1980s. The ability to approximate an arbitrary function is one of the greatest advantages
of NNs. When viewed from the perspective of real-life applications, ANNs have been used
in many areas such as image classification, robotics, data science, regression, risk manage-
ment and autonomous systems, Artificial Narrow Intelligence (ANI), Artificial General
Intelligence (AGI), Artificial Super Intelligence (ASI), and other cutting-edge systems.

When we look at both ANNs/MNNSs and other important approximation operators
and their applications from a theoretical and pure mathematics perspective, we see that
“Computational Methods in Approximation Theory” has come to the fore. Especially in
recent years, the studies that have been carried out in this field have led to the opening
of different avenues both in the ANN/DNN world and in the world of machine learning
(ML) under the umbrella of artificial intelligence (AI) (please see [1-7] for the other types of
operators in approximation theory).

It would be right to say that the application of ANNS to real-life problems has experi-
enced its golden age, especially in the last decade. Some examples from the literature are as
follows: in [8], some of the leading platforms, programming libraries, and web repositories
used to develop and test ANN and deep neural network (DNN) models were introduced
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in detail. Again, in [9], by utilizing multilayer feed-forward perceptron (MLP) algorithms
and developing models, a case study in stock markets was considered.

Some time after Minsky and Papert’s [10] considerable attempt in 1969, Hornik
etal. [11] in 1989 showed that the universal approximation property is satisfactorily pro-
vided for feed-forward NNs (FNNNs) holding one hidden layer. In 1987, inspired by Kol-
mogorov [12], Hecht-Nielsen [13] presented a modified version of Kolmogorov’s theorem
using stronger arguments. From the theoretical framework, it was said that a continuous
function defined on any compact set could be approximated by increasing the number of
neurons to guarantee the accuracy of approximation. In [14,15], it was proved that any
continuous function whose domain was a compact set with regular topology could be
approximated using appropriate sigmoid activation functions and even with the help of
anetwork such as Ny, 5;. To date, many authors have contributed to the literature a great
deal of work on FNN approaches for the functions of several variables, both in general and
sometimes in special cases: see [16-21], etc.

In this paper, we delve into the approximation results in MLP-based operators employ-
ing the activation function described in [22]. Here, MLP stands for an FNN architecture
which is composed of multiple layers. In each layer, there are “neurons”. Each neuron is
linked to the corresponding one in the previous and next layers. In general, these connec-
tions are called “synapses” or “connections”. Since the flow of information is from one
layer to the next, this mechanism is called “feed-forward”. No processing is conducted
in the first layer, called the “input layer”. Layers in the middle part of the architecture
are called “hidden layers”. The neurons in the input layer are fed throughout the first
hidden layer, and right after all feed-forward operations, the last layer where the final
output is acquired is called the “output layer”. The neuron’s outputs in each hidden layer
are propagated forward to the final output layer where the output layers are fed (see
Figure 1) [11,23]. Recently, Ismailov in Chapter 5 of [24] explained why two hidden layers
are more feasible than one layer in FNNs. There, he emphasized that two hidden layer
FNNs are more advantageous than single hidden layer ones and approximation is made
to a continuous multivariate function. He claimed that these NNs can approximate all
continuous multivariable functions, even if they have very few hidden neurons. He also
added that the amount of hidden neurons, whether minor or major, does not affect the
approximation accuracy. Furthermore, in [25], Costarelli and Piconi introduced two types
of MNN-based algorithms enabled by the classical hyperbolic function to demonstrate
the effectiveness of their latest method for satellite images derived from a dataset. They
aimed to improve and rescale the relevant dataset by making a comparison with existing
interpolation methods. With similar motivation, in [26], Angeloni et al. used discrete MNN
operators with their Kantorovich forms. They demonstrated the ability of these operators
to model two-dimensional structures such as satellite images, emphasizing their suitability
for deterministic modeling and rescaling optimization approaches. In [27], Baxhaku et al.
proposed a new family of MNN operators and supported their theoretical finding with
numerical applications to the image compression and decompression. Another inspiring
work from the literature is [28], where Kadak developed a new Kantorovich variant of
fuzzy NN interpolation operators employing a multivariate sigmoidal function. He also
proposed a novel interpolation algorithm to process a color image. In [29], Costarelli and
Sambucini presented a comparative analysis of the algorithmic method with numerical
methods, constructing interval-valued sets starting from fuzzy sets and a well-known
method used for digital image processing. Finally, Karateke, who took her motivation
from the generalization and mathematical properties of the tangent hyperbolic activation
function, made an analysis by applying the relevant activation function to a real-world
problem and dataset in her study (see, [30]).
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Figure 1. A classical and very general ANN architecture with two hidden layers [31].

