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Abstract: This paper extends the well-known transfinite interpolation formula, which was
developed in the late 1960s by the applied mathematician William Gordon at the premises
of General Motors as an extension of the pre-existing Coons interpolation formula. Here, a
conjecture is formulated, which claims that the meaning of the involved blending functions
can be enhanced, such that it includes any linear independent and complete set of functions,
including piecewise-linear, trigonometric functions, Bernstein polynomials, B-splines, and
NURBS, among others. In this sense, NURBS-based isogeometric analysis and aspects
of T-splines may be considered as special cases. Applications are provided to illustrate
the accuracy in the interpolation through the L, error norm of closed-formed functions
prescribed at the nodal points of the transfinite patch, which represent the solution of
partial differential equations under boundary conditions of the Dirichlet type.

Keywords: interpolation; approximation; isogeometric analysis; B-splines; NURBS;
T-splines

MSC: 65N06; 65B99

1. Introduction

Classical textbooks on computer-aided geometric design (CAGD) [1,2] suggest that
one of the first CAGD formulations in Computational Geometry is Coons’ interpolation
formula [3]. Despite its high historical importance, we could say that the latter is merely the
extension of the linear interpolation in two-dimensional quadrilateral domains (patches).
Even in the first report published by Coons [3], it is clearly written that this interpolation
refers to both the geometry of a patch as well as to the estimation of a function U(x,y)
when its values are prescribed along the four edges of a quadrilateral patch ABCD.

The disadvantage of Coons’ interpolation formula is its incapability of considering
information related to inner points. For example, if the values of the function U(x,y)
vanish on the entire boundary, then Coons’ interpolation formula will provide zero values
everywhere in the domain ABCD. This shortcoming was resolved by William Gordon at
General Motors Research Laboratories (GMRL), who proposed that information may be
given, of course, along the boundary (as with Coons’ interpolation) but also along internal
lines parallel to the edges of the quadrilateral patch (sometimes called inter-boundaries
or stations). In more detail, Gordon preserved the meaning of blending functions, which
had been previously proposed by Coons, but extended it to include the inter-boundaries as
well [4-7].

It is worth mentioning that the same team at GMRL applied Coons’ interpolation for
the implementation of the Ritz—Galerkin method to the numerical solution of a boundary
value problem (BVP) regarding Laplace equation within a complex domain in the form of
a five-sided patch [8]. This fact can be rephrased as follows. The utilization of the same
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global interpolation (within the entire patch) for both the geometry and the numerical
approximation of the solution was proposed for the first time by the GMRL group for
practical engineering purposes. This is simply the isoparametric consideration, well known
in finite element analysis, in which the global trial function was taken to be equal to that
which describes the geometry of the geometric patch.

The few papers published by the abovementioned GMRL group were written in a
very dense style, so this element type was not widely adopted in the research community.
The impression a reader takes from their publications is that the blending functions must
be Lagrange polynomials, which vanish at the internal stations, whereas the trial functions
along them may be either Lagrange polynomials or Hermite splines. The latest papers
published by the GMRL group on this issue are [9,10].

For over thirty years, the above idea of using the same CAGD-based interpolation for
both the geometry and the physical function U(x, y), which is involved in the governing
PDE D(U) — f = 0, did not attract much attention [11-13] until the advent of the so-called
isogeometric analysis (IGA), which changed the establishment [14,15]. In [15] (p. 8), it
is recognized that the same interpolation was used in Coons and transfinite elements
as well, but IGA dominated because it closely follows the most recent rules of CAGD
theory in which the shape remains unaltered after knot insertion, degree elevation, or
any combination of them. The history of implementing transfinite interpolation as an
alternative to FEM includes a volume of 60 papers written from 1989 to 2018, of which the
resumé has been included in a monograph published in 2019 by Provatidis [16]. Additional
information may be found in [17-22].

Although there is no doubt that IGA is an extraordinary technique itself, this paper
shows that it can be considered as a particular case of transfinite interpolation. Clearly,
transfinite interpolation is a superset of tensor product Lagrange polynomials, tensor
product Bernstein polynomials, tensor product B-splines, and tensor product NURBS. The
novel key point to this consideration is to extend the meaning of the so-called blending
functions, including non-cardinal sets, as well, and thus to obtain hybrid schemes with
the same or different functional sets within the transfinite element, which describes an
entire quadrilateral patch. Preliminary but rather empirical thoughts on this issue have
been recently presented in Ref. [23]. In the present paper, a new conjecture is proposed.

The paper is structured as follows. In Section 2, we begin with the classical linear
blending functions which are involved in Coons” interpolation formula and discuss the
meaning of the three projectors involved in the Boolean sum. In Section 3, we continue with
higher-order blending functions, which are involved in Gordon’s transfinite interpolation
formula, explain the meaning of the stations, and prove that the tensor product is a special
case. In Section 4, we present the most useful univariate functions, which may play the
role of either blending or trial functions. In Section 5, we show that the non-rational tensor
product Bernstein polynomials is equivalent to tensor product Lagrange polynomials, and
we provide a formula for the determination of the a-coefficients therein. In Section 6, we
show that the tensor product B-splines are produced using B-splines for both the blending
and trial functions. Based on this finding, we further conjecture the utilization for blending
functions of any linear independent and complete functional set, including non-cardinal (de
Boor) B-splines and NURBS. In Section 7, we present variations of unstructured transfinite
elements. In Section 8, we discuss mesh refinement using a single element, whereas in
Section 9, we deal with some simple T-spline elements. In general, except for finding
the closed-form analytical expressions, we also interpolate within numerous transfinite
macro-elements under given boundary conditions of Dirichlet type and determine the L2
€rTor NOorm.
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2. Linear Blending Functions in Coons’ Interpolation
2.1. Linear Interpolation in the Physical Space

Given, U; and U, which denote the values of a function U(x) at the end-points of an
one-dimensional interval [0, a], at any position x € [0, a] the value of the function may be
linearly interpolated by:

U(x) = (1 - g)ul + (g)uz (1)

Equation (1) can be extended to a rectangle [0, a] x [0, b], considering the tensor product,
i.e., through the expression:

= (1= ) 1= () (- Der () (-2 (e @

2.2. Linear Interpolation in the Parametric Space

If the position x € [0, 4] is normalized to its length ‘a’ by introducing the parameter:

=1, 3)

a

so that ¢ € [0,1]; Equation (1) is re-written as follows:
U(x) = (1 =)ty + ¢l 4)

Moreover, regarding the above rectangle [0, 4] x [0, b], the position (x, y) within it can
be normalized, so as the x-coordinate is replaced according to Equation (3), whereas the
y-coordinate is also normalized as:

n="1. )

Then, Equation (2) is re-written as:

Ux,y) = (1 =81 =l +¢(1—n)Uz + EyUs + (1 = &)Uy, (6)

2.3. Projectors Within a Quadrilateral

Definition of parameters:

The position of a point P(x, y) within a planar quadrilateral ABCD is usually defined
by its two Cartesian coordinates, x and y. Alternatively, the same point P({,7) can be
uniquely determined using two parameters, ¢ and 7.

When the quadrilateral is rectangular and the axis origin is at corner A, the definition
of the parameters (&, 7) is direct, according to Equations (3) and (5).

In general, given the parameter ¢, we define the unique points E and F on the edges
AD and BC (see Figure 1), respectively, so that:

|AE|/|AD| = [BE|/[BC| = ¢. %

The points E and F, which divide the opposite edges AD and BC in the same ratio ¢
according to Equation (7), are called ‘corresponding points’ in the ¢-direction.

Similarly, for the parameter 1, we define the unique points G and H on the edges AB
and DC, respectively, so that:

|AG|/|AB| = [DH|/|DC| = 7. (®)

The points G and H, which divide the opposite edges AB and DC in the same ratio %
according to Equation (8), are called ‘corresponding points’ in the -direction.
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Figure 1. The quadrilateral ABCD.

Having determined the two couples of points, (E,F) and (G,H), the intersection of the
lines EF and GH determines the unique point P(&, 7). Inversely, for any point P internal
to the quadrilateral ABCD, there is a unique line EF passing through it that intersects the
opposite edges AD and BC in equal ratios, which is the parameter 77. The same holds
true for the intersection of the opposite edges AB and DC at the same ratio, which is the
parameter ¢.

To understand the meaning of the projector Pz and Py, we introduce the following
Theorem 1.

Theorem 1. The point P(&,n) within a quadrilateral ABCD divides the segment of its correspond-
ing points (E,F) and (G,H) into the same ratios as those on the opposite edges:

|EP|/|EF| = Zand |GP|/|GH| = 7. )

Proof. Let us consider point P(x,y) within the quadrilateral ABCD. Obviously, there is a
unique line passing through this point which intersects the opposite edges AD and BC at
the points E and F, respectively, having the same ratio, i.e., 7 = |AE|/|AD| = |BF|/|BC]|,
according to Equation (7).

Then, the position vector of the point Iz which divides the segment EF into the ratio
|Elz| /|EF| = & will be given as (see Figure 1)

71g =(1- 5)713 + 571?
= (-9 [A-m7a+yrp|+e[1-m7Ts+y7] (10)
=(1-O)A—n)ra+el—n)rs+eprc+(1-8nrp.

Similarly, the position vector of the point I, that divides the segment GH into the ratio
|EIL, |/ |EF| = 1 will be given as (see Figure 1)

== -7 a+EA - Tp+Eyrc+(1-Enrp. (11)

Since the right-hand sides of Equations (10) and (11) are identical, the vectors 7 Ir

and 7 1, must be identical, i.e., 7 L = 7 I,s which means that the points Iz and I, coincide
(1 = I;). Therefore, since (I € EF A I, € GH A Iz = 1)), we derive that either of
the points (I & I;) is the unique intersection of the lines EF and GH, which completes the
proof. I

2.4. Interpolation by a Boolean Sum

The above ‘Theorem 1" has probably inspired the so-called “Coons’ interpolation
formula”, which refers to an arbitrary curvilinear patch ABCD. In general, the parame-
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terization of this patch depends on the choice of the four corner points (A,B,C,D) on the
true patch in the physical space (x,y). Given these corners, the boundary part AB defines
the body-fitted (curvilinear) ¢-axis, whereas the part AD defines the #-axis. Given the
parameters (¢, 77), we define the points (E,F,G,H) on the edges (AD,BC,AB,DC), respectively,
and then determine the abovementioned points Iz and I;;. In general, these two points
are different (Iz # I;), and thus, it becomes necessary to find a way to harmonize them.
Note that the obvious remedy to take the mean average (I; +1;)/2 does not work well
because it cannot accurately represent the prescribed boundary conditions. The answer
to this problem was given by Steven Coons in 1964 and then in his final report at MIT [3].
For the smooth transition to the problem and for the sake of completeness, we express the
essence of Coons’ interpolation in the form of a modified theorem (Theorem 2).

Theorem 2. Given a parametric curvilinear patch ABCD with prescribed boundaries [U (&, 0), U(1,7),
U(¢,1),U(0,1)], each couple of parameters (G, 1) determines the position of a point P(¢, 1), which
fulfills the boundary conditions when we apply the following Boolean sum:

U, n) = P ® Py = P-{U} + Py{U} — Pz, {U}. (12)

In terms of the definitions cited in Section 2.3, the three projectors involved in Equation (12)
are defined as follows [3]:

P{U} = (1 —¢)Ug + ¢UF,
P{U} = (1 -n)Ug +nUy, (13)
P {U} = (1-8)(1—n)Ua+&(1 —n)Up +&nlc + (1 - &)nUp,

Introducing the blending functions, which are defined as:

Eo(§) = (1-0), E1(8) = ¢,
Eo(n) = (1—1), E1(y) =1, (14)

Equation (13) is re-written as follows:

Pe{U} = Eo(¢)UE + E1()UF,
Py{U} = Eo(17)Ug + E1 (1)U, (15)
Pgy{U} = Eo($)Eo(n7)Ua + E1(S)Eo(17)Up + E1(§)E1()Uc + Eo(&)E1(n)Up.

