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Abstract


A new family of iterative methods for solving systems of nonlinear equations is introduced, extending and unifying several existing approaches within a general framework. In the single-variable case, Newton’s method was accelerated using Padé approximations. This strategy is then extended to systems of nonlinear equations, leading to the construction of higher-order iteration functions with convergence orders ranging from two to four. By varying the order (p, q) of the Padé approximation, several known methods and their modifications emerge as special cases of this generalized approach. Theoretical convergence rates are established, and numerical experiments, conducted using high-precision arithmetic, confirm both the predicted behavior and improved computational efficiency across a variety of test problems.
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1. Introduction


A new family of iterative methods for numerical solution of systems of nonlinear equations, achieving orders of convergence from two to four, is developed and presented. The main contribution of this work is in the generalization and extension of several well-known approaches, including methods originally formulated for single-variable nonlinear equations [1].



Methods that accelerate Newton’s method are commonly encountered in the literature. Multistep methods of order three, four, and higher can be constructed using weight functions [1,2,3,4]. The convergence order of classical methods has been improved through numerous approaches, including those of Chebyshev, Halley, King, Newton–Steffensen, Ostrowski, and Potra-Pták; see [1] and references therein.



Methods that avoid second- and higher-order derivatives are of particular interest for nonlinear equations [1,5,6,7,8,9]. Likewise, approaches that optimize or eliminate function, matrix, and Jacobian evaluations, while emphasizing computational efficiency, are especially relevant in the context of nonlinear systems [10,11,12,13,14,15,16]. For example, in [15], the authors propose a parametric fourth-order method that reduces evaluation complexity by employing divided differences in place of full Jacobian evaluations. In [17], a parametric family of fourth-order Chebyshev–Halley type methods for systems of nonlinear equations is introduced. Fourth-order convergence is achieved in just two steps, without requiring second derivatives. In [18], a one-parameter family of iterative methods for solving nonlinear systems is proposed that avoids Jacobian computation by using divided differences. Fourth-order convergence is attained with minimal computational cost, requiring only one function evaluation, one divided difference, and one matrix inversion per iteration. Emphasis is placed on maximizing computational efficiency and balancing convergence order with operation count. In [19], a new class of frozen Jacobian multi-step iterative methods is presented, requiring only one Jacobian evaluation and LU decomposition per iteration. The two-step method achieves third-order convergence, while the three-step method is of order four. In [20], a new fourth-order parametric family is introduced. This two-step iterative method achieves fourth-order convergence using a single Jacobian inversion per iteration. The method depends on one free parameter, allowing for tuning in terms of stability and performance. The concept of maximally efficient iterative schemes is introduced in [21], defined as methods that attain the highest possible efficiency index for a given convergence order. The work builds on the Cordero–Torregrosa conjecture, which generalizes Kung–Traub’s optimality principle to vector-valued systems and helps define new metrics for method comparison. The approach is validated on large-scale nonlinear systems.



A central feature of this work is the use of Padé approximations to construct higher-order iteration functions. The well-known Cauchy’s method is defined as


   x  n + 1   =  x n  −   2  1 +   1 − 2  L f     x n            f    x n       f ′     x n        








where


   L f     x n    =     f ″     x n    f    x n       f 2     x n       .  











However, the method depends on the square root function and second derivatives that can make the iterative process costly or impractical. To address this, the term   2 /   1 +   1 − 2 z       is replaced with a rational approximant, and a suitable substitute for    L f     x n      is chosen. Padé approximation of order (p, q) is employed as the rational approximant. By varying the order (p, q) of the Padé approximation, one obtains a family of methods, including extensions of several classical root-finding methods to the setting of systems of nonlinear equations.



We establish the theoretical convergence rates of the proposed methods and validate them through high-precision numerical experiments, demonstrating both accuracy and computational efficiency.



The paper is structured as follows: Section 2 presents the development of the new family of methods, based on the generalization of single-variable techniques to nonlinear systems. Section 3 provides the convergence analysis. Section 4 illustrates several well-known methods that fall within our proposed family. Section 5 offers numerical examples, along with a discussion and comparison of computational complexity between the proposed methods and other recently developed approaches.



Table 1 summarizes the third- and fourth-order methods cited in references, including their convergence order and computational complexity, expressed in terms of function evaluations, first derivative evaluations, and matrix inversions or linear system solutions performed in each iterative step.




2. Development of the Methods


We consider a family of iterative methods for solving systems of nonlinear equations   f  x  = 0  , where   f :  R n  →  R n    is assumed to be continuously differentiable on an open convex set   D ⊂  R n   . We also assume that there exists   α ∈ D   such that   f  α  = 0  , and that the Fréchet derivative    f ′   x    is continuous and nonsingular in  α .



Let  S  be an   n × n   matrix, and let    φ  p , q     be defined as the Padé approximation of order     p , q     to the function   2 /   1 +   1 − 2 z       at 0. Padé approximations for   p , q = 0 , 1 , 2 , 3   are shown in Table 2.



The matrices    A  p , q     and    B  p , q     are defined as follows. Let polynomials  g  and  h  denote the numerator and the denominator of the function    φ  p , q    :


  g  z  =  g 0  +  g 1  z +  g 2   z 2  + … +  g k   z k   



(1)






  h  z  =  h 0  +  h 1  z +  h 2   z 2  + … +  h m   z m   



(2)







By evaluating these polynomials at the matrix  S , we obtain the matrices


   A  p , q    S  =  g 0  E +  g 1  S +  g 2   S 2  + … +  g k   S k   



(3)






   B  p , q    S  =  h 0  E +  h 1  S +  h 2   S 2  + … +  h k   S m   



(4)




where  E  denotes the   n × n   identity matrix. Based on    A  p , q   ( S )   and    B  p , q   ( S )  , we define the matrix as


   Φ  p , q    S  =  B  p , q      S    − 1    A  p , q    S   



(5)







This way, the Padé approximation    φ  p , q     is associated with the matrix    Φ  p , q    .



From now on, we consider a family of iterative methods defined by


   x    k + 1     =  F  p , q      x   k      ,           k = 0 , 1 , …  



(6)




with the iteration function    F  p , q     of the form


   F  p , q    x  = x −  Φ  p , q     Λ  x         f ′   x      − 1   f  x  ,           p , q = 0 , 1 , …  



(7)




where


  Λ  x  =   3 2     E −      f ′   x      − 1    f ′    x −   2 3        f ′   x      − 1   f  x       



(8)







The proposed family (PM) can also be written as


   y   k    =  x   k    −   2 3        f ′     x   k          − 1   f    x   k       



(9)






  Λ    x   k      =   3 2     E −      f ′     x   k          − 1    f ′     y   k         



(10)






   x    k + 1     =  x   k    −  Φ  p , q     Λ    x   k             f ′     x   k          − 1   f    x   k      .  



(11)







Theorem 1, which establishes the convergence of the proposed family of methods, is stated and proved in the following section.




3. Convergence Analysis


Theorem 1.

Assume the vector function   f : D ⊂  R n  →  R n    be k-time Fréchet differentiable in a convex set D containing a solution  α  of   f  x  = 0   and the Fréchet derivative    f ′   x    is continuous and nonsingular in  α . Then the family of methods (9), (10), and (11) has an order of convergence   o r  d  p , q   = min   p + q + 2 , 4    . The corresponding asymptotic error constants are    E  p , q   = δ   for   p + q > 2  , and in other cases, as in Table 3, with


   C j  =   1 / j !        f ′   α      − 1    f   j     α  ,       j = 1 , 2 , …  



(12)




and


  δ = −  C 3   C 2  +   1 9    C 4   



(13)









Proof of Theorem 1.

