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Abstract: This study introduces a novel Gaussian process (GP) regression framework
that probabilistically enforces physical constraints, with a particular focus on equality
conditions. The GP model is trained using the quantum-inspired Hamiltonian Monte
Carlo (QHMC) algorithm, which efficiently samples from a wide range of distributions
by allowing a particle’s mass matrix to vary according to a probability distribution. By
integrating QHMC into the GP regression with probabilistic handling of the constraints,
this approach balances the computational cost and accuracy in the resulting GP model, as
the probabilistic nature of the method contributes to shorter execution times compared with
existing GP-based approaches. Additionally, we introduce an adaptive learning algorithm
to optimize the selection of constraint locations to further enhance the flexibility of the
method. We demonstrate the effectiveness and robustness of our algorithm on synthetic
examples, including 2-dimensional and 10-dimensional GP models under noisy conditions,
as well as a practical application involving the reconstruction of a sparsely observed steady-
state heat transport problem. The proposed approach reduces the posterior variance in the
resulting model, achieving stable and accurate sampling results across all test cases while
maintaining computational efficiency.

Keywords: Gaussian process regression; quantum-inspired Hamiltonian Monte Carlo;
equality constraints

MSC: 68U99

1. Introduction

In many machine learning applications, measuring complex systems or evaluating
computational models can be challenging due to the high costs, time requirements, or inten-
sive computational demands. GP regression offers a solution by creating a surrogate model
that approximates the behavior of these systems. As a Bayesian approach to supervised
learning, GP regression is commonly applied in tasks such as regression and classification.
It defines a probability distribution over a set of functions, allowing for predictions based
on observed data through Bayesian conditioning [1,2].

Collaborating with Bayesian optimization, GP regression can be used broadly for
applications such as industrial process time series forecasting modeling [3] and price pre-
dictions [4]. Although conventional GP regression has the disadvantage of computational
complexity, various techniques can be used to improve its efficiency. For example, inte-
grating stochastic fully symmetric interpolatory rules and local approximations into the
GP regression framework reduces time complexity and improves prediction accuracy [5].
A key advantage of GP regression arises from its ability to incorporate prior information
through kernels, enabling the model to make predictions while also providing uncertainty
estimates [6]. However, in many cases, the prior information reflects underlying physical
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laws [1]. For example, physical properties such as temperature, density, and viscosity must
adhere to non-negativity constraints [7]. The standard GP regression framework may not
account for these constraints, potentially leading to predictions that violate fundamental
physical principles, resulting in unbounded or infeasible values. Therefore, the integra-
tion of physical constraints acts as a form of regularization, improving the accuracy and
reliability of a GP model in real-world applications [8].

For example, enforcing inequality constraints in GP regression is challenging, as the
conditional process does not retain typical GP properties [9]. Approaches to address
these types of problems include data augmentation to enforce constraints at multiple loca-
tions [10] or using block covariance kernels [11]. Implicitly constrained GP methods show
that linear constraints can be satisfied if met by the training data [12], while other methods
demonstrate that imposing linear inequality constraints results in a compound GP with a
truncated Gaussian mean [13]. Most approaches assume constraints on a finite set of points,
approximating the posterior distribution accordingly [9,14,15]. The study in [16] extends
the work in [9] by approximating the posterior distribution by a truncated multinormal
distribution using various Markov chain Monte Carlo (MCMC) methods including Gibbs,
Metropolis-Hastings (MH), and Hamiltonian Monte Carlo (HMC) for sampling. While
truncated Gaussian methods provide high accuracy and the flexibility to satisfy multiple
inequality conditions, they can be time-consuming, particularly when dealing with large
datasets or high-dimensional problems, despite addressing some limitations identified
in [9]. In [17], the QHMC algorithm is employed to train the GP model and enforce in-
equality and monotonicity constraints in a probabilistic manner. This method addresses the
computational challenges associated with high-dimensional problems and large datasets.
Unlike the truncated Gaussian techniques used in [16] for handling inequality constraints
or the additive GP approach in [18] for imposing monotonicity constraints, the proposed
method is capable of maintaining efficiency even in higher-dimensional settings.

Furthermore, constraints may also be more tightly integrated with the underlying
physics: the GP can be constrained to satisfy constraints representing physical laws ex-
pressed as partial different equations (PDE) [8]. An earlier method for constraining GP
with differential equations involves constructing a specialized covariance kernel so that
the GP satisfies the constraint across the entire domain. This technique traces back to the
divergence-free kernel [19] for vector-valued GPs. It not only enforces the constraint strictly
but also avoids the computational cost associated with the four-block covariance matrix.
However, this approach has limited applicability and requires specialized implementation
since it involves analytically deriving a kernel with the necessary constraining properties.
Later, a method for designing the covariance function of a multivariate GP subject to known
linear operator constraints on the target function was presented in [20]. The method is
designed to guarantee that any sample drawn from the resulting process will obey the
constraints at all points. While there are other methods for constructing the kernel function,
like the one proposed in [21], these approaches often involve specific conditions. This can
make it more challenging to generalize the methods across different scenarios.

