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Abstract: The question of whether microeconomic shocks induce aggregate fluctuations
constitutes a central issue in economic research. This paper introduces a general equilibrium
model with production networks to explore the propagation mechanisms of microeconomic
shocks. A novel triangular production network structure is introduced, and simulations
are performed using China’s input-output table to analyze the propagation of these shocks
within the Chinese economy. The model demonstrates that the first-order effects of microe-
conomic shocks propagate downstream along the industrial chain, while the second-order
effects of microeconomic productivity shocks propagate both upstream and downstream
along the chain. The first-order propagation mechanism of microeconomic shocks involves
changes in prices within the affected sector and its downstream sectors. Additionally,
the second-order effects of microeconomic shocks rely on the reallocation of factors. The
simulation results indicate that China’s production network matrix is triangular, and that
the financial sector plays a crucial role in amplifying the effects of microeconomic shocks.
Government should prioritize supporting upstream fundamental sectors to mitigate the
adverse impacts of external shocks on economic fluctuations and to address systemic
financial risks.

Keywords: microeconomic shocks; aggregate fluctuations; production networks; propagation
mechanism
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1. Introduction

The question of whether microeconomic idiosyncratic shocks lead to aggregate fluctu-
ations and how these shocks propagate through intersectoral input-output linkages has
been a central issue in economic research. Microeconomic shocks refer to events or distur-
bances that affect individual agents or sectors at a micro level, while aggregate fluctuations
represent changes at the aggregate level of a country or region. The understanding that the
production of goods and services depends on a complex network of transactions among
suppliers and consumers has a well-established foundation in economic theory [1]. As
early as 1941, Leontief observed that “Layman and professional economist alike, practical
planner and the subjects of his regulative activities, all are equally aware of the existence of
some kind of interconnection between even the remotest parts of a national economy” [2].
As the production process becomes more and more specialized, this connection deepens
and expands, forming a complex network system among diverse production units within
economic entities. In this network, each firm or sector purchases intermediate inputs
from upstream suppliers, while supplying intermediate products to downstream buy-
ers. This interdependent system, known as the “production network”, reflects nature of
input-output linkages.

Mathematics 2025, 13, 359

https://doi.org/10.3390 /math13030359


https://doi.org/10.3390/math13030359
https://doi.org/10.3390/math13030359
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math13030359
https://www.mdpi.com/article/10.3390/math13030359?type=check_update&version=1

Mathematics 2025, 13, 359

2 of 36

When studying issues of macroeconomic fluctuations, economists typically adopt a
macro-level perspective. For example, the Keynesian school and the monetarist school
focus respectively on analyzing insufficient aggregate demand and fluctuations in the
aggregate money supply. However, this argument neglects the input-output linkages
between firms or sectors, thereby failing to delve into the microeconomic foundations
of macroeconomic fluctuations. Existing research overlooks micro-level details for two
primary reasons. First, Lucas’s “diversification argument” posits that production diversifi-
cation effectively reduces macroeconomic volatility, averaging out the aggregate impact of
microeconomic shocks to an inconsequential level [3]. Second, Hulten’s theorem suggests
that in an efficient economy, the macroeconomic effects of microeconomic shocks can be
encapsulated through sales shares [4]. Thus, microeconomic details, such as the structure
of production networks, are often regarded as merely indirect factors influencing aggregate
fluctuations. Such perspectives appear to have diminished the perceived research signifi-
cance of production networks. However, the 2008 financial crisis, originating in a specific
industry within a single country and subsequently spreading globally, reignited interest
in firm-level and sectoral shocks within both academic and industry circles. According to
traditional views, the effects of micro-level shocks are typically “smoothed out” during
propagation, with their influence constrained by the output share of sectors or the sales
share of firms. However, this perspective is evidently inconsistent with the realities of the
financial crisis. Therefore, new theories are urgently needed to explain the formation of
aggregate fluctuations.

A strand of literature, beginning with works such as Gabaix [5], Jones [6], and
Acemoglu et al. [7], has incorporated financial networks, input-output networks, or pro-
duction networks into analytical frameworks to explore how localized shocks propagate
to other firms or sectors, thereby triggering systemic crises. This body of literature funda-
mentally challenges Lucas’s view on the negligible impact of local shocks and expands on
Hulten’s theorem. First, when considering production networks, firms or sectors highly
rely on the inputs and outputs of other firms or sectors, thereby challenging Lucas’s as-
sumption of independent shocks. Second, when the distribution of firm or sector sizes
is heavy-tailed, the Law of Large Numbers, which underpins Lucas’s theory, no longer
holds. In such cases, localized shocks in key firms or sectors can trigger systemic crises [7].
Third, the introduction of higher-order or distortionary effects renders Hulten’s theorem
inapplicable, allowing the production network to influence the overall impact of microeco-
nomic shocks [8]. In light of these considerations, macroeconomic fluctuations constitute
the most direct application of production network analysis. The propagation of microe-
conomic productivity shocks can be systematically examined through both supply-side
and demand-side channels. From the demand perspective, since the production of any
single firm or sector in the production network requires intermediate inputs from other
firms or sectors, changes in output or structure caused by microeconomic shocks will lead
to changes in the demand for intermediate inputs by the directly affected firm or industry,
thereby propagating the impact of the shock to upstream microeconomic agents. From the
supply perspective, the products of any economic entity also serve as raw materials for
downstream firms or sectors. When a directly affected firm or sector in the upstream halts
supply for an extended period, downstream firms or sectors will face supply shortages,
thus transmitting the impact of the microeconomic shock to downstream microeconomic
agents. Therefore, microeconomic shocks inevitably propagate through production net-
works shaped by input-output linkages, ultimately leading to macroeconomic effects.

Beyond the domain of macroeconomics, the production network approach has been
widely applied in areas such as regional trade, financial crises, and supply chain resilience.
In the domain of regional trade, studies explore network linkages among firms to assess
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how exogenous shocks and trade policies shape domestic economies, including export
demand shocks [9] and the entry of foreign firms [10]. Some research adopts a spatial
equilibrium framework, examining the endogenous formation of production networks and
their welfare implications [11]. In the context of financial crises, studies investigate how
shocks originating in a single country’s financial sector propagate through international pro-
duction networks to other open economies [12] and how such shocks spread domestically
via trade and credit networks [13]. The extent of financial contagion is determined not only
by the structure of production networks but also by the magnitude of financial shocks [14].
Regarding supply chain resilience, research analyzes the macroeconomic consequences of
exogenous shocks that disrupt supply chains [15], offering insights into policies designed
to enhance supply chain robustness. While firm failures and subsequent supply chain
disruptions can exacerbate the adverse impacts of shocks [16], firms facing supply chain
risks may strategically reconfigure inter-firm production networks to reduce reliance on
unstable suppliers [17].

Based on the above research, this paper seeks to explore the network origins of
aggregate fluctuations from four perspectives: What is the direction of propagation of
microeconomic shocks through industrial chains? What is the mechanism of shock propa-
gation through the production network? What role does the structure of the production
network play in this propagation process? And how can industrial policies be designed
based on the structure of production networks? To address the above questions, this paper
first analyzes in detail the upstream and downstream propagation mechanisms of microe-
conomic shocks. However, due to the complexity of production networks, the magnitude
and direction of the role played by them remain ambiguous, especially when considering
more general Constant Elasticity of Substitution (CES) substitution elasticities. In this
context, simplifying the propagation of microeconomic shocks based on the structure of the
actual production network becomes advantageous for obtaining tractable analytical results.
Fortunately, the triangular production network, which has been validated in empirical
data and the literature, provides a basis for assessing the impacts of microeconomic shocks.
Subsequently, this paper integrates the nonlinear effects of microeconomic shocks into the
analysis. The direct impact of microeconomic shocks on macroeconomic variables is re-
ferred to as the first-order effect, while the influence of these shocks on the first-order effects
is termed the second-order effect. Theoretically, this approach conceptualizes macroeco-
nomic variables as a function of microeconomic shocks. By performing a second-order
Taylor expansion of this function around the equilibrium point, one can separately derive
the variable’s mean, the first-order effects, and the second-order effects. Finally, this paper
applies the model to conduct numerical simulations based on China’s 2018 input-output
table. The analysis verifies the triangular structure of China’s input-output linkages and
then performs simulations of first- and second-order propagation. These simulations are
utilized to examine the characteristics of the production network and the mechanisms of
shock propagation. Based on this analysis, the paper clarifies the direction, mechanism,
and outcomes of shock propagation, as well as the role played by the production network,
providing a reference for fully understanding the crucial role of the financial sector.

This study makes the following three major contributions. First, by constructing a
general equilibrium model framework that incorporates the production network structure,
this paper offers a thorough exploration and analysis of the propagation mechanism of
microeconomic shocks along both the upstream and downstream segments of the industrial
chain, highlighting the critical role of the production network structure in this process.
Second, to facilitate the development of the theoretical model and the implementation of
numerical experiments, this study introduces a specific production network structure as a
research tool. Compared to previous models, this paper employs the triangular production
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network structure observed in real-world data to simplify the upstream and downstream
transmission of shocks, thereby unveiling the black box of production network effects.
Finally, this paper utilizes China’s production network structure to simulate the first- and
second-order effects of microeconomic shocks, with a detailed exploration of the micro-level
factors that influence the direction or magnitude of these effects. These findings not only
contribute to the enrichment of the theoretical framework but also offer actionable insights
for policymakers.

The rest of the paper is organized as follows. Section 2 reviews the literature on microe-
conomic shocks and production networks; Section 3 presents the theoretical framework of
the paper; Section 4 derives the main results on the propagation of microeconomic shocks;
Section 5 conducts simulations using China’s input-output data; and Section 6 concludes
and discusses.

2. Literature Review

This paper presents a review of the propagation of microeconomic shocks through
production networks, focusing on the structural characteristics of production networks,
general equilibrium models incorporating production networks, and the applications of
production network methodologies.

2.1. Characteristics of Production Networks

Understanding the structural characteristics of production networks is the starting
point for examining the propagation of microeconomic shocks from a production network
perspective. The existing literature summarizes three key structural characteristics of
production networks: (1) Production networks exhibit asymmetry, evidenced by the fact
that a small number of sectors function as critical suppliers to all other sectors of the
economy [7]. In economies where a few dominant sectors prevail, as is the case in the
United States, shocks to these sectors are transmitted throughout the entire economic
system; (2) Production networks are characterized by low link density yet high connectivity,
as evidenced by a limited number of links and short average distances between sectors [15];
and (3) Production networks at the firm level exhibit greater structural heterogeneity
compared to those at the sectoral level [18].