Obuiously, the blending function Eo(() is associated to data along the edge AD at ¢ =0,
whereas Eq(() is associated to data along the edge BC at ¢ = 1. Similarly, the blending func-
tion Eq(n) is associated with the edge AB at y = 0, whereas E1(n) is associated with the edge DC
at n = 1. In other words, the subscript of each blending function is the parameter of the edge to
which it is referred.

Although the above formula was labeled as “Theorem 2’, in fact, it is only a heuristic
conjecture proposed by Steven Coons, which (again) identically fulfills the boundary
conditions. The latter issue can be proved as follows.

Proof. Let us assume that point P tends to the boundary and particularly the edge AB.
Then, points E and F tend to the corners A and B, respectively, point G coincides with P
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(i.e., Ug = Up), and thus (omitting the notation {U}), since = 0, Equation (15) shows
that the three projectors will be:

Pz| .5 = Eo(&)Ua + E1 (&)U,
Py| .5 = E1(0)Ug + E2(0)Uy = (1 —0)Up 40Uy = Up,

Py 4 = Eo(Q)Eo(O)Un + E1(§)Ea(0)Us + Er(O)EA(O)Uc + Eo(@)B1 Oy O
= Eo(&)Ua + E1 () Us.
Substituting Equation (16) into Equation (12), we receive:
U(¢,0) = Up, QED. (17)

Therefore, Coons’ interpolation formula (Equation (12)) fulfills the prescribed bound-
ary condition along the edge AB and, similarly, all the other edges. [

3. Higher-Order Blending Functions in Gordon’s (Transfinite) Interpolation
3.1. From Coons’ to Gordon’s Patch Theory

The disadvantage of Coons’ interpolation formula is that it cannot deal with internal
data at all. For example, if the boundary values are homogeneous (i.e., U = 0), all
three projectors in Equation (15) vanish since they interpolate zero values, and therefore,
Equation (12) leads to zero values of the interpolated function U((, 77) everywhere within
the patch. This shortcoming was overcome by William Gordon, who extended the meaning
of the three projectors involved in Equation (12) [4,5].

In more detail, the shape of the patch ABCD, i.e., of the function U({, 77), is controlled
through (m + 1) stations (or ‘sections’, or ‘cuts’) perpendicular to the ¢-axis and (n + 1)
stations perpendicular to the #-axis, where the three projectors involved are given as

m+1
PU} =L EOUG ),

n+1

PAUY =" (DU, 18)
];-i-l m+1

Py {U} = El El Ei(Q)E;(mU(Gi nj)-

The functions E;(¢), i = 1,...,m + 1 are again called “blending functions” toward
the ¢-direction and generally are of a higher degree than the liner ones used in Coons’
interpolation (see Equation (14)). They interpolate the functions U({;, #7) at m + 1 stations
and usually fulfil Kronecker’s delta condition E;(;) = ¢;;.

According to Gordon’s theory, considering the data along all the stations and then
calculating the three projectors according to Equation (18), the interpolation is given by the
Boolean sum described by Equation (12).

To express the bivariate function U(&, ) in terms of discrete values, Uj, it is neces-
sary to interpolate the (m + 1) univariate functions U(¢;, 77) at each station (S;)z_z,—const.
using the so-called “trial functions”. Similarly, each of the (n + 1) univariate functions

U(g,n;) at the corresponding station (T; is interpolated using a separate set of

)r]:qj:const.
trial functions.

In summary, the transfinite interpolation requires a set of blending functions associated
with stations perpendicular to the parameter axes ¢ and 7, as well as sets of trial functions

that interpolate the univariate data along each station.
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3.2. Transfinite Interpolation

The term “transfinite interpolation” is strictly related to Gordon’s interpolation for-
mula, which—in addition to the boundary—includes internal points as well. Transfinite
interpolation usually refers to structured patches in which the (m + 1) stations are similar
to one another, and the same holds for the other set of (n + 1) stations. In this config-
uration, the nodes are distributed along the stations. This, in turn, means that between
two parallel neighboring stations, there may be intermediate nodes, as shown in Figure 2.
One may observe therein that each of the 21-node, 27-node, and 33-node elements have
three stations in each direction, at the locations { = 0,1/2,1 and = 0,1/2,1. Moreover,
the 113-node element shown in Figure 2d includes 5 vertical (at{ =0, 1/4,2/4,3/4, 1)
and 4 horizontal (at 7 =0, 1/3, 2/3, 1) stations. The advantage of such a setup is that we
save computer resources since we avoid the ideal tensor product, which is full of nodes.
Another important issue in the implementation of transfinite interpolation is the choice of
univariate interpolation along the horizontal and vertical stations. This is the reason that a
special part of the present paper (Section 4) is devoted to it.

n (a): 21-node T n (b): 27-node

D 1 19 20
17¢
14 15

10
9. ‘11 12
6 7
" 4

A1v o 3 4

Tﬂ (c): 33-node n (d): 113-node

C 101 105,109 C

> Das 20 3 31 2 33 Dl 103 1068 o8 11 113

O 7 O . O
666768 | 7071 72
§ 60 P 61 %
Q 55 O 56 057
Q@ 50 51 Q92
[37 41 45
13 33 @0 0-C0-0-@C-0-0-@-00-0
343536 | 383940 | 42 43 44 | 46 47 48
28 § Q 29 Q 30 Q 31 Q 32
10 23 9 QO 24 Q 25 O 26 Q 27
f 8¢ Q19 0 20 0 21 Q 22 f
=
5

O OO Oy O )
A 234 575 w0z ube B
1 9

A1 2 3 4 5 & 13" 7

Figure 2. Several types of structured transfinite elements using (a) 21, (b) 27, (c) 33 and
(d) 113 nodal points.

3.3. Tensor Product Under the Umbrella of Transfinite Interpolation

In general, the data are given at discrete positions, such as the vertical stations (S1
to S5) and the horizontal ones (T1 to T5) shown in Figure 3. This makes it necessary to
interpolate the univariate functions U(¢;, 7) and U(g, 77;), which appear in Equation (18),
along these stations.
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T:} (a) Tz; (b)
21 22 23 24 25 210 22 23 24 25 T5
L-I)' ’lf“ :‘ hd '?.57‘ 'C
e ————— §—— = —T4
16 17 18 19 20 +16 :17 :18 }19 ¢20
| I \
| I \
11 12 13 14 15 '.]1___32__"1_3__‘\1_4___';[5 -
| I \
I I \
I I \
6 7 8 9 10 6e |7 | . ‘9 410
SR U S ™
& A J"U _l"z« 41 B & T

1 2 3 4 5 |1§|§

Figure 3. (a) Tensor product and (b) distorted tensor product transfinite elements (Si: vertical stations,
Ti: horizontal stations). Internal nodes denoted by red colored circles; artificial (auxiliary) nodes
numbered in green color.

Before we go on with Lagrange and Bernstein polynomials, for the sake of complete-
ness we provide some historical facts about interpolation.

3.3.1. Historical Note on Univariate Interpolation

Lagrange interpolation was published in the work of Joseph Louis Lagrange, Théorie
des Fonctions Analytiques (Theory of Analytical Functions), in 1797, which is available in a later
edition [24]. This topic was later discussed by a few authors, such as Jenkins and Greville,
as reported in 1946 by Schoenberg [25], while a more recent review paper is [26]. Today,
Lagrange interpolation is cited in every textbook on interpolation (e.g., [27]) and numerical
analysis (e.g., [28]).

Polynomials in Bernstein form were first used by Sergei Bernstein in a constructive
proof for the Weierstrass approximation theorem [29]. The use of Bernstein polynomials
in the treatment of differential equations was continued by others (see Davis [27] and
papers therein). While other forms of polynomials of Chebyshev and Legendre type
attracted interest in computational mathematics due to simplicity in their differentiation
compared to Lagrange polynomials (e.g., Lanczos [30]), Bernstein polynomials regained
prominence through the groundbreaking work of Pierre Bézier, a French engineer at the
automobile industry Renault, to describe curves and surfaces [31]. As a result, today, the
term Bernstein—-Bézier polynomials is widely used.

3.3.2. Tensor Product Using Lagrange Polynomials

The tensor product of Lagrange polynomials emerged naturally as a result of combin-
ing two key ideas: Lagrange interpolation and the tensor product framework (which is
widely used in mathematics, particularly in multivariate settings). This method became
popular in the development of numerical analysis for interpolating multivariate functions
by extending the Lagrange polynomial from one dimension to higher dimensions. It gained
prominence in the 20th century with the rise of finite element methods and numerical
techniques in computational mathematics. Within this context, of particular interest are the
spectral element methods (SEM) [32].

3.3.3. Generalization of Tensor Product

In the continuous process of creating controllable curves and surfaces, the transfinite
interpolation goes beyond the tensor product of Lagrange polynomials, alternatively using
Bernstein polynomials, B-splines, and NURBS for trial functions (see Section 4). Moreover,



Mathematics 2025, 13, 335

9 of 37

transfinite interpolation includes the tensor product of any other trial functions (not only
Lagrange polynomials) as a special case, as will be described by the following Theorem 3.

Theorem 3. In tensor product, like Figure 3a, all the three projectors are equal to one another, i.e.,
and, therefore, the Boolean sum becomes
Proof. Given the (m + 1) stations perpendicular to §-axis and the (1 + 1) ones perpendicu-

lar to the y-axis, and assuming the same set of interpolation functions (also called “trial”
functions), B;(¢),i = 1,...,m +1and Ej(q),j =1,...,n+1, wehave:

m-+1 _ o n+1 _ o
u(,m) = Y. Bi(&U(&;,7), UE,n) =Y Bj(nU(E,n;), (21)
i=1 j=1

where the bar denotes constant values along the stations. Clearly, along a station parallel to
the §-axis (i.e., with 7 = 7 = const.), we interpolate the function U(¢, 77) in terms of the uni-
variate trial functions B;(&) and the associated nodal values U (¢&;,7) withi =1,...,m + 1.
Similarly, along a station parallel to the y-axis (i.e., with & = ¢ = const.), we interpolate
in terms of the univariate trial functions Ej(?]) and the associated values U(¢, ;) with
j=1...,n+1

In the case of the tensor product, the trial functions are the same with the blending
functions toward the same direction, i.e.,

Bi(¢) = Ei(¢),i=1,...,m+1and Bj(y) = Ej(y),j=1,...,n+1 (22)

Substituting Equation (22) into Equation (18), Equation (19) is derived, and this com-
pletes the proof. [J

4. Trial Functions

Trial functions are the univariate functions B;(&) and Ej(q), which are involved in
Equation (21), aiming at interpolating or approximating the value of the function U(¢, 17)
along the stations of the patch. In principle, they can be any known functional set, such as
Lagrange and Bernstein polynomials, B-splines, NURBS, Fourier series, etc. In this paper,
we restrict ourselves to the first four types only, which are discussed in detail below.

4.1. Lagrange Polynomials

It is well known that when a univariate function U(x) is represented by a polynomial
of degree m,
U(x) =ay+ax~+ - +ayux™, (23)

it can be also expressed in terms of Lagrange polynomials, L;(x):

U(x) = Y Lim()U; 4
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Lon(x) = (x —x1)(x —2x2) . (x —xj_1) (x — xj51) . (X — Xppy1)
v (x; . x1) (= x2) - (3 — xim) (% — Xig1) - (% — Xmg1)
- mﬁ M (25)
]' =1 (xi - x])
j#i

is the Lagrange polynomial of degree m, and U;,i = 1,...,m + 1 is any set of nodal values
of the polynomial at the positions x1, ..., Xy41.

Changing the positions of the nodal points, a new set of Lagrange polynomials is
derived. The most usual case is the uniform location of the x;’s.

4.2. Bernstein Polynomials

On the other hand, the same function U (x) can also be expressed in terms of Bernstein—
Bézier basis polynomials, B; ,, (x):

U(x) = Y Bim(x)a, (26)
where

Biu(x) = ( 1."_1 )(1 —x)" T

a1 i1 .
— i (1 )" T = 1 m

(27)

and g; are generalized coordinates, i.e., coefficients without physical meaning.