Traditional approaches for solving differential equations have long relied on analytical
and numerical methods under well-posed conditions, constrained by the quality of bound-
ary and forcing conditions. However, recent advancements are fundamentally shifting
this paradigm by integrating probabilistic machine learning techniques with differential
equations. For example, data-driven algorithms that use GP priors tailored for integro-
differential operators enable the solving of general linear equations. These algorithms can
work with sparse, noisy, multi-fidelity data that do not need to be located at the domain
boundaries [11,22]. This approach not only provides predictive posterior distributions to
quantify uncertainty but also enables adaptive solution refinement through active learning.
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Building upon the works in [17,22], in this work, we integrate QHMC training into
equality-constrained GP regression in a probabilistic manner. Additionally, an adaptive
learning algorithm is employed to optimize the selection of constraint locations. Our work
addresses the computational limitations caused by high dimensions or large datasets. It
offers a flexible alternative to conventional numerical methods while also being scalable
to high-dimensional problems. The effectiveness and precision of the QHMC algorithms
are demonstrated across various scenarios, including both low-dimensional and high-
dimensional synthetic problems, and one real example is provided for a three-dimensional
heat transfer problem under PDE constraints. The main contributions of this work can be
outlined in the following three points: (i) using QHMC sampling increases the accuracy
and reduces the difference between the posterior mean and ground truth; (ii) applying
QHMC within a probabilistic framework reduces variance and uncertainty; and (iii) the
proposed algorithm serves as a robust, efficient, and flexible approach that can be applied
across a wide range of problems.

2. Gaussian Process Under Equality Constraints
2.1. Standard GP Regression Framework
1),y(2), ...,y(T))N, where

each y)) € R corresponds to an observation at the locations X = {x(?) }N . Here, each x()

Consider a target function represented by the values y = (y(

is a d-dimensional vector within the domain D € R%. In line with the framework from [2],
we approximate the target function using a GP, denoted as Y(.,.) : D x 3 — R. The GP Y
can be written as

Y(x) := GP[u(x),K(x,x")],
where y(.) is the mean function and K(x, x’) is the covariance function, each specified by
p(x) =E[Y(x)], and K(x,x') =E[Y(x) = p(x)][Y(x") — u(x)].

A typical choice for the covariance kernel function is the standard squared exponential
covariance kernel, which is described as

x—x'||?
K(x,x') = o2 exp (—H 7B ||2> + 03050,

where 02 represents the signal variance, J, s is the Kronecker delta function, and [ is
the length-scale. It is assumed that the observations include an additive independent
identically distributed (i.i.d.) Gaussian noise term € and having zero mean and variance 2.
The set of hyperparameters, 6 = (0,1, 0,), is estimated using the training data, typically by
minimizing the negative marginal log-likelihood [2,23,24]:

—log[p(Y|X,0)] = S[(y — u"K~(y — p) + log [K| + Nlog(27)]. (1)

N[ —

In this work, we estimate the set of parameters by performing QHMC updates.

2.2. Quantum-Inspired Hamiltonian Monte Carlo

Quantum-Inspired Hamiltonian Monte Carlo is an advanced variation of the tradi-
tional HMC algorithm that introduces an additional random mass matrix for the particles,
governed by a probability distribution. In standard HMC, the system’s state is described
by two main components: the position, represented by the original variables (x), and the
Gaussian momentum, modeled through auxiliary variables (7). QHMC expands on this
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by incorporating principles from quantum mechanics, particularly the energy—time uncer-
tainty relation, to allow the mass of the particle to vary randomly according to a probability
distribution. This modification introduces a new variable, the mass (), alongside the posi-
tion and momentum variables. The introduction of this third variable offers the key benefit
of enabling the QHMC algorithm to explore a broader range of potential landscapes in the
state-space, making it more versatile. Consequently, QHMC can more effectively navigate
complex distributions, including those that are discontinuous, non-smooth, or have spiky
features—areas where traditional HMC may struggle. This enhanced exploration capability
gives QHMC an edge in sampling from challenging distributions, as it can adapt to varying
local structures in the target distribution [25,26].

The quantum nature of QHMC can be illustrated through the example of a one-
dimensional harmonic oscillator, as described in [26]. Consider a ball with a fixed mass
m attached to a spring at the origin. Let x represent the displacement of the ball from the
origin. The restoring force acting on the ball is given by F = —kx, which pulls the ball
back toward the origin, causing it to oscillate with a period T = 27‘(\/% . In standard HMC,
the mass m is fixed at a value of 1. QHMC, however, introduces a key enhancement by
allowing the mass to vary with time. This enables the ball to have different accelerations
and, as a result, explore a wider range of distribution landscapes. Specifically, QHMC can
use a shorter time period T, which corresponds to a smaller mass m, to efficiently traverse
broad and relatively flat regions of the distribution. On the other hand, when dealing with
regions that are spiky or have sharp features, QHMC can adapt by employing a longer
time period T, associated with a larger mass m, ensuring that all areas of the landscape are
thoroughly explored. This flexibility in adjusting the mass and time scale allows QHMC to
better navigate complex and varied distributions compared to standard HMC [26].