Let us consider the proposed family of methods (9), (10), and (11). For the sake of simplicity, let us omit the indices p, q by  A  and  B , and let us denote   e = x − α  . Now, with    C j    given by (12), we have


   f  x  =  f ′   α    e +  C 2   e 2  +  C 3   e 3  +  C 4   e 4    + O    e 5        f ′   x  =  f ′   α    E + 2  C 2  e + 3  C 3   e 2  + 4  C 4   e 3  + 5  C 5   e 4    + O    e 5      










       f ′   x      − 1   =   E − 2  C 2  e +   4  C 2 2  − 3  C 3     e 2  +  R 3   e 3         f ′   α      − 1   + O    e 4     



(14)




where


   R 3  = − 8  C 2 3  + 6  C 2   C 3  + 6  C 3   C 2  − 4  C 4   











It directly follows that


       f ′   x      − 1   f  x  =   e −  C 2   e 2  +   2  C 2 2  − 2  C 3     e 3  +   − 4  C 2 3  + 4  C 2   C 3  + 3  C 3   C 2  − 3  C 4     e 4    + O    e 5     



(15)




and the following relations are obtained:


   y = x −   2 3     e −  C 2   e 2  +   2  C 2 2  − 2  C 3     e 3  +   − 4  C 2 3  + 4  C 2   C 3  + 3  C 3   C 2  − 3  C 4     e 4    + O    e 5       y − α =   1 3     e + 2  C 2   e 2  − 4    C 2 2  −  C 3     e 3  − 2   − 4  C 2 3  + 4  C 2   C 3  + 3  C 3   C 2  − 3  C 4     e 4    + O    e 5           y − α    2  =   1 9      e 2  + 4  C 2   e 3  − 4    C 2 2  − 2  C 3       e 4  + O    e 5           y − α    3  =   1  27       e 3  + 6  C 2   e 4    + O    e 5           y − α    4  =   1  81     e 4  + O    e 5     .  











Since


   f ′   y  =  f ′   α    E + 2  C 2    y − α   + 3  C 3      y − α    2  + 4  C 4      y − α    3    + O       y − α    4    ,  



(16)




from (14) and (16), the following is derived:


        f ′   x     − 1    f ′   y  =   E − 2  C 2  e +   4  C 2 2  − 3  C 3     e 2  +   − 8  C 2 3  + 6  C 2   C 3  + 6  C 3   C 2  + 4  C 4     e 3                          E + 2  C 2    y − α   + 3  C 3      y − α    2  + 4  C 4      y − α    3    + O       y − α    4    + O    e 5       










       f ′   x      − 1    f ′   y  =   2 3     E − 2  C 2  e +   6  C 2 2  − 4  C 3     e 2  +  W 3   e 3    + O    e 4     








where


   W 3  = − 16  C 2 3  −    52  C 4   9   + 8  C 2   C 3  + 12  C 3   C 2   











This leads to the following:


    Λ  x    =   3 2     E −      f ′   x      − 1    f ′   y          = 2  C 2  e +   4  C 3  − 6  C 2 2     e 2  +   16  C 2 3  +    52  C 4   9   − 8  C 2   C 3  − 12  C 3   C 2     e 3  + O    e 4        Λ   x  2    = 4  C 2 2   e 2  +   − 24  C 2 3  + 8  C 3   C 2  + 8  C 2   C 3     e 3  + O    e 4        Λ   x  3    = 8  C 2 3   e 3  + O    e 4       



(17)







The Padé approximation of order     p , q     is a rational function whose Taylor expansion agrees with the ordinary series expansion up to order   p + q  . Different choices of the parameters p and q yield different rational approximants. For our discussion, the following approximation for    Φ  p , q     Λ  x    =    B     Λ  x      − 1   A   Λ  x      is of interest:


   Φ  p , q     Λ  x    = E +   a 2   Λ  x  +   b 2   Λ    x   2  +   d 8   Λ    x   3  + O    e 4     



(18)




with different values of  a ,  b  and  d  depending on   p + q  . The form (18) is chosen to facilitate a simpler and more transparent analysis.



Let   e =  x   k    − α   and    e ^  =  x    k + 1     − α  . From (15) and (18), we obtain the following by direct multiplication:


     e ^  = e −  Φ  p , q     Λ  x       f ’  x     − 1   f  x  =   1 − a    C 2   e 2  + 2   ( 2 a − b − 1 )  C 2 2  + ( 1 − a )  C 3     e 3  +     +   ( − 13 a + 14 b − d + 4 )  C 2 3  + 4 ( 2 a − b − 1 )  C 2   C 3  + ( 6 a − 4 b − 3 )  C 3   C 2  +   3 −    26 a  9      C 4     e 4  + O    e 5       



(19)







Two cases are distinguished. In the first case, when   p + q ≤ 2  , the corresponding values of a, b, and d are listed in Table 4. In the second case, for   p + q > 2  , the parameters take the fixed values   a = b = 1   and   d = 5  .



For each choice of p, q, the following expressions are obtained from (19):


   e ^  = e −  Φ  p , q     Λ  x        f ’  x      − 1   f  x  =        C 2  + O    e 3    ,     p = 0 ,   q = 0        C 2 2  + O    e 4    ,     p = 0 ,   q = 1       2  C 2 3  +   1 9    C 4  −  C 3   C 2  + O    e 5    ,     p = 0 ,   q = 2       2  C 2 2  + O    e 4    ,     p = 1 ,   q = 0        C 2 3  +   1 9    C 4  −  C 3   C 2  + O    e 5    ,     p = 1 ,   q = 1       5  C 2 3  +   1 9    C 4  −  C 3   C 2  + O    e 5    ,     p = 2 ,   q = 0         1 9    C 4  −  C 3   C 2  + O    e 5        p + q > 2        











With  δ  from (13), we obtain asymptotic error constants    E  p , q     from Table 3.



The order of convergence of the presented family of methods is four for   p + q > 1  . In the remaining three cases, for   p + q = 0   (Newton’s method) the order of convergence is two, and for   p + q = 1   the order of convergence is three. □






4. Some Special Cases of the Family


Some well-known methods for solving nonlinear equations are special cases of our family for simple roots [1]. Their extensions to systems of nonlinear equations are likewise special cases of our family of methods for such systems. This can be illustrated on three fourth-order methods, the first from [39], the second from [35,39], and the third being Jarratt’s method.



4.1. First Method


The general form of the first method [39] is given by


   x    k + 1     =  G 1     x   k       



(20)






   y  x  = x −   2 3        f ′   x      − 1   f  x    ,   τ  x  =      f ′   x      − 1    f ′    y  x     ,    G 1   x  = x −  H 1   x       f ′   x      − 1   f  x   ,    H 1   x  = E +   3 4     τ  x  − E   +   9 8       τ  x  − E    2   .  











Using   τ  x  = E − 2 Λ  x  / 3  , we directly obtain


   H 1   x  =  Φ  2 , 0     Λ  x    = E +   1 2   Λ  x  +   1 2   Λ    x   2   











The method (20) belongs to the proposed family (6) for   p = 2   and   q = 0  . According to Theorem 1, the order of convergence is   o r d = min   p + q + 2 , 4   = 4  .




4.2. Second Method


The general form of the second method [35,39] is given by


   x    k + 1     =  G 2     x   k       



(21)






    G 2   x  = x − W  x       A 1   x      − 1   f  x      A 1   x  =   1 2      f ′   x  +  f ′    y  x      =   1 2    f ′   x    E + τ  x       W  x  = E −   1 4     τ  x  − E   +   3 4       τ  x  − E    2    











Using   τ  x  = E − 2 Λ  x  / 3  , we obtain


     W  x      A 1   x     − 1     =    6 E − 2 Λ  x     − 1     2 Λ    x   2  + Λ  x  + 6 E         = E +   1 2   Λ  x  +   1 2   Λ   x  2  + O   Λ    x   3         W  x       A 1   x      − 1   ≈  Φ  2 , 0     Λ  x      











The method (21) belongs to our family (6) for   p = 2   and   q = 0  . According to Theorem 1, the order of convergence is   o r d = min   p + q + 2 , 4   = 4  .




4.3. Jarratt’s Method


The general form of Jarratt’s method [2] is


   x    k + 1     =  G  4 J      x   k      ,  



(22)






    G  4 J    x  = x −  H 3   x       f ′   x      − 1   f  x  ,     H 3   x  =   6  f ′    y  x    − 2  f ′   x      3  f ′    y  x    +  f ′   x     .  











Using   τ  x  = E − 2 Λ  x  / 3  , we obtain


   H 3   x  =     6 τ  x  − 2 E     − 1     3 τ  x  + E   =     2   Λ  x  − E       − 1     Λ  x  − 2 E   =  Φ  1 , 1     Λ  x     











The method (22) belongs to our family (6) for   p = 1   and   q = 1  . According to Theorem 1, the order of convergence is   o r d = min   p + q + 2 , 4   = 4  .





5. Numerical Examples


All computations were carried out using high-precision arithmetic with up to 20,000 digits in Mathematica 8. For each group of nonlinear systems, we used the exit criterion, which was used in the respective original paper. Initial values were also taken from the corresponding original papers for each system. They are listed either with the systems or in tables.