Asymmetry is a crucial characteristic in the development of shock propagation theory
from the production network perspective. Horvath [19,20] contends that different sectors
assume distinct roles in the input-output relationship, with a small number of core sectors
supplying intermediate inputs to most industries. This results in the fact that specific shocks
occurring in the dominant sector are harder to offset by reverse shocks in other sectors.
Dupor [21] investigates how different input-output relationships influence fluctuations in
aggregate output across various multisectoral models. He finds that when the variance
of the input-output matrix is relatively low, indicating a more balanced distribution of
sectoral linkages, the overall propagation effect of sectoral shocks is limited. Acemoglu
et al. [7] argues that there are influence vectors in the economic system, which give rise
to an “axis-periphery” type of asymmetry in the structure of the production network.
This asymmetry ultimately reduces the rate of attenuation of fluctuations in aggregate
output due to micro shocks. Therefore, to study the specific role of production networks
in microeconomic shocks, it is crucial to leverage the asymmetric structures inherent in
these networks.

To investigate domestic changes in industrial structures and facilitate international
comparisons, the triangular or hierarchical structure emerges as a highly effective ana-
lytical tool. The production network matrix is usually sparse because a few key sectors
in the production network supply the majority of sectors. Based on this property, the
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production network can be reorganized in such a way that the matrix is transformed into
a triangular form. This idea dates back to the 1950s, when Chenery and Watanabe [22]
found a similar hierarchical structure by comparing input-output matrices in the United
States, Japan, Norway, and Italy. Simpson and Tsukui [23] first proposed an algorithm
for concentrating the larger elements of the matrix by reordering the sectors into a corner.
Subsequently, Fukui [24] further enhanced the rationality and scalability of this algorithm,
and demonstrated that similar triangular structures exist in both more developed countries
(the United States, Italy, Norway, and Japan) and less developed countries (Korea and
India). With the aid of modern visualization tools, these triangular matrix structures can
now be clearly illustrated, as shown in studies on Japan [25], Korea [26], and China [26].
This approach not only enhances the interpretability of production networks and highlights
inter-sectoral dependencies but also significantly simplifies the computation of systems of
linear equations [27].

2.2. General Equilibrium Model with Production Networks

In the literature examining the microeconomic origins of aggregate fluctuations, the
starting point is the fundamental theorem proposed by Hulten: for efficient economies, the
effect of microeconomic total factor productivity (TFP) shocks on aggregate TEP is equal to
the sales share in GDP of the affected sectors [4]. The latter is known as the Domar weight
in the literature. The corollary of Hulten’s theorem is that, in the presence of input-output
linkages, the impact of a microeconomic shock on the outcome of an aggregate shock
is entirely determined by the size of its sales share, regardless of its position within the
production network. Therefore, economists have long downplayed the role of production
networks in macroeconomic models. For example, Lucas [3] argued that, according to the
law of large numbers, the effects of shocks in a single sector are “ironed out” by other
sectors, resulting in a negligible macroeconomic impact.

However, Hulten’s theorem faces several issues both theoretically and practically.
Theoretically, (1) the Domar weight, as a statistic, only captures first-order effects, meaning
that it may not provide an accurate approximation when shocks are large or when there
are significant nonlinearities in the economy [8]; (2) Hulten’s theorem holds true only
in an efficient economy and is not applicable in the presence of frictions and market
imperfections [28]. (3) While Hulten’s theorem demonstrates that the Domar weight is a
sufficient statistic for measuring how microeconomic shocks affect aggregate output, these
weights remain endogenous, being determined within the equilibrium of the economy [29].
In practice, sectors with the same sales share play significantly different roles in economic
fluctuations, and a negative shock to one sector can potentially lead to the collapse of the
entire economy. Therefore, a new theory is urgently needed to further characterize the
relationship between microeconomic shocks and aggregate fluctuations.

Aggregate fluctuation theory with production network is the breakthrough point to
recharacterize microeconomic shocks, and is based on multisectoral general equilibrium
models. In the 1980s, Long and Plosser [30] developed a multisector real business cycle
model, which serves as a valuable benchmark for evaluating the significance of various
factors, such as monetary disturbances, in the real business cycle. In the 1990s, this model
was further developed, with debates between Horvath [19,20] and Dupor [21] focusing
on whether sectoral shocks translate into macroeconomic fluctuations. However, after a
prolonged period, the development of aggregate fluctuation theory, including networks,
stagnated due to the lack of suitable analytical tools. Until recently, with advancements
in network theory and the innovation of analytical tools, the connections between each
production unit in a production network could be defined and measured, making it possible
to explore how microeconomic shocks propagate throughout the economy. Acemoglu
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et al. [7] proposed a general static analytical framework that incorporates input-output
linkages into the propagation mechanism of heterogeneous shocks, thereby providing a
microeconomic explanation for aggregate fluctuations. The significant difference between
this model and traditional models is that traditional models assume intermediate goods
are produced solely by primary factors and then combined into final products by an
“aggregated sector”. In contrast, the production network model emphasizes the correlation
and interaction between sectors through input-output linkages. Since then, the analytical
framework has been refined and expanded to provide a more realistic picture of the
real economy.

Specifically, the relevant literature has made the following theoretical contributions.
The first contribution is to reveal the microeconomic roots of macroeconomic fluctuations
from the perspective of production networks. Acemoglu et al. [7] examined a static mul-
tisector economic system within a perfect competition framework and Cobb-Douglas
technology to explore the origins of aggregate fluctuations. Baqaee and Farhi [8] further
characterized the nonlinear macroeconomic effects of microeconomic shocks. Their results
suggest that asymmetry is a crucial factor that enables the structure of production networks
to play a significant role. Second, recent research has further explored the propagation
mechanism of microeconomic shocks. Acemoglu et al. [16] analyze the direction of prop-
agation of microeconomic shocks within a Cobb-Douglas technology setting. They find
that productivity shocks are transmitted downstream, from the source to its downstream
customers, and to the customers of those customers, and so on. In contrast, demand shocks
are transmitted upstream, from the source to its suppliers, and to the suppliers of those
suppliers. Carvalho et al. [15] introduce nested CES structures in production functions and
show that when the elasticity of substitution between various intermediate inputs or be-
tween intermediate products and primary input factors is different from 1, the productivity
shock to a specific sector will affect the output of other sectors through the two different
channels. Third, general equilibrium models incorporating production networks provide
critical insights into economic development and policy design. Baqaee and Farhi [31] ex-
tend the framework to include Heterogeneous Agents and Input-Output Networks (HA-1O)
linking various economic issues such as sectoral linkages in business cycles, factor-biased
technological change, and the fiscal multiplier’s dependence on government spending
composition. Liu [26] argues that market imperfections within production networks lead to
distortion effects, which are further intensified by reverse demand linkages. As a result, the
most significant distortions occur in upstream sectors, indicating that effective industrial
policies should subsidize these sectors.

2.3. Empirical Studies of Production Networks

Building on the framework of models with production network structures, the relevant
literature has conducted empirical analyses of the propagation mechanisms and directions
of microeconomic shocks. Acemoglu et al. [16] were the first to empirically test the shock
propagation mechanisms and directions predicted by the benchmark model at the sectoral
level. Their findings reveal that the downstream network effects of productivity shocks
are both economically and statistically significant: a one standard deviation increase in
sectoral TFP results in a 6% growth in downstream output. Barrot and Sauvagnat [18], on
the other hand, utilize firm-level data to investigate the localized propagation patterns
of specific natural disaster shocks (e.g., blizzards, earthquakes, floods, and hurricanes)
across firms’ production networks. Their findings indicate that the sales growth rate of
direct customers of affected firms decreases by 2-3 percentage points. Boehm et al. [32] and
Carvalho et al. [15] identified a similar propagation pattern while examining the impact
of the 2011 earthquake and tsunami on production networks in Japan. Furthermore, the
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existing literature has measured the volatility caused by oil shocks [33], financial shocks [13],
and the COVID-19 pandemic [34] within the production network framework, as well as
the specific effects of monetary policy [35], fiscal policy [36], and industrial policy [26] on
aggregate output and welfare.

In summary, from the modeling framework proposed by Acemoglu, numerous studies
have extended the general equilibrium model incorporating the structure of the production
network. These extensions include the introduction of general constant elasticity of substi-
tution (CES) nested functions [15,31], the incorporation of market incompleteness [26,28],
and the endogenization of the production network [29,37]. These models have been further
tested through empirical analysis and numerical simulations.

However, the studies mentioned above do not explore in depth the propagation
mechanisms of the first- and second-order effects of micro shocks, nor do they analyze
the interconnections between upstream and downstream sectors through the triangular
input-output structure. Additionally, they do not go beyond disaggregating the first- and
second-order effects to clarify the magnitude of the production network’s impact. Therefore,
this paper examines the structural effects of productivity shocks at the sectoral level by
incorporating the triangular production network structure into the model, delineating the
propagation mechanisms of these shocks within the input-output network, and ultimately
offering new insights for theoretical research and policy practice.

3. General Framework
3.1. Setup

This subsection presents a detailed description of a general equilibrium model that
incorporates production networks, following the “CES standard form” as defined by Baqaee
and Farhi [8]. The model considers a perfectly competitive economy with N production
sectors and M factor sectors and assumes the presence of a representative household.
Without loss of generality, we interchangeably use italic symbols to represent scalars,
vectors, and matrices. Additionally, overlined symbols indicate the equilibrium value of
the variable and are used to normalize the variable.

We first assume the pure sectoral assumption, meaning that each sector produces only
one product. The production technology of the competitive sector i is given by:

vi = ziF(xi1, Xin, ..., XiN, fis fize -0 fim), (1)

where y; denotes the output of sector i, z; denotes total factor productivity (TFP), x;; denotes
the intermediate inputs from sector j used in sector i (intermediate inputs), and fj; denotes
the factor k used in sector i (primary inputs). The production function F;(-) is homogeneous
of degree 1. Specially, the production equation for each sector takes the form of the constant
elasticity of substitution (CES), i.e.:

0;
0;—1 0;—1 0.-1

N 2\ M 5\ !
Yi Xij | fik )
— = Zj a;| — + D('k — , (2)
i ]; l](xif> k; l (fik>

where z; denotes the Hicks-neutral productivity of sector i and log z; is usually used to
denote productivity shocks. 4;; and a;; denote the size of intermediate and primary inputs,
respectively, and 0; represent the elasticity of substitution in sector i.