The implementation of QHMC is relatively simple: a stochastic process M(t) is con-
structed for the mass, and at each time ¢, the mass M(t) is sampled from a distribution
Ppi(M). The only addition to the standard HMC process is resampling the positive-
definite mass matrix at each step. In practice, we assume that Py;(M) is independent
of x and g, and we select a mass density function Py;(M) with mean i, and variance 02, as
logm ~ N (pm, U%), M = ml, where I is the identity matrix. Then, the QHMC framework
simulates the following dynamical system:

x\ M(t) g
d<q> B dt(—VU(x))
3. Proposed Method

In the QHMC context provided in the previous section, the potential energy function
for the QHMC system is given by U(x) = —log[p(Y|X, 8)], i.e., the negative of marginal log-
likelihood. Algorithm 1 summarizes the steps of QHMC sampling, and, here, we consider
the location variables {x(?) }N | in GP model as the position variables x in Algorithm 1. The
method evolves the QHMC dynamics to update the locations x. In this work, we implement
the QHMC method for equality-constrained GP regression in a probabilistic manner.

Rather than strictly enforcing all constraints, the methods proposed in [7,17] focus
on minimizing the negative marginal log-likelihood function from Equation (1) while
allowing for occasional violations of the constraints with a small probability. For example,
an equality-constrained optimization problem can be modified by introducing the following
condition to the problem:

P[(Y(x)|x,0) #c] <y, forall xeD, ()
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where 0 < 7 << 1. Unlike methods that enforce constraints using a truncated Gaussian
assumption [9] or by applying inference techniques such as the Laplace approximation
and expectation propagation [27], the proposed approach maintains the Gaussian posterior
typical of standard GP regression. This method introduces only a slight modification to the
existing cost function. For a model that follows a Gaussian distribution, the constraint can
be reformulated in terms of the posterior mean and posterior standard deviation:

v (x) +¢ L(n)s(x) =0, forall xeD, 3)

where y*(x) stands for the posterior mean, s is the standard deviation, and ¢ is the cumula-
tive distribution function of a Gaussian random variable. In this work, we set 1 2.2% for
demonstration purposes, as in [7]. This gives ¢! () = —2, indicating that the violation is
allowed for two standard deviations. Then, the reformulation of the optimization problem
is given as follows:

argmin, —log[p(Y|X,0)] such that

) (4)
c—2s(x) <y*(x) < c+2s(x).

In this specific formulation of the optimization problem, there is a functional constraint
outlined in Equation (4). It may be impractical or even impossible to satisfy this constraint
at every point throughout the entire domain. Consequently, we implement a strategy that
enforces Equation (4) only at a chosen set of m constraint points, denoted as X, = xﬁ”i-":l.
We reformulate the optimization problem:

argmin, —log[p(Y|X,0)] such that )
. . . 5
c— 25(x((;l)) < y*(xgl)) <c+ ZS(xgl)) forall i=1,2,..m,

where hyperparameters are estimated to enforce bounds. Solving this optimization problem
can be quite challenging, requiring the addition of regularization terms to the approach
presented in [7]. Instead of directly solving the optimization problem, this work employs the
soft-QHMC method first introduced in [17], which introduces inequality constraints with a
high probability (for example, 95%) by selecting a specific set of m constraint points within
the domain. Non-negativity is then enforced on the posterior GP at these selected points.

The QHMC algorithm is used to minimize the log-likelihood from Equation (1). By
utilizing Bayesian estimation techniques [28], we can approximate the posterior distri-
bution based on the log-likelihood function and the prior probability distribution, as
outlined below:

p(X,0Y) e« p(X,6,Y) = p(0)p(X|0)p(Y[X, ). (6)

The QHMC training process begins with this Bayesian learning and switch to an MCMC
procedure to draw samples generated within the Bayesian framework. The details are
provided in Algorithm 1. A general sampling procedure at step ¢ is given as follows:

XD < 7(x160) = p(x]6W,Y),

7
00+ (6]X) = p(B1X*HD, ). 7
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Algorithm 1 QHMC Training for GP with Equality Constraints

Input: Initial point x, step size €, number of simulation steps L, mass distribution parame-
ters uy, and oy,.
1: fort=1,2,...do
2. Resample M; ~ Pyi(M)
Resample g; ~ N (0, M;)
(x0,q0) = (x1V, ")
qo <= g0 — 5 VU(xo)
3 fori=1,2,.,L—1do
4 Xi 4 Xj_1+ GMflqi,l
qi < qi-1 — 5VU(x;)
5. end for
X[ < X[_1 +€Mt_qu,1
qr <= qr-1— 5VU(xL)
(£,4) = (x1.q1)
MH step: u ~ Uniform|0,1];
—H(24)+H(x" g1)),

p=e
6: if u < min(1,p) then

7. (x(t+1)’q(t+1)) — (55/ 1'7\)

8 else

9 (x(f+1),q(f+1) — (x(f),q(f))
10:  end if
11: end for

Output: {x(),x?), ..}

3.1. Adaptive Learning Mechanism

Instead of randomly selecting m constraint points, the proposed algorithm initiates
its process with an empty set of constraints and adaptively determines the locations of
the constraint points one by one. This adaptive approach allows for a more sophisticated
selection process that can lead to improved performance. Throughout this iterative process,
several strategies are employed to effectively add constraints based on the behavior of
the model.