The proposed family of methods is denoted by PM. In all cases, the computational order of convergence of our methods was very close to the corresponding theoretical order of convergence, which supports the theoretical result obtained in this paper. Theoretical order of convergence given by   o r  d  p , q   = m i n   p + q + 2 , 4    . Members of the proposed family with third-order convergence are denoted by PM(3), and those with fourth-order convergence by PM(4).



Every iterate    x    k + 1       is obtained from the previous one,    x   k     , by adding one or more terms of the form    M  − 1   v   where M is a real   n × n   matrix and   v ∈  R n   . The matrix M and the vector v differ across the methods used, but in any case, the inverse calculation    M  − 1   v   is carried out, solving the linear system   M u = v   using Gaussian elimination with partial pivoting. This part of the calculation can be delegated to standard linear solvers, such as the LinearSolve function in Mathematica.



Let


   x =  x   k      ,    x ^  =  x    k + 1       ,   and   y = x −   2 3        f ′   x      − 1   f  x   .  











Using


   LM = LinearSolve   [ f ’  x  ] ,    y = x −   2 3   LM   f  x    ,   and         f ′   x      − 1   f  x  =   3 2     x − y     








we obtain


  Λ  x  =   3 2   LM    f ′   x  −  f ′   y    .  











Since it holds that


   f ′   x  Λ  x  =   3 2      f ′   x  −  f ′    x −   2 3        f ′   x      − 1   f  x      =   3 2      f ′   x  −  f ′   y    ,  








from (9), (10), and (11), it follows that


   x ^  − x = −  B  p , q       Λ  x      − 1    A  p , q     Λ  x         f ′   x      − 1   f  x  = −   3 2    B  p , q       Λ  x      − 1    A  p , q     Λ  x      x − y    








and


    B  p , q     Λ  x       x ^  − x   = −   3 2    A  p , q     Λ  x      x − y      FB = LinearSolve    B  p , q     Λ  x          x ^  = x − FB     3 2    A  p , q     Λ  x      x − y       











Within the procedure, each iteration involves two Jacobian evaluations and one function evaluation, accompanied by two LU factorizations used to construct the LM and FB operators, for PM members with fourth-order convergence. Subsequently, three linear systems are solved—two using the LM operator and one using the FB operator. These computational steps are comparable to the profiles presented in Table 1.



For   q = 0   and any p, the FB operator is omitted, resulting in only two linear system solves per iteration. Nevertheless, for p > 1, the method retains fourth-order convergence, consistent with the theoretical results.



The computational cost of the PM family can be compared with the fourth-order method (2) from [17], which will be referred to as KC. Both the PM family and the KC method share the same structure, as both involve one function evaluation, two Jacobian evaluations, and the solution of two linear systems. The first step is identical in both methods. The distinction appears in the second step, where the involved matrices are different. In the general case of the KC method, matrices are raised to the second or third power, except in the special case for   a = 1  , where no matrix powers are needed. In PM, the maximum matrix exponent is limited to   max ( p , q ) − 1  . Additionally, for   q = 0  , the PM family requires one fewer linear system solution. Notably, both KC and PM include Jarratt’s method as a special case.



Following the analysis outlined in [18], the total number of products and quotients required by fourth-order PM family methods can be expressed as follows:


  o  p  P M 4   =    5  n 3   3   +   1 + max   p , q      n 2  −    2 n  3   ,  








while the fourth-order KC methods require a similar number of operations, depending on the value of the parameter a:


  o  p  K C   =        5  n 3   3   + 2  n 2  −    2 n  3   ,     for   a = 1 ,        5  n 3   3   + 5  n 2  −    2 n  3   ,     for   a ≠ 1 .      











In Figure 1, the operational efficiency index    I O  =  p   1 /  o p      , as defined in [18], is compared across different parameter values for the PM(4) and KC methods. It can be concluded that the computational cost of our proposed family lies within the range of the computational costs of the KC family.



In the presented examples, the equation   f  x  = 0   was solved using test functions from [10,11,12,17,18,19,20,31,33,35,36,40,41,42] with corresponding starting values.



Example 1.

We consider the following nonlinear systems of equations: system (1f), appearing in [10,12,20,36], system (1g), also appearing in [42], and the remaining systems, taken from [33]:







	(1a)
	  f  x  =   exp     x 1  2    − exp    2   x 1    ,  x 1  −  x 2     ,    α   1    =    2  ,  2     ,    α   2    =   0 , 0    



	(1b)
	  f  x  =    x 1  + exp    x 2    − cos (  x 2  ) , 3  x 1  −  x 2  − sin (  x 2  )    ,   α =   0 , 0    



	(1c)
	  f  x  =     x 1  2  − 2  x 1  −  x 2  + 0.5 ,   x 1  2  + 4   x 2  2  − 4    ,   α =   1.900676726 … , 0.311218565 …    



	(1d)
	  f  x  =     x 1  2  +   x 2  2  − 1 ,   x 1  2  −   x 2  2  + 0.5    ,    α   1    =   1 / 2 ,  3  / 2    ,    α   2    = −  α   1     



	(1e)
	  f  x  =   sin    x 1    +  x 2  cos (  x 1  ) ,  x 1  −  x 2     ,   α =   0 , 0    



	(1f)
	  f  x  =    x i   x  i + 1   = 1 ,     i = 1 , … , n − 1   ∪    x n   x 1  = 1    , for odd n,   n = 99 ,   n = 199 ,   n = 399  ,

   α   1    =   1 , 1 , … , 1    ,    α   2    =   − 1 , − 1 , … , − 1    



	(1g)
	  f  x  = {  x 2   x 3  +  x 4     x 2  +  x 3    ,  x 1   x 3  +  x 4     x 1  +  x 3    ,  x 1   x 2  +  x 4     x 1  +  x 2    ,  x 1   x 2  +  x 1   x 3  +  x 2   x 3  − 1 }  

   α   1    =   −   1   3     , −   1   3     , −   1   3     ,   1  2  3        ,    α   2    =     1   3     ,   1   3     ,   1   3     , −   1  2  3        






Exact solutions are denoted as  α  or, if there are two exact solutions, as    α   1      and    α   2     . In cases where the exact solution was not available, we used approximations.



The computational order of convergence (COC) was calculated as


  C O C ≈    ln      x    k + 2     − α   /    x    k + 1     − α       ln      x    k + 1     − α   /    x   k    − α        .  











In the presented examples, a COC value of 4 was reached after several initial iterations.



Corresponding starting values    x   0      for the following systems of equations are listed in Table 5. The stopping criterion, as in [33], was


      f    x   k         ∞  +      x   k    −  x    k − 1        ∞  <   10   − 12    











Members of the PM family were generated for all     p , q   ∈   0 , 1 , 2 , 3 , 4   ×   0 , 1 , 2 , 3 , 4    .



In Table 5 and Figure 2, we present a comparison of results obtained using the proposed family of methods, PM (with orders of convergence being three and four), alongside methods from [33]: CN (order 2), Tr (order 3), and NAd (order 4). For each system, the initial estimate is specified, and the number of iterations (iter) required to satisfy the exit criterion is reported for each method. Results for CN, Tr, and NAd are quoted directly from [33]. Results for PM include the corresponding (p, q) pairs for which the reported number of iterations was obtained. For PM(4), “all” refers to all (p, q) pairs except (0, 1), (1, 0), and (0, 0), as these values yield third- and second-order convergence, respectively.



Overall, the PM methods demonstrate strong stability and require fewer iterations compared to the methods from [33], while also exhibiting higher orders of convergence. When considering only the number of iterations to reach the exit criterion, the third-order method Tr outperforms the third-order PM method in one instance (Example 1d), whereas in all other cases, PM performs equally or better. Compared to NAd, the fourth-order PM methods perform better in 10 cases, require one additional iteration in two cases, and yield identical results in the remaining cases.



Figure 2 shows the iteration counts across methods and examples, derived from the data presented in Table 5. Fourth-order methods are marked in blue, third-order methods in green, and Newton’s method in red.



Example 2.

We consider nonlinear systems of equations from [35]. Example (2b) also appears in [39].