4.3. Relationship Between Lagrange and Bernstein Polynomials

Since in Equations (24) and (26), the function U(x) shares the same monomials
(x',i =0,...,x™), the identical equation of these two polynomials demands the equality of
all the coefficients in the monomials (powers) of the same degree (xi,i =0,...,x™). This,
in turn, gives a system of (m + 1) equations that relates the (m + 1) Lagrange polynomials
with the (m + 1) Bernstein basis polynomials.

Another way is to consider (m + 1) test points in the domain [x1, x,,,+1] and apply to
them the identity between Equations (24) and (26):

Utest = [Ltest] Ujodal = [Btest] (28)
~—

A
S~ S—— N—— ~~
(m+1)x1 (m+1)x (m+1)(m+1) x1 (m+1)x(m+1)(m+1)X1

If it happens to consider the test points exactly at the nodal points, x1, . .., X,+1, the ma-
trix [Liest] equals to the unity matrix ([Leest] = I) while the other becomes [Biest] = [Bjiodai],
and hence,

A= [Bnodal]ilUnodal (29)

Substituting Equation (29) in the last equality of Equation (30) below, which equates
the two polynomial expressions,

U(x) = Ll,m(x) Lm+l,m(x) '{Unodal}

(30)
= | Bim(x) ... Buiim(x) |-{A}

and then deleting the common vector, {U,;,4, }, we eventually derive:

L=T-B (31)
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where T
-1
T= [Bnodal} 4 (32)
is the transformation matrix,
T
L= [Lllm(x) . Lmﬂ,m(x)} , (33)
also
T
B = [Bl,m(x) s Bm+l,m(x)} ’ (34)
and
Bim(x1) Bywm(x1) -+ Bpyim(x1)
Bl,m(x2) BZ,m(xZ) T Bm+l,m(x2)
Bnodal = . . . (35)
Bl,m(xm+1) BZ,m (merl) e Bm+1,m(xm+1)

4.3.1. Uniform Distribution of Nodal Points

Using either of the two abovementioned methodologies to determine T for the uniform
polynomials of low degree, we can derive the following transformation matrices, which
fulfill Equation (31):

. 10
Linear : p=1:T) = 01l
(1 -1/2 0
Quadratic : p=2:Tp=|0 2 01,
0 —-1/2 1
[1 —5/6 1/3 0
. 0 3 -3/2 0
Cubic : p=3:Tz= 0 -3/2 3 0l (36)
| 0 1/3 -5/6 1
1 —-13/12 13/18 -1/4 0
0 4 —-32/9 4/3 0
Quartic : p=4 Ty=| 0 -3 20/3 -3 01,
0 4/3 —-32/9 4 0
0 —-1/4 13/18 —13/12 1

and so on.

4.3.2. Non-Uniform Distribution of Nodal Points

For each set of internal nodal points {xy,...,x;;} within the domain [x1, x,,11], a
different set of Lagrange polynomials, {Lq ;,(x),..., Ly+1,m(x)}, is produced. Always, the
basis of Lagrange polynomials is associated to the nodal values U; at the nodes x; with
(i=1,...,m+1). Sometimes, the position of the points is critical for the accurate represen-
tation of non-polynomial functions U(x), e.g., those including high gradients, singularities,
etc. For each set of the nodal points, {x1, ..., x;+1}, Equation (32) determines a correspond-
ing transformation matrix Tp,.

On the other hand, in the representation of the same functions U(x) using Bernstein
polynomials, we do not use internal points, nor do we change the form of the involved basis
functions. To achieve the same accuracy as node shifting in Lagrange interpolation, the
only matter that is influenced in Bernstein interpolation is the value of the generalized
coefficients «; involved in Equation (26). Studying the same issue from the scope of
computer-aided geometric design (CAGD), the function U(x) is replaced by the form of
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a curve C(x), and the values of the coefficients «; are substituted by the so-called control
points P;.

In this context, the uniform position of nodal points used in Lagrange representation
is equivalent to the uniform location of the control points, which are placed at the positions
where the Bernstein polynomials take their maximum values. Moreover, shifting the
nodal points at non-uniform positions and at the same time preserving the Bernstein
polynomials, if we demand that the approximation curves of degree p (Lagrange and
Bernstein) pass through these (non-uniform) points, it is found that the representations are
identical (see Appendix A). Obviously, when moving from uniform to non-uniform points,
the generalized coordinates a; of Bernstein polynomials will change.

4.4. B-Splines

In one-dimensional problems, the variable U(x) can be approximated by B-splines
merely by substituting the Bernstein—Bézier polynomials in Equation (26) by the piecewise
polynomial B-spline (basis) functions N; , of degree p, as follows:

U(x) = iNi,p(x)‘xir (37)
i=1

where 7 is the number of control points in the x-direction.

The functions N; , are very versatile, dependent on the knot vector & and the polyno-
mial degree p.

For example, considering the nodes (single breakpoints) {x1, x2,...,Xy,+1} and p =1,

if the knot vector becomes E = | x1, X1, X2, X3, ..., Xp—1, Xm, Xm+1, Xm+1 | , We eventually
N—— —_———
double double

derive (m + 1) shape functions, exactly as those piecewise-linear in the conventional linear
finite elements. In this case, the breakpoints (nodes) take on the role of control points
(m=m+1).

Another extreme situation is when the knot vector includes only its ends with multi-
plicity A = p 41 (i.e., without inner knots), and then the set of B-splines coincides with
the set of non-rational Bernstein polynomials, which—as previously discussed—is a linear
transformation (and thus equivalent) to the set of Lagrange polynomials.

Remark 1. Obuviously, B-splines include the class of Bernstein polynomials as a subclass. Moreover,
since Bernstein polynomials constitute a linear transformation of Lagrange polynomials, this, in
turn, means that the space of B-splines includes the subspace of Lagrange polynomials.

4.5. Non-Uniform Rational B-Splines (NURBS)

In one-dimensional problems concerning the representation of a curve C(§), it is
possible to use weights aiming at strengthening or weakening the involved B-splines and,
thus, to accurately represent it.

In general, the 1D analog of Equation (37) is

U(x) = ¥ iy @)

with
Ri,p(x) = —>2 " (39)
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where 71 is the number of control points.

5. Tensor Products of Trial Functions

Having introduced all the important univariate (trial) functions in Section 4, in this
section, we proceed with the tensor product.

5.1. Lagrange Polynomials

Let a 2D patch on the plane Oxy, interpolated through a net of (m + 1) vertical and
(n + 1) horizontal lines (stations or cuts or sections). The vertical lines intersect the x-axis
at the nodal points {x1, x2, ..., X, 11}, whereas the horizontal lines intersect the y-axis at
the nodal points {y1,¥2,...,Yu+1}, as shown in Figure 4. In general, the i-th vertical line
(which passes through the point x = x;) will intersect the j-th horizontal line (which passes
through the point y = y;) at the point P; ;(x;;,y;;) = (i, y;), which is associated to a value

U; ;. In other words, the first index “i” is associated to the x-direction, while the second

index “j” is associated to the y-direction.

P

7 7 7
(‘l (n+1) (-‘_» (n+1) U:‘(”.n leu.qwu
e

Ui Uy, (Ui, U{m—l).’,

U, U, U, Ugm-m

Figure 4. The quadrilateral ABCD. Arrangement of (n + 1) x (m + 1) nodal points in a 2D patch.

When the variable is bivariate, U(x, y), Equation (24) is replaced by the tensor product:

n+1m+1

u(xy) =) ) Li(x)Li(y)Uij, (40)

j=1 i=1

where U; ; are the nodal values associated to the Lagrange basis functions Lin(x) and
L;(y). In our formulation, the totality of nodal points is stored into a matrix U of size
(m+1) x (n+1), arranged in (m + 1) matrix rows and (7 + 1) matrix columns, as follows:

Up - Uy
U= : : (41)

Uming - Ums),me)

In other words, the j-th column of matrix U in Equation (12) represents the j-th row in
the spatial arrangement of Figure 4, measured from the bottom. Similarly, the i-th row of
matrix U corresponds to the i-th column of Figure 4, measured from the left.

Given the abovementioned net of nodal points stored in U, the tensor product in this
patch is written in the form:

U(x,y) =L -U-Ly, (42)

with T
Lo = [Lym(x) L1 (%) (43)

and
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T
L= [Lin®)  Luia®)] (44)

5.2. Bernstein Polynomials

Based on the matrix form of tensor product Lagrange basis polynomials (Equation (42)),
it is easy to show that a similar tensor product Bernstein basis polynomials is derived as
well. By substituting Equation (31) into Equation (42), we receive:

U(x,y) = (TyBy) - U- (T,By)

45
=B!. (TIUT,)-B @)
By introducing the matrix:
A =TIUT, (46)
Equation (45) is written as:
U(x,y) = By - A-By (47)

Since Equation (47) has the same form as Equation (42), which is a tensor product of
Lagrange polynomials, it is obvious that the bivariate function can be written as a tensor
product of Bernstein polynomials

n+1m+1

Z Z Bzm )“1]/ (48)

j=1 i=

associated to arbitrary coefficients «; ;, which form a matrix A given by Equation (46).
In other words, the non-rational tensor product of Bernstein-Bézier basis polynomials
is only a linear transformation of the tensor product of Lagrange basis polynomials.

5.3. B-Splines

Since the univariate B-spline is a generalization of the Lagrange and Bernstein poly-
nomials, simply by inserting a piecewise character in the interpolation, it is reasonable
that bivariate interpolation may be carried by the analogy of Equation (48), that is, by
the formula:

ZZNW y)aij, (49)

j=li=
where p and g are the polynomial degrees in the x- and y-direction, respectively, whereas

m and 7 are the number of control points per direction.

5.4. NURBS

By the analogy of Equation (49), the interpolation in a curvilinear NURBS patch is
given by the formula:

Z ZRU pa (X, ¥) i, (50)

j=1li=1

where R;; ,;(x, y) is the bivariate NURBS basis function:

iiNip(X)Nj 4 (y)

Rl],pq (x/ ]/) == 7 (51)

The latter is a true tensor product only when the weight w;; = w;w;, otherwise the
denominator of Equation (51), includes the sum of all the 777 X 77 terms.
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6. The Proposed Conjecture

Considering the material that was systematically presented and discussed in the
previous sections, this paper takes an innovative step beyond the state-of-the-art and tests
the following hypothesis (or conjecture).

CONJECTURE: In the transfinite interpolation, the blending functions may be any
complete and linear independent set provided the Partition of Unity Property is preserved.

It is worth mentioning that the original transfinite interpolation formula (by Coons and
later by Gordon) is heuristic and thus cannot be mathematically sustained (in an absolute
sense). According to Ref. [7] (p. 114), “... it is guided by experience, geometric intuition and
analysis, and is accomplished with the aid of computer graphics, i.e., actual visual inspection”.
Since the original source is heuristic, the novel idea is obviously heuristic as well.

The proposed conjecture was progressively established in the author’s mind, step-by-
step, as follows. In the beginning, it was found that it is sufficient to ‘mechanically’ replace
all the Lagrange polynomials involved in the transfinite interpolation of a curvilinear patch
(i.e., the blending and the trial functions) by Bernstein—Bézier polynomials of the same
degree. In this way, it was made possible to determine the weights associated with the
control points so that the patch may accurately represent a circular or spherical part [23].
The amazing issue related to the previously mentioned mechanical replacement is that the
produced shape functions are fully symmetrical with respect to the geometry of the patch
(see [23]), and this was precisely the cause of the inspiration for the present conjecture. The
argumentation in favor of the above conjecture continues below.