The first strategy is known as the constraint-adaptive approach. Specifically, the
algorithm continuously examines whether the constraints are being satisfied at various
pre-decided locations within the domain. For each candidate location, the function value is
calculated, and if a violation of the constraint is detected, a constraint point is then added
at that specific location. This real-time evaluation ensures that the algorithm can quickly
respond to areas where the constraints are not met, allowing for a more dynamic and
responsive optimization process.

The second strategy employed is the variance-adaptive approach. This technique
involves calculating the posterior variance within the test set to identify which locations
exhibit the highest uncertainty. By focusing on these high-variance areas, the algorithm
aims to add constraint points that will help to reduce overall prediction variance, thereby
increasing the stability of the model’s outputs. This approach ensures that the algorithm
prioritizes regions that may contribute most significantly to uncertainty, effectively allowing
it to enhance the reliability of its predictions.

Additionally, the algorithm employs a hybrid strategy that combines both constraint
and variance adaptation. In this combined approach, a threshold value is established for
the variance. The algorithm identifies constraint points at locations where the highest
prediction variance is observed, aiming to address and stabilize these areas first. Once the
variance for these points is successfully reduced to the predetermined threshold value, the
algorithm switches back to the constraint-adaptive approach. In this phase, it focuses on
locating constraint points in areas where violations are occurring, ensuring that the model
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remains robust and compliant with the necessary constraints while continually refining
its predictions. By integrating these strategies, the algorithm effectively navigates the
challenges posed by the optimization problem, leading to more accurate and reliable results.

An example of the variance-adaptive approach can be seen in the workflow of soft
equality-constrained GP regression, as outlined in Algorithm 2. In this implementation,
QHMC sampling, described in Algorithm 1, serves as the training method for the Gaussian
process (GP). In this specific version of soft equality-constrained GP regression, constraint
points are strategically positioned at locations where the posterior variance is at its highest.
We summarize the workflow of the soft equality-constrained GP regression using QHMC
in Figure 1, where we give the main steps to use Algorithms 1 and 2.

Algorithm 2 GP Regression with Soft Constraints

1: Specify m constraint points denoted by X, = xgi) ;ﬂ:l, where corresponding observation
y* (xe) 1.
:fori=1,2,..,mdo ‘
Compute the MSE of SZ(xEI)) of MLE prediction y*(x.) for x. € D.
Obtain observation y* (x)() at x”
Locate xEZH) for the maximum of sz(xgl)) for x, € D.

4: end for

Construct the MLE prediction of y*(x) using QHMC training.

Output: y*(x).

@ N

Start: Specify m constraint points X, = {x,(;i) }™ ,, corresponding observations y* (xgi)).

Construct the soft-equality constrained GP model as in (5).

Train the GP model using QHMC algorithm in Algorithm 1.

Locate the next constraint adaptively.

Construct the MLE prediction of y*(x).

e

Figure 1. Workflow of soft equality-constrained GP regression using QHMC training.

3.2. Convergence Properties of the Probabilistic Approach

This section establishes that enforcing constraints on a subset of locations x in the
domain D preserves convergence. We will follow the proof provided in [17], and for more
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details, we refer the readers to [17,29]. Recall that the equality-constrained optimization
problem is as follows:

argmin, —log[p(Y|X,0)] such that @
. . . 8
c— Zs(xgl)) < y*(xgz)) <c+ Zs(xgl)) forall i=1,2,..,m.

The goal here is to show that the solution obtained using the selected set of input
locations converges to the solution obtained using all input locations. This convergence
guarantees that the probabilistic approach will eventually result in a model that satisfies
the desired conditions. For simplicity, we will show this convergence for the left-hand side
of Equation (8), and throughout the proof, we will assume that D is finite. We can construct
the proof for two cases:

Case (i): Suppose that the domain D is a countable set containing N elements. Select
a subset D, € D with m points, where xEl),x?),..., xﬁ’") € D,;. We have a Gaussian
probability distribution for each x € D. The set of distributions for x € D is denoted by P,
while Py, represents the set of distributions for constraint points x € D,,. Now, define a set
H(x) as

H(x) := {6[p(Y[X,6) <0}, )

which identifies regions where the constraint is violated. For a fixed x € D, let the
following apply:

= inf P(Y|X,0) < 0= inf P(H(x)), d

v(x) := inf P(Y|X,6) nf P(H(x)), an W
= inf P(Y|X,0) < 0= inf P(H(x)).

on(x) i= inf P(YIX,0) <0= inf P(H(x))

Case (ii): Suppose that the domain D is a finite but uncountable set. Since D is finite,
the set D U {x} is also finite. Then, construct a countable subset D with x € D. The sets
P, Pm and H(x) are defined similarly to Equations (9) and (10). To establish convergence, a
convergence of v, over v as Py, converges to P, and we will use the following metrics [29]:

1.  Distance from a point to set:
d(x,A) := inf ||x —«'||. (11)
x'eA

Equation (11) defines the distance from point x to set A.
2. Distance between compact sets:

D(A, B) := supd(x, B). (12)
x€A

Equation (12) defines the distance between two compact sets, A and B.
3. Hausdorff distance:

H(A, B) := max{D(A,B),D(B, A)}.