	(2a)
	  f  x  =     x 1  2  −  x 2  − 19 ,        x 2  3   6   −   x 1  2  +  x 2  − 17    ,   α =   5 , 6    ,    x   0    = { 5.1 , 6.1 }  



	(2b)
	  f  x  =   cos  x 2  − sin  x 1  ,     x 3    x 1    −   1   x 2     ,   exp  x 1  −   x 3  2     ,

  α =   0.9095694945 … , 0.6612268322 … , 1.5758341439 …    ,    x   0    = { 1 , 0.5 , 1.5 }  



	(2c)
	  f  x  =    x 2   x 3  +  x 4     x 2  +  x 3    ,  x 1   x 3  +  x 4     x 1  +  x 3    ,    x 1   x 2  +  x 4     x 1  +  x 2    ,    x 1   x 2  +  x 1   x 3  +  x 2   x 3  − 1    ,   α =   0.5773502691 … , 0.5773502691 … , 0.5773502691 … , − 0.2886751345 …    ,    x   0    = { 0.5 , 0.5 , 0.5 , − 0.2 }  






The following stopping criterion was used:


  E r r =     f    x   k         2  +      x   k    −  x    k − 1        2  <   10   − 100    











Table 6 refers to methods and examples from [35], which are the sources of the reported results for methods NM, AM(3), AM(4), and NR, compared to the members of the proposed family PM(3) and PM(4).



NM refers to Newton’s method. AM(3) is the third-order method free from second derivatives, defined by (2.7) in [35], while AM(4) is the improved fourth-order Arithmetic Mean Newton method given by (3.5) in [35].



NR denotes the iterative scheme defined by (1.1) in [35]. PM(3) and PM(4) are third- and fourth-order members of the proposed family, with specific values of (p, q).



Observing only the number of iterations required to satisfy the exit criterion in Table 6, the third-order method, AM, outperforms the third-order PM method in Example (2a). Similarly, in Example (2b), the fourth-order method NR performs better than the fourth-order PM method. In all other cases, PM requires fewer or equal iterations compared to AM and NR while also achieving a smaller error (Err).



Example 3.

We consider Example 1 from [17], which also appears in [3,11]:







	(3a)
	  f  x  =     x 1  2  +   x 2  2  +   x 3  2  − 1 ,   2   x 1  2  +   x 2  2  − 4  x 3  ,   3   x 1  2  − 4   x 2  2  +   x 3  2     .






Performance of fourth-order methods from PM is compared to the method (2) from [17], referred to as KC, with KC1, KC2, and KC3 denoting the cases with parameter values   a =  1 / 2   ,   a =  5 / 8   , and   a =  8 /  10    , respectively. A comparison of the results in Table 7 and Table 8 highlights a favorable performance of the PM(4) methods.



Example 4.

We consider Example 5 from [17], also known as the Bratu problem, which also appears in [18]:


    x ″  + C  e x  = 0 ,     x  0  = x  1  = 0 .   











Taking   C = 3   and   h =  1 /  41    , with an equidistant mesh    t i  = i h ,     i = 0 , … , 40  , and using the standard second-order difference scheme


   x k ″  ≈     x  k − 1   − 2  x k  +  x  k + 1      h 2      








we obtain the nonlinear system



	(4a)
	  f  x  =     2  x 1  +  x 2  +  h 2  C exp    x 1         x  i − 1   − 2  x i  +  x  i + 1   +  h 2  C exp    x i    ,     i = 2 , … , 39      x  39   − 2  x  40   +  h 2  C exp    x  40          .










Results are compared between the KC1, KC2, and KC3 methods from [17] and the PM(4) methods in the same manner as in Example 3, and are presented in Table 9 and Table 10.



Example 5.

The Broyden Banded Function is often used for numerical verification of iterative methods for nonlinear systems of equations. The proposed family of methods is tested on Example 5 from [18]:







	(5a)
	       F i   x  =   2 + 5   x i  2     x i  + 1 −   ∑  j ∈ S  i      x j    1 + 2  x j      ,     i = 1 , 2 , … , 50            

  S  i  =   j : j ≠ i , max   1 , i − p   ≤ j ≤ min   n , i + p      .






The dimension of the system and the stopping criterion were the same as in [18]:      x   k    −  x    k − 1       <   10   − 500     and     F (  x   k    )   <   10   − 500    .



The performance of several best-performing members of our family is shown in Table 11. The results are presented after three iterations and are comparable to the methods compared in Table 5 in [18]. Our family exhibits slightly better performance than the best methods in Table 5 in [18] for (p, q) = (4, 2) and (p, q) = (2, 2).



Example 6.

The proposed family of methods is tested on Examples 1 to 4 from [20], using identical initial estimates and stopping criterion,      x    k + 1     −  x   k      <   10   − 150     , or     F (  x   k    )   <   10   − 150    . Example (6d) is also studied in [10,12,20,31,36].



	(6a)
	        x 1  2  −  x 2  − 19 = 0 ,           x 2  3   / 6  −   x 1  2  +  x 2  − 17 = 0 .          



	(6b)
	      cos    x 2    − sin    x 1    = 0 ,        x 1  −  1 /   x 2    = 0 .          



	(6c)
	       x i  − 1.5 sin     ∑  j = 1 , j ≠ i   20     x j      = 0 ,     i = 1 , … , 20      



	(6d)
	       x i   x  i + 1   − 1 = 0 ,     i = 1 , … , 98        x 1   x  99   − 1 = 0 .        










We present the range of parameters     p , q     that yielded the best results for each example. Notably, our family includes Jarratt’s method as a special case for     p , q   =   1 , 1    , which was also favorably compared to other methods in [20]. As shown in Table 12, Table 13, Table 14, Table 15 and Table 16, a specific subset of the proposed family exhibits good performance across the tested examples, both in absolute terms and when compared with Jarratt’s method.



Example 7.

The performance of the proposed family of methods was evaluated using three problems (Experiments 1 to 3) from [19]. Example (7c) also appears in [40].







	(7a)
	        f i   x  = cos    x i    − 1 ,     i = 1 , 2 , … , n       



	(7b)
	        f i   x  =   1 −   x i  2    +  x i    1 +  x i   x  n − 2    x  n − 1    x n    − 2 ,     i = 1 , 2 , … , n       



	(7c)
	        f i   x  =   x i  2   x  i + 1   − 1 ,     i = 1 , 2 , … , n − 1        f n   x  =   x n  2   x 1  − 1 .         






In [19], the stopping criteria were     F (  x   k    )   <   10   − 3     for Experiment 1, and     F (  x   k    )   <   10   − 8     for Experiments 2 and 3. These criteria were satisfied after four iterations in most cases, in one case in five iterations, and after three iterations in the remaining ones, using fourth-order methods. Table 17, Table 18 and Table 19 present the results obtained with methods from the PM(4) family after four iterations, which enables comparison with the computations reported in [19]. For each example, the range of parameters     p , q     that yielded the best results is presented, including the case (p, q) = (1, 1), which corresponds to Jarratt’s method.



Performance in the case of large nonlinear systems is an important aspect to investigate. We tested several examples on a Windows 11 PC equipped with an Intel Core i5-1135G7 CPU (2.4 GHz) and 8 GB RAM. Example (7c) was analyzed by measuring the CPU time required for the fifth iteration, with   p = q = 1  , across varying system sizes   ( n = 50 , 100 , … , 500 )   and different numerical precisions (100, 500, 1000, and 2000 digits), as shown in Figure 3. A similar dependence can be observed in all three cases.



Furthermore, we provide a comparison of the quantity   − log   F    x  ( k )         among different fourth-order members of the PM family   ( p + q > 1 )  , computed with a 2000-digit precision, and   n = 100  . The results for Examples (7b) and (7c), each after five iterations, with the initial approximations    x  ( 0 )   =   0.9 , … , 0.9     and    x  ( 0 )   =   1.5 , … , 1.5    , respectively, are shown in Figure 4 and Figure 5. These results highlight the influence of the parameters p and q, i.e., the Padé approximations employed. In Figure 4, we observe that for larger values of the parameters p and q, the norm     F    x k        does not change significantly, whereas the computational time increases.



In both cases, for each choice of the parameters p and q, all methods converged. A comparison of the results in Figure 4 and Figure 5 indicates that, in general, no single member of the proposed family can be regarded as “best”, since convergence depends on the problem, the choice of     p , q    , and other parameters. It should be noted that for     p , q   =   1 , 1    , the PM family member corresponds to a generalization of the Ostrowski method [43] for systems of equations, which exhibits numerical results comparable to those of other members of the PM family. A particular case with   q = 0   is noteworthy, since the denominator in (4) reduces to 1 and the FB operator is omitted, lowering the number of linear solves per iteration from three to two, and reducing CPU time.