The competitive manufacturer maximizes its profit, which is given by the following objective:

N M
max (Pz‘yi —Y pixii— ). wkfik) , (3)
i=1 k=1

Xij ik
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where p; represent the price of the output from sector i and wy, represent the wage rate or
price of the factor k. When the production function is homogeneous of degree one, the
profit maximization problem results in zero profit for the efficient economy. This implies
that the value of output is entirely distributed as income to the factors of production, in
proportion to their respective shares.

The final demand Y of a household is expressed as a function of the demand for each
sector, which can be represented as:

Y= max D(cy, ¢, ...,CN), 4)
€1,62,---,CN

where c¢; denotes the household’s final demand for sector 7, and the function D(-) is homo-
geneous of degree 1. Specifically, final demand can be expressed as the CES aggregation of
demand for each sector, that is:

Y = @ = Zaoj <> ’ (5)

where a¢; denotes the share of final demand in each sector and 6 represents the elasticity
of substitution in consumption. It is assumed that no technological shocks occur in the final
demand sector, implying that zy = 0.

Next, we describe the general equilibrium. The output of goods (supply) is allocated
across each sector and to the final product (demand). Thus, the clearing condition for the
product market is that, for each 1 <i < N, there is:

N
yi =) Xji+ci (6)
j=1

It is assumed that the quantity of each factor is exogenously given (supply) and
allocated across each sector (demand). Thus, the clearing condition for the factor market is
that, for each 1 < k < M, there is:

N PR—
Y fie = fi = fr- 7)
i=1

General equilibrium necessitates three conditions: the maximization of profits in the
production sector, the maximization of output in the final demand sector, and the clearing
of both good and factor markets. This means that given a vector of productivity shocks and
a vector of factors, a series of prices, a vector of final demand, a vector of output, a matrix
of intermediate inputs, and a matrix of primary inputs can be solved. Final demand can be
expressed as a function of productivity shocks and primary inputs, that is:

Y:f(zl,ZZ,...,zN,]Tl,]TQ,...,E). (8)

Thus, with factor exogeneity given, final demand is affected only by productivity
shocks, and the magnitude of this effect depends only on the exogenous parameters and
the parameters of the model.

3.2. Representation of Production Networks

The production network consists of three components: intermediate inputs (produc-
ers), primary goods (factors), and final demand (household). The first two components are
aggregated to form a macroeconomy through a nested constant elasticity of substitution
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(CES) function. This implies that each sector acts as a generalized factor of production
within the CES production function, with its own distinct elasticity of substitution. The
goods of the sector are aggregated one or more times, ultimately yielding macroeconomic
variables such as total output and final demand. This production network structure can be
represented in two forms: graphic and matrix.

First, Figure 1 depicts the graphical form of the production network. In this directed
weight graph, each node corresponds to a sector in the economy, resulting in a total
of (1+ N + M) nodes. Each pair of nodes is connected by a generalized input-output
relationship, forming a total of (1+ N + M) x (1+ N + M) directed links. A directed
edge from node i to node j represents inputs from sector i to sector j; the weight of the
directed edge a;; is greater than zero, where i is the use sector and j is the supply sector.
Notably, the intermediate inputs, primary goods, and final demand exhibit distinct patterns
of mutual interaction. In particular, the primary goods sector has only outward directed
edges, the final demand sector has only inward directed edges, and the production sector
has bidirectional and self-feedback directed edges.

primary goods

Intermediate inputs

Final demand

Figure 1. Production networks in graphical form.

Next, we use tables to present the matrix form of the production network. In the
(1+ N+ M) x (14 N + M) matrix, each row or column represents a sector. Table 1 repre-
sents the physical form of the production network. In this table, the horizontal axis denotes
the uses and the vertical axis denotes the inputs. On the one hand, the sum of the first
1+ N + M entries in the vertical direction equals the last entry, indicating that the total in-
put of products and factors equals total output. On the other hand, due to the differing units
of measurement in the physical form, horizontal summation is not possible. The physical
form of the production network effectively reflects the production processes of the pro-
duction sectors and the final demand sectors, that is, A;F;(x;1, Xp, ..., XiN, fi1, fiz, - - -+ fim),
Y = maXD(Cl,Cz, e ,CN).
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Table 1. Production networks in physical matrix form.
Household Good 1 .. Good N Factor 1 o Factor M
Household 0 c1 CN 0
Good 1 X11 . X1N f11 - flM
Good N XN1 v XNN fMl ce fNM
Factor 1
o 0 0 0
Factor M
Outputs Y %) .. YN fi . fm
Table 2 shows the production network in the value form. It is assumed that the supply
side of each sector offers the same price to the buyer, ensuring that each column reflects
the same price. In addition to retaining the horizontal and vertical summation properties
of the physical form, the production network in value form highlights a key feature: the
value of total output is equal to the value of total revenue, which is the sum of intermediate
vendor revenues, primary factor revenues, and profits:
N M
Yo pjxij+ Y wifi + 7 = piyie )
j=1 k=1
Table 2. Production networks in value matrix form.
Household Good 1 . Good N  Factor 1 . FactorM  Profits Inputs
Household 0 c1p1 CNPN 0 0 21121 Cipi
Good 1 X11P1 . XINPN f11w1 . fleM s\ P11
Good N XN1P1 e XNNPN  fmiwn ces fNmMwMm TN PNYN
Factor 1 le
. 0 0 0 0 e
Factor M wmf
Outputs PY pP1v1 e PNYN w1 f1 e Wi fm

On the other hand, the relationship between final demand and the consumption by
each sector is as follows:

le Cipi = PY, (10)

where represents the price of the final product. In general, the final product is taken as
the numeraire, and its price is set to 1. Under this assumption, Y | ¢;p; = Y = GDP.
Therefore, total final demand is the most important aggregate indicator in the model.

The graphical and matrix forms of production networks are equivalent. The graphical
form offers a simpler conceptual framework to summarize input-output linkages, while
the matrix form facilitates easier derivation and computation [1]. Moreover, since the
input-output equilibrium relationship is based on the general equilibrium theory of Wal-
ras, the input-output matrix serves as an analytical tool for general equilibrium theory,
encompassing production networks. However, the matrix form of the production network
exhibits distinct properties compared to the input-output matrix. First, the input-output
matrix primarily describes the linear relationship between production and consumption
across industries, whereas the production structure and organization in the production
network can be represented by any CES function (with arbitrary elasticity of substitution),
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without requiring the Leontief function form (which assumes an elasticity of substitution
of 0). Second, input-output analysis includes open, closed, and partially closed models,
while production networks predominantly employ closed models that integrate both factor
production and final demand. Third, when heterogeneous consumers are not considered,
final demand in the production network matrix is consolidated into a single sector, which
encompasses components such as consumption, capital formation, and net exports.

Finally, we treat both the final demand sector and the primary factor sector as general
production sectors, thereby standardizing the expression of the variables. For convenience,
we begin labeling the rows and columns from 0. Therefore, xo;,j = 1,2,..., N is equiv-
alenttoc;,i =1,2,...,N;x;5,i=1,2,...,N,j= N+1,N+2,... N + Mis equivalent to
fik=12,...,M;p;,i=N+1,N+2,...,N+ Mis equivalent to wy, k =1,2,...,M. In
this manner, we can represent the input-output linkages between sectors uniformly in
terms of x;;, the output prices of sectors uniformly in terms of p;, and the outputs of sectors
uniformly in terms of y;.

3.3. Coefficients in Production Networks

Coefficients in the production network can be defined based on the matrix form of
the production network, thereby providing an analytical tool for further analysis. First, the
direct requirements coefficient based on value is defined as:

_ Pi%ij

= ) (1)
piYi

In this case, the definition of the direct requirements matrix in the production network
is the same as that in traditional input-output analysis, except that it is the transposition
of the classical matrix of direct input coefficients. The matrix element, representing the
share of sector i’s expenditures using sector j’s inputs relative to sector i’s total revenue,
describes the inter-sectoral technological linkages and is consistent with the empirical
results obtained by Acemoglu [16].

The Leontief inverse matrix portrays both direct and indirect links between sectors,
which is defined as:

L=(I-A)'=1+A+A%+.... (12)

Define final demand share b; as the ratio of the final demand expenditures for the
product i as a share of GDP, which means:

_ PG
b= P (13)
s

where the sum of the final demand for all products is 1, which means Zfi 1bi =1
The Domar weight d; is an essential coefficient, which is defined as the sales of sector i
as a share of GDP:

) piyi
d; CDP (14)

In much of the literature, Domar weights are commonly referred to as “sales shares”.
In efficient economies, Domar weights are frequently used as sectoral weights in growth ac-
counting [38]. Domar weights are not only a measure of sector centrality in equilibrium [26]
but also have an inseparable relationship with the propagation of microeconomic shocks [4],
a relationship that will be examined in greater detail in the following sections. In addition,
the value of total output is greater than GDP because of the presence of intermediate inputs,
and thus YN | d; > 1.
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For factor k, its Domar weight can be similarly defined as the factor income share
of GDP:

Wy fx
D —_— 15
k Zf\il wlfl ( )

where the sum of the factor income shares of all factors is 1, that is, ZkM: 1 D=1

Finally, it can be shown that Domar weights and Leontief inverse matrices are related
to the final demand share as:

d=VL=VI+bVA+VA>+..., (16)

where the superscript / is the transpose of the representer vector. This equation implies
that the sales share can be decomposed into the product of the final demand share and the
Leontief inverse matrix. This equation links the variables defined earlier and will play a
key role in understanding the mechanism of sales share formation with the propagation
mechanism of microeconomic shocks.

4. Propagation Mechanism Analysis

We further complement and extend the modeling framework of [8,28,31] to explore
the propagation process of microeconomic shocks within the production network. This
section attempts to answer the following questions: First, how are microeconomic shocks
transmitted along the industrial chain; second, what is the propagation mechanism of mi-
croeconomic shocks; third, how does the production network contribute to the propagation;
and fourth, what are the macroeconomic outcomes resulting from microeconomic shocks.
Compared to the existing literature, the innovations of the model in this paper are as follows:
First, this paper innovatively introduces a triangular input-output structure to conduct
a detailed analysis of the upstream and downstream transmission mechanisms; second,
we further decompose the first-order and second-order effects of microeconomic shocks,
aiming to explore the role of the production network in the propagation of these shocks.