6.1. Bernstein Tensor Product Elements

In this context, first, let us consider the tensor product Bernstein elements (e.g.,
Figure 3a). Obviously, here, the assumption that blending and trial functions are both
Bernstein polynomials denoted by the symbol B (E; = B;, Ej = Bj) leads to three equal
projectors in the transfinite interpolation, i.e., Pr =Py =P, and, therefore, the Boolean
sum becomes Pz + P — Pz; = Py (compare with Theorem 1). Since the assumption of
Bernstein polynomial as blending functions leads to the anticipated tensor product, the
proposed Conjecture is verified. As an example, the case of uniform control points in the
tensor product Bernstein—Bézier patch is shown in Figure 3a. We recall that, according
to Section 2.2, the uniform tensor product of Bernstein polynomials of the fourth degree
(shown in Figure 3a) is equivalent to the uniform tensor product of Lagrange polynomials
of the same degree (shown in Figure 2a).

6.2. B-Spline Tensor Product Elements

Let us now consider a B-spline patch of degree p. Again, the assumption of both
blending and trail functions as univariate B-splines leads to a Boolean sum equal to the
anticipated tensor product of B-splines. Therefore, again, our hypothesis is still reliable.

6.3. NURBS Tensor Product Elements

Considering now a NURBS patch with weights w;; = w;w, and repeating the same
procedure, the Boolean sum leads to a tensor product NURBS patch.

6.4. Overall Evidence for Tensor Product Elements

Therefore, summarizing the above findings and the review of this section, we report
the following:
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e  Regarding the tensor product, for any of the four kinds of trial functions (i.e., Lagrange,
Bernstein, B-splines, NURBS), this is the outcome of transfinite interpolation in which
the blending functions are identical with the trial functions.

e DPiecewise-linear blending functions are admissible since when combined with
piecewise-linear trial functions lead to an assembly of conventional bilinear finite
elements (see Ref. [33], p. 956).

e  Pure transfinite elements, with nodal points distributed along stations (i.e., different
than tensor product arrangement), gave the same result when the Lagrange polyno-
mials were mechanically replaced by Bernstein polynomials. This is equivalent to
considering the Bernstein polynomial for both blending and interpolating purposes.

e  All the above successful cases are characterized by completeness and linear indepen-
dence, and all of them have the Partition of Unity Property.

6.5. Applications
6.5.1. The 21-Node Transfinite Element

Regarding the 21-node transfinite element (Figure 2a), since there are three stations
per direction (ends and middle), the blending functions may be Lagrange polynomials of
degree 2, whereas the trial functions may be Lagrange polynomials of degree 4 (because
there are 5 nodes along each edge and any internal station), as shown in Figure 5a.

21-NODE TRANSFINITE ELEMENT 21-NODE TRANSFINITE ELEMENT

(b)

(©) (d)

Figure 5. Global shape functions for the transfinite element of 21 DOFs. (a) Lagrange only, (b) Bern-
stein only, (c) B-spline of degree 3, (d) B-spline of degree 2.

Implementing the conjecture of the present paper, if we assume that the blending
functions are Bernstein polynomials of degree 2, whereas the trial functions are Bernstein
polynomials of degree 4, the final closed-form expression of the global shape functions is
merely the replacement of Lagrange polynomials by Bernstein polynomials, as shown in
Figure 5b. The latter has been previously performed by intuition in Ref. [17], but the present
paper generalizes this idea and promotes the implementation of other trial functions apart
from Bernstein polynomials, as well (e.g., B-splines, NURBS).

In addition to that, we can preserve the blending function as a Bernstein polynomial
of degree 2, whereas the trial function must be consistent with the five nodal points along
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each station. The latter can be accomplished by five control points which are consistent
with either of the following choices for the trial functions:

e A Bernstein polynomial of degree p = 4 and the obvious knot vector U = [0,0,0,0,0,
1,1,1,1,1]. This choice was already mentioned above and is shown in Figure 5b.

e A cubic B-spline (p = 3) with knot vector U = [0,0,0,0,1/2, 1,1,1,1], shown in Figure 5c.

e A quadratic B-spline (p = 2) with knot vector U = [0,0,0,1/3, 2/3, 1,1,1], shown in
Figure 5d.

e Togive an idea about the performance of these elements, at the 21 nodes of Figure 2a
we collocate the function U(x,y) = e* cos(my), and then interpolate in the interior
of the element using the 21 global shape functions. The results are shown in Table 1,
where one may observe that Lagrange and Bernstein polynomials of the same degree
led to the same result. The replacement of the fully polynomial trial functions with
B-splines results in a slightly decreased accuracy.

Table 1. L2 error norm (in percent %) for the 21-node element.

Functions L2-Norm

BLENDING TRIAL (in %)
1 Lagrange (p = 2) Lagrange (p = 4) 0.5202
2 Bernstein (p = 2) Bernstein (p = 4) 0.5202
3 Lagrange (p = 2) B-splines (p = 3) 0.5223
4 Bernstein (p = 2) B-splines (p = 3) 0.5223
5 Lagrange (p = 2) B-splines (p = 2) 0.8690
6 Bernstein (p = 2) B-splines (p = 2) 0.8690

6.5.2. The 113-Node Transfinite Element

The concern with the 113-node element (Figure 2d), is whether the involved Lagrange
and Bernstein polynomials of higher degree (px = 16, p, = 12) lead to numerical oscilla-
tions. Actually, one may observe the high values in Figure 6a when Lagrange polynomials
are used.

This shortcoming is overcome by the proposed novel procedure, according to which we
can consider that the blending functions be B-splines of degree (say) p = 3, in conjunction
with the proper knot vector, which produces so many control points as the number of nodal
points per station.

In contrast, Figure 6b shows that when both blending and trial functions are chosen as
Bernstein polynomials, the positive high values of the basis functions fully disappear, but
small negative values still remain.

One would expect that the non-negative Bernstein polynomials would also lead to
non-negative basis functions, which, of course, is true when only tensor products are
involved. To explain this issue, below we isolate the first 2 out of the 113 basis functions:

())(C)L((ﬁ?)(ﬁ) + L2 (@) Ey—o() — Ez=o(&)Ey—o(y), -

The first equality in the Lagrange polynomial-based Equation (52) is associated to the
node ‘1’ and corresponds to a typical intersection between two stations. The second equality
is associated to node ‘2" and refers to a typical intermediate node of a station. Based on
the number of stations per direction, the blending functions E((&) and E((#) are Lagrange
polynomials of degree 4 and 3, respectively. Moreover, L; 14({) are Lagrange polynomials
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of degree 16 for interpolating along the horizontal stations, whereas L;15(17) are Lagrange
polynomials of degree 12 for interpolating along the vertical stations. Since Lagrange
polynomials take positive and negative values, the shape of Figure 6a is fully justified.

113-NODE TRANSFINITE ELEMENT 113-NODE TRANSFINITE ELEMENT

(©)

Figure 6. Global shape functions using (a) all Lagrange polynomials, (b) all Bernstein polynomials,
and (c) mixed Bernstein polynomials/cubic B-splines for blending and trial functions, respectively.

Furthermore, even if the Lagrange polynomials are replaced by the non-negative Bern-
stein polynomials as follows: Eq(¢) — Boa(¢), Eo(n7) — Bo3 (1), etc., Lo16(&) — Bo16(C),
etc., the basis functions ¥; (¢, 77), ¥2(&, 77) and the similar may obviously obtain negative values:

Y1(&, 1) = Boa(€)Boj2(n) + Bo,16(&)Bos(17) — Boa(&)Bos(n), (53)
¥2(¢,1) = B1,16(&)Bos (7).

To evaluate the quality of the approximation using transfinite interpolation, in
both cases (Lagrange-Lagrange and Bernstein—Bernstein), after collocating the function
U(x,y) = e* cos(my) at the 113 nodal points, Table 2 shows that the L2 error norm equals
to only (1.2326 x 10~°) %. Since the maximum polynomial degree involved in the L2-norm
is2 x 16 =32, a 17 x 17 Gaussian scheme was imposed for the entire patch.

Table 2. L2 error norm (in percent %) for the 113-node element.

Functions L2 Norm
BLENDING TRIAL (in %)

1 Lagrange (px =4, p, =3)  Lagrange (px = 16, py = 12) 1.2326 x 107
2 Bernstein (px =4,p, =3)  Bernstein (px = 16, py = 12) 1.2326 x 1075
3 Lagrange (px = 4, py = 3) B-splines (p = 3) 0.0013
4 Bernstein (px = 4, py = 3) B-splines (p = 3) 0.0013

In the case of the combination of blending functions using either Lagrange or Bernstein
polynomials in conjunction with cubic B-splines based on 14 and 10 uniform knot spans in x-
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and y-directions (thus producing 17 and 13 control points), respectively, the basis functions
are shown in Figure 6c¢. In the latter case, the domain was divided into 14 x 10 uniform
cells (elements), and on each element, a 4 x 4 Gaussian scheme was implemented. The L2
error norm was found to be equal to 0.0013%.

7. Unstructured Transfinite Elements

Now, we leave the structured stencils shown in Figure 2 (developed at General Mo-
tors Research Laboratories) and deal with patches in which the nodes (or the control
points) do not lie along isolines only, as was the case discussed in Section 6. There are
many possibilities, a few of which are discussed in the remainder of this paper. Suitable
options are:

e  The internal nodes form a tensor product but are not consistent with the boundary
nodes (neither the position nor the quantity);

e  The internal nodes have been produced after a number of subdivisions (see Section 8);

e  The internal nodes are arranged like the well-known T-mesh (see Section 9).

All the above three categories may be tackled using univariate blending and trial
functions, which may be (i) Lagrange polynomials, (ii) Bernstein polynomials, (iii) B-splines,
and (iv) NURBS (when curvilinear).

The treatment of all these cases may be faced with a well-programmed computer
program, but for the sake of understanding, below we present typical cases separately.

7.1. Tensor Product-like 25-Node Element

To this purpose, let us consider the 25-node element shown in Figure 3b, which is
a distorted tensor product of which some boundary nodes have been shifted from their
uniform position. Therein, one may observe 25 nodes (16 on the boundary in the form of
black circles and 9 inner nodes denoted by red-colored circles). The characteristic of this
element is that some of the normal projections of the inner nodes on the boundary are shifted
with respect to the boundary positions. To depict this deviation, these projections (called
artificial points) are denoted by smaller auxiliary numbers in green color (nodes 26, .. ., 35)
and green-colored crosses (x).

The first question to answer below is, whether the Lagrange polynomial- and Bernstein
polynomial-based numerical solution is the same, and how it is performed and justified.

7.1.1. Lagrange Polynomial-Based Elements

The number of layers of internal nodes per direction defines the degree of the blending
functions, which, in principle, are Lagrange polynomials. Applying the transfinite (Gordon)
interpolation to the assemblage of the internal nodes and the artificial points, after all these
artificial nodes are interpolated in terms of the actual nodes along the corresponding edge,
we eventually derive two types of global shape functions as follows:

e  Those along the boundary, depending on both the trial functions and the associated
blending function in the normal direction. By construction, they vanish at all the
boundary nodes (except for one) and vanish at all the internal nodes.

e Those global shape functions, associated with the inner nodes. They are the well-
known classical tensor product Lagrangian polynomials (i.e., the blending functions).

For the distorted setup of nodes shown in Figure 3b, the closed-form expressions of
the Lagrange polynomial-based global shape functions have been derived in Appendix B
and are illustrated in Figure 7a.
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Figure 7. Shape functions of a 25-node distorted transfinite element using (a) Lagrange polynomials
and (b) Bernstein polynomials.

7.1.2. Bernstein Polynomial-Based Elements

While the Lagrange-based global basis functions depend on whether the associated
nodal point is at the corner (and then is an actual Boolean sum of blending and trial
functions) or is intermediate on the boundary, Bernstein polynomials operate in a slightly
different way, as discussed below.