Figure 6 and Figure 7 present the ratios of CPU times for three iterations of Example (7c), computed with 1000-digit precision, using the PM(4) methods. Figure 6 shows the ratio of CPU time for n = 100 relative to n = 50, while Figure 7 shows the ratio for n = 200 relative to n = 100. Although the value of   − log   F    x  ( k )         changes only slightly as the system size increases, the CPU time grows noticeably.




6. Conclusions


We have presented a family of iterative methods for the numerical solution of systems of nonlinear equations. The methods for nonlinear systems are adapted from the single-variable case, where the original PM framework was first developed and analyzed. By extending the structure and convergence properties of these one-dimensional methods to higher dimensions, we preserve their theoretical foundations while enabling practical application to nonlinear systems.



These methods exhibit convergence orders ranging from second to fourth, and the numerical results align well with the theoretical analysis. Based on both theoretical insights and computational examples, the proposed methods are efficient and practical for solving nonlinear systems.



Notably, cases (1f), (4a), (5a), and (6d) demonstrate that the efficiency of the methods is preserved even for large-scale systems. Several known methods or special cases are included within our family, and many other established methods are closely related, as illustrated throughout the paper. It is likely that additional methods may also be interpreted as members or near variants of this family.



In terms of computation time, methods with higher indices tend to require more time when applied to simpler functions such as polynomials. However, for more complex functions, most methods in the family exhibit comparable runtimes. These contrasting behaviors are exemplified in the results for solving nonlinear equations in one variable, as shown in [4].



Compared to reference methods from the literature, the PM family demonstrates favorable numerical performance. In the presented examples, PM methods require fewer or equal iterations to satisfy the exit criterion, while also achieving smaller error values. This balance of convergence order, stability, and computational efficiency highlights the practical value of the proposed family.
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Figure 1. Operational efficiency index comparison between PM(4) and KC methods. 
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Figure 2. Comparison of iteration counts across methods and examples. 






Figure 2. Comparison of iteration counts across methods and examples.



[image: Mathematics 13 03945 g002]







[image: Mathematics 13 03945 g003] 





Figure 3. CPU time as a function of system size and numerical precision d. 
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Figure 4. Comparison of   − log   F    x  ( 5 )         for PM(4) methods applied to Example (7b). 
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Figure 5. Comparison of   − log   F    x  ( 5 )         for PM(4) methods applied to Example (7c). 
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Figure 6. Ratio of CPU times for n = 100 compared to n = 50 in Example (7c). 
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Figure 7. Ratio of CPU times for n = 200 compared to n = 100 in Example (7c). 
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Table 1. Comparison of methods by the number of function evaluations and matrix inversions.
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	References
	Convergence Order
	  f   Evaluations
	   f ′    or Divided Difference Evaluations
	Matrix Inversions or Linear System Solutions





	[17]
	4
	1
	2
	2



	[18]
	4
	2
	2
	2



	[19]
	4
	3
	1
	3



	[20]
	4
	1
	2
	2



	[21]
	4
	2
	1
	1



	[22,23,24,25,26,27,28,29,30]
	3
	1
	2
	2



	[31]
	3
	1
	3
	2



	[31]
	3
	1
	4
	2



	[32]
	3
	2
	1
	1



	[33]
	4
	2
	2
	1



	[34]
	4
	1
	2
	2



	[35]
	4
	1
	2
	2



	[36]
	4
	1
	2
	2



	[26]
	4
	3
	1
	1



	[37]
	4
	1
	2
	2



	[38]
	4
	2
	3
	2










 





Table 2. Padé approximations for   p , q = 0 , 1 , 2 , 3  .
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	   p \ q   
	0
	1
	2
	3



	0
	1
	      − 2   z − 2      
	      − 4    z 2  + 2 z − 4      
	      − 4    z 3  +  z 2  + 2 z − 4      



	1
	     z 2   + 1   
	      z − 2   2 ( z − 1 )      
	      4 − 4 z    z 2  − 6 z + 4      
	      16 − 20 z    z 3  + 6  z 2  − 28 z + 16      



	2
	       z 2   2   +   z 2   + 1   
	       z 2  + 6 z − 8   10 z − 8      
	       z 2  − 6 z + 4   3  z 2  − 8 z + 4      
	      − 2   3  z 2  − 8 z + 4      z 3  − 12  z 2  + 20 z − 8      



	3
	      5  z 3   8   +     z 2   2   +   z 2   + 1   
	      3  z 3  + 8  z 2  + 36 z − 40   8 ( 7 z − 5 )      
	       z 3  + 12  z 2  − 44 z + 24   28  z 2  − 56 z + 24      
	       z 3  − 12  z 2  + 20 z − 8   4    z 3  − 5  z 2  + 6 z − 2        










 





Table 3. Coefficients    E  p , q     for   p + q ≤ 2  .
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	   p \ q   
	0
	1
	2



	0
	    C 2    
	    C 2 2    
	   2  C 2 3  + δ   



	1
	   2  C 2 2    
	    C 2 3  + δ   
	



	2
	   5  C 2 3  + δ   
	
	










 





Table 4. Coefficients     a , b , d     associated with (18).
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	   p \ q   
	0
	1
	2



	0
	(0, 0, 0)
	(1, 1/2, 1)
	(1, 1, 3)



	1
	(1, 0, 0)
	(1, 1, 4)
	



	2
	(1, 1, 0)
	
	










 





Table 5. Comparison of iteration counts for PM(3), PM(4), and reference methods in Example 1.
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    f  x     

	
     x   0       

	
CN(2)

	
Tr(3)

	
NAd(4)

	
PM(3)

	
PM(4)




	
Iter

	
Iter

	
Iter

	
(p, q)

	
Iter

	
(p, q)

	
iter






	
(1a)

	
1:

	
       2.3 , 2.3    T    

	
10

	
8

	
7

	
(0, 1)

	
7

	
(2, 1), (4, 4)

	
4




	
2:

	
       1.8 , 1.8    T    

	
7

	
5

	
5

	
(0, 1)

	
5

	
(4, 0), (3, 1), (1, 1), (2, 1), (1, 2), (0, 3), (0, 4)

	
4




	
3:

	
       0.8 , 0.8    T    

	
5

	
4

	
3

	
(0, 1)

	
4

	
all

	
4




	
(1b)

	
1:

	
       1.5 , 2    T    

	
7

	
6

	
5

	
(0, 1)

	
5

	
(3, 0), (4, 0), (1, 1), (2, 1), (1, 2), (0, 3), (0, 4)

	
4




	
2:

	
       0.3 , 0.5    T    

	
5

	
4

	
4

	
(1, 0), (0, 1)

	
4

	
(2, 1), (3, 1), (4, 1), (1, 2), (2, 2), (3, 2), (4, 2), (1, 3), (2, 3), (3, 3), (4, 3), (0, 4), (1, 4), (2, 4); (3, 4), (4, 4)

	
3




	
(1c)

	
1:

	
       3 , 2    T    

	
7

	
5

	
5

	
(1, 0), (0, 1)

	
5

	
all except (2, 0)

	
4




	
2:

	
       1.6 , 0    T    

	
5

	
4

	
4

	
(0, 1)

	
4

	
(1, 2)

	
3




	
(1d)

	
1:

	
       0.7 , 1.2    T    

	
5

	
4

	
3

	
(1, 0), (0, 1)

	
4

	
all except (2, 0), (0, 2)

	
3




	
2:

	
       − 1 , − 2    T    

	
6

	
4

	
4

	
(0, 1), (1, 0)

	
5

	
(3, 1), (4, 1), (2, 2), (3, 2), (4, 2), (1,3), (2, 3),

(3, 3), (4, 3), (1, 4), (2, 4), (3, 4), (4, 4)

	
3




	
(1e)

	
1:

	
       1.2 , − 1.5    T    

	
6

	
4

	
3

	
(1, 0), (0, 1)

	
4

	
all

	
4




	
2:

	
       − 0.6 , 0.6    T    

	
5

	
3

	
3

	
(1, 0), (0, 1)

	
3

	
all

	
3




	
(1f)

	
1:

	
       2 , 2 , … , 2    T    

	
6

	
5

	
4

	
(0, 1)

	
4

	
(3, 1), (4, 1), (2, 2), (3, 2), (4, 2), (1, 3), (2, 3),

(3, 3), (4, 3), (0, 4), (1, 4), (2, 4), (3, 4), (4, 4)

	
3




	
2:

	
       − 4 , − 4 , … , − 4    T    

	
7

	
6

	
5

	
(1, 0), (0, 1)

	
5

	
(4, 2), (3, 3), (4, 3), (2, 4), (3, 4), (4, 4)

	
3




	
(1g)

	
1:

	
       − 1 , − 1 , − 1 , − 1    T    

	
6

	
5

	
4

	
(0, 1)

	
4

	
(3, 1), (4, 1), (1, 2), (2, 2), (3, 2), (4, 2), (1, 3), (2, 3), (3, 3), (4, 3), (0, 4), (1, 4), (2, 4), (3, 4), (4, 4)

	
3




	
2:

	
       2 , 2 , 2 , 0    T    

	
7

	
5

	
5

	
(1, 0), (0, 1)

	
5

	
(4, 2), (3, 3), (4, 3), (2, 4), (3, 4), (4, 4)

	
3











 





Table 6. Comparison of iteration counts for PM(3), PM(4), and reference methods in Example 2.