4.1. First-Order Propagation
4.1.1. Hulten’s Theorem and Applications

First, we explore the first-order propagation mechanism of microeconomic shocks.
Based on the general equilibrium model constructed in the previous sections, it is possi-
ble to derive the first-order effects of microeconomic shocks on aggregate output in the
general case.

Theorem 1 (Hulten’s Theorem). In an efficient economy, the first-order effect of a microeconomic
shock on final demand is:

dlogY

where d; is the Domar weight of sector i, that is, the sector’s sales as a fraction of GDP. The vector of
Domar weights can be expressed as:

d="VL, (18)
where b; represents the ratio of final demand expenditure of sector i to GDP, L is the Leontief inverse

matrix (the transpose of the commonly defined Leontief inverse matrix), and its element L;; represents
the output of sector j driven by one unit of final demand in sector i.

Hulten’s theorem not only provides a foundational methodology for productivity
and growth accounting but also serves as a tool to measure the macroeconomic impact



Mathematics 2025, 13, 359

13 of 36

of micro-level (firm or sector) productivity shocks. Specifically, the first-order impact of
a microeconomic shock on the aggregate economy depends solely on the Domar weight,
independent of the detailed structure of the production network. In addition, the theorem
requires only the conditions of perfect competition, economic efficiency, and constant re-
turns to scale in production and utility functions, without reliance on any specific functional
form. As a result, Hulten’s theorem possesses broad applicability and significant potential
for practical implementation.

Although the first-order effects of microeconomic shocks on the macroeconomy do
not depend directly on the structure of the production network, they can be linked to the
structure of the production network through Equation (18). To clearly see the role played
by the production network with respect to the propagation mechanism of microeconomic
shocks, we begin with some of the simplest production network structures (as depicted in
Figure 2). Since the vector of Domar weights b can be expressed as (0, by, by, ..., by, 0, ... ,0),
the network structure of the final demand sector and the factor sector have no effect on the
Domar weights. Thus, only the N x N network structure, including production sectors,
needs to be discussed here.

HO®HG

QY
20,00

1.No Production Networks 2. Round-about Economy 3. Vertical Economy 4. Triangular structure

Figure 2. This graph shows four economic network structures. (1) In the no production network
case, there is no input-output linkages. (2) In the round-about economy, a sector can only use its own
products. (3) In the vertical economy, a sector can only use products from its direct upstream sector.
(4) In the triangular structure case, sector can use its own products as well as all upstream products.
Therefore, there are only downward arrows and no upward arrows.

1. No Production Networks. In the first case, the production network does not play
a role, meaning there are no input-output linkages. The technical coefficient matrix A is
a zero matrix and the Leontief inverse matrix L is a unit matrix. Thus, we can obtain the
first-order impact of a microeconomic shock as:

dlogY
dlogz;

ir

where the first-order impact of a productivity shock in sector i is measured by its final de-
mand expenditure as a share of GDP, independent of the characteristics of the other sectors.
We call b; the final demand effect of sector i. Through this effect, final demand amplifies
one-unit productivity shock to a macroeconomic impact of b; size. The final demand effect
is independent of the structure of the production network. When the final demand effect is
larger, the productivity shock to sector i generates a larger macroeconomic impact.
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2. Round-about Economy. In the second scenario, a sector can only produce using
its own products as intermediate inputs and use outputs other than intermediate inputs
for final consumption. The technical coefficient matrix and Leontief inverse matrix are

given by:
_1 0
a;; 0 0 T—ap,
1
A 0 an 0 , L= 0 17?22 0
0 0 ann 0 0 =

Substituting into (18), the first-order impact of microeconomic shock is given by:

dlogY b
dlogz;  1—ay’

where the first-order effects are amplified by a factor of 1/(1 — a;;) compared to the case
without a production network structure. We define this amplification as the intra-sectoral
feedback effect. The intra-sectoral feedback effect is directly related to the direct input
coefficient. As the sector produces with more of its own inputs, the greater the amplification
of the first-order shock through feedback effect.

3. Vertical Economy. Finally, we consider a strict vertical network structure. Except
for the first and last sectors, each sector has only one upstream and one downstream
sector, and there is no self-input. The sectors are ordered based on their upstream and
downstream relationships, with a higher ordinal number indicating a more upstream sector.
The technical coefficient matrix and Leontief inverse matrix are given by:

[e)

ain 0 0 1 aip 0 0
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Except for the first sector, the first-order effects of microeconomic shocks are
expressed as:

dlogY

dlogz;

=b;_1ai_1, + b;.

In this case, there is an upstream and downstream propagation mechanism in addition
to the final demand effect in the absence of a production network. In terms of the formula,
this mechanism consists of two parts: the first IS the final demand effect in sector (i — 1) and
the other IS the direct input coefficient a; 1 ;. We define 4;; as the inter-sectoral production
network effect, denoting the share of sector j’s use of sector i’s intermediate goods in sector
j’s output. Through the inter-sectoral production network effect, sectors i and j are closely
linked. In addition, the final demand share b; of sector j influences the magnitude of
the impact of productivity shocks in sector i on final demand through the inter-sectoral
production network effect.

In summary, the final demand effect is an aggregate effect in the absence of production
networks, while the intra-sectoral feedback benefits and the inter-sectoral production
network effects fall within the scope of production networks and reflect the structural
effects of production networks on micro shocks. Each of these three scenarios describes
the propagation mechanism of micro shocks in a different way and operate independently
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without interfering with one another. Consequently, these three effects can be utilized to
decompose the complex first-order effects of productivity shocks.

4.1.2. Triangular Production Network Structure

We introduce the triangular production network structure into the first-order impact
formulation of shocks and analyze how the final demand effect, the intra-sectoral feedback
effect, and the inter-sectoral production network effect make up the complex impact mech-
anism. Figure 2 (4) illustrates the triangular network structure, indicating that the matrix
form of the production network is a triangular matrix. The triangular production network
structure is more conducive to exploring the upstream and downstream relationships
within the industrial chain compared to a non-triangular network structure and facilitates
the simplification of the formula.

First, the direct requirements matrix for the triangular production network structure is:

ann 412 - AN
0 axp -+ ;N

A= ,
0 0 -++ ANN

where the sectors are arranged in upstream-downstream order. Sector 1 uses intermediate
inputs from all sectors and is thus downstream of all sectors. Sector 2 uses intermediate
inputs from sectors 2, 3, . .., N and does not use intermediate inputs from sector 1. Sector N
uses only intermediate inputs from itself and is thus upstream of all sectors. Consequently,
the production network structure is represented as an upper triangular matrix in the direct
input coefficient matrix.

Then, the Leontief inverse matrix can be derived as:

i ho hn

0 Ip bn
L= ,

0 0 - Iyy

Since THE direct requirements matrix is upper triangular, the Leontief inverse matrix is
also upper triangular.

Next, we utilize the above matrix to analyze the magnitude of the first-order effects of
microeconomic shocks. First, we split Equation (18) to obtain:

N
di =b'L =) biLj, (19)
j=1

where L(i) denotes the ith column of the Leontief inverse matrix L. Since Z]‘N:1 b]- =1, we
can view the first-order impact of a microeconomic shock in sector i as the expected value
of the ith column of the Leontief inverse matrix, weighted by the probability b;.

Since microeconomic shocks in sector i are propagated to sectors through L;; in the
production network, which denotes the use of sector i by sector j, this propagation can
be thought as a downstream propagation [7,16]. To clearly represent this propagation
mechanism, the triangular production network structure is incorporated into Equation (19),
resulting in:

N i
di" =) biLji =} biLji, (20)
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where the summation is taken only up to the ith term. This is because the latter
(N —i+1) entries in the ith column of the Leontief inverse matrix are all zero, i.e.,
Lj =0, j=i+1,i+2,...,N. Thus, we obtain Theorem 2 as follows:

Theorem 2 (First-order propagation pattern of microeconomic shocks in the triangular
production network structure). In a triangular production network structure, the magnitude
of the impact of a productivity shock depends only on two factors: (i) the share of final demand
expenditures in sectors downstream of the given sector, and (ii) the total demand coefficient for the
sector from its downstream sectors. As a result, the productivity shock is propagated downstream
through the network.

Theorem 2 gives the direction and magnitude of propagation of micro shocks in a
triangular production network structure and can be extended to any production network
structure. From Theorem (2), productivity shocks are propagated downstream. Intuitively,
assuming a negative productivity shock to sector i, the immediate effect is an increase in
the price of sector i and thus an increase in costs downstream. As a response to the increase
in costs, downstream productive activity contracts. In this way, productivity shocks are
continuously propagated downstream, such that changes in final expenditures within the
shocked sector and its downstream sectors ultimately aggregate into modifications in final
demand. This result aligns with the findings of Acemoglu et al. [14].

4.2. Second-Order Propagation

The previous subsection examines the first-order propagation of microeconomic shocks
and elucidates a mechanism by which these shocks are transmitted downstream via price
effects. However, nonlinearities are critical to understanding various macroeconomic
phenomena, as they influence the dynamics of shock propagation through second-order
effects [8]. Building on this insight, this subsection delves into the second-order propa-
gation mechanisms of microeconomic shocks. To facilitate a clearer distinction between
the different propagation mechanisms, the analysis primarily focuses on a single factor,
progressing to a multi-factor framework thereafter.

4.2.1. Propagation Mechanisms with a Single Factor

First, the input-output covariance is defined as:
Cov ,(j) (L(k)/ L(Z)) =) AjiLyLiy — <Z AjiLik> (Z AjiLil> ’ (21)
i i i

where AU) refers to the jth row of the technical coefficient matrix and Ly and L ;) refer to
the kth and /th columns of the Leontief inverse matrix, respectively. The left-hand side of
the equation is referred to as the input-output covariance because it can be expressed in the
form Cov(X,Y) = E(XY) — E(X)E(Y). Here, Aj; can be viewed as a set of probabilities,
given that Z A ji = 1, while X = L (k)7 Y = L(l). Like the general properties of covariance,

1
the input-output covariance is both linear and symmetric. Following this, we present the
following theorem:

Theorem 3 (Second-order propagation of microeconomic shocks with a single factor). In the
context of a production network, the second-order effect of productivity shocks with a single factor is
given by:
dlogY  dd
dlogzidlogz; — dlogzy

= 2(9]' —1)d;Cov ) (L(k)r L(z))/ (22)
j
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where 0; denotes the elasticity of substitution in sector j, which measures the degree of substitution
between two factors in response to changes in their relative prices. The first-order effect of the
production network on microeconomic shocks is captured by the expectation of the Leontief inverse
matrix, whereas the second-order effect is represented by the covariance of the Leontief inverse matrix.