For the distorted setup of twenty-five nodes shown in Figure 3b, the stations to which
the Bernstein polynomials refer are uniformly distributed, and thus, blending and trial sets
coincide with one another. Consequently, in Equation (A5) (of Appendix B), the Lagrange
polynomials must be replaced by Bernstein polynomials of the same degree, and the result
is illustrated in Figure 7b. Obviously, this means that for all the internal nodes and the
intermediate boundary nodes, the global basis functions will be tensor product Bernstein
polynomials. Furthermore, if the same replacement is performed for a corner node (say the
bottom left No. 1), the result will be again a perfect tensor product:

[Nl (gf ﬂ)]Bernstein = B0,4(§)B0/4(17; + W B W (54)

= Bo4(¢)Boa(n

In other words, the analog of a distorted tensor product Lagrangian transfinite element
is an ideal tensor product Bernstein polynomial (with symmetrically placed control points),
and this is possible because any deviation from symmetry is absorbed by the generalized
coefficients «.

Interestingly, setting the values of the function U(x,y) = e*cos(7ty) at the same
25 non-uniform places in both formulations (Lagrange, Bernstein) the L2 error norm within
the square domain was found equal to L2 = 0.6361%.

7.2. Tensor Product-like 27-Node Element

Another instructive example of a generalized 27-node transfinite element, a little
more complex than that described above, is shown in Figure 8a. One may observe that
the opposite edges are divided into a uniform but different number of subdivisions to
one another.

The three stations of internal nodes parallel to the horizontal axis depict blending
functions E;(¢) of the fourth degree in ¢ (withi = 1,...,5). Similarly, the three stations of
internal nodes parallel to the vertical axis (thus five stations in total, including the edges
AD and BC) depict blending functions E;(#7) again of fourth degree in .

Regarding the trial functions, the edge AB requires a polynomial of the fourth degree
(i.e., L&B (¢) withi =1,...,5), the edge BC of the third degree (i.e., Lfg(;y) withj=1,...,4),
and the edge DC of the sixth degree, whereas the edge AD needs a polynomial of the
fifth degree.
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As usual, we distinguish three categories of nodes, i.e., those at corners, those at inter-
mediate boundary nodes, and finally, those in the interior. The totality of the basis functions
is shown in Equation (55), where L represents the Lagrange polynomials performing as
trial functions.

When working with Lagrange polynomials for blending and trial functions, not only
the degree of the polynomial but also the location of the involved nodes plays a certain
role. We recall that in the previous example of a 25-node element (Section 7.1), although the
inner nodes were uniformly distributed, the non-uniform location of the nodes 2, 3, and 4
was introduced in the set of the five Lagrange polynomials along the bottom edge AB. The
same holds true in the 27-node element under consideration:

Boundary nodes :

Ni(& 1) = E1 QLR (1) + %5 () — E(§)Ex(n),
Na(¢,1) = E1(n)Le2 (&),

N3(¢ 1) = E1(n)LE7 (8),

Ni(&, 1) = Er (1) L7 (§),

N5(§,17) = Es(&)LYS () + %4 (2) — Bs () Ex (),
Ne(&,1) = Es(&)LES (),

N7(&, 1) = Es(&)L5S (n),

Ns(&, 1) = Es(§)LES (1) + Es ()L (&) — Es(€)Es (1),
No(&,17) = Es()LYE (3),

Nio(¢, ) = Es()LEE (3),

N1 (¢,7) = Es(n) LY (3),

Ni2(8, 1) = Es()L5g (&),

Ni3(¢, ) = Es(n)LY¢ (3),

Nua(&,n) = Er(©)LEP () + Es(n) LYS (§) — E1 (§)Es(n), (55)
Ni5(&, 1) = E1(&) LD (),

Ni6(&,7) = E1(3) L2 (),

Ni7(&, 1) = E1 (&) L4E (),

Nig(,7) = E1(§) L3P (),

Inner nodes :

Nig(&, 1) = E2(G)Ea(1),

Nao(S,1) = E3(§)E2(1),

N1 (&, 1) = Ea(§)Ea(1),

N (&, 1) = E2(¢)Es(1),

No3(S,1) = E3(§)Es(n),

No(G,1) = E4(8)Es(n),

No5(8,1) = E2(§)Ea(n),

Na6 (&, 1) = E3(G)Ea(n),

N27(G, 1) = E4(§)Ea(n)

In contrast, when working with Bernstein polynomials, only the polynomial de-
grees are of interest since the nodal points do not contribute to the formulation of the
basis functions.

Focusing on Figure 8a, the blending functions are polynomials of degree four, either
uniform Lagrange or Bernstein, accordingly. Moreover, in both formulations (i.e., Lagrange
and Bernstein), the corners nodes 1 and 5 eventually appear only in the P; projection,
whereas the rest corner nodes 8 and 14 are influenced by all three projections.

The result shown in Figure 8b has been obtained using Lagrange polynomials as
blending functions of the fourth degree, and for the edges, it is as follows. The edges
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AB (bottom), BC, CD, and DA are interpolated by polynomials or degrees 4, 3, 6, and
5, respectively.

, . , SHAPE FUNCTIONS: LAGRANGE POLYNOMIALS

@ (b)

SHAPE FUNCTIONS: BERNSTEIN POLYNOMIALS

(9

Figure 8. A 27-node transfinite element: (a) node numbering, (b) global shape functions in terms of

Lagrange polynomials, and (c) global shape in terms of Bernstein polynomials.

Regarding the Bernstein formulation, the bivariate basis functions are given by replac-
ing the Lagrange with Bernstein polynomials of the same degree in Equation (55) and are
illustrated in Figure 8c.

It is also noted that, in both formulations, the determinant of the Jacobian

ox/o¢ dy/o
] = ai; ag aijaﬂ takes everywhere its accurate value, and the partition of unity
holds everywhere.

Now;, setting the values of the function U(x, y) = e* cos(7ty) at the 27 uniform places
on the boundary and the interior (nodes 1 to 27), the 27 coefficients o of the distrorted tensor
product Bernstein—Bézier element were calculated. Based on these two sets of 27 values
separately (U or a values), a small difference was found for the L2 error norm within the
square domain (Lagrange formulation according to Equation (55): L2 = 0.6408%, Bernstein
formulation: L2 = 0.6154%).

8. Mesh Refinement

There are many engineering problems in which the exact solution varies rapidly at a
certain point in the domain. Due to the encountered high gradients, it becomes necessary
to refine the mesh at this point of the domain, but then the problem of hanging nodes
appears [21,22].

A simple method to overcome this problem is to subdivide the initial patch ABCD,
using progressively one-fourth of the previous subdomain closest to the ‘singularity” at the
corner D, as shown in Figure 9. One may observe the hanging nodes 5 and 10 after the first
refinement, as well as 15 and 18 after the second refinement. Below, we will see that in the
transfinite formulation, they do not constitute a difficulty to deal with.

Therefore, starting from the classical quadratic element shown in Figure 9a, we subdi-
vide the upper left fourth, as shown in Figure 9b. In this case, we have four vertical stations

at¢ =0, }I' %, 1 in the horizontal and 7 = 0, %, %, 1 in the vertical direction.
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As was shown in the previous sections, we are flexible in choosing the blending and
trial functions. Below, we present the global shape functions when Lagrange polynomials
have been implemented everywhere. Then, the blending functions are Lagrange polynomi-
als of third degree but are based on non-uniform nodes (not the same in the two directions,
and thus the subscripts denote the position of each associated station):

x-direction: Ez_o(¢), Egz% (@), Egz% (&), Ez=1(2)
y-direction: E;—o(7), EW:% (n), E,]:% (1), Ey=1(1)

Regarding the trial functions, we distinguish three sets of Lagrange polynomials,
as follows:

- Those along the boundary stations AB and BC, which are uniform quadratic polyno-
mials (p = 2): L (s) = (25 = 1)(s — 1), L (s) = 4s(1 —5), and L'P(s) = s(25 — 1),
2
where s denotes either of ¢ or 7.

- Those along the horizontal stations 4-5-6-7 and 11-12-13-14, which are non-uniform
Lagrange polynomials, identical with the blending functions toward the ¢-axis:

L) = Eemo(@), 1Y, () = Ep_y (8), LY, (8) = B3 (@), and L, (&) = Ez1(0).

- Those along the vertical stations 1-4-8-11 and 2-6-10-13, which are identical with
the blending functions toward the 7-axis: LEIBZ)O(U) = Ey=o(7), L( ) (n) = E”:%(U),

_2
~1
®) () — ®) () —
L,Zs(n) =E,_3(y),and L, %, (17) = Ey=a(1)-

Based on the above three functional sets of trial functions, the application of the
Boolean sum in conjunction with artificial nodes, which are the intersections of the line 9-5
with 1-2 and the line 9-10 with 7-14, leads to the following global shape functions for the
entire patch (for details, see Appendix C):

Ni(&,17) = Eg=0(&)Ly" (1) + Eymo (L&) = Eg=o(&)Ey=o(n),
Na(8,m) = Eg_3 (L, 20 (n) + Ey=o()L) (€) — Eg_3 (D)Ey=o(n),
Na(&,17) = Ez—1 (&) L\ 25 () + Ey=o (L (&) — Bz=1(&)Ey=o(1)
Na(&m) = Ez—o(@)L,”, () + E,, 2 (1)L (€)= Eemo(§)E,_2 (1),
Ns(&1) = Eg_y (L (1) + Ey_a (DL (8) — Ep_y (D, (),
No(&m) = Ez_z (L, () + E,_3 (LY () ~ E_z (DE, 3 (),
No(&m) = Eca (@)L (1) +Ey 3 (L (@) ~ Eea (D, 2 (n), 5
Ns(&m) = Ez—o(@)LY s () + E_3 (DL (@) — Ezmo(©)E, 5 (n),
No(&,m) = Ez_y (L3 () + E,_3 (L, (©) — E_y (E,_3 (),
No(&m) = Eg_3 (LY (1) + B,y (LY (§) — E;_3(D)E, 3 (),
N1 (&,17) = Ez=o @)LV, (1) + Eyr () LE(8) — Ee—o(&) By (1),
Ni2(&m) = Eg_y (L, (1) + Eya (LYY, (€) — Ep_y ()Eya(n),
Nus(& ) = Ex_z (LY () + By (DL, (6) — B3 (©)Eya (),
Nug(&, 1) = Ez=1()LE (1) + Eyma (1)L (€) — Ez=1(8) By (1)

The shape functions of Equation (48) are illustrated in Figure 10a, whereas after
replacing the Lagrange with Bernstein polynomials, the updated basis functions are shown
in Figure 10b.
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Figure 9. Refinement of patch ABCD: (a) uniform mesh, (b) first refinement, (c) second refinement.
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9. T-Mesh-like Transfinite Elements

The capability of transfinite elements to deal with mesh refinement is encouraging,
and therefore, it is important to check whether it can also treat unstructured domains in the
form of T-mesh patches.

Example 1. Let us consider the simple T-mesh shown in Figure 11. Below, we test and compare
several cases, such as polynomials (Lagrange and Bernstein), as well as cubic B-splines.

19 %0 21 22 2.3
14
9e
50—e6
—o *—=o
1 2 3 4

Figure 11. A non-tensor product mesh with gaps: (a) initial T-mesh, (b) after extension the artificial
nodes H and G are produced.

9.1. Lagrange and Bernstein Polynomials

Regarding the application of the conventional transfinite interpolation, one may
recognize in Figure 11a five vertical and another five horizontal uniform stations. Therefore,
each of them will be a polynomial of the fourth degree (px = py = 4).

To build the three projectors, again, we need to complete the tensor product by adding
the two points (G and H) shown in Figure 11b. Each of the three edges (BC, DC, and AD)
contain five nodes and, thus, are represented by quartic polynomials, whereas the bottom
edge AB includes only four nodes (1, 2, 3, and 4). Clearly, the function U(¢,0) along AB
will be represented using a non-uniform Lagrange polynomial of degree three, and this
affects the projector P;. In contrast, the auxiliary point G (between 2 and 3) is involved in
the interpolation of the function U({ = %, 1) which participates as a third additive term in
the projector P¢.