Table 6. Comparison of iteration counts for PM(3), PM(4), and reference methods in Example 2.





	
Method

	

	
Example 2a

	
Example 2b

	
Example 2c




	

	
Ord

	
Iter

	
(p, q)

	
Err

	
Iter

	
(p, q)

	
Err

	
Iter

	
(p, q)

	
Err






	
NM

	
2

	
7

	

	
8.8 (−113)

	
9

	

	
1.7 (−107)

	
8

	

	
1.7 (−144)




	
AM(3)

	
3

	
5

	

	
1.9 (−140)

	
7

	

	
5.9 (−255)

	
6

	

	
6.3 (−276)




	
NR

	
4

	
4

	

	
8.8 (−113)

	
5

	

	
1.7 (−107)

	
5

	

	
8.9 (−291)




	
AM(4)

	
4

	
4

	

	
4.9 (−102)

	
6

	

	
2.7 (−229)

	
5

	

	
1.0 (−237)




	
PM(4)

	
4

	
4

	
(3, 0)

	
6.5 (−131)

	
6

	
(2, 1)

	
8.1 (−392)

	
4

	
(3, 4)

	
7.4 (−832)




	
PM(3)

	
3

	
7

	
(0, 1)

	
4.4 (−285)

	
7

	
(0, 1)

	
4.4 (−285)

	
6

	
(0, 1)

	
2.1 (−276)











 





Table 7. Numerical results for KC methods from [17], for example, (3a).






Table 7. Numerical results for KC methods from [17], for example, (3a).





	
Method

	
K

	
      F (  x   k    )      

	
       x    k + 1     −  x   k         

	
      F (  x   k    )      

	
       x    k + 1     −  x   k         




	

	

	
     x 0  =   1 , 1 , 1      

	
     x   0    =    1 / 2  ,  1 / 2  ,  1 / 2       






	
KC1

	
3

	
1.2 (−43)

	
2.3 (−44)

	
2.2 (−47)

	
4.3 (−48)




	

	
4

	
5.4 (−175)

	
1.0 (−175)

	
6.3 (−190)

	
1.2 (−190)




	

	
5

	
2.2 (−700)

	
4.3 (−701)

	
4.2 (−760)

	
7.9 (−761)




	
KC2

	
3

	
9.2 (−41)

	
1.8 (−41)

	
4.1 (−69)

	
7.8 (−70)




	

	
4

	
2.3 (−164)

	
4.4 (−165)

	
8.8 (−278)

	
1.7 (−278)




	

	
5

	
8.9 (−659)

	
1.7 (−659)

	
1.9 (−1112)

	
3.6 (−1113)




	
KC3

	
3

	
6.5 (−34)

	
1.3 (−34)

	
1.2 (−49)

	
2.2 (−50)




	

	
4

	
3.2 (−136)

	
6.1 (−137)

	
3.2 (−199)

	
6.2 (−200)




	

	
5

	
1.8 (−545)

	
3.5 (−546)

	
1.9 (−797)

	
3.6 (−798)











 





Table 8. Numerical results of the PM(4) family, for example, (3a).






Table 8. Numerical results of the PM(4) family, for example, (3a).





	
(p, q)

	
K

	
      F (  x   k    )      

	
       x    k + 1     −  x   k         

	
      F (  x   k    )      

	
       x    k + 1     −  x   k         




	

	

	
     x 0  =   1 , 1 , 1      

	
     x   0    =    1 / 2  ,  1 / 2  ,  1 / 2       






	
(2, 1)

	
3

	
1.3 (−53)

	
2.5 (−54)

	
2.8 (−105)

	
5.5 (−106)




	

	
4

	
1.9 (−268)

	
3.6 (−269)

	
3.1 (−526)

	
6.0 (−527)




	

	
5

	
1.2 (−1342)

	
2.2 (−1343)

	
1.8 (−2631)

	
3.5 (−2632)




	
(1, 2)

	
3

	
3.4 (−55)

	
6.5 (−56)

	
3.3 (−99)

	
6.3 (−100)




	

	
4

	
1.6 (−276)

	
3.1 (−277)

	
1.3 (−496)

	
2.5 (−497)




	

	
5

	
3.7 (−1383)

	
7.2 (−1384)

	
1.4 (−2483)

	
2.7 (−2484)




	
(3, 0)

	
3

	
2.5 (−42)

	
4.7 (−43)

	
5.5 (−48)

	
1.1 (−48)




	

	
4

	
4.5 (−211)

	
8.6 (−212)

	
2.6 (−239)

	
4.9 (−240)




	

	
5

	
9.1 (−1055)

	
1.7 (−1055)

	
5.3 (−1196)

	
1.0 (−1196)




	
(0, 3)

	
3

	
3.2 (−48)

	
6.2 (−49)

	
2.5 (−67)

	
4.7 (−68)




	

	
4

	
6.4 (−241)

	
1.2 (−241)

	
1.6 (−336)

	
3.1 (−337)




	

	
5

	
1.8 (−1204)

	
3.5 (−1205)

	
2.0 (−1682)

	
3.7 (−1683)




	
(3, 1)

	
3

	
1.9 (−73)

	
3.6 (−74)

	
7.8 (−119)

	
1.5 (−119)




	

	
4

	
1.3 (−440)

	
2.5 (−441)

	
3.1 (−713)

	
5.9 (−714)




	

	
5

	
6.9 (−2644)

	
1.3 (−2644)

	
1.2 (−4279)

	
2.3 (−4280)




	
(1, 3)

	
3

	
1.3 (−76)

	
2.6 (−77)

	
7.3 (−124)

	
1.4 (−124)




	

	
4

	
4.4 (−460)

	
8.4 (−461)

	
1.1 (−743)

	
2.2 (−744)




	

	
5

	
5.2 (−2761)

	
9.9 (−2762)

	
1.5 (−4462)

	
2.9 (−4463)




	
(1, 1)

	
3

	
2.0 (−32)

	
5.6 (−33)

	
4.3 (−46)

	
8.1 (−47)




	

	
4

	
1.9 (−129)

	
3.7 (−130)

	
8.5 (−185)

	
1.6 (−185)




	

	
5

	
3.7 (−518)

	
7.1 (−519)

	
1.3 (−739)

	
2.5 (−740)




	
(3, 2)

	
3

	
3.3 (−100)

	
6.3 (−101)

	
2.1 (−171)

	
4.0 (−172)




	

	
4

	
5.6 (−702)

	
1.1 (−702)

	
1.6 (−1200)

	
3.1 (−1201)




	

	
5

	
1.6 (−4914)

	
3.1 (−4915)

	
2.7 (−8404)

	
5.1 (−8405)




	
(2, 3)

	
3

	
6.0 (−102)

	
1.1 (−102)

	
1.2 (−172)

	
2.3 (−173)




	

	
4

	
1.8 (−714)

	
3.5 (−715)

	
2.4 (−1209)

	
4.5 (−1210)




	

	
5

	
4.9 (−5002)

	
9.3 (−5003)

	
2.7 (−8466)

	
5.2 (−8467)











 





Table 9. Numerical results for KC methods from [17], for example, (4a).






Table 9. Numerical results for KC methods from [17], for example, (4a).