It is well known that Anastassiou was the first to present NN convergence for con-
tinuous functions and to give the rates of convergence of Cardaliaguet-Euvrard-type NN
operators. He was able to activate the continuity module by creating Jackson-type inequali-
ties in his theories. Moreover, he has investigated the approximation results not only for a
single variable but also for multivariable functions by employing tangent hyperbolic and a
similar types of functions, generalized-type logistic functions (please see [22,32-38]).

An ANN’s architecture based upon multiple hidden layers is presented in a mathe-
matical sense as:

Nya() = L Rp((@ ) + @), xeR, seN,

such that x = (x1,...,%); @5, k; € RS @; € Rwith0 <i <7, 7 €N
We define:

Nph(x) = ii¢(<a}i'N¢'”(x)>+wi>

Besides, we define
Nph() = Lk (@ Ny () + @)
0

In a nutshell, in general, we define a typical feed-forward iterated MNN with m € N
hidden layers as follows:

Ny ()

7

ii¢<<@i'N%l)(x)> + col) m € N.
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Above, w; = ((TJM,(T);Q, .. .,cTJ;,S) € R® are the connection weights, Elf are the co-
efficients, (@;- x) is the inner product of @; and X; thus, ¢ ({@;-x) +@;) € R, and
Nyq(x) € R®, by k: € RS; @; € R are the thresholds, and also  is the activation func-
tion. For an intensive knowledge of the NNs, those concerned are advised to take a look
at [39—41]. For trainable activation functions thanks to their parameters, please see [22,30].

The organization of this paper is as follows. We present a literature review that
provides motivation to the researchers. Especially, we would also like to point out the
above description of the typical feed-forward iterated MNN architecture with m € N
hidden layers in Section 1. Some background information related to our activation function
denoted by lfq for g, B > 0 and the creation of the related density function depicted by D, for
g > 0 with important properties have been launched into in Section 2. Section 3 deals with
some lemmas and definitions used to prove the approximation results of the C—valued
normalized MNN operators. Section 4, which forms the core of the work, performs
the parameterized half-hyperbolic tangent function activated MNN approximations over
RN, N € N with complex values. The basic tools of the theory stand on the multivariate
version of trigonometric and hyperbolic-type Taylor formulae. Section 5 is devoted to some
final remarks and future directions. Finally, the Abbreviations and Symbols table, which
summarizes important symbols used throughout the paper, has been added to help readers
to follow the mathematical flow.

2. Preliminaries

Below, we deal with the function which is called the “parameterized half-hyperbolic
tangent function” for g, B > 0 inspired by [22,42], for all ¥ € R,

_1-ge P

= 1
1+ge Fx M

¥y(X) :

Some important properties of (1) are presented as:
o Jq(O)zi%gforfzo.
e Reciprocal anti-symmetry: §;(—x) = —1; (¥) is satisfied for x € R;q > 0.
q
. o=\ lﬂqe"ﬁ ' o
e  Since y,(x) = (Hl]e,ﬁy) =1

strictly increasing over R.

2qpeP
eﬁ'ﬁrq)

5 > 01is derived for every x € R;q,8 > 0, lﬁq is

~1 X ' _ _px
o TFor¥eR,qp>04, (%) = (%) = 2qﬁ2eﬁx((j+e;))3 € C(R). Thus, if ¥ < %1,

lfq is strictly concave upward, then ¥ > lan/ tﬁq is strictly concave downward on

R with fﬁg (%) = 0. For a deeper understanding and background of (1), please
see [22,43].

Now, we go with the density function denoted by D, in (2), and for its basic properties,
please see [22]. It is obvious that1 > —1 = ¥+ 1 > X — 1. Thus, forall ¥ € R;q,5 > 0,

1, ~ ~
Dy(x) 321(%@"‘1)_ Pg(x—1)) >0 2)
is defined.