Next, the paper still applies the second-order effects to the three benchmark cases.

1. No Production Networks. In the case of no production network structure, the
fact that A is a zero matrix leads to AU) = 0. Consequently, the input-output covariance
Cov 4 (L(k), L(l)) is constant 0, leading to zero second-order effects. It can be concluded
that the structure of the production network is a necessary condition for second-order
effects under single-input factor conditions.

2. Round-about Economy. In the case where a sector utilizes intermediate goods
produced by itself, the presence of the production network ensures that the second-order
impact is non-zero. Substitute the technical coefficient matrix and the Leontief matrix into
Equation (22) yields:

dogy — dd; [ 0, 14k,
dlogzjdlogzy — dlogzy | t2%-dx(6k —1), I=k

On the one hand, productivity shocks in sector k have no effect on the sales share of
sector I (I # k) since each sector operates as an independent entity. On the other hand, the
productivity shock in sector k influences its own sales share, and we define the network-
related term (ag, /1 — ay) as the second-order intra-sector feedback. In particular, the size
of the second-order feedback effect within a sector is only aj; times the size of the first-order
effect. Consequently, the second-order effect is smaller than the first-order effect, indicating
that the impact diminishes with increasing order.

3. Vertical Economy. When there is a strict upstream-downstream relationship be-
tween sectors, their first-order effects are amplified through input-output relationships,
with the magnitude remaining as a;;. Considering the second-order effects, we substitute
the technical coefficient matrix and the Leontief matrix into Equation (22) yields:

dlogY 44
dlogzidlogz, 08z
0, |[I—k|>1o0orl=k=1
B2k 10F_1f — ﬂi,z,k,lﬂ%,l,a de2(0k2—1) + (akfl,k - ﬂﬁ,l,k) de1(6k—1 — 1), I=k#1lorN
={ (k-1 pk+1 — ﬂf,l,kﬂk,kﬂ)dk(ek -1), I—k=1
ap_1,141141 — ﬂlz_l,lﬂz,l+1)dl(91 —-1), k—1=1
AN-1,N — “%\171,1\1) dN-1(0n-1—1). I=k=N

For example, for the sales share d3, it is affected by shocks from both dlogz, and
dlog z3, with the magnitudes of the shocks given by:

dds
dlogz, = ({1121123 - 11%20123)112(1 —62),
dds
dlogzs (alza%3 B a%2“%3)d1(1 —601) + (ﬂz?s - “%3)d2(1 —6s).

It can be concluded that, first, in the absence of a feedback structure, the response
of sector i’s sales share d; to a shock is independent of its own sales share. Second, due
to the vertical structure between sectors, where no sector acts as both an input provider
and user for the same set of sectors, the sales share of sector i is independent of the
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productivity shock in sector (i —2) and further downstream sectors. For instance, the
partial derivative of d3 with respect to sector 1 shocks is equal to zero. Third, the response
of d; to a shock does not depend on the sales share of sector (i — 3) and further downstream
departments. For example, the partial derivatives of d; with respect to shocks in arbitrary
sectors are independent of d;. In summary, the response of sales share of sector i to
shocks is determined by three factors: the production network structure, the elasticity of
substitution, and the sales share of some downstream sectors. After excluding the intra-
sectoral feedback effect, we refer to the amplification of the production network as the
second-order inter-sectoral production network effect.

Next, we introduce the production network with a triangular structure into the second-
order propagation formula for productivity shocks and analyze its propagation mechanism.
The production network with a triangular structure not only contains the intra-sectoral
feedback effect and inter-sectoral production network effect but also entails more complex
input-output linkages between sectors. In addition, for simplification purposes, the final
demand (sector 0 in Section 3.2) was not included in the previous model. However, the
influence of the final demand is explored here.

First, consider a (4 x 4) triangular production network structure comprising two
production sectors, a primary factor sector, and a final demand sector, where production
sector 1 is positioned downstream and production sector 2 is located upstream. The
technical coefficient matrix and the Leontief inverse matrix are given by:

0 C1 Co 0
A |0 m e £ ’
0 0 az fz
0 0 0 O
a1 c1a1p %) c1f2012 af faca
1 I-ai1 (1-a11)(1-a22) T =y (1—a11)(1=a22) T ey T 1-an
0 1 app 2012 + A
L= T—ay (1-a11)(1-az) (I—an)(I-azp) ' 1-an
0 0 1 2
171122 17&22

0 0 0 1

Thus, the second-order impact of a sectoral productivity shock is given by:

ddl C1 C% aq
= — do(60p —1) +
dlogzy (1—an)® (1—an)’ o= 1

1
di(6,—1),
gy (6~ 1)

dd,  dd
dlogzy  dlogzy

= IX()dQ(Q() - 1) + D€1d1(91 — 1),

dd,
dlogzy

a
= Bodo (B — 1) + P11 — 1) + 1= —da(6 — 1),

where ag, a1, Bo, B1 are parameters related to the structure of the production network,
which can be expressed as a combination of intra-sectoral feedback effects and inter-sectoral
production network effects. Unlike the previous inter-sectoral production network effect,
the second-order effect of sector i on j may be amplified again by intra-sectoral feedback
from sector j. Thus, the second-order effect of the inter-sectoral production network in this
case is amplified due to intra-sectoral and inter-sectoral interactions. On the other hand,
for the second-order effect of a productivity shock in sector i on itself, the linear component
on the right-hand side of the equation, associated with its own sales share, represents the
purely intra-sectoral feedback effect. Meanwhile, the linear component associated with the
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sales shares of other sectors is a combination of both the inter-sectoral production network
effect and the intra-sectoral feedback effect.

Based on the above formula, the following important insights can be drawn: First,
the second-order effects of microeconomic shocks are symmetric, due to the symmetry
inherent in the covariance structure of the production network. This finding aligns with
the conclusions of Baqaee and Farhi [31]. Second, the effect of productivity shocks in
sectors 1 and 2 on the sales share of sector 1 is positively proportional to dy, d1, the effect of
productivity shocks in sector 1 on the sales share of sector 2 is proportional to dy, d;, and
the effect of productivity shocks in sector 2 on the share of sales in sector 2 is proportional
to dy, d1, dy. As a result, the productivity shock affects the sales shares of all sectors both
upstream and downstream, and the second-order effect on the macroeconomy is non-zero.
In the absence of production networks, the second-order impact on the macroeconomy
would remain zero. Therefore, production networks induce a second-order impact by
affecting the sales shares of all sectors.

Written in a unified equation, the magnitude of the second-order impact can be
expressed as:

dlogY — dd, _min(’rk) N |
dlogzldlogzk_dlogzk_ l;] vidi(1—0;), (23)

where 7; is a parameter related to the structure of the production network. Changes in
sectoral sales shares are related to factor substitution between sectors. Since the products
of sector i are only used as intermediate inputs in the downstream sectors, only these
downstream sectors can substitute for them. As a result, the change in the sales share of
sector i is only related to the elasticity of substitution and sales share of its downstream
sectors. Extending the above triangular production network structure to sector N, the
following theorem can be obtained:

Theorem 4 (Second-order propagation of microeconomic shocks in the triangular produc-
tion network structure). In the triangular production network structure, there are two important
conclusions, which are as follows:

(1)  The magnitude of the effect of a productivity shock in sectorion the sales share of sectorjis
always greater than 0. This magnitude depends on (i) the elasticity of substitution from sector
0 to sectormin(i, j)and (ii) the sales share from sector O to sectormin(i, ). The effect of a
productivity shock in sectorion the sales share in sectorjis simultaneously propagated upstream
and downstream.

(2)  The magnitude of the second-order impact of a productivity shock in sector i depends on (i)
the elasticity of substitution of sector i and its downstream sectors and (ii) the sales share of
sector i and its downstream sectors. Additionally, the second-order impact of a productivity
shock in sector i propagates both upstream and downstream.

Finally, we analyze the propagation mechanism of microeconomic shocks based on
the above results. We first introduce the effect of productivity shocks on product prices
under a single primary input:

dlogp; L
dlogz; Lij: (24)

Thus, the second-order effects of factor productivity shocks can be rewritten as:

dlogy — dd; g ~( dlogp
dlogzdlogz, — dlogzy ;(9] 1)d;Cov 4 (leng,L(l) _ 25)
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Thus, the first major effect of the productivity shock of sector k is the price effect
on each sector, which is measured by the k column L ;) of the L matrix. In a triangular
production network, Lj = 0if i > k. In this case, productivity shocks in sector k only affect
prices downstream. As a result, the price impact of a productivity shock is transmitted
downstream. However, in the real economy, prices in the downstream sectors often exert an
inverse forcing mechanism on the prices in the middle and upstream sectors. Characterizing
such a forcing mechanism presents an important direction for future model development.

After the primary impact, the relative price changes induce each producer to substitute
its factors, with the elasticity of substitution playing a crucial role in determining the extent
of this adjustment. Assume that there are only two inputs k and /. Their sales are x;py and
x1p;, respectively, and the elasticity of substitution between the two inputs by the producer
is 0, then we have:

_ dlog(xxpx/x1p1)
dlog(px/ pr)

where the effect of elasticity of substitution on relative sales under relative price changes

=01, (26)

is summarized by 6 — 1, which explains the presence of the term (6, — 1) in the
second-order effect.

After the definition, we return to the derivation following the relative price change.
Sector j substitutes goods in sector 1 with other goods. When 6; < 1, a rise in the relative
price of sector | implies an increase in the relative input share, leading to higher Domar
weights. The magnitude of this substitutability is measured by the input-output covariance
COZJA(]-) (d log p/d log Zi, L(l)) . Among this, the probability A(]) of the covariance represents
the interchangeable inputs of sector j, including inputs from sector [; dlog p/dlogzj
denotes the size of price change in each sector following the productivity shock in sector k;
L(;) denotes the total demand coefficient for sector [ in each sector. Ultimately, the effect of
sector k’s productivity shock on sector I’s sales share is equal to the sum of impact from
input substitution by all sectors to sector I. When the input-output covariance increases,
the relative relationship between sector / and the prices of the sectors becomes stronger,
leading to a greater input substitution of sector j for sector I.