	
Method

	
K

	
      F (  x   k    )      

	
       x    k + 1     −  x   k         

	
      F (  x   k    )      

	
       x    k + 1     −  x   k         




	

	

	
     x   0    =   sin ( k π h )   ,   k = 1 , … , 40    

	
     x   0    =    1 / 5  ,  1 / 5  , … ,  1 / 5       






	
KC1

	
3

	
3.2 (−42)

	
1.2 (−39)

	
5.9 (−62)

	
2.1 (−59)




	

	
4

	
2.3 (−162)

	
8.4 (−160)

	
2.7 (−241)

	
9.6 (−239)




	

	
5

	
6.3 (−643)

	
2.3 (−640)

	
1.1 (−958)

	
4.0 (−956)




	
KC2

	
3

	
1.0 (−57)

	
3.4 (−55)

	
2.1 (−55)

	
7.0 (−53)




	

	
4

	
2.8 (−224)

	
9.3 (−222)

	
4.9 (−215)

	
1.6 (−212)




	

	
5

	
1.5 (−890)

	
5.1 (−888)

	
1.4 (−853)

	
4.7 (−851)




	
KC3

	
3

	
5.3 (−41)

	
1.8 (−38)

	
1.2 (−50)

	
4.0 (−48)




	

	
4

	
5.7 (−157)

	
1.9 (−154)

	
1.3 (−195)

	
4.5 (−193)




	

	
5

	
7.1 (−621)

	
2.4 (−618)

	
2.0 (−775)

	
6.9 (−773)











 





Table 10. Numerical results of the PM(4) family, for example, (4a).






Table 10. Numerical results of the PM(4) family, for example, (4a).





	
(p, q)

	
K

	
      F (  x   k    )      

	
       x    k + 1     −  x   k         

	
      F (  x   k    )      

	
       x    k + 1     −  x   k         




	

	

	
     x   0    =   sin ( k π h )   ,   k = 1 , … , 40    

	
     x   0    =    1 / 5  ,  1 / 5  , … ,  1 / 5       






	
(2, 1)

	
3

	
8.5 (−54)

	
2.9 (−51)

	
2.3 (−54)

	
7.7 (−52)




	

	
4

	
1.7 (−208)

	
5.7 (−206)

	
9.0 (−211)

	
3.0 (−208)




	

	
5

	
2.6 (−827)

	
8.8 (−825)

	
2.1 (−836)

	
7.1 (−834)




	
(1, 2)

	
3

	
3.3 (−58)

	
1.1 (−55)

	
1.4 (−54)

	
4.7 (−52)




	

	
4

	
3.7 (−226)

	
1.3 (−223)

	
1.2 (−211)

	
4.0 (−209)




	

	
5

	
6.2 (−898)

	
2.1 (−895)

	
6.8 (−840)

	
2.3 (−837)




	
(3, 0)

	
3

	
2.4 (−19)

	
8.0 (−17)

	
2.5 (−51)

	
8.4 (−49)




	

	
4

	
1.0 (−70)

	
3.4 (−68)

	
1.7 (−198)

	
4.3 (−196)




	

	
5

	
3.6 (−276)

	
1.2 (−273)

	
8.3 (−788)

	
2.8 (−785)




	
(0, 3)

	
3

	
6.5 (−34)

	
2.2 (−31)

	
3.1 (−53)

	
1.1 (−50)




	

	
4

	
5.9 (−129)

	
2.0 (−126)

	
3.1 (−206)

	
1.1 (−203)




	

	
5

	
3.9 (−509)

	
1.3 (−506)

	
3.1 (−818)

	
1.0 (−815)




	
(3, 1)

	
3

	
8.4 (−44)

	
2.8 (−41)

	
5.0 (−55)

	
1.7 (−52)




	

	
4

	
1.6 (−168)

	
5.3 (−166)

	
1.9 (−213)

	
6.5 (−211)




	

	
5

	
2.0 (−667)

	
6.7 (−665)

	
4.5 (−847)

	
1.5 (−844)




	
(1, 3)

	
3

	
1.2 (−46)

	
3.9 (−44)

	
4.2 (−55)

	
1.4 (−52)




	

	
4

	
5.8 (−180)

	
1.9 (−177)

	
1.0 (−213)

	
3.3 (−211)




	

	
5

	
3.5 (−713)

	
1.2 (−710)

	
3.1 (−848)

	
1.1 (−845)




	
(1, 1)

	
3

	
1.2 (−37)

	
4.2 (−35)

	
2.1 (−49)

	
7.4 (−47)




	

	
4

	
1.9 (−143)

	
6.6 (−141)

	
1.8 (−190)

	
6.3 (−188)




	

	
5

	
1.2 (−566)

	
4.0 (−564)

	
1.0 (−754)

	
3.5 (−752)




	
(3, 2)

	
3

	
1.5 (−49)

	
4.9 (−47)

	
3.3 (−55)

	
1.1 (−52)




	

	
4

	
1.5 (−191)

	
5.1 (−189)

	
3.8 (−214)

	
1.3 (−211)




	

	
5

	
1.7 (−759)

	
5.7 (−757)

	
6.7 (−850)

	
2.2 (−847)




	
(2, 3)

	
3

	
2.6 (−49)

	
8.6 (−47)

	
3.3 (−55)

	
1.1 (−52)




	

	
4

	
1.4 (−190)

	
4.7 (−188)

	
3.7 (−214)

	
1.2 (−211)




	

	
5

	
1.2 (−755)

	
4.1 (−753)

	
6.0 (−850)

	
2.0 (−847)











 





Table 11. Numerical results of the PM(4) family, for example, (5a).






Table 11. Numerical results of the PM(4) family, for example, (5a).





	(p, q)
	      F (  x   k    )      
	       x    k + 1     −  x   k         
	(p, q)
	      F (  x   k    )      
	       x    k + 1     −  x   k         





	(4, 2)
	1.8 (−50)
	1.9 (−51)
	(2, 3)
	1.5 (−40)
	1.2 (−41)



	(2, 2)
	3.1 (−49)
	3.1 (−50)
	(3, 2)
	1.8 (−38)
	1.4 (−39)



	(2, 4)
	5.9 (−45)
	6.3 (−46)
	(1, 3)
	2.6 (−36)
	2.0 (−37)



	(3, 3)
	5.3 (−45)
	5.7 (−45)
	(1, 2)
	5.9 (−33)
	4.4 (−34)



	(4, 4)
	3.4 (−43)
	3.5 (−44)
	(1, 4)
	1.1 (−30)
	8.0 (−32)



	(3, 4)
	1.0 (−42)
	1.0 (−43)
	(2, 1)
	8.8 (−27)
	6.7 (−28)



	(4, 3)
	1.8 (−42)
	1.7 (−43)
	(3, 1)
	9.1 (−26)
	7.0 (−27)










 





Table 12. Performance of the PM(4) methods, for example, (6a),    x   0    = { 1 , 2 }  .






Table 12. Performance of the PM(4) methods, for example, (6a),    x   0    = { 1 , 2 }  .





	(p, q)
	Iter
	      F (  x   k    )      
	       x   k    −  x    k − 1          
	(p, q)
	Iter
	      F (  x   k    )      
	       x   k    −  x    k − 1          





	(4, 4)
	5
	1.12 (−575)
	2.26(−142)
	(1, 1)
	6
	2.03 (−344)
	2.48 (−86)



	(3, 4)
	6
	2.66 (−504)
	3.14(−126)
	(3, 3)
	5
	1.41 (−272)
	2.68 (−68)



	(2, 3)
	6
	8.15 (−393)
	2.34(−98)
	(1, 2)
	6
	2.21 (−226)
	9.49 (−57)



	(3, 2)
	7
	1.86 (−386)
	9.09(−97)
	(2, 2)
	5
	2.16 (−174)
	9.43 (−44)










 





Table 13. Comparison results of the PM(4) methods, for example, (6b),    x   0    = { 1 , 4 }  .






Table 13. Comparison results of the PM(4) methods, for example, (6b),    x   0    = { 1 , 4 }  .





	(p, q)
	Iter
	      F (  x   k    )      
	       x   k    −  x    k − 1          
	(p, q)
	Iter
	      F (  x   k    )      
	       x   k    −  x    k − 1          





	(0, 3)
	5
	3.22 (−482)
	1.18 (−120)
	(1, 4)
	5
	4.08 (−450)
	1.26 (−112)



	(2, 1)
	5
	2.38 (−455)
	6.17 (−114)
	(3, 2)
	5
	7.04 (−450)
	1.44 (−112)



	(1, 2)
	5
	7.27 (−453)
	2.58 (−113)
	(2, 3)
	5
	7.78 (−450)
	1.48 (−112)



	(4, 1)
	5
	8.54 (−451)
	8.49 (−113)
	(1, 1)
	5
	4.60 (−429)
	2.26 (−107)










 





Table 14. Comparison results of the PM(4) methods, for example, (6c),    x   0    = { 1.25 , … , 1.25 }  .