Theorem 1 ([22]). One has that

Y Dy(x—j)=1,

j=—eo
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forallx € R, and q > 0. Thus
) Dy(mx—j) =1,
]‘:—oo

foreveryn € N, x € R, g > 0. In like manner, it holds that

[e)

Y. D

=

(F-7)=1.

1
q

forany x € R, g > 0. Moreover, using the “symmetry” property in Equation (3) of [42], we obtain

D (¥ ~7) = Dy~ %)
Thus -
ﬁZ Dy(j—%) =1,
j=—o0
and -
] Y. Dy(j+x)=1
j=—o0

are satisfied for every x € R, g > 0.

Theorem 2 ([22]). It is verified that

/ D, (%)d% = 1.
—0o0
In other words, Dy is a density function on R for g > 0.

The following results are of vital importance for establishing the core theory.

Theorem 3 ([22]). Let0 < A < 1;7 € Nsuch that n* =" > 2,4, > 0.

2 Dy (ﬂ - E) <2 max{q, 3] }ezﬁeﬁnuA) =: Ce*ﬁﬁ(l’}”, (3)

holds for C := Zmax{q, %}62‘3.

Theorem 4 ([22]). Letx € {E,ﬂ C Rand 7 € Nsuch that [na] < {HEJ. For g, 8 > 0, we have

! < max 1 1 =:V(g), 4)

[ GG
R=[a]

is valid. Here, [nd| represents the ceiling of the inside number and LHFEJ represents the integral
part.
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Remark 1 ([22]). (i) For convenient X € [E,E} ,and all g > 0.
|7 | B
ngrrooi Z D, (nx — ) £1,
is satisfied.
(ii) For sufficiently large 71, [fia | < LEEJ is true such that {ﬁ,g} C R. Thus
7]
y D,,(ﬁ—%)gl ®)
=72

Nkl

is valid with [na] < k < FEJ ifand only ifa < & < b.

3. C -Valued-Normalized MNN Operators

Let us consider the Banach space of complex numbers (C,|-|) on R. To generate C -valued
linear MNN operators, we need the following basic information.

Remark 2 ([32]). ForX = (%1,...,%y) € RY, g>0,NeN,

N
Mq (fl,. . ,YW) = Mq(f) = HDq(YZ)

The following also applies:
(i) Forall ¥ € RN, M;y(x) >0,

(ii) For every x € RN, and k := (El,...,ﬁﬁ) e zZN,

Y M(5-F)i= Y Y o Y My(Ri - By —Fy) =1

k=—o0 ki=—c0ky=—00 kgffoo

(iii) Forallx € RN, and 71, N € N:
Y My(mE—k) =1,
k=—o0

and
(iv)
/R My(®)dx =1
are satisfied. Thus, My is a density function for the multivariate case.

Moreover, in the multivariate sense: |[%||, := max{|%1],..., [%x|}, ® € RN, and co :=
(00,...,00), —00 := (—09,...,—00) are preferred so that

[na] := ([Aay],..., [#az)),

0] = () ]},

are defined such that @ := (al,...,ﬁﬁ),'z} = (El,...,gﬁ).
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It is clear that for 0 < A < 1, 71, N € Nand afixed x € RN

LWZEJ M, (7% k) = Lng (ﬁDq<nxi—ki)>

k=[na] k=[ma] \i=1

N

ky=[aa]  kg=[ny]

is valid. Thus

|71 | | by
_ 5 (

|70 |
72 Mq(nx—k)
e [
= W M, (7% — ) + LnXb;J M, (7% — k)
k=[] R =[]
= =

E_= 1 ; k=
Hﬁ - xHoo > =y means the existence of |7 — X5

> ﬁ% such that v € {1,...,N} in the last
quantity. Moreover, note the counting of sums on k's, which are disjoint vectors.