Equation (3) defines the Hausdorff distance between A and B.
4. Pseudo-metric for probability distributions: Finally, we define a pseudo-metric d to
describe the distance between two probability distributions, P and P, as

d(P,P) := sup |P(H(x)) = P(H(x))], (13)

where D is the domain specified in Section 3.2.
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Assumption 1. Assume the following:
1. There exists a weakly compact set P such that P C P and Py, C P .
2. lim d(P, Py,) = 0, with probability 1.
m—N
3. lim d(Py,, P) = 0, with probability 1.
m—N

Theorem 1. Under the assumptions in Assumption 1, vy, converges to v as Py, converges to

P,ie.,
lim sup |vm(x) —v(x)| = 0.
m—N xeD

Proof. Let x € D be fixed. Define:
V:={P(H(x)):Pec(P)}, Vu:={P(H(x)):P € cl(Pn)}
The Hausdorff distance between conv(V) and conv(V,,) is
H(conv(V),conv(Vy,)) = max{|by —b|, |am — al},

where:
a=infv, b=supv, ay= inf v, b, = supv.
'UGV veV UEVm UGVm

Using the properties of the Hausdorff distance:
[om (%) —v(x)| <H(V, Vi) <H(P, Pm).
Taking the supremum over x € D:

sup [ (x) — v(x)| < H(P, Pu),

xeD

and asm — N, H(P, P,,) — 0. Thus:

li — =0.

Jim sup [om (x) —v(x)[ =0
This concludes the proof for the left-hand side of the constraint in (8). The proof for the
right-hand side follows the same approach. [

4. Numerical Examples

In this section, we evaluate the performance of the proposed algorithms on various ex-
amples including synthetic and real data. Synthetic examples are generated to demonstrate
the efficacy of the proposed method on larger datasets and higher dimensions. In these
numerical examples, the time and accuracy performances of the algorithms are assessed
while varying the dataset size and noise level in the data. We consider the relative I, error
between the posterior mean y* and the true value of the target function f(x) on a set of test

points X; = {xg)}f\il [7]:

E:JZH v () - )P "

M Fai)?

We solve the log-likelihood minimization problem in Equation (5) in MATLAB. Further-
more, to demonstrate the advantages of QHMC over standard HMC, the proposed method
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is also implemented using the traditional HMC procedure. The comparison includes
the relative error, posterior variance, and execution time for both the QHMC and HMC
algorithms, with the results presented for each version.

The results for both soft-constrained and hard-constrained versions of QHMC are
presented for comparison. The constraint-adaptive, hard-constrained version is labeled as
QHMCad, while its soft-constrained counterpart is referred to as QHMCsoftad. Similarly,
QHMCyvar denotes the variance-focused approach, with its soft-constrained version called
QHMCsoftvar. The combination of the two methods, incorporating both hard and soft
constraints, is represented by QHMCboth and QHMCsoftboth, respectively.

4.1. Poisson Equation in 2D

Consider the following differential equation [30]:

02 02
a—x%u(x) + @u(x) = f(x). (15)
We generate a synthetic dataset that includes a single-fidelity collection of noise-free ob-
servations for the forcing term f(x) = —27%sin(7tx1) sin(7x,). Additionally, the initial
noise-free locations are generated from the exact solution u(x) = sin(7rxy) sin(7txy). Be-
ginning with this initial training set, we initiate an active learning iteration loop. In each
iteration, a new observation is added to the training set based on the selected sampling policy.

Table 1 shows the relative error and posterior variance comparison of all algorithms
alongside their HMC counterparts based on an example of a non-noisy data with 50 samples.
All the QHMC algorithms outperform their HMC equivalents, with QHMCboth delivering
the highest accuracy. Meanwhile, QHMCsoftboth provides a smaller posterior variance,
offering the second most accurate results. Figure 2 presents more a comprehensive accuracy
comparison of the algorithms with respect to the increasing signal-to-noise ratio (SNR) and
data size. The figure indicates that the proposed algorithms can tolerate the noise in the
data, especially when the dataset is larger. Although all the algorithms provide a small
error in this simple 2D example, QHMCboth and QHMCsoftboth are the best ones, while

QHMCvar and QHMCsoftvar are outperformed by QHMCad and QHMCsoftad. However,
Figure 3 shows that the variance-based QHMC approach is faster than both the QHMCad
and QHMCboth algorithms.

Table 1. Relative error (Err) and posterior variance (Var) comparison of QHMC and standard
HMC [31] versions of algorithms on a 2D Poisson example. QHMCboth is the most accurate, while
QHMCsoftboth is the second most accurate, with a reduced variance.