Table 14. Comparison results of the PM(4) methods, for example, (6c),    x   0    = { 1.25 , … , 1.25 }  .





	(p, q)
	Iter
	      F (  x   k    )      
	       x   k    −  x    k − 1          
	(p, q)
	Iter
	      F (  x   k    )      
	       x   k    −  x    k − 1          





	(1, 2)
	6
	3.87 (−519)
	7.18 (−131)
	(4, 3)
	6
	1.25 (−346)
	9.61 (−88)



	(0, 2)
	6
	1.39 (−469)
	1.25 (−118)
	(1, 4)
	6
	3.65 (−329)
	2.13 (−83)



	(3, 3)
	6
	8.83 (−368)
	4.96 (−93)
	(4, 4)
	6
	1.11 (−326)
	9.33 (−83)



	(2, 3)
	6
	2.02 (−349)
	1.93 (−88)
	(1, 1)
	6
	3.01 (−204)
	1.96 (−52)










 





Table 15. Comparison results of the PM(4) methods, for example, (6d),    x   0    = { 0.1 , … , 0.1 }  .






Table 15. Comparison results of the PM(4) methods, for example, (6d),    x   0    = { 0.1 , … , 0.1 }  .





	(p, q)
	Iter
	      F (  x   k    )      
	       x   k    −  x    k − 1          
	(p, q)
	Iter
	      F (  x   k    )      
	       x   k    −  x    k − 1          





	(4, 4)
	4
	1.25 (−870)
	1.42 (−86)
	(3, 4)
	4
	6.42 (−571)
	5.84 (−63)



	(2, 2)
	5
	8.32 (−677)
	2.25 (−112)
	(1, 1)
	6
	4.29 (−356)
	1.14 (−88)



	(4, 1)
	10
	9.61 (−604)
	6.51 (−86)
	(3, 3)
	4
	4.29 (−356)
	4.76 (−44)



	(2, 1)
	7
	2.62 (−572)
	4.24 (−114)
	(4, 3)
	4
	1.51 (−354)
	6.26 (−39)










 





Table 16. Comparison results of the PM(4) methods, for example (6d),    x   0    = { − 20 , … , − 20 }  .






Table 16. Comparison results of the PM(4) methods, for example (6d),    x   0    = { − 20 , … , − 20 }  .





	(p, q)
	Iter
	      F (  x   k    )      
	       x   k    −  x    k − 1          
	(p, q)
	Iter
	      F (  x   k    )      
	       x   k    −  x    k − 1          





	(2, 3)
	5
	1.18 (−729)
	8.66 (−104)
	(1, 4)
	5
	4.17 (−603)
	8.96 (−86)



	(3, 2)
	5
	1.11 (−693)
	1.15 (−98)
	(2, 1)
	6
	4.05 (−602)
	4.62 (−120)



	(1, 2)
	6
	2.81 (−678)
	2.94 (−135)
	(0, 2)
	5
	1.06 (−528)
	6.77 (−132)



	(4, 0)
	6
	2.98 (−622)
	1.49 (−103)
	(1, 1)
	6
	3.67 (−177)
	6.17 (−44)










 





Table 17. Comparison results of PM(4) methods, for example, (7a),    x   0    =   0.78 , … , 0.78    .






Table 17. Comparison results of PM(4) methods, for example, (7a),    x   0    =   0.78 , … , 0.78    .





	
(p, q)

	
      F (  x   k    )      

	
       x   k    −  x    k − 1          

	
      F (  x   k    )      

	
       x   k    −  x    k − 1          




	

	
n = 50

	
n = 100






	
(4, 4)

	
6.28 (−8)

	
8.48 (−3)

	
8.88 (−8)

	
1.20 (−2)




	
(3, 4)

	
1.19 (−7)

	
1.04 (−2)

	
1.69 (−7)

	
1.47 (−2)




	
(4, 3)

	
1.29 (−7)

	
1.07 (−2)

	
1.82 (−7)

	
1.51 (−2)




	
(3, 3)

	
2.49 (−7)

	
1.31 (−2)

	
3.53 (−7)

	
1.86 (−2)




	
(2, 4)

	
2.80 (−7)

	
1.36 (−2)

	
3.95 (−7)

	
1.93 (−2)




	
(4, 2)

	
3.40 (−7)

	
1.45 (−2)

	
4.81 (−7)

	
2.05 (−2)




	
(2, 3)

	
5.90 (−7)

	
1.73 (−2)

	
8.34 (−7)

	
2.45 (−2)




	
(1, 2)

	
5.95 (−6)

	
3.67 (−2)

	
8.42 (−6)

	
5.19 (−2)




	
(1, 1)

	
3.08 (−5)

	
6.27 (−2)

	
4.36 (−5)

	
8.86 (−2)











 





Table 18. Comparison results of PM(4) methods, for example, (7b),    x   0    =   2 , … , 2    .






Table 18. Comparison results of PM(4) methods, for example, (7b),    x   0    =   2 , … , 2    .





	
(p, q)

	
      F (  x   k    )      

	
       x   k    −  x    k − 1          

	
      F (  x   k    )      

	
       x   k    −  x    k − 1          




	

	
n = 50

	
n = 100






	
(0, 4)

	
1.11 (−43)

	
3.66 (−11)

	
1.58 (−43)

	
5.18 (−11)




	
(3, 1)

	
5.10 (−39)

	
5.35 (−10)

	
7.21 (−39)

	
7.57 (−10)




	
(0, 3)

	
1.50 (−29)

	
1.25 (−7)

	
2.12 (−29)

	
1.76 (−7)




	
(1, 1)

	
1.97 (−24)

	
2.33 (−6)

	
2.79 (−24)

	
3.30 (−6)




	
(4, 0)

	
1.04 (−23)

	
3.60 (−6)

	
1.47 (−23)

	
5.08 (−6)




	
(3, 0)

	
2.66 (−17)

	
1.44 (−4)

	
3.76 (−17)

	
2.04 (−4)




	
(0, 2)

	
7.22 (−16)

	
2.46 (−4)

	
1.02 (−15)

	
3.49 (−4)




	
(1, 2)

	
1.31 (−15)

	
3.81 (−4)

	
1.85 (−15)

	
5.39 (−4)




	
(2, 1)

	
9.86 (−12)

	
3.55 (−3)

	
1.39 (−11)

	
5.02 (−3)











 





Table 19. Comparison results of the PM(4) methods, for example, (7c),    x   0    =   3 , … , 3    .






Table 19. Comparison results of the PM(4) methods, for example, (7c),    x   0    =   3 , … , 3    .





	
(p, q)

	
      F (  x   k    )      

	
       x   k    −  x    k − 1          

	
      F (  x   k    )      

	
       x   k    −  x    k − 1          




	

	
n = 50

	
n = 100






	
(3, 1)

	
8.50 (−109)

	
4.16 (−27)

	
1.20 (−108)

	
5.89 (−27)




	
(1, 3)

	
1.95 (−82)

	
1.62 (−20)

	
2.76 (−82)

	
2.29 (−20)




	
(1, 2)

	
1.34 (−66)

	
1.48 (−16)

	
1.90 (−66)

	
2.09 (−16)




	
(2, 2)

	
8.81 (−63)

	
1.33 (−15)

	
1.25 (−62)

	
1.88 (−15)




	
(2, 1)

	
1.29 (−62)

	
1.46 (−15)

	
1.83 (−62)

	
2.07 (−15)




	
(0, 4)

	
1.88 (−58)

	
1.61 (−14)

	
2.66 (−58)

	
2.27 (−14)




	
(4, 1)

	
2.37 (−57)

	
3.03 (−14)

	
3.35 (−57)

	
4.28 (−14)




	
(0, 3)

	
1.17 (−43)

	
8.02 (−11)

	
1.65 (−43)

	
1.13 (−10)




	
(1, 1)

	
2.86 (−35)

	
8.43 (−9)

	
4.05 (−35)

	
1.19 (−8)
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