(v) One has by following Theorem 3 and as in [36], pp. 379-380, such that @ € N : it =4 > 2,
0<A<1andx eI, [H;,'Ef} :

1

| 7b | ~ 3
T My (7% ) < ce P,
k= [ma]
(vi) By [36], one also has that
1 N
0< <(V(q))", (6)

i (75 F)
vie (MY, [a5]) nen

(vii) Form € N: 7™ >2,x ¢ RN,

F o m(mon) <t

k= —o0
k= 1
Hﬁ—%w>ﬁ

such that 0 < A < 1. Moreover, it yields that for convenient x € (H;ﬁzl [E;,ED

72
lim Y M(mx—k) #1
fim T ()

is true.
Aguain inspired by [32,44]:
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Definition 1. For every f € C(]_[;W:1 [E;,EI} ,(C), X = (%1,...,%y) € Hzﬁzl {ﬁ;j;], N eN, we
define the “complex-valued linear normalized MINN operator” as:

5 /()Mo ()

Z%ijmﬂ My (ﬁ B E)
) Etnhliﬂl E}(L:bz[i - Z,(Lnf’“[% . f(;";f) (H;W=1 D, (ﬁ;—%;)) o

Silf, %1,..., %) = Salf, %) ==

a; < % < b; is true if and only if [7id;)

1

such that [7ia;| < Lan i = 1,...,N. Furthermore, notice that for large enough 1 € N,
<

Remark 3. Forallg € C (H;ﬁ:l {E;., E;} ), we define the “associate operator” as:

- O
ZE

" Ma (772 )

It is obvious that §g is a positive linear operator. Thus, one has
(i) Forall ¥ € (T, |, 5;] ), $a(1,%) =1,

(i) Sa(f) € C(TIY, [a, 5], ©), Sa(g) € C(TIY, [a, 5] ).

Proposition 1. Forall x € H;ﬁzl {EI—., 5;}, fecC (H;il {E;,E;},C) :
£lt)

1Sx(f,%)| < k—(mﬂf(’,i) (7 - )
ZELZ?JW M, (ﬂ _ E)

= Sa(lf1,%)

is satisfied.
. N [~ 7 _
Remark 4. Since |f| € C<H?:1 [ai, bi] ) forn €N,

1Sa(f,0)| < Sa(|f],)
is verified.
Proposition 2. When g € C(I—[;ﬁ:1 [ﬁ;,b}} ), c € C, it yields that cg € C (Hzl {E;, E;},C).
Thus, for all x € HN [al,bl}

Si(cg, ) = cSx(g, %)

is true. Moreover, one has
Sa(c) =c¢

for every ¢ € C just because Sz(1) = 1.
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Proposition 3. For X := (Yl, . ..,YW) S H7W:1 {ﬁ;@}, f e C(H;W:1 {ﬁ;,g;} ), it is suitable to
write that

SH(F,E) 2 f( )Mq(nx—k)
= a]

Lnbd L”EZJ LHTWJ — —
= Yy Y, o), f<I;1,...,kn><HMq(nx —k))

k=[] ky=[nay]  ky= 7y | i=1
where [y | < {EE;J,E: 1,...,N,NeN.

Remark 5. Since _
Si(f. %)
A
Yy Mo (7~ )

Sa(f, %) =

7

one has that

SE(f,x) — f(x )(ZICWFL1 Mq(nx—k)>

I, ()

Sa(f,%) = f(%) =

Thus, for every X € (H {al,bD

, ) i
Sa(£,%) — @1 S (V@ |si(£0) ~ £) Y My (e F)|. ®)
k=7

To calculate the quantity on the right side of (8), we need some basic concepts.
Definition 2 ([37]). The first modulus of continuity of f is defined as below.

(f,0)=  sup  |fE) ~ F@)], 0< < diam(Q),

where Q) is a convex and compact subset of (Rﬁ, II-1] p) ,p € [1,0], (C,||) is a Banach space for
all f € C(Q, C). Whenever 6 >diam(Q}),

wi(f,0) = wi(f, diam(QY))

is verified. Moreover, notice that w1(f,d) is increasing for 6 > 0 and for every f € C(Q),C),
w1(f,0) — 0, while s | 0.