Overall, the second major impact of the productivity shock in sector k is a change in
the share of sales in sector / caused by a change in prices in each sector. The second-order
impact of the productivity shock is transmitted upstream because sector j substitutes for
goods upstream. Combining the first and second impacts, the second-order impacts of
sectoral productivity shocks are transmitted both upstream and downstream along the
supply chain, so that the second-order impacts on all sectors are not zero.

In the special triangular production network case, the impact mechanism of sector k’s
productivity shock on the factor income share of sector / can be analyzed in detail. The
first major effect influences the prices of the sector and its downstream sectors, and the
second major effect arises from factor substitutions made by sector j. On the one hand,
sector j is downstream of sector [ because it relies on intermediate inputs from sector /, so
that k < [. On the other hand, price shocks must propagate through inputs in sector j, and
prices of the sector and its downstream sectors change, so sector j is downstream of sector
k,ie. j <k .Inall,j < min(k,1), which is the same result as in Theorem 4. There are two
conditions under which the sales share of sector j contributes to the impact of the sector k’s
shock on sector I: (1) sector j uses intermediate inputs from sector /, and (2) the price of the
intermediate inputs used by sector j is affected by the price shock.
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4.2.2. Propagation Mechanisms with Multiple Factors

In the previous section, we analyzed the second-order propagation mechanism of
productivity shocks under a single primary input. However, in real-world scenarios, there
are multiple factors. Next, we explore the propagation mechanism under multiple factors.

Theorem 5. The second-order impact of productivity shocks with multiple factors is:

d2logY dd, d logDy
dlogzjdlogz;  dlogz ]Z<9j - 1)deOUAU) (L(k)’L(l)> ? dlogzy §( 1)dfCOUA<J') (L(f)’L(l))

d logD; @
= ;(9]' —1)d;Cov,;) | Ly L Flogz, M0k

where the third equality is derived from the linear properties of the covariance operator. By replacing
the sales share d; in the above formula with the factor income share D , the impact of the productivity
shock on the factor income share can be expressed as follows:

d.
=2.(6-1) ﬁ;COUA<f> (Lo L) - Z
]

dlogDy
d logzy

dlogDy
d logzy

Z( )7COUA (L(g)'L(f))' (28)

which can be rewritten in matrix form as:

dlogD  dlogD

dlogzy Ta logzy O @9)

where the elements of <y and 6y are denoted by:
Zd 1)Cov 46 (Ligy L)) (30)
S = Zd 1)Cov 4 (Lgey L) ) (31)

It can be seen from the second equality of Equation (27) that the first term in the case of
multiple factors is the same as that in the case of a single factor. Therefore, the propagation
mechanism of this term is also transmitted both upstream and downstream, and the
magnitude of the second-order influence is only related to the downstream factor income
share. However, in the case of multiple primary inputs, the microeconomic productivity
shock also affects the sales share through the factor reallocation effect.

Equations (28)—(31) analyze in detail the impact of productivity shocks on factor
income shares. The impact comes from two sources. First, the factor income share of factor
f is directly affected by the productivity shock of sector k with the magnitude determined
k. When the relative price of factors is not considered, the productivity shock of sector k
can be described by Equation (22). Therefore, the direct effect J ;, without factor substitution
can be obtained by just replacing the corresponding sector index I with k. The change of
factor income share will cause the change of factor price. To analyze this mechanism, we
introduce the relationship between factor price w; and factor income proportion Dy as:

dlogws

A change in factor prices, like a change in product prices, will further induce changes
in the share of all sectors. Particularly, it will cause changes in factor income shares. Replace
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Mechanism 1— . —Mechanism 2»  Factor share change |«
f price change

L(xy in Formula (22) with L ¢ to represent the change in factor income shares caused by
factor price changes. Changes in the factor income share in turn cause further changes in
relative factor prices, and the process repeats itself. Finally, the change of factor income
shares is expressed as a multidimensional fixed-point equation.

After analyzing the change in factor income shares, we now return to the change
in sales shares or Domar weights in the production sectors. The change also consists of
two parts (shown in Figure 3). First, sectoral productivity shocks cause price changes in
their own and in downstream sectors, inducing input substitution in more downstream
sectors, which results in changes in the sales share in all sectors. Second, the productivity
shock causes price changes in both the sector itself and its downstream sectors, leading to
changes in factor income shares. The change in factor prices, in turn, causes changes in
the prices of the product sectors that utilize the factor, which leads to input substitution in
the downstream sectors, ultimately resulting in changes in the sales shares of all sectors.
Changes in sectoral sales shares result from both changes in product prices and changes in
factor prices. In addition, there is a feedback mechanism between changes in factor prices
and changes in factor income shares. Since primary factors can be considered the most
upstream sector, productivity shocks in any sector can influence factor prices.

Productivity shock

!

Downstream product

Sectoral sales share
(second order impact)

y

A

Downstream product

price change Factor price change —

Figure 3. Propagation mechanism of sectoral productivity shocks.

To further analyze the pattern of shock propagation, attention should be given to the
last equality of Equation (27), where the change in prices due to microeconomic shocks is:

L (33)
f

Thus, the second-order effects of productivity shocks under multiple primary inputs
can still be categorized into a twofold impact. The first impact consists of two paths: one
directly through the production network, and the other by affecting factor income shares,
which in turn impacts factor prices and is transmitted to the sectors that use these factors. In
terms of direction, both product and factor prices are transmitted downstream, establishing
a downstream propagation path. The second impact of the productivity shock mirrors
that in the case of a single primary input, representing an upstream propagation path.
Therefore, sectoral productivity shocks are transmitted both upstream and downstream
simultaneously, ultimately leading to changes in the sales shares of all sectors.
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To explore how the factor reallocation effect works, we begin with a simple case of a
factor self-input structure. Assuming that there is a final demand sector, a self-input sector,
and two primary factors in the economy, the corresponding direct requirements matrix and
Leontief inverse Matrix are:

0 g 0 O 1 11221 1f—221
1
A |0 fu ful |0 T |
0 0 0 © 0 0 1 0
0 0 0 0 0 0 0 1

where f;; denotes the primary factor input coefficient, which refers to the value of primary
inputs in the total output of each sector. Thus, the second-order effect is given by:

d?logY dd, D>ff + Dif3

dlog z1d log 7 - dlogzy ¢~ D1D2+D2f12§+D1f22§

CZ
where £ is the second-order effect under a single factor, which can be expressed as:

¢ = (1_{11;11)2d1(91 - 1)-

Several interesting findings can be derived from the above equations. First, when
there are two factors, the impact of the shock is related to the factor income shares D1, D,
and the primary factor input coefficient f1, f» for both factors. Second, when there is only
one production sector, the final demand expenditure share is 1 as there is only one final
good. The coefficient on the term containing 6y, dy is zero because the final demand sector
is no longer substituting inputs in this case. Third, multiple primary inputs reduce the
magnitude of the second-order effect of productivity shocks through factor income shares,
so the factor reallocation effect acts as a negative feedback process.

We extend the above results to a generalized triangular production network structure.
First, in terms of relevance, the second-order effects of sectoral productivity shocks are
correlated with both the factor income shares and primary factor input coefficients of each
factor due to changes in factor income shares and relative factor prices. Moreover, changes
in relative factor prices provide an additional mechanism for sectoral substitution, which
can also be transmitted upstream. As a result, the second-order effects, in general, are
correlated with the sales shares (Domar weights) of each production sector. Second, in terms
of magnitude, the impact through factor income shares, and hence relative factor prices,
is negative, which attenuates the second-order impact through downstream substitution
alone in the case of a single factor. Third, in terms of calculation, when the number of
production sectors exceeds 2, the inverse matrix becomes highly complicated, resulting in
the absence of a corresponding analytical or closed-form solution. Therefore, numerical
solutions must be used in practice to derive results.

5. Quantitative Analysis

We quantitatively analyze the models developed in the previous sections. Given
that the triangular input-output structure significantly simplifies the propagation formula,
thereby facilitating the analysis of the propagation mechanism, a fundamental question
arises: does the production network in the real economy exhibit a triangular structure?
Encouragingly, after processing China’s 2018 input-output tables, we find that the answer
is affirmative. This finding suggests that certain sectors predominantly serve as suppliers,
while others function primarily as users. From a theoretical perspective, the asymmetry
inherent in the production network can significantly influence the propagation of produc-
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tivity shocks. Building on the parameters of the triangular production network structure,
this section further simulates both the first-order and second-order propagation of shocks.
On the one hand, it examines the structural characteristics of the production network
and the associated propagation mechanisms. On the other hand, it identifies the key fac-
tors involved in the propagation of productivity shocks, providing a practical foundation
for policymaking.

5.1. Triangle Production Network Structure in China

First, we adjust China’s 2018 input-output table using the matrix triangulation method
proposed by Simpson and Tsukui [23]. The triangular production network structure is
characterized by the concentration of matrix elements in one triangle, which means that
sector i uses the products of sector (i 4+ 1), but sector (i + 1) does not use the products of
sector i. However, in the production network of a real economy, even if the elements are
concentrated in one triangle, the elements of the other triangle cannot all be 0. Therefore,
an approximate triangulation is adopted here. Simply put, a row-column comparison
approach is taken, where larger elements are gradually moved to one corner of the matrix
and smaller elements are gradually moved to the other opposite corner of the matrix. After
that, there are two possible scenarios. In the first case, the diagonal of the set of small
elements is not zero and the proportion of non-zero elements is large. Therefore, we call
the previous matrix a non-triangular matrix. In the second case, the diagonal of the set
of small elements is almost zero so that the processed matrix can be transformed into a
quasi-triangular matrix. Thus, we call the previous matrix a triangular matrix.

Figure 4 presents the triangular production network matrix for China’s 42 x 42 sectors
in 2018. This matrix is defined as the transpose of the classical technical coefficient matrix,
consistent with the definition used in the previous model. It is evident that the elements of
the matrix are predominantly concentrated in the upper-right corner. Specifically, sector 1
is characterized by having the largest number of sectors as users and the fewest as inputs,
making it the most downstream sector. In contrast, sector 42 has the largest number of
sectors as inputs and the fewest as users, rendering it the most upstream sector. To verify
this structure, we calculated the proportion of the sum of the elements in the upper-right
corner and the sum of the elements in the lower-left corner, respectively. The sum of the
elements in the upper-right corner accounts for 65.93%, and when combined with the
proportion of the diagonal elements, the total reaches 87.70%. These findings suggest
that China’s 2018 technical coefficient matrix is triangulable. This result is consistent with
Liu (2019), who derived similar findings from China’s 2007 input-output matrix, further
underscoring the stability of the triangular structure of China’s production network.