Method Err (x10~%) Var (X10™%) Method Err (x10~%) Var (x10™%)
QHMCad 0.15 0.11 HMCad 0.19 0.14
QHMCsoftad 0.17 0.10 HMCsoftad 0.21 0.12
QHMCvar 0.16 0.09 HMCvar 0.21 0.11
QHMCsoftvar 0.19 0.08 HMCsoftvar 0.22 0.11
QHMCboth 0.14 0.09 HMCboth 0.17 0.12
QHMCsoftboth 0.15 0.08 HMCsoftboth 0.19 0.11
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QHMCad QHMCsoftad QHMCvar

50 100 150 200 50 100 150 200 50 100 150 200
Dataset Size Dataset Size Dataset Size
QHMCsoftvar 0 QHMCboth 0 QHMCsoftboth

50 100 150 200 50 100 150 200 50 100 150 200
Dataset Size Dataset Size Dataset Size

Figure 2. Relative error of the algorithms with increasing SNR and data sizes for a 2D Poisson
example. All algorithms achieve high accuracy up to 20% noise, especially when the dataset is larger.

QHMCad QHMCsoftad QHMCvar "

50 100 150 200 50 100 150 200 50 100 150 200
Dataset Size Dataset Size Dataset Size
20 QHMCsoftvar ’ QHMCboth QHMCsoftboth
15
o
Z 10
n

50 100 150 200 50 100 150 200 50 100 150 200
Dataset Size Dataset Size Dataset Size

o

Figure 3. Time comparison of the algorithms with increasing SNR and dataset size for 2D Pos-
sion example. Soft-constrained methods can tolerate higher noise and larger datasets, as they are
approximately 20% faster than their hard-constrained versions.

4.2. Poisson Equation in 10D

We consider the 10-dimensional Poisson example in [30] given by
fo(x) = —87?sin(27xy ) sin(271x3), (16)

with the noise term {xz,y2}, y2 = f(x2) + €2, where €, ~ N(0,0.05I). The training set
contains n = 80 observations.

Table 2 presents the error and posterior variance values of the QHMC and HMC
versions of all approaches with n = 80 observations, where the QHMC approach pro-
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vides a significant improvement in accuracy. Specifically, QHMCboth attains the highest
accuracy, which is around 98%, and QHMCsoftvar achieves the lowest posterior variance.
Additionally, QHMCsoftboth demonstrates overall success, achieving 98% accuracy with a
smaller variance compared to QHMCDboth. Figure 4 shows the change in relative error of
the algorithms for increasing dataset size and noise. Although the error values fluctuated
around 2% for all the methods, the QHMCboth results were the most accurate and robust.
Based on the comparison in Figure 4, QHMCboth can tolerate noise levels up to 20% with
the smallest error, and it can still provide good accuracy (error is around 0.02). Since this is
a 10-dimensional example, the time performances are more important than in the previous
example, which are shown in Figure 5. Here, we can clearly observe the time advantage of
sthe oft-constrained approaches, especially for QHMCsoftvar and QHMCsoftboth. Consid-
ering the accuracy and time efficiency together, QHMCsoftboth provides the most efficient
and robust method for especially larger datasets.

Table 2. Relative error (Err) and posterior variance (Posterior Var) comparison of QHMC and
HMC versions of algorithms on a 10D Poisson example. QHMCboth is the most accurate, while
QHMCsoftboth is the second most accurate with reduced variance.

Method Err Posterior Var Method Err Posterior Var
QHMCad 0.022 0.016 HMCad 0.027 0.019
QHMCsoftad 0.025 0.014 HMCsoftad 0.030 0.019
QHMCvar 0.023 0.011 HMCvar 0.032 0.016
QHMCsoftvar  0.026 0.010 HMCsoftvar  0.034 0.015
QHMCboth 0.017 0.012 HMCboth 0.025 0.014
QHMCsoftboth  0.020 0.011 HMCsoftboth  0.029 0.015

QHMCad ‘ QHMCsoftad QHMCvar

0.021

0.0205

0.02

0.0195

50 100 150 200 50 100 150 200 50 100 150 200

Dataset Size Dataset Size Dataset Size 0019

QHMCsoftvar QHMCboth QHMCsoftboth
0.0185

0.018

0.0175

0.017
50 100 150 200 50 100 150 200 50 100 150 200

Dataset Size Dataset Size Dataset Size

Figure 4. Relative error of the algorithms with different SNR and data sizes for a 10D Poisson example.
The algorithms can maintain 98% accuracy up to 20% noise, especially when the dataset is larger.
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QHMCad 20 QHMCsoftad QHMCvar

50 100 150 200 50 100 150 200 50 100 150 200
Dataset Size Dataset Size Dataset Size
QHMCsoftvar QHMCboth 0 QHMCsoftboth

50 100 150 200 50 100 150 200 50 100 150 200
Dataset Size Dataset Size Dataset Size

Figure 5. Time comparison of the algorithms with increasing SNR and dataset size for 10D Pos-
sion example. Soft-constrained methods can tolerate higher noise and larger datasets, as they are
approximately 25% faster than their hard-constrained versions.