N ~ —
Proposition 4. The partial derivative of f is denoted by fy for f € C? (H {af, b;} ,(C> ,NeN;

. N ~ _
= (El,...,ﬁﬁ),R;GZJr,i ., N. Moreover, for | =0,1,2; |&| := Zj—»:l;fy:: s

and this is called as from the [ order. One indicates that

max(fm );— IE?XZW1(fM )
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such that
| fallo™ = max{|| fallo },

|a|=2

where ||-||, represents the supremum norm.
Now, using p = oo:

Theorem 5 ([45]). (Taylor formula for multivariate case) If f € C?([t1,t2], C) such that @, €
[tl, tz], then

—a

f(®)—f@) = f(@sin(x-a)+2f" (@) sin’ (" : ~)

+ [T @+ F0) = (7@ + F@)] sinE -
is satisfied.

Remark 6. For 0 < t < 1,Z = (%1,...,%), Xo := (¥o1,...,Xp5) € Y, where Y is an open
convex subset of R¥, k > 2, it is obvious that Xy + t(Z — Xo) € Y. Let f € C2(Y,C), then

8=(t) = =f(Fo+tzZ—-%0))
/ S _
Z(t) = Z(Z; — XO;)?(XO] + t(Z1 - X(n), .. .,XOE + t(Zk — xOE))’
i=1 : a ,
") = [(Z (z1 — %) ax.> f] (Xo1 + H(z1 — To1), - - -, X + H(Zp — Xgz))
i=1 i
are true such that fz := g%ﬁ where® := (@y,...,q), a; € Z*,i=1,... kand x| := iétxi =2
Thus for t = 0, -
8z(0) = f(x0), &(1)=f(2),
k
200 = Y5 — %) 5 (ou, - Xor)
i=1
and
k 5\
20) = [(&)a) f] C)
= ;
Obviously, gz € C?([0,1], C), and one obtains that
f(z,. 7)) — f(xon, -, Xgp) = 82(1) — 82(0) ©)
= sin(1)g4(0) +2sin? (1) 82(0) + fy [(g:(t) + 2 (1)) — (8:(0) + 8Z(0))] sin(1 — t)at.
by Theorem 5.

Theorem 6 ([45]). (Hyperbolic Taylor formula for multivariate case) If f € C2([ty,t2], C) such
that a,Xx € [t1,t2], then

F) = F@) = f@)sinh(x— ) + 27" @) sint (757 )

+ [0 - £0) - (7@  f(@)] sinh(x - e
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is verified.

Remark 7. One has that

fE-- 7)) = f (o Xgp) = 82(1) — 82(0) 10)
= sinh(1)g4(0) +2g%(0) sinh? (1) + i sinh(1 — £)[(g%(t) — g=(£)) — (g¥(0) — g=(0))]d.
Remark 8. Here, let %,f S (IN[ {ﬁ,@}) be such that % = (I:j ..... kﬁ), and ¥ =
i=1
(%1,...,%y), N € N. For f € C2 (ﬁ [Ei,E],C>,N €N andgi (1) = f(F+1(E-7)),

0 <t <1, and one has (by (10))

(12)

+
/
~
/N
]
+
~~
N
EIER
|
]
N———
N———
|
~
—
]
SN—
N———
—
»
@,
=)
—~~
—_
|
-
S—
QU
™~

)

fzx(x-H(i —X>> — fa(x)

}|sin(1 —t)|dt

~
7N
=
+
VRS
NI
|
=
~
~_—
|
=
H
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1 2 N 7 i Kk _
S/O 7_7277 N gj*; wq fg,t%—x
ucf(oc%..‘ N), J—I ;! i= 0
@=ym=2 =
i=1
+w1<f,t %—f >}|sin(1—t)|dt<( ).
Note that for0 < A < 1,andi=1,...,N
E—f <i<:> E—’f <1
7l 7 n Tt

is satisfied.
Omne also observes that

max S L N2
= (1 —cos(1)) { 2 <fD;’AnA)N @ (f' nlA) }

One has proved that

wmax (£ % NG
<0 [ EEET (1)

k= 1
Pl s

[e9)

with
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Moreover, for  := (ay, ..., dy), b= (51, . ,%)

=
2
=z
\

~.
Il
—_

N o
(H(bi—:) 1>2|fa||w+2||f|w}|sin<1—t>|dt

~ 2 1
2o~ el + 201 ([ IsinGa ol

— (2[5 -1 +Ims R 201 ) (0 - cost)

is verified.
One has justified that

- =~ I? —2
1 < (2o Il + 2051, ) 1 = cost) = .