The complete procedure will be given below, but the symmetry of the mesh in Figure 11
with respect to the y-axis dictates, in advance, that the transfinite interpolation degenerates
to only the vertical projector P.

Actually, in more detail, we have:

= Ez—0(8) [ Ly Lo (U + LY ()Us + LY, (n)Us + Ly () Un + L, () Ui

FE;_ (@) | Lo Uz + LYy (n)Us + L7, ()Uo + Ly () Uns + Ly, () Uno

E;_2(8) | Ly Lo (n) U + LY () U + LY () U+ LY () Ung 4+ LiE, () U (58)
FE_ 3 (0| Lyo(nUs + LY (n)Uz + Ly () Una + LY ()Ui7 + L2, () Uno

FEe1(€) | Ly Lo () Us + L1 () Us + L3 () Una + L3 () Ui+ Ly, () Uns



Mathematics 2025, 13, 335 26 of 37

U

0 @+ LU + LY@ + L2

+E,_ (1) Lgig Pus + LT U+ LY U + LY @) us

(@)U + LYY (@)U + LY s (@) + L, (2L (59)

=1 (€)Uss + L(?g (&)U + L((;l) &)tz + Lé‘ﬂl(é‘) Ug

71 (&)U + L )2 (&)U + L‘?)i (&)Uxn + ngl(‘f)um ,

+E,_3 (1) | Lo (@)Us + LYY

He G

= Eg=0(§) Ey=0(m)Us + Ez_1 (§)Ey=0(1)Uz + Eg_2 (§) Ey=0 (1)U + Eg_3 (&) Ey=0 (1) Us + Eg=1() Ey=0(17) Us
) (n

+Ez=0(8)E, 1 (mMUs + Ez_1 (§)E, _1 (1)U + Ez_2 ($)E, _1 (7)Un + Ez_ 3(6)15,7 1(MUy + Ez=1(G)E,_1 (1) Us
+Ez—0(8)E,—2 (MUs + E;_1 (§)E,_2 (n)Uno + Ez_2 ($)E, 2 ()Un1 + Eg_s () E, _2 (1) Uiz + Ez=1 (§)E,_2 (1) Uas (60)
+Ez=0(8)E,—3 (mUna + Eg_1 (§)E, _s (N Uns + Ez_2 (), 5 (1)W1 + Eg_3 (§)E, 3 () U7 + Eg=1(G)E, _s (1) Uns
+Ez—0(8)Ey=101)Urg + Eg_1(8) Ey=1 () Uao + Ez_2 (§) Ey=1 (1) U1 + Ez_3 () Ey=1 (1) Uzz + Eg=1 (&) Ey=1(17) Uzs.

Since the trial functions L§4) (n) are identical with the blending functions, i.e.,

L§4) (1) = Ei(n), one may observe that in this example, we have:

P: = Pg,], (61)
whence
ue,n) = Pr+ Py — P,;” 62)
=Py

The cancelation of the difference (P; — Pg;) also means the cancelation of the in-
volved auxiliary variables (U; and Up). Eventually, the factors of the 23 nodal values
U;, i=1,...,23 in Equation (59) denote the desired shape functions of the macroelement
associated with the patch ABCD, which are illustrated in Figure 12a using either Lagrange
polynomials. When the Lagrange polynomials are replaced by Bernstein ones, we receive
the set of 23 basis functions shown in Figure 12b.

23-NODE TRANSEINITE ELEMENT 23-NODE TRANSFINITE ELEMENT

(@) (b)
Figure 12. Global shape functions using (a) Lagrange polynomials and (b) Bernstein polynomials.
The quality of the above obtained 23 shape functions is evaluated as follows. Setting

the nodal values equal to the function U(x,y) = e* cos(my), then the Ly-norm was found
to be equal to 0.4968% (in both Lagrange and Bernstein polynomials).
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9.2. B-Spline Blending and Trial Functions

As an innovative step beyond state-of-the-art T-splines, we consider that the blending
functions are B-splines and the same holds for the trial functions as well.

Example 1: T-spline analog

In this context, the existence of five stations per direction (see Figure 11 and its analog
Figure 13) is consistent with a univariate B-spline formulation with five control points that
span the entire domain [0,1]. This can be accomplished as follows:
e  Quadratic B-spline (p = 2) in conjunction with knot vector U =[0,0,0,1/3,2/3,1,1,1];
e  Cubic B-spline (p = 3) in conjunction with knot vector U = [0,0,0,0,1/2,1,1,1,1];
o  The results for the L2 error norm are shown in Table 3.

Table 3. L2-norm (in percent %).

CASE Functions L2-Norm
BLENDING TRIAL (in %)
1 Lagrange (p = 4) Lagrange (p = 4) 0.4968
2 Bernstein (p = 4) Bernstein (p = 4) 0.4968
3 Lagrange (p = 4) B-splines (p = 3) 0.4840
4 Bernstein (p = 4) B-splines (p = 3) 0.4841
5 Lagrange (p = 4) B-splines (p = 2) 0.5003
6 Bernstein (p = 4) B-splines (p = 2) 0.5006
7 B-splines (p = 2) B-splines (p = 2) 0.8816
8 B-splines (p = 3) B-splines (p = 3) 0.4848
19 20 21 22 23
141 [15 16 171118
9 10 p 12 13
I' missing
|
5.16 H 7.8
12 G 34
Double knot Double knot

Figure 13. The analogue T-mesh.

Clearly, cases 7 and 8 of Table 3 were obtained using the transfinite interpolation
formula given by Equation (51), in which the Lagrange polynomials were replaced by
B-splines. A question here arises whether the so-produced basis functions are related
to those that can be obtained through the conventional rule of T-splines. To answer this
question, we form the arrays (each of size 23 x 5), which for each anchor provide the
local knot vectors for the T-mesh shown in Figure 13 (U toward ¢-direction, V, toward
n-direction):
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0 0 0 0 1 0 0 0 0 05]
0 0 0 1 1 0O 0 0 0 05
0 0 1 1 1 0 0 0 0 05
0 1 1 1 1 0O 0 0 0 05
0 0 0 0 1 0 0 0 05 1
0 0 0 1 1 0 0 0 05 1
0 0 1 1 1 0 0 0 05 1
o 1 1 1 1 0 0 0 05 1
0 0 0 0 05 0 0 05 1 1
0 0 0 05 1 0 0 05 1 1
0 0 05 1 1 0 0 05 1 1
Us:=1[0 05 1 1 1|, V%=|0 0 05 1 1 (63)
05 1 1 1 1 0 0 05 1 1
0 0 0 0 05 0 05 1 1 1
0 0 0 05 1 0 05 1 1 1
0 0 05 1 1 0 05 1 1 1
0 05 1 1 1 0 05 1 1 1
05 1 1 1 1 0 05 1 1 1
0 0 0 0 05 05 1 1 1 1
0 0 0 05 1 05 1 1 1 1
0 0 05 1 1 05 1 1 1 1
0 05 1 1 1 05 1 1 1 1
05 1 1 1 1] 05 1 1 1 1|

One may observe in Figure 14 that the basis functions, which were produced through
transfinite interpolation using cubic B-splines for both blending and trial functions, are
identical to those obtained using the classical T-spline formulation based on the local knot
vectors given by Equation (63). Numerically, the differences were less than 10~1°.

23-NODE TRANSFINITE ELEMENT
23-NODE T-SPLINE ELEMENT

(@) (b)

Figure 14. Global shape functions over the square patch ABCD using (a) B-spline transfinite interpo-
lation and (b) T-spline formulation.

Example 2: Missing boundary knots

In Figure 15a,b, we present a trivial case of 14 nodes where the nodal points G and F
are missing to complete the tensor product. The four stations per direction suggest blending
functions of degree three. The third vertical station measured from the left requires the
artificial points G and interpolation of the third degree. Similarly, the third horizontal
station measured from the bottom requires the artificial point F and polynomial of the
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third degree. Using Lagrange polynomials, the three projectors and their Boolean sum are
given below.

Pe = Eo(§)|Eo(m)th + Ey (1
U, + El (77

Uy + E2 (7)Us + Ex(y
U5+E2(17)U9 +E1(

Uyq
Uyp

) )
) )
(64)

TE(@) |Lg wﬂk+L? wur+L ot

also

Py = Eoln) [LOM @ + LP @ + L2 )y |,

o()Us+ Ey (7)Us + E3 (i7)Us + E1 () Uy
0(11)Us + Ey (1)Us + E2 (7)Uio + Ex (1 )uF]
(U2 + E3 () Urs + Ea (1)U,

(65)

&)Eo(n)Uc+E1(8)Eo(n
Us + E1(¢)E1(

3 66
U+ Ei(E )E (¢6)

M m ™
N LI @IN

)Us
n)Uz
g(ﬂ)
Eq(17)Uns.

I
QLIN

—

™R

N—

M e

N

—

=

S—

=

=

@

_|_

™

—

/'\

v

C 1112 13__14

13 114 58 —$7F

4115 6} ¢/
3B 12 G3
(c)

Figure 15. T-mesh of 14 nodes for (a) Lagrange polynomials, (b) after extension, (c) index space.

One may observe that:

e  Theinterpolation along the right vertical edge BC is fully preserved using non-uniform
polynomials of degree 2, and this justifies the subscript BC (boundary conditions) in
the last square bracket of the projector P (see Equation (56)).

e The interpolation along the bottom edge AB is fully preserved using non-uniform
polynomials of degree 2, and this justifies the subscript BC (boundary conditions) in
the first square bracket of the projector P, (see Equation (57)).

e The artificial values (Ug,Ur) appear in the projectors Pz and P, respectively,
whereas both of them appear in the tensor product Pz,. As a result, they are
eventually eliminated.

e  After performing the Boolean sum Pg &) P,7 = Pg + P,7 — P@r,?, the transfinite interpola-
tion offers the following 14 global shape functions in the domain [0, 1] x [0, 1]:
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ue,n) = [Lo(z)AB(C)Eo(ﬂ)} Uy
L@ )| - U
+ [ En(@) Lo () + L PI4B (@) Eol(y) — 1 (§) o) - Us
+[Eo@)E,_1 ()] - s
| Bt (QE,_1(n)] - Us
+|Ee=2 (O)E,_1(n)] - Us
@ w)| - u
+[Eo(@)E, 3 ()] - Us (67)
+ By (DB, 3 (n)] - Us
+|Ee=2 (©)E,_2 ()| - Uno
+[Eo(§)Ex ()] - Un
+|Ee_1 (8)Ei (1) | Una
+ B2 (Q)Fi ()] - Us
+iEl ‘:)Ll(z)BC(’?)} Ura
- L@y,

The fourteen shape functions of Equation (67) are illustrated in Figure 16a, and thus,
they obtain positive and negative values. Although at the nodes, they take the value of
unity, in between them they may exceed the unity.

TRANSFINITE 14-NODE: Lagrange TRANSFINITE 14-NODE: Bezier

Tl

(O SN

\\\Q’/I' ‘\\\’/“0 ’:" ""
‘\\\ (

‘\\% ““ ”’”!. .'

~ “'

(a) (b)

Figure 16. Shape functions using (a) Lagrange polynomials and (b) Bernstein polynomials.

Furthermore, if blending and trial functions are Bernstein polynomials of the same
degree as the previously mentioned Lagrange polynomials, the form of Equation (67) is
again derived, and the updated results are illustrated in Figure 16b. One may recognize the
Bernstein polynomials on the boundaries and may observe only positive values.

It is noted that in both cases, i.e., using either Lagrange or Bernstein polynomials, the
partition of unity is fulfilled:

14
Y ¢i(&n) =1, Y(&n) € (0,1 (68)

j=1
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However, to obtain the above Partition of Unity Property (from which the transfinite
interpolation originated), we must consider polynomials of second degree as well, which
are denoted in Equation (67) with red color.

Interestingly, when the T-spline local vectors were calculated only in terms of degree
p = 3, the T-spline formulation failed to ensure unity basis functions at the corner B and
C, simply because there were not four discrete nodes therein. In contrast, the transfinite
interpolation could treat this issue in an effective way, according to Equation (59).