4.3. Heat Transfer in a Hallow Sphere

This three-dimensional example considers a heat transfer problem in a hallow sphere.
Let B,(0) represent a ball centered at 0 with radius r. Defining the hallow sphere as
D = B4(0) — B,(0), the equations are given as follows [32]:

—a”gt"t) - V- (kVu(x,t)) =0, xeD,

k24X — 92 (7 — 0)2¢2 (7t — ¢)2, if [|x|, = 4and ¢ > 0,

oulen) , (17)
K== =0, if [|x|][p =4and ¢ < O,
u(x,t) =0, if x|z = 2.

In this context, n denotes the normal vector pointing outward, while 6 and ¢ represent
the azimuthal and elevation angles, respectively, of points within the sphere. We deter-
mine the precise heat conductivity using ¥ = 1.0 + exp(0.05u). Quadratic elements with
12,854 degrees of freedom are employed, and we set y(x) = u(x,10) to solve the partial
differential equations (PDEs).

We assume that accurate observation data are available at six locations. We start
with these initial locations, then we add six new constraint locations one by one using
the adaptive learning approach. Table 3 shows the relative error, posterior variance, and
execution time of all types of algorithms, including the HMC versions. For each variant
of QHMC and HMC, employing QHMC sampling in a particular version speeds up the
process and enhances accuracy. Overall, the comparison reveals that among all the QHMC
and HMC variants, QHMCboth delivers the highest accuracy, while QHMCsoftboth and
QHMCad rank second in terms of accuracy. We also observe that the soft-constrained
counterparts of the algorithms reduce variance. The comparisons among QHMC versions
are shown in detail in Figure 6, where a step-by-step decrease shows the effects of the
adaptive approaches and the superiority of the QHMCboth and QHMCsoftboth algorithms.
In this real data example, we observe the same behavior as in the Poisson examples:
QHMCboth is the most accurate, while QHMCsoftboth is the fastest. On the other hand,
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QHMCsoftboth ranks second for accuracy; therefore, it should be the most efficient since
the error values are close to each other.

Table 3. Relative error (Err) and posterior variance (Var) comparison of QHMC and HMC versions of
algorithms on a 3D heat equation example. QHMCboth is the most accurate, while QHMCsoftboth is
the second most accurate with reduced variance.

Method Err Var Time Method Error Var  Time
QHMCad 0.031 0.0042 39s HMCad 0.036 0.0062 52s
QHMCsoftad 0.042 0.0040 30s HMCsoftad 0.051 0.0059 41s
QHMCvar 0.032 0.0034 32s HMCvar 0.045 0.0044 44s
QHMCsoftvar 0.042 0.0032 26s HMCsoftvar 0.0561 0.0043 35s
QHMCboth 0.027 0.0036 43s HMCboth 0.036 0.0040 565

QHMCsoftboth  0.031 0.0035 28s HMCsoftboth 0.049 0.0039 39s

QHMCad
QHMCsoftad
QHMCvar

0.06

0.058
0.04 } ~&~ QHMCsoftvar
O [ -©- QHMCboth
g [ —©— QHMCsoftboth
5 0-03
[0)
=
IS
o 0.02 F
oC
0.01 : : : : —
0 3 6 9 12 15

Number of constraints

Figure 6. The step-by-step decrease in relative error while adding the constraints adaptively. The
smallest error is achieved by QHMCboth.

5. Discussion

Building up on the work in [17], this work evaluates both the advantages and limita-
tions of applying a soft-constrained approach to physics-informed GP regression, focusing
on equality constraints. To validate the superiority of this approach, comparisons are also
made between modified versions of the proposed algorithm. The key findings and the
potential underlying reasons are summarized as follows:

1.  To demonstrate the robustness and effectiveness of the proposed methods, synthetic
examples are designed with a focus on two main factors: the size of the dataset and the
signal-to-noise ratio (SNR). The QHMC-based algorithms were tested across varying
levels of SNR, up to 20%. The findings, illustrated in Figures 2 and 4, demonstrate a
consistent ability of the method—both in its soft-constrained and hard-constrained
forms—to handle noise effectively, especially when the noise remains below 15%. Fur-
thermore, the algorithms demonstrated improved performance with larger datasets,
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indicating that increased data size helps mitigate the impacts of noise. These observa-
tions from the synthetic examples collectively confirm the robustness of the proposed
method under varying conditions.

2. The numerical results for the synthetic examples also provide execution times as the
SNR and dataset size increase in each case, aiming to highlight the efficiency of the
proposed algorithm. As shown in Figures 3 and 5, the algorithms demonstrate signifi-
cant time-saving benefits, with the soft-constrained versions exhibiting particularly
remarkable advantages. Combined with the results in Figures 2 and 4, where the
soft-constrained algorithms maintain high prediction accuracy, the proposed method
highlights its capability to provide efficient sampling while preserving performance.
We further demonstrated the robustness of the algorithms by including the posterior
variance values of the results in Tables 1 and 2.