4. Approximation Results

Here, the entire background comes from [42,44,46]. As a first step, employing the
smoothness of f, trigonometric approximation will be examined.

Theorem 7. If for f € C*(TTY, [#,5;],C),0 < A < 1, A N € Na™* > 2%,

X9 € (H;W:l [E;,E;]), a:= (m,...,ay), b= (El,...,’Eﬁ), then the following inequalities
are satisfied:

(i)

(omax E/% 2
s<V<q>>N{ [(1—cos<1>>{ - (;A” il +w1(f,nﬂ)}]

~ 2 ) _pa7(1-A)
+ 2oLz 20 0 costace B,
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(ii) Assuming that —af(??) =0,i=1,...,N,and fz(xy) =0, % : |&| = 2, we have that
8 ox;
|SYl(f’ X) f(X)‘

(omax E/% NG
S(V(q))N{ [(1—008(1)){ = <£2An )N +w1<f, )}]

7 ? N _pr-n)
+ 2=z 201 0 costace O,

SL‘ —_

(i) -
1S7(f, ) — F@)] < (V)"
{{{% ag(g) {nlA + (Ei—ai)ceﬁ"““}}sin(l)
i=1 !
_ 1 1 N o \& _ga(1-A) . 1
+4 EIE|:2|fE(x)| e WJF(E(@— ) )Ce p ] sm2<2)}
i=1
Wi (fo 1 )N ]
+{ (1—C05(1)){ - <Z2An )N +wl<ffna>}
+ 2B~z + 2071 1 - costupee P L,
and
(iv)

157(f) — flloo < (V@)Y
w{ﬁ% + (E; — E;) Ce‘ﬁﬁ(l_’\) }} sin(1)

i

N
)y
+4 [ fzlleo ( !
2 !

w:|a|=
N I (forgh )N 1
9 ] (1= cos(1))§ EP— +wn (£, %)

[l -alf s +21m a cosapee s 1L < gui

Il
—

We would like to draw your attention to the fact that uniform and pointwise convergences are
achieved such that S — I, while n — oo.

Proof. We take 7 as it is in (12). Observe that

B |7b | B
Zii= Y. Mq(ﬁ— k)?
F=[na]
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= WJ M, (7% — k)7 + v M, (7% — k).
= =
L1 L1
Therefore,
|7

Thus, the following is provided.

WX ( fr, L N
7] < [u—cos(l)){ <f L (s 1>H

= 2 —2 —ga(1-1)
+[2p = 1A 2051 1 = costupee s

Also, by (11), we observe that

|7t | T |7b |
2 (inrn{E i)

F=[na] k=[na]

N | 7b | Nz
- (Z(<Z M‘?(ﬁ_k (IZ _xi>) aai(x)))sin(l)
=1\ \k=[ra] ;

N———
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We note that

[Sa(( =7), %) | < Sp(l- -7l x

We have verified that

i=1,...,N.
Next, we see

|S5((

that

)3 fa(%)
(i),

i) _L"ZbJ &—7; Mq(nx—k)
k=[na]
|7b | ;—Yg M, (nx—k)
="
L£J E —ylf Mq (ﬁ_ k)
F=rm
- || .
(b-a) y My ()
k= [md]
s %JF (E‘%)Ce*ﬁ”“’“
)7 < o (B e P,
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We have proved that

si(1T6-5")

i=1

At last, we observe that

All of the above are put together to prove the theorem. [

i=1
sinh X = sinh X — sinh 0 = (cosh¢)(x —0), ¢ in (0,%) for any X € R.
Hence,

N ~ _
Remark 9. Let f € C? (H {E;-, b;},(C , N € N. By the mean value theorem, we have that

|sinh¥| < [|cosh||o, 1 1[%], V¥ € [-1,1].

However
[[cosh||s, (1,1 = cosh(1).