10. Discussion

Currently, the tensor product is probably the most usual formula for interpolation
and approximation in well-shaped patches, although in several scientific fields, such
as geo-informatics, there are more complex interpolations that allow for global or local
control [34-36].

In computational mechanics, one disadvantage of the tensor product is that it requires
the same number and relative location of nodes on the opposite edges of a large element or
patch with the internal nodes, which should be along discrete isolines passing through the
boundary nodes. This, in turn, leads to connectivity problems when two dissimilar patches
must be joined together. As a result, the buildup of “transition elements”, which can ensure
inter-element compatibility, is imperative [17-22]. Such elements can be automatically
generated using the transfinite interpolation [37].

In addition to the inter-element compatibility, the existence of high gradients requires
local mesh refinement leading to “hanging nodes”, but this issue is easily treated through
the transfinite interpolation, using a larger number of stations close to the singularity. The
hanging nodes are treated by implicitly extending the lines to which they belong until
they reach the boundary or through transition elements based on transfinite interpolation.
However, the produced nodes are ‘artificial” (i.e., auxiliary) in the sense that they are
eventually eliminated and, thus, not involved in the final expressions of the basis functions.

Aiming at treating the above two needs, while most of the transfinite elements can
be developed using Lagrange polynomials, when the number of the involved nodes in
a station becomes high, for equidistant nodes, the interpolation may be amenable to
numerical oscillations (whereas Lagrange polynomials based on GLL points eliminate the
Runge oscillations [21]), and therefore, it may be useful to replace them with B-splines. In
other words, if the number of stations is relatively small, the blending functions may be
selected as Lagrange polynomials, whereas the trial functions along the stations may be
chosen to be B-splines or NURBS.

In addition to the Lagrange polynomial-based blending functions, it has been previ-
ously found that they can be chosen as any other kind of cardinal function such as piecewise-
linear [33], cosine-like [16] (p. 125), cardinal natural cubic B-spline, and others. For example,
the choice of piecewise-linear blending functions in conjunction with piecewise-linear trial
functions leads to an assembly of conventional bilinear finite elements [33], and so on.

Recently, it was found that Lagrange polynomials may be replaced by Bernstein
polynomials of the same degree, and this idea was combined with weights, which makes
the transfinite formulation capable of accurately representing conics and spherical cups [23].

Beyond the above state-of-the-art, the present paper proposes a still further effective
replacement of the higher order blending functions, not only by Bernstein polynomials as
previously but also by non-cardinal B-splines. From the theoretical point of view, in light of
Theorem 3, which states that every tensor product equals either of the three projectors in
transfinite interpolation, the choice of Bernstein polynomials for both the blending and the
trial functions makes the transfinite interpolation degenerate to tensor product Bernstein
polynomials. Similarly, the choice of B-splines for both the blending and the trial functions
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makes the transfinite interpolation degenerate to tensor product B-splines. As a result of
this finding, it was conjectured that B-splines can be generally applied as blending functions
despite the fact that they are not cardinal (i.e., not of [0-1]-type).

From the practical point of view, the utilization of B-splines as blending functions
assists in the buildup of many mixed transfinite elements, which may combine even
different polynomial degrees between blending and trial functions, and in some cases
(where some internal lines do not intersect the boundary) can treat patches like T-splines.

Ongoing research on the general T-spline reveals difficulties when there are many
intersecting points because all the artificial points are not always eliminated. This topic
will be presented in full detail in a future paper.

11. Conclusions

Within a geometric curvilinear patch, the transfinite interpolation formula is applicable
in conjunction with several sets of blending functions, which are not necessarily of cardinal
(i-e., [0-1]) type. In this sense, any tensor product of well-known functions, such as Lagrange
and Bézier-Bernstein polynomials, B-splines, NURBS, and others, may be considered
under the umbrella (prism) of the transfinite interpolation. For example, the NURBS-based
isogeometric analysis may be considered as a special case where both the blending and
trial functions are chosen as weighted B-splines, while some aspects of T-splines can be
derived from the general theory, which allows for the simultaneous utilization of different
polynomial degrees. Although the present paper was limited to two dimensions under
Dirichlet boundary conditions, it can be extended to any kind of mixed conditions and
three-dimensional problems as well. The closed form of the global basis functions (or
the easy generic construction of them) makes the methodology applicable to the whole
spectrum of computational mechanics as well as the numerical solution of boundary-value
and eigenvalue problems governed by any type of partial differential equations.
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Appendix A. Lagrange vs. Bernstein Polynomials

Through an example, we shall demonstrate that univariate Lagrange and Bernstein
polynomials achieve the same quality of interpolation.

First, in Figure Al, we compare the polynomials of degree p = 5. One may ob-
serve that:

e Lagrange polynomials L;(x) equal to the unity at the nodal points to which they
are associated and vanish at all the rest nodal points, i.e., they fulfill the condition
Li(xj) = dij,
and can be even larger than unity.

where J;; is Kronecker’s delta. They take positive and negative values

e  Bernstein polynomials B;(x) are non-negative functions which are less or equal to the
unity. The maxima of these functions appear to subdivide the interval in p equal spans.
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LAGRANGE polynomials (p=5)

@;/z_@
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BERNSTEIN polynomials (p=5)

Figure A1l. Lagrange and Bernstein polynomials of degree p = 5.

Second, let us use the above two functional sets to approximate the well-known Runge
function u(x) = 1/(1 + 25x?). In this context, using a uniform set of six (i.e., p + 1) nodal
points: x(i): 1 =0, 1/5,2/5,3/5,4/5, 1, and then a non-uniform set, which is shown by
blue-colored circles, both functional sets are identical each other and fail, as clearly shown

in Figure A2.
UNIFORM
1 -
AN O Nodal points
08t [y — Y —Exad |
! v Lagrange

06 \ % Bernstein
04 f 2
0.2

oL I

) Nodal points

0.8 L1 — — —Exact
y \ Lagrange

0.6 ! % Bernstein

Figure A2. Approximation of Runge’s function using Lagrange and Bernstein polynomials of degree
p=>5.

Appendix B. Global Shape Functions Based on Lagrange Polynomials

For the 25-node element shown in Figure A3, the global shape functions are produced
by the implementation of the following Boolean sum:

u(g,n) = Pz + Py — Py (A1)
where the three projectors are given as (see Refs. [4-7]). In more detail, we have:

e  Toward the ¢-axis:

= Eo(&) [L§P () Uy + L{P () Ug + LAP () Uy + LEP (57)Une + L{P (17) Uy |

=i ¢=1 ¢=1 ¢=3 &=}
Ly *(n)Ue + L7 * (U7 + Ly *(n)Uz + Ly *(n)Ur7 + Ly *(n)Usz

=3 e=% &= &=% g=%
Ly *(m)lz + L7 *(n)Us+ Ly *(n)Uiz + Ly *(n)Us + Ly *(1)Uss (A2)

¢=1 ¢=§ ¢=§ ¢=1 ¢~
+E3(8) |L) *(n)Uxs+ L *()Uog+ Ly *(y)Uig + L5 *(n)Uro+ L, *(17)Uss
+E4(8) [LEC () Us + LEC () Uso + LEC (17)Uss + LEC (17) Uso + LEC (17) U]

o Toward the y-axis:
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U

Py, = Eo(n)[L§B(E)U + LB (n) Uy + L4B(&)Us + L{B(&)Uy + LB (&) Us]
+E () | Ly (&) Uno + LT ¥ (@)U + LI (&) Us + L *(E)Us + L) *(£) uao}

FEa(n) | L @)y + LT (@)U + L (@) ts + L1 (@)U + LI (2)Uss

+E3(n) Lg:% &)Uz + LZ:% (U7 + LZ:% (&)U + LZ:% (&) U9 + LZ:% (¢)Uso
+E4(17) [LEC (&)U + LPC(&)Unp + LPC(&)Uns + LYC(&)Upg + LYC(Z) Uns]

e  Tensor product:

= Eo(&)Eo(n)Us + E1(&)Eo(17)Uae + E2(S) Eo(17)Ua7 + E3(§) Eo(17) Uns + E4(&) Eo(n7)Us
+Eo Uso + E1()E1(17)U7 + E2(8)E1(17)Us + E3($)E1(17)Uo + E4(§) Ex

+Ep Uy + E1(8)Ea(17) Uiz + E2(§) Ea (1) Us + E3(&) E2(n)Una + E4($) E2

+Eo Us1 + E1(G)Es(17) Uiz + E2(§) E3(17)Uss + E3(&) Es()Une + E4($)E
+Eg Uy + E1($)E

—~

)E1(
)Ea(
)Es(
)E4(

~ ~
~— — — —

(
(¢
(¢
(¢
(¢

~— — — —

1 (n
1 (n
1 3(7
1 a(17

JUsz + E» (&) E4(17)Uss + E3()E4()Uss + E4(&) E4(17) Uns.

(A3)

(A4)

In the above three Equations (A2)—(A4), the artificial nodes are denoted by pink-colored

subscripts (whereas in Figure A3 are shown by green cross x). After the substitution of

these three equations into the Boolean sum given by Equation (A1), the artificial terms are

eventually canceled. After factorization, the global shape functions are found as follows:

Ni(&, 1) = Eo

N2 (&, 1) = L{P(&)Eo (),
N3(&,17) = L3P (8)Eo (1),
Nu(&,17) = L{P(8)Eo (1),
Ns(G, 1) = Ea(§)LE () + L§P (§)Eo () — Ea(§)Eo(n),
Ne(&, 1) = Eo(&)L{P (),
N7(¢,n) = E1(¢)E1(n),
Ns(&,11) = E2(G)Ex (1),
No(¢, 1) = E3(¢)E1(n),
Nio(¢, 1) = Es(&)LEC(n),
Ni1(¢,1) = Eo(&)L4P (1),
Ni2(&, 1) = E1(§)Ea(1),
Ni3(¢, 1) = E2(&)E2(n),
N14(¢, 1) = E3(&)Ex(1),
Nis(&,17) = E4(§)LEC(n),
Ni6(&,77) = Eo(§)L4P (1),
Ni7(&,m) = E1(§)Es(1),
Nis(¢, 1) = E2(¢)Es(n),
Ni9(¢, 1) = E3(¢)Es(7),
Nao(&,77) = E4(&)LEC (),
N1 (&, 1) = Eo(§) L3P (1) + L (&) Ea(7) — Eo(&)Ea(n),
Nao(&, 1) = LYC(E)Ea(n),
N3 (&, 1) = LYC(E)Ea(n),
Nog(&,17) = LY (Z)Ea()

Nas (&) = Ea(€)LEC(n) + LEC(€)Es(y) — Eal&)Es(n).

Obviously, the global shape functions fulfill the series expansion:

25
u(@n) =Y Nj(&muj
=

(A5)

(A6)
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where U]-, j=1,...,25 are the nodal values.
They also have the Partition of Unity Property:
25
Y Ni(&n) =1,Y¢y) €[0,1] x[0,1], (A7)
j=1
as well as the Kronecker delta property:
1ifi=j
Ni(&i, i) = 6ij = . e s A8
z(ér] 77]) ij { 0ifi#] (A8)
Tn
21 22 23 24 25
DB . C
SR —— o ——a--3%
b6 17 18 19 4og
g1ﬁhgﬁl1ﬁﬁi1ﬁ4ﬁ 15
6%, 57 ie 1\9 J10
Fr——p———p-——¢--
A n ol Bl &
1 2 3| 4 5
£-0 5:% £l

Figure A3. Quasi tensor product element (25 nodes). Artificial nodes are drawn in green color.

Appendix C. Derivation of Formula for the Refinement

To derive the closed-form expression for the refinement, we extend the segments
12-9-5 and 8-9-10 until they intersect the boundary at the points G and F, respectively. Then
we receive a full tensor product of 4 x 4 = 16 points, of which (G, F) are artificial (auxiliary)
and will be eventually eliminated as follows:

12 4
11 J3 14
8 10 F
y J
4 5 |6 7
|
|
|
[ 4 ¥ L 4 @
1 G 2 3

Figure A4. Tensor product configuration for performing the projectors. Artificial nodes are denoted
by red cross x).