3. To test the ability of the algorithms to handle higher-dimensional problems while
maintaining robustness and efficiency, the evaluations focused on different dimen-
sional settings: 2 dimensions and 10 dimensions. The results confirmed that the
proposed methods could consistently deliver accurate results, even as dimensionality
increased, and they did so with relatively short execution times. This demonstrates
the scalability of the algorithms across a range of problem complexities.

4. To demonstrate the potential of the proposed method to generalize across different
types of problems, we selected a real example: a 3D heat transfer problem that requires
solutions to partial differential equations. Unlike the synthetic examples, in this part,
we had a fixed dataset size that contain no injected Gaussian noise. A thorough
comparison of all the methods, including the step-by-step change in the relative error,
is presented in Figure 6, validating the success of all the versions. Moreover, as shown
in Table 3, the soft-constrained approaches attained approximately 96% accuracy with
35% time efficiency.

5. Itis also worth noting that while the numerical results demonstrate the robustness and
efficiency of the current QHMC algorithm, further investigation is needed regarding
the effects of the probability of constraint violation. Our experiments were conducted
with a relatively low constraint release probability (approximately 5%), and accuracy
was maintained under these conditions. However, increasing the allowance for
violations could introduce limitations.

6.  The proposed approach demonstrates strong performance in handling dimensions up
to 10, but its scalability to significantly higher dimensions, such as 50 or beyond, has
yet to be fully investigated. This question requires systematic study and highlights a
valuable direction for extending our work. Previous studies have demonstrated the
successful application of the QHMC algorithm to high-dimensional unconstrained
problems [26,33], suggesting its potential as a promising method for addressing
computational challenges in constrained scenarios.

6. Conclusions

This work combines the accurate training capabilities of QHMC with the efficiency of
a probabilistic approach to create a new soft-constrained QHMC algorithm. The algorithm
is specifically designed to enforce equality constraints on GP regression. The proposed
approach ensures more accurate predictions while also boosting efficiency by delivering
successful results in a relatively short time. To further optimize the performance of QHMC
algorithms across different problem settings, this work introduces several modified versions
of QHMC that incorporate adaptive learning techniques. These adaptations allow the
algorithm to dynamically adjust its behavior, improving convergence speed and robustness
under varying conditions. By implementing these adaptive versions, the approach provides
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greater flexibility, enabling users to choose the most appropriate algorithm based on the
specific characteristics and priorities of the problem at hand, such as balancing accuracy,
computational time, or the handling of noisy data. This tailored approach broadens the
potential applications of the algorithms and ensures more consistent results across a wide
range of constrained optimization tasks.

After theoretically justifying their convergence, the methods are implemented to
solve a variety of problems, demonstrating their versatility and effectiveness. In each
experiment, we started by demonstrating the benefits of QHMC sampling compared to
traditional HMC sampling, with QHMC consistently outperforming HMC. Across all tested
cases, QHMC sampling delivered approximately a 20% reduction in computation time
and a 15% improvement in accuracy. Building on these initial findings, we conducted a
more extensive evaluation of the performance of the algorithms across different scenarios.
The examples included higher-dimensional problems, illustrating the capability of the
algorithms in tackling complex tasks. Additionally, we tested the methods on a real-world
application where we solve a PDE. These evaluations highlight the adaptability of the
proposed approach and confirm its effectiveness in a broad range of practical and theoretical
settings. Overall, this work has shown that the soft-constrained QHMC method is a robust,
efficient, and adaptable approach that is capable of handling high-dimensional problems
and large datasets. The numerical results indicate that the soft-constrained QHMC has
strong potential for generalization across a wide range of applications, including those
with varying physical properties.
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Abbreviations

The following abbreviations are used in this manuscript:

GP Gaussian process

MCMC Markov Chain Monte Carlo

MH Metropolis-Hastings

HMC Hamiltonian Monte Carlo

QHMC Quantum-inspired Hamiltonian Monte Carlo

HMCad Hard-constrained Hamiltonian Monte Carlo with adaptivity

HMCsoftad Soft-constrained Hamiltonian Monte Carlo with adaptivity

HMCvar Hard-constrained Hamiltonian Monte Carlo with variance

HMCsoftvar Soft-constrained Hamiltonian Monte Carlo with variance

HMCboth Hard-constrained Hamiltonian Monte Carlo with both adaptivity and variance
HMCsofboth Soft-constrained Hamiltonian Monte Carlo with both adaptivity and variance
QHMCad Hard-constrained Quantum-inspired Hamiltonian Monte Carlo with adaptivity
QHMCsoftad  Soft-constrained Quantum-inspired Hamiltonian Monte Carlo with adaptivity
QHMCvar Hard-constrained Quantum-inspired Hamiltonian Monte Carlo with variance
QHMCsoftvar  Soft-constrained Quantum-inspired Hamiltonian Monte Carlo with variance
QHMCboth Hard-constrained Quantum-inspired Hamiltonian Monte Carlo, adaptivity

and variance
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QHMCsofboth  Soft-constrained Quantum-inspired Hamiltonian Monte Carlo, adaptivity and variance

SNR Signal-to-noise ratio
PDE Partial differential equations
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