Thus, we have
|sinhX| < cosh(1)[x|, VX € [-1,1].
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_ . = . N
Let & :— (1 ..... N),andx:— (%1, %), with &% € | TT [, 5;] ), then by (12)),

(@G-
—{ [@(" —x,) j) f] @ —f<x>} } sinh(1 — £)dt 1)

Using the remainder, it holds that

(e(E5)) - 9) b "

Therefore, it yields that

_|_

}|sinh(1 —t)|dt

()
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1 2
<
SLE
06.7(0(1%.‘ N), iH Z|
@l:=y m=2 \
i=1
k
= —%
+wn <f . X

[e9)

NIk

) } cosh(1)(1 — t)dt < (1).

Notice here that for0 < A < 1,i=1,...,N,

We also see that

(+) < cosh(1) {wffx

[e)

(fe

IN
:;" —_

Sl So
|
=

cosh(1)
2
We note that
7 cosh(1) {
given that H% —EHOO < ﬁ%

We notice also that

)
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( (b-a)" >2mmw+zwww}a—wwt
i=1

i W +2|f||oo} (/01(1 - t)dt)
= cosn(1){2[f I 21 |

= cosh(1 (Hb—aH ||fa|maxN2+||f||oo>r

where @ := (ay,...,0y), b = (51, . ,%)
We have proved that

1 < cosh(n) ([ IIZE N + 111 ) =5

We continue with the hyperbolic approximation.

Theorem 8. Let f € Cz(H—N {E;,Ef} (C) 0 <A< 1,aNeNa*>2xx e
(Y, (@8] )@= @, .., ag), b= (by,... by). Then
)

&Mﬂ—ﬂ@—(

|Sa(f, %) = f(%)]

{ max(fa;A) +w1(fnl>}]

[Hb_”H ||f:x||maXN +||f||oo]Ceﬁ”“‘”},

NI~

swwwwwwm{{
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(iii) )
1Sa(f, %) — f(X)] < (V()V
N 7 y
(Bl omor s umo
- 1 N\ ]| )
it 20| i [ (15" o ot (3

[ )

+| - vz +|f||oo]Ceﬁ”“”}},

and

(iv)

1S5(F) = flloo < (V@)™

L6 oo
1 1 N N W,
- R:m:z”fﬁnoo ; o+ (H(bz_ai) )Ce p ] smh2<2>}

1

|- A 111 ce P }}: sl ). 16)

Again, we would like to highlight the fact that uniform and pointwise convergences are achieved

such that Sz — I asn — 0.

Proof. Let 7 be the same as with (15). One has that

[72]

Zy= Y, My(nx k)7
F=[ma]
= < Mq(nx—ﬁ)r—l— L”ZbJ Mq<ﬁ—E)T’
k= [7d] k= [7d]
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Thus,
| 7b | B
|Za| < y M, (7% ~ K)
k= [aa
=2
1| @i fa 25 )N 1 o ga(1-N)
cosh(1) [2{ <n2/\" ) + wq (f’n)‘) + pCe F1
1\ %2
1| wis \farzx )N o pe(1-A)
< cosh(1) [2{ <n2A”) +w1<f A) + pCePT

We have established that
X 1\ %72
= 1 C‘)111,12a far =x ) N 1
| Z5| < cosh(1) [2{ (nZAn +wy (f,nA>

~ 2 . —(1—
+cosh(1) | [ 1IN + Il et

By (16), one notes that
| 7b | - |7b | B
Y f()Mq(nxk)f(x) 72 Mq(nx—k)
k=[na] k=[]
N ([ L] (% of
([ T () () ) Lo | psancy
i=1 k=[ma) !
| 7b | .
+2{ @ | = [T My(mx—F)
R::(ﬁl:. ax Tl k=[na)
& :é& =2 =1

- ~
L=
N
3 ‘NX‘\
|
Rl
~
=
N————
H—/
2.
=]
=
N
7~
N |
~
+
N
3|

The last quantity yields
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e Y, f® ~
= (- ), I1&!
jali= 3, =2 i=1

As earlier it verifies that

* -\ = 1 =~ _gi(1-A
[Si(( =m0 < 5+ (B-a)ce
i=1,...,N.
Moreover, it holds that
* N —\& = 1 N o ~\ % _ga(1-A
()| < ({163
Finally, one finds that
N _
Sa(f,X) — f(x) - <2 agﬁx Sa(( —x,),x)> sinh(1)
i=1 i
1 N .
—4 )3 (%) N Sn<H('xi) x smh2(
@ :(al:. ), 1@ i=1
|| :é =2 i=1
< (V)|
. |7b | ~
= (V@ISR - f@® | L My(E-k)
k=[ma
N _
- (2 RILFA xl),x)> sinh(1)
i=1 i
N _
—4 — S TI(—7) l,x) smh2<

When we consider all of the above together, we establish the theorem. [

Remark 10. By (7), for f € C(TTY,, [, 5;], C), we find that ||Sz(f), < [Ifll < oo, and

Salf) € C(H;W:l [az—.,E;} ) C).
Explicitly, ’

is true.