The projector toward the §-axis is:

Py = Eo(&) |LY it + LY (nyuy + LY (pyus + L () iy

4

2
4
E (@) | Ly 1)U+ LE () Us + L (n)Us + LY () Une
(A9)

(@) L")tz + L5 ) U + LS ()0 + L () U

2
1

NS

+E

H=IN

+E (@) | L )Us + LD () Uy + L () Uy

1
2
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Note that the interpolation along the right vertical edge BC is based on the actual
nodes (3, 7, and 14) along it and not on the auxiliary node F.
The projector toward the #-axis is:

Py = Eal) L0 O+ LY @) + L @
; 3 @)U + L (@) uy}
3 (@) + L&“(C)Lﬂ

@)tz + 180 (@)t + LY (é)um}

+E () [LP @)U+ LY (@) Us + L
(A10)
+E 3

W TS e Y
HIN TS N T

i [LD @ us + L @)Uy + L

w10

—

+Ey () | LY (@)U + L

NN

Note that the interpolation along the bottom edge AB is based on the actual nodes (1,
2, and 3) along it and not on the auxiliary node G.
The tensor product projector is:

Pz = Eo(&)Eo(n)Us + E1(§)Eo(n

One may observe that the auxiliary values (U, and Ur) appear in Equations (A9) and
(A10), respectively, whereas both of them appear once in Equation (A11). Therefore, when
performing the Boolean sum Pz + P, — Pz, all the terms, including the auxiliary values
(Ug, and Up), are canceled, and thus the final expression (see Equation (48)) includes only
the 14 nodal values, U; to Uyy.

References

1. Farin, G.; Hoschek, J.; Kim, M.S. Handbook of Computer Aided Geometric Design; Elsevier: Amsterdam, The Netherlands, 2002.

2. Piegl, L.; Tiller, W. The NURBS Book; Springer: Berlin, Germany, 1997.

3. Coons, S.A. Surfaces for Computer Aided Design of Space Form; Project MAC, MIT(1964), Revised for MAC-TR-41 (1967); Mas-
sachusetts Institute of Technology: Springfield, IL, USA, 1967.

4. Gordon, WJ]. Spline-blended surface interpolation through curve networks. Indiana Univ. Math. ]. 1969, 18, 931-952. [CrossRef]

5. Gordon, WJ]. Blending functions methods of bivariate and multivariate interpolation and approximation. SIAM ]. Numer. Anal.
1971, 8, 158-177. [CrossRef]

6.  Gordon, W.J.; Hall, C.A. Construction of curvilinear co-ordinate systems and application to mesh generation. Int. J. Numer. Meth
Eng. 1973, 7, 461-477. [CrossRef]

7. Gordon, W].; Hall, C.A. Transfinite element methods: Blending-function interpolation over arbitrary curved element domains.
Numer. Math. 1973, 21, 109-129. [CrossRef]

8.  Cavendish, J.C.; Gordon, W.J.; Hall, C.A. Ritz-Galerkin approximations in blending function spaces. Numer. Math. 1976, 25,
155-178. [CrossRef]

9. Cavendish, ].C.; Gordon, W.J.; Hall, C.A. Substructured macro elements based on locally blending interpolation. Int. |. Numer.
Meth Eng. 1977, 11, 1405-1421. [CrossRef]

10. Cavendish, W.J.; Hall, C.A. A new class of transitional blended finite elements for the analysis of solid structures. Int. |. Numer.
Meth Eng. 1984, 28, 241-253. [CrossRef]

11.  Zhaobei, Z.; Zhigiang, X. Coons’ surface method for formulation of finite element of plates and shells. Comput. Struct. 1987, 27,
79-88. [CrossRef]

12.  Kanarachos, A.; Deriziotis, D. On the solution of Laplace and and wave propagation problems using ‘C-elements’. Finite Elem.
Anal. Des. 1989, 5,97-109. [CrossRef]

13. Provatidis, C.; Kanarachos, A. Performance of a macro-FEM approach using global interpolation (Coons’) functions in axisym-

metric potential problems. Comput. Struct. 2001, 79, 1769-1779. [CrossRef]


https://doi.org/10.1512/iumj.1969.18.18068
https://doi.org/10.1137/0708019
https://doi.org/10.1002/nme.1620070405
https://doi.org/10.1007/BF01436298
https://doi.org/10.1007/BF01395970
https://doi.org/10.1002/nme.1620110906
https://doi.org/10.1002/nme.1620200205
https://doi.org/10.1016/0045-7949(87)90183-0
https://doi.org/10.1016/0168-874X(89)90015-2
https://doi.org/10.1016/S0045-7949(01)00101-8

Mathematics 2025, 13, 335 37 of 37

14.

15.
16.

17.

18.

19.
20.

21.

22.

23.

24.
25.

26.
27.
28.
29.

30.
31.

32.

33.
34.

35.
36.

37.

Hughes, TJ.R.; Cottrell, J.A.; Bazilevs, Y. Isogeometric analysis: CAD, finite elements, NURBS, exact geometry and mesh
refinement. Comput. Methods Appl. Mech. Eng. 2005, 194, 4135-4195. [CrossRef]

Cottrell, J.A.; Hughes, T.J.R.; Bazilevs, Y. Isogeometric Analysis: Towards Integration of CAD and FEA; Wiley: Chichester, UK, 2009.
Provatidis, C.G. Precursors of Isogeometric Analysis: Finite Elements, Boundary Elements, and Collocation Methods; Springer: Cham,
Switzerland, 2019.

Scholz, E.; Altenbach, ]. Kompatible Ubergangselemente fiir lokale Netzverfeinerungen bei 2D- und 3D-Finite-Elemente-Modellen.
Tech. Mech. 1985, 6, 72-78.

Altenbach, J.; Scholz, E. Ableitung von Formfunktionen fiir finite Standard- und Ubergangselemente auf der Grundlage der
gemischten Interpolation. Tech. Mech. 1987, 8, 18-30.

Weinberg, K.; Gabbert, U. Adaptive local-global analysis by pNh transition elements. Tech. Mech. 1999, 19, 115-126.

Weinberg, K.; Gabbert, U. An adaptive pNh-technique for global-local finite element analysis. Eng. Comput. 2002, 19, 485-500.
[CrossRef]

Duczek, S.; Saputra, A.A.; Gravenkamp, H. High Order Transition Elements: The xNy-Element Concept—Part I: Statics. Comput.
Methods Appl. Mech. Eng. 2020, 362, 112833. [CrossRef]

Eisentréger, S.; Eisentrager, J.; Gravenkamp, H.; Provatidis, C.G. High Order Transition Elements: The xNy-Element Concept—
Part II: Dynamics. Comput. Methods Appl. Mech. Eng. 2021, 387, 114145. [CrossRef]

Provatidis, C.G. Non-rational and rational transfinite interpolation using Bernstein polynomials. Int. J. Comput. Geom. Appl. 2022,
32,55-89. [CrossRef]

Lagrange, J.L. Théorie des Fonctions Analytiques; Courcier: Paris, France, 1813. (In French)

Schoenberg, 1.]. Contributions to the problem of approximation of equidistant data by analytic functions, Part A.—On the problem
of smoothing or graduation. A first class of analytic approximation formulae. Q. Appl. Math. 1946, 4, 45-99. [CrossRef]

Gasca, M.; Sauer, T. On the history of multivariate polynomial interpolation. J. Comput. Appl. Math. 2000, 122, 23-35. [CrossRef]
Davis, PJ. Interpolation and Approximation; Dover: New York, NY, USA, 1975.

Ralston, A.; Rabinowitz, P. A First Course in Numerical Analysis, 2nd ed.; Dover Publications: New York, NY, USA, 1978.
Bernstein, S.N. Demonstration du théoreme de Weierstrass fondée sur le calcul des probabilités. Proc. Kharkow Math. Soc. 1912,
13,1-2.

Lanczos, C. Trigonometric interpolation of empirical and analytical functions. J. Math. Phys. 1938, 17, 123-199. [CrossRef]
Bézier, P. Mathematical and Practical Possibilities of UNISURE. In Computer Aided Geometric Design; Barnhill, R.E., Riesenfeld, R.F,,
Eds.; Academic Press: Cambridge, MA, USA, 1974; pp. 127-152, ISBN 9780120790500.

Patera, A.T. A spectral element method for fluid dynamics: Laminar flow in a channel expansion. J. Comput. Phys. 1984, 54,
468-488. [CrossRef]

Provatidis, C.G. Two-dimensional elastostatic analysis using Coons-Gordon interpolation. Meccanica 2012, 47, 951-967. [CrossRef]
Micchelli, C.A. Interpolation of scattered data: Distance matrices and conditionally positive definite functions. Constr. Approx.
1986, 2, 11-22. [CrossRef]

Franke, R. Scattered data interpolation: Tests of some methods. Math. Comp. 1982, 38, 181-200.

Kansa, E.J. Multiquadrics—A scattered data approximation scheme with applications to computational fluid-dynamics—I surface
approximations and partial derivative estimates. Comput. Math. Appl. 1990, 19, 127-145. [CrossRef]

Liu, Y.; Li, H. B-spline patches and transfinite interpolation method for PDE controlled simulation. J. Syst. Sci. Complex. 2012, 25,
348-361. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1016/j.cma.2004.10.008
https://doi.org/10.1108/02644400210435825
https://doi.org/10.1016/j.cma.2020.112833
https://doi.org/10.1016/j.cma.2021.114145
https://doi.org/10.1142/S0218195922500030
https://doi.org/10.1090/qam/15914
https://doi.org/10.1016/S0377-0427(00)00353-8
https://doi.org/10.1002/sapm1938171123
https://doi.org/10.1016/0021-9991(84)90128-1
https://doi.org/10.1007/s11012-011-9489-y
https://doi.org/10.1007/BF01893414
https://doi.org/10.1016/0898-1221(90)90270-T
https://doi.org/10.1007/s11424-012-1148-4

	Introduction 
	Linear Blending Functions in Coons’ Interpolation 
	Linear Interpolation in the Physical Space 
	Linear Interpolation in the Parametric Space 
	Projectors Within a Quadrilateral 
	Interpolation by a Boolean Sum 

	Higher-Order Blending Functions in Gordon’s (Transfinite) Interpolation 
	From Coons’ to Gordon’s Patch Theory 
	Transfinite Interpolation 
	Tensor Product Under the Umbrella of Transfinite Interpolation 
	Historical Note on Univariate Interpolation 
	Tensor Product Using Lagrange Polynomials 
	Generalization of Tensor Product 


	Trial Functions 
	Lagrange Polynomials 
	Bernstein Polynomials 
	Relationship Between Lagrange and Bernstein Polynomials 
	Uniform Distribution of Nodal Points 
	Non-Uniform Distribution of Nodal Points 

	B-Splines 
	Non-Uniform Rational B-Splines (NURBS) 

	Tensor Products of Trial Functions 
	Lagrange Polynomials 
	Bernstein Polynomials 
	B-Splines 
	NURBS 

	The Proposed Conjecture 
	Bernstein Tensor Product Elements 
	B-Spline Tensor Product Elements 
	NURBS Tensor Product Elements 
	Overall Evidence for Tensor Product Elements 
	Applications 
	The 21-Node Transfinite Element 
	The 113-Node Transfinite Element 


	Unstructured Transfinite Elements 
	Tensor Product-like 25-Node Element 
	Lagrange Polynomial-Based Elements 
	Bernstein Polynomial-Based Elements 

	Tensor Product-like 27-Node Element 

	Mesh Refinement 
	T-Mesh-like Transfinite Elements 
	Lagrange and Bernstein Polynomials 
	B-Spline Blending and Trial Functions 

	Discussion 
	Conclusions 
	Appendix A
	Appendix B
	Appendix C
	References