To better analyze the impact of the triangular production network structure, we in-
troduce the concept of sector essentiality. Sector 1 is said to be more fundamental than
sector 2 if sector 2 uses the products produced by sector 1 while sector 1 does not use the
products produced by sector 2. Compared to the concept of “upstream”, “sector essential-
ity” better reflects the necessity of a sector within the industrial chain. When analyzing
the propagation of microeconomic shocks, we use “more essential” and “more upstream”
interchangeably. After triangulating the input-output matrix, we obtain the ranking of
sector essentiality (as shown in Table 3). A higher ranking of sector essentiality indicates a
more essential sector. Accordingly, the top 10 sectors by sector essentiality are finance, real
estate, transportation, storage and postal services, leasing and business services, wholesale
and retail, coal mining and processing, electricity and heat production and supply, chemical
products, agricultural, forestry, animal husbandry, and fishery products and services, as
well as food and tobacco. These essential sectors exhibit distinct characteristics: agricultural
sectors include agricultural, forestry, animal husbandry, and fishery products and services,
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as well as food and tobacco. Industrial raw materials, fuels, and auxiliary materials encom-
pass coal mining and processing, electricity and heat production and supply, and chemical
products. Meanwhile, productive service sectors include finance, transportation, storage
and postal services, leasing and business services, and wholesale and retail. The results
here are similar to Lin [39]’s findings on the essentiality ranking of sectors in China. In the
input-output matrix, inputs of capital goods are as important as inputs of intermediate
goods across sectors. However, China does not officially publish an investment matrix,
making it impossible to obtain data on capital goods inputs. Since this study primarily
focuses on the propagation mechanisms within triangular production networks rather than
determining the relative importance of individual sectors, the absence of an investment
matrix does not affect the subsequent simulation of sectoral productivity shocks.
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0.42

0.31

| - 0.21

Input-Using Sector

~0.10

0.00

Input-Supplying Sector

Figure 4. This graph shows the triangulated production network. The coordinate system is defined
with the origin at the top-left corner, where the essentiality of departments increases progressively
towards both the right and downward directions. Sectors with higher essentiality rankings are posi-
tioned further upstream within the structure. This convention is maintained in subsequent figures.

Table 3. Top 10 sectors in terms of sectoral essentiality and their numbers.

Sector Ranking of Sector Essentiality
Finance 42
Real estate 41
Transportation, storage, and postal services 40
Leasing and business services 39
Wholesale and retail 38
Coal mining and processing 37
Electricity and heat production and supply 36
Chemical products 35
Agricultural, forestry, animal husbandry, fishery products and services 34
Food and tobacco 33

Note. The higher the ranking of sector essentiality, the more fundamental the sector.

5.2. First-Order Effects

We first simulate the first-order propagation of productivity shocks. Assuming a
one-unit shock to each sector, the magnitude of the first-order impact is determined solely
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by the sector’s Domar weight. The relationship between Domar weights and the ranking
of sector essentiality is illustrated in Figure 5. Here, there are several key findings: First,
in terms of magnitude, the maximum Domar weight is 0.290 (construction), while the
minimum is 0.002 (repair services for metal products, machinery, and equipment). The
ratio between the two sectors” Domar weights is 146, indicating significant variation in
the impact of productivity shocks across sectors on the overall economy. Second, when
regarding trends, Domar weights and the ranking of sector essentiality are generally
positively correlated. In other words, the more essential a sector (higher in the ranking), the
larger its Domar weight. This can be explained using the model: in a triangular production
network, shocks propagate downstream along the supply chain, determined only by the
final demand expenditure share of downstream sectors. A more essential (more upstream)
sector propagates its shocks to a greater number of sectors, leading to a more complex
composition of its Domar weight. However, this relationship is not strictly linear. When
the total demand coefficients between two intermediate sectors are sufficiently large, it
may lead to the first-order impact on downstream sectors being greater than the first-order
impact on upstream sectors.
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Figure 5. This graph shows the relationship between sector essentiality and Domar weights. The
bullet in the plot represents an individual industry and the dash line represent linear regression of
Domar weights and the ranking of sector essentiality. A higher ranking of sector essentiality indicates
a more essential (more upstream) sector. Since the Domar weight of sector 9 (construction) is 0.29,
which is much larger than the Domar weights of other sectors, this point is not included in the graph.

The Domar weight can be further decomposed into two components: one is the final
demand effect, and the other is the production network effect, which consists of both intra-
sectoral feedback effects and inter-sectoral production network effects. Figure 6 shows
the relationship between the final demand effect of each sector in China and its sector
essentiality ranking. From the figure, it can be observed that, except for sector 9 (con-
struction), the final demand effects of the sectors fluctuate around the mean value of 0.024.
There is no obvious relationship between the final demand effect and sector essentiality;,
suggesting that the final demand effect cannot be used to explain the relationship between
sector essentiality and Domar weights. Furthermore, the final demand effect of sector 9
is significantly larger than that of other sectors, which is the main reason for its Domar
weight being much higher than those of other sectors.
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Figure 6. The relationship between sector essentiality and final demand effect.

Next, we focus on describing the total production network effects represented by
the Leontief inverse matrix L. Figure 7 illustrates the results of these production network
effects. In the matrix, the columns represent the sectors experiencing the shock, while the
rows represent the sectors receiving the shock. If a matrix element is non-zero (colored in
blue), it indicates that the shock from the sector represented by the column can propagate
to the sector represented by the row. The deeper the color, the stronger the propagation
intensity. From the figure, it is evident that the non-zero matrix elements are concentrated
in the upper-right portion of the matrix, while elements in the lower-left portion are mostly
zero. This confirms the previous conclusion: the shocks from upstream sectors (with higher
sector numbers) primarily propagate to downstream sectors (with lower sector numbers).
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Figure 7. The production network effects of each sector.

Input-Supplying Sector

To further discuss the results derived from the Leontief inverse matrix, we examine
the impact of changes in the final demand effect on the economy. We select a sector with an
intermediate ranking in sector essentiality (sector 21) and increase its final demand expen-
diture share by 0.1, while leaving other sectors unchanged. The resulting changes in Domar
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weights are shown in Figure 8. The figure shows that as the final demand expenditure share
of sector 21 increases, the impact of productivity shocks on its upstream sectors changes
significantly, while the impact on its downstream sectors changes relatively little. Since the
first-order effects of productivity shocks propagate downstream, the impact of productivity
shocks in upstream sectors is related to the final demand share of downstream sectors,
while the impact of productivity shocks in downstream sectors is unrelated. Therefore, in a
triangular production network structure, a change in the final demand effect of one sector
will only affect the magnitude of productivity shocks to its upstream sectors.
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Figure 8. The change in the Domar weight of each sector.

Finally, Domar weights are determined by both the final demand effect and the
production network effect. The latter exposes significant differences between upstream
and downstream, and thus it explains the positive correlation between Domar weights
and sector essentiality. This positive correlation suggests that the first-order effects of
sectoral productivity shocks tend to be amplified as their fundamentals increase, and
this amplification becomes more pronounced as the production network matrix tends
to be more triangulated. Thus, sector essentiality is important in explaining economic
development and volatility. Industrial policy should prioritize supporting fundamental
sectors like finance, construction, and transportation. These sectors are vital for stable
economic growth. Encouraging technological innovation can strengthen their resilience,
helping to buffer the economy against negative productivity shocks.

5.3. Second-Order Effects

We consider the second-order effects due to sectoral unit productivity shocks. First,
we define and explain the parameters involved in the simulation process. Unlike the
first-order impact, the magnitude of the second-order impact depends on the sector’s
Domar weight, elasticity of substitution, and input-output relationship. Unlike first-order
effects, the magnitude of second-order effects depends on several factors: the Domar
weight d, the technical coefficient matrix A, the Leontief inverse matrix L, the factor income
share D, the elasticity of substitution 6, and the magnitude of the shock dlog(z). We
simulate the impact of a unit productivity shock, thus setting dlog(z) = 1. Based on the
industry linkages in the input-output matrix, the Domar weight, the factor income share,
and the two coefficient matrices can be calculated separately. Concerning the elasticity
of intermediate goods, this study follows the parameterization approach employed in
previous research, defines a reasonable range for the parameters, and selects values within
this range that are most appropriate for the model under consideration. Atalay [40]
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estimates the substitution elasticity between inputs to range from 0.4 to 0.8. In line with the
parameter settings adopted by Baqaee and Farhi [8], we specify the elasticity of substitution
between value-added and intermediate inputs as 0.5 and the elasticity of substitution in
consumption 6y as 0.9. When 6 > 1, there is a strong substitutability between inputs,
meaning that an increase in the relative factor price of an input will lead to a decrease in
its share. When 0 = 1, the CES function degenerates into a Cobb-Douglas production
function, implying a unitary elasticity of substitution between inputs. Conversely, when
f < 1, the substitutability between inputs is weak (indicating complementarity), and an
increase in the relative factor price of an input will result in an increase in its share. Thus,
the above setting implies that there is a complementary relationship both between inputs
and between preferences. Additionally, we will also select two scenarios for comparison:
6 = 0, representing the Leontief case, and 6§ = 2, representing the factor substitution
case. We do not set § = 1, as in this case, the second-order effects of productivity shocks
are zero (because there is no change in input shares, the second-order effect under the
Cobb-Douglas function is zero).