S2A)|| . = 1558 lleo < IS5 (P oo < 1f e
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Thus, we find that for k € N,

5| < 1Al

holds by “contraction property”.
Moreover, we show that

Additionally, Sz(1) =1, k(1) =1, Vk e N.
In addition, we has found that (by pp. 401-402, of [36])

sk <

S| 2155 e < 1l

157 = flloo < 7IS(f) = flloor 7 €N.

Ultimately, we show that:

Theorem 9. As in Theorems 7 and 8. Then
(i)

Sef — 1| < ren(f),

where o7 (f) as in (13).
(ii)

Suf — ]|, < roaat),

where s (f) as in (16).
As a result, the speed of convergence for ST — I might be considered as better than that of
Sts; see also [35].

5. Conclusions and Discussion

In theoretical terms, our findings correspond to a series of approximation results by
using Jackson-type inequalities and the continuity modulus and related partial deriva-
tives defined for multivariate functions. Our C—valued normalized MNN operators are
expressed using a multidimensional density function driven by the parameterized half-
hyperbolic tangent function. Moreover, it was aimed to fill the gap in the literature by
revealing complex-valued hyperbolic and trigonometric convergence cases employing
Ostrowski- and Opial-type inequalities, norms, and also trigonometric- and hyperbolic-
type Taylor formulae to obtain the convergence rate.

On the other hand, when this study is considered in the context of real-world applica-
tions, it is believed that the accuracy of the outputs in the relevant datasets used mainly
in machine learning applications can be relatively increased by using a parameterized
activation function—a trainable activation function. When the relevant applied literature
studies, some of which are included in the Introduction section, are examined, the freedom
to choose the activation function appropriately and flexibly in an ANN architecture has
provided serious advantages in providing more effective solutions to real-world problems.

Although we focused on the theoretical side of ANN and MNN operators in the
current study, we believe that this theoretical basis will provide more robust ANN/DNN
models, solution methods, and tools for real-world applications in the future.

For example, it is thought that the feed-forward artificial neural network (FNN) (also
known as MLP) architecture and MNN operators that we consider in this study may be
advantageous in terms of reproducing the dataset called “training set” in the literature with
less error. In addition, this architecture highlights the features of “universality” and “versa-
tility” for the solutions of real-world problems in areas such as natural language processing
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(NLP), complex classification, image recognition/compression/decompression, digital
image processing, object identification, etc., because it performed better in nonlinear tasks.
Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: The author would like to thank the respected George A. Anastassiou for gener-
ously sharing his time and views.

Conflicts of Interest: The author declares no conflicts of interest.

Abbreviations
Symbol Description
R; (C,|-]) The set of real numbers; Banach space of complex numbers
N The set of natural numbers
k7, Ny i Arbitrarily chosen natural numbers
Ny Mathematical formulation of an “ANN architecture” based upon multiple hidden layers
x=(x1,...,%s) An s—dimensional element from the set of R®
[Elf, EI} Closed subinterval of RN
X:= (¥1,...,Xy) Anelement of (H;il [E;., EI] )
P A general activation function of an ANN architecture
w; Connection weights of an ANN architecture
@5 Thresholds of an ANN architecture
% Parameterized half-hyperbolic tangent activation function
q,B Parameters of parameterized half-hyperbolic tangent activation function
Dy Density function
M, Density function for multivariate case
1]l oo Supremum norm of ¥ in multivariate case
Sw Complex-valued linear normalized MNN operator
S Complex-valued linear normalized MNN associate operator
Ch A component of operator S5
w1 The first modulus of continuity
7 Reminder of multivariate hyperbolic Taylor formula
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