First, we present the second-order propagation when the elasticity of substitution
between inputs is 0.5 (Figure 9). As shown in the figure, first, although most second-order
shocks are numerically small, they are not zero. This verifies the conclusion that the second-
order effects of productivity shock propagate to both the upstream and downstream along
the industrial chain and that the second-order effects under the general production network
are not zero. Second, the matrix exhibits a symmetric distribution, which implies that the
impact of a shock in sector j on the sales share of sector i is the same as the impact of a shock
in sector i on the sales share of sector j. Fundamentally, this stems from the symmetry in the
form of input-output covariances, which coincides with the related findings of Baqaee and
Farhi [31]. Third, the second-order effect along the diagonal is negative, as a substitution
elasticity of less than 1 results in a decline in the relative price of the industry itself, which
in turn leads to a reduction in its relative sales share. Therefore, under conditions of input
complementarity, the second-order effects primarily serve to attenuate the first-order effects,
thereby alleviating the impact of negative shocks.
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Figure 9. This figure shows the second-order effects of productivity shocks when 6 = 0.5. Matrix
elements (7, j) denote the impact of sector j’s shock on sector i’s factor income share and denote the
second-order effects of shocks to the macroeconomy in sectors j and i.
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Next, we set the elasticity of substitution to zero to examine the propagation mecha-
nism of productivity shocks under the case of perfect complements. Figure 10 illustrates
the matrix distribution of the magnitude of the impact of second-order shocks when the
elasticity of substitution # = 0. The diagonal elements tend to be negative, while the
off-diagonal elements tend to be positive. When the elasticity of substitution is less than
one, a decrease in the relative price of the sector itself leads to a decrease in its relative
sales share and a subsequent increase in the relative sales share of other sectors. Compared
to the case with 6 = 0.5, the diagonal elements are smaller. This can be explained by the
formula with multiple factors, which suggests that when the elasticity of substitution is
less than 1, a smaller elasticity results in larger second-order effects of productivity shocks
on departments. This result aligns with the findings of Boehm et al. [32], whose analysis
demonstrates that product complementarity enhances the propagation of shocks across
firms. By adjusting the elasticity of substitution, second-order propagation exhibits similar
characteristics when the elasticity of substitution is less than 1.
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Figure 10. Second-order effects of productivity shocks when 6 = 0.

Subsequently, we investigate the scenario with a high elasticity of factor substitution.
Figure 11 illustrates the second-order effects of productivity shocks when 6 = 2. In com-
parison to the case where 6 = 0.5, the second-order effects of the shock are predominantly
positive. A positive productivity shock leads to a reduction in sectoral prices. When the
elasticity of substitution between factors exceeds 1, this price reduction within the sector
enhances its relative sales share while diminishing the relative sales share of other sectors.
Furthermore, the positive second-order effect implies that despite the reduction in relative
sales share, the absolute sales share of other sectors increases. According to the formula
with multiple factors, when the elasticity of substitution is greater than 1, the larger the
elasticity and the greater the second-order impact of sectoral productivity shocks. By alter-
ing the elasticity of substitution, second-order propagation exhibits similar characteristics
when the elasticity of substitution exceeds 1.
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Figure 11. Second-order effects of productivity shocks when 6 = 2.

Furthermore, we analyze the two mechanisms that underpin the observed second-
order effects. In the first mechanism, the shock induces changes in the price of the down-
stream product through price effects, which directly leads to input substitution by users.
In mechanism 2, changes in factor income shares and relative factor prices lead to price
adjustments of products, thereby indirectly prompting input substitution by users. In
addition, mechanism 1 is the only propagation mechanism of productivity shocks under a
single factor scenario.

Taking the elasticity of substitution § = 0.5 as an example, Figures 12 and 13 illustrate
the magnitude of the second-order impacts of productivity shocks, corresponding to the
two mechanisms described above. First, at § = 0.5, the magnitudes of the impacts resulting
from the two mechanisms differ substantially, with the direct effect (Mechanism 1) being
significantly larger than the indirect effect (Mechanism 2). This conclusion is consistent with
Acemoglu [16], who argues that the upstream effects of productivity shocks are substantially
smaller than the downstream effects. Mechanism 2, in this study, corresponds precisely to
the upstream effects. Second, the impacts generated by mechanism I are distributed on the
diagonal of the matrix, while the impacts generated by mechanism II are distributed on
both the diagonal and the non-diagonal elements. Thus, second-order propagation through
mechanism I acts primarily on intra-sectoral feedback, while second-order propagation
through mechanism II also acts on production networks. This may be due to two reasons:
on the one hand, there is upstream and downstream attenuation in the price propagation
mechanism of mechanism I; on the other hand, mechanism Il may be amplified through
the interaction between value added shares and relative factor prices.

Finally, by modifying the elasticity of substitution in a specific sector, we can further
examine how the second-order propagation of productivity shocks in other sectors is
influenced by this sector, thereby identifying the direction of shock propagation. Specifically,
we increase the elasticity of factor substitution in sector 21 (the middle sector) from 0.5 to
0.9. The differences in the second-order effects between the treatment and control groups
are then compared, with the elasticity of substitution for all other sectors remaining fixed
at 0.5. As shown in Figure 14, the elasticity of factor substitution of sector 21 mainly affects
the diagonal elements after sector 21 in the matrix. This confirms theorem 4: Second-order
effects in a triangular production network structure depend only on (1) the elasticity of
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factor substitution from sector 0 to sector min(i, j) and (2) the share of sales from sector 0 to
sector min(7, j). In summary, the price effect propagates downward, while the second-order
transmission related to the elasticity of substitution propagates upward.
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Figure 12. Second-order effects of productivity shocks caused by mechanism 1.
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Figure 13. Second-order effects of productivity shocks caused by mechanism 2.
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Figure 14. Impact of elasticity of substitution of sector 21.

6. Conclusions and Discussion

This paper introduces a general equilibrium model with a production network to
explain the propagation mechanism of microeconomic productivity shocks. Within the
framework of production network theory, this paper innovatively incorporates a triangular
production network structure and provides a detailed analysis of the upstream and down-
stream propagation mechanisms of microeconomic productivity shocks. These mechanisms
are further validated and discussed through quantitative analysis. The main conclusions of
the paper are as follows:

First, the first-order effects of microeconomic productivity shocks propagate down-
stream along the industrial chain, while the second-order effects of microeconomic
productivity shocks propagate simultaneously upstream and downstream along the
industrial chain.

Second, the first-order propagation mechanism of microeconomic productivity shocks
involves changes in the prices of the affected sector and its downstream sectors, induced
by the productivity shock. The second-order propagation mechanism occurs through two
channels: one involves changes in the prices of the sector itself and its downstream sectors,
leading to input substitution by further downstream sectors; the other occurs through the
reallocation of factors, which alters relative factor prices and subsequently affects the prices
faced by factor users, prompting further input substitution by downstream sectors. By
altering the structure of the production network, these mechanisms can either be disrupted
or reinforced, thereby smoothing macroeconomic fluctuations or enhancing the impact of
technological progress.

Third, the production network contributes to both the first- and second-order effects
of microeconomic productivity shocks. The impact of different shocks and production
network structures can be attributed to three types of effects: final demand effects, intra-
sectoral feedback effects, and inter-sectoral production network effects, the latter two of
which are effects brought about by the production network. The structure of the production
network plays a non-negligible role in the scope and magnitude of productivity shocks. By
introducing a triangular production network structure, this paper finds that the magnitude
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of the first-order effect of a sector’s productivity shock depends solely on the final demand
share of the downstream sectors and the direct input coefficients of the downstream sectors
for the affected sector. Under single-factor conditions, the magnitude of the second-order
effect of a sector’s productivity shock depends on the factor substitution elasticity of this
sector and its downstream sectors, as well as the final demand share of this sector and its
downstream sectors.

Fourth, actual economic data indicate that the production network structure matrix
in China is triangulable. This suggests that the input-output linkages between certain
sectors are unidirectional rather than bidirectional. Therefore, the analytical conclusions
drawn from the triangular production network are also applicable to the analysis of the
propagation of microeconomic shocks in China, providing valuable insights for formulating
rational and accurate economic policies to address technological and external shocks.

Based on the above conclusions, this paper proposes the following policy recommen-
dations. First, we emphasize the crucial role of production networks in the policy-making
process, as they not only profoundly influence the propagation of microeconomic shocks
but also serve as channels through which various policies affect the real economy. Second,
given the strong amplifying effects of production networks in upstream industries, it is
essential to provide substantial support for three kinds of fundamental sectors: agriculture,
energy, and productive services such as finance and real estate. This will both mitigate the
impact of productivity shocks on economic fluctuations and magnify the overall effects of
technological progress. Finally, simulations of the real-world economy will aid in identi-
fying the microeconomic origins of macroeconomic fluctuations, facilitating the accurate
assessment of the impacts of microeconomic shocks, and enabling the precise formulation
and implementation of monetary, fiscal, and industrial policies.

The analysis in this paper still possesses some limitations, which could serve as
potential directions for future research. First, this paper focuses on productivity shocks
and only examines the supply side. Existing literature has explored the demand side,
for example, Acemoglu [16] argues that demand shocks (such as changes in imports or
government spending) propagate upstream, meaning that the impact on upstream sectors
is greater than on downstream sectors directly affected by the shock. Baqaee and Farhi [31]
suggest that demand shocks can also be modeled as supply shocks. However, further
research is needed to explore the magnitude, propagation direction, and mechanisms of
demand shocks.

Second, the numerical simulation results presented in this paper primarily focus on
the direction and magnitude of shock propagation, without estimating the actual impact of
microeconomic shocks. On the one hand, the accuracy of the estimates is heavily dependent
on the precise calibration of key parameters, such as sectoral productivity and factor
substitution elasticity. A crucial task for future research will be to improve the model by
incorporating more accurate calibrations. On the other hand, to fully leverage the potential
of triangular production networks, future studies could examine specific exogenous shocks,
thereby offering more targeted policy insights for real-world applications.

Third, the analysis in this paper relies on certain assumptions, particularly the efficient
market hypothesis and the exogenous network hypothesis. First, the economy is character-
ized by various frictions and distortions, such as financial frictions and matching frictions.
These frictions or distortions can lead to factor misallocation within a production network
economy, resulting in a decline in overall Total Factor Productivity (TFP) and economic
efficiency. Given that a significant portion of the impact of microeconomic shocks arises
from factor reallocation, these frictions or distortions can influence both the magnitude and
direction of microeconomic shocks. This misallocation provides a basis for formulating
industrial policies within production networks [26]. Furthermore, endogenous produc-
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tion networks represent a significant topic within the current literature on production
networks. When considering endogenous production networks, the structure or density
of the network may evolve in response to microeconomic shocks, leading to uncertain
effects on the magnitude and direction of shocks. One possible approach is to examine a
specific type of microeconomic shock, such as automation within a particular sector, and
examine its specific impact on the production network. Exploring the role of endogenous
production networks through the lens of triangular production networks is a viable avenue
for future research.
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