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Abstract

This research examines a multinational supply chain inventory problem involving one
manufacturer and multiple retailers across a range of carbon emission combinations and
an incomplete production system. It aims to identify the optimal strategies for material use,
production, delivery, replenishment, and pricing to maximize the integrated total profits
under various situations. Three particle swarm optimization techniques are used to solve
all the models. Numerical examples and sensitivity analyses on parameter changes are
provided. The findings indicate that in a multinational supply chain, currency appreci-
ation in individual retailers’ countries decreases their optimal order quantities and the
manufacturer’s optimal material purchase quantity, but increases the optimal quantity for
other retailers. In summary, this study offers valuable guidance to enterprises and supply
chain decision-makers, especially those operating in a multinational framework, aiming to
effectively balance carbon reduction and profitability within the context of global trends in
carbon emission reduction.

Keywords: production-inventory model; multinational supply chain; carbon emission
combination; multiple retailers; particle swarm algorithm

MSC: 90B05

1. Introduction
Climate change has become a significant concern for many countries in recent years.

Due to the significant emissions of greenhouse gases into the atmosphere, their concen-
tration has reached a concerning level, causing extreme climates that cause serious loss of
life and property in many countries. In 2024, the World Economic Forum reported that
global warming and extreme climate conditions make up four of the top five global risks.
Further, global consensus agrees that carbon emissions primarily drive climate change, and
the magnitude of this threat escalates annually. Based on this, numerous countries have for-
mulated environmental policies and regulations to control the carbon emissions produced
by enterprises or supply chains in their operations. In such a situation, one of the primary
goals of supply chain systems is to reduce carbon emissions and environmental pollution
throughout the stages of production, shipping, and sales. In other words, integrating green

Mathematics 2025, 13, 3912 https://doi.org/10.3390/math13243912

https://doi.org/10.3390/math13243912
https://doi.org/10.3390/math13243912
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-7911-2253
https://orcid.org/0000-0001-7234-3107
https://orcid.org/0000-0002-2713-3546
https://doi.org/10.3390/math13243912
https://www.mdpi.com/article/10.3390/math13243912?type=check_update&version=2


Mathematics 2025, 13, 3912 2 of 31

policies into production and inventory decisions, followed by a commitment to sustainable
development, has become a critical concern in modern supply chain management. This is
particularly true for multinational supply chains, where members contend with diverse
carbon emission reduction policies.

Most real-world optimization problems related to production-inventory models,
whether centered on maximizing integrated profit or minimizing the integrated cost of the
entire supply chain system, involve objective functions that are highly complex, nonlinear,
and often non-differentiable [1]. In this scenario, traditional optimization methods are
very often stuck in local optima and struggle to find the optimal solution. Consequently,
non-traditional or metaheuristic optimization techniques, which do not require derivative
information of the objective functions, are preferred. The particle swarm optimization
(PSO) algorithm, first proposed by Kennedy and Eberhart [2], has become one of the most
widely used metaheuristic optimization techniques. In contrast to other metaheuristic algo-
rithms, such as the genetic algorithm, the PSO algorithm demonstrates a faster convergence
rate and requires very few adjustable parameters. The standard PSO algorithm and its
modified versions have been successfully applied to solve various types of decision-making
problems. To the best of our knowledge, Taşgetiren and Liang [3] were among the first to
apply the PSO algorithm for the lot sizing problem and determine optimal order quantities
for minimizing total ordering and holding costs. After that, numerous scholars started
using the PSO algorithm to solve inventory problems. These studies primarily focus on
addressing diverse scenarios, including fluctuating demand [4,5], multi-product [5] two-
warehouse systems [6–9], trade credit [10,11], and discount policies [12], among others. The
objective of these works is to assist businesses in enhancing their inventory management
practices, thereby reducing costs, improving efficiency, and adapting to ever-changing mar-
ket demands. Additionally, some studies delve into environmental sustainability concerns,
aiming to provide a more comprehensive perspective on the implications of inventory
management [13–19].

However, most existing studies have either considered only a single retailer or as-
sumed homogeneous carbon emission mechanisms, limiting their applicability to multina-
tional supply chains where multiple retailers interact simultaneously, exchange rates vary
across markets, and carbon emission policies differ across countries. Moreover, no prior
study has jointly integrated carbon policy heterogeneity, deteriorating items, multi-retailer
interactions, and multinational exchange rate environments within a production–inventory
framework. This constitutes the central research gap that the present study aims to address.

This study contributes in the following ways. First, it not only examines a supply
chain system involving one manufacturer and multiple retailers, but also explores how
material supply, production, delivery, ordering, and pricing policies interact within a multi-
stage supply chain integration framework. Moreover, the reduction of carbon emissions
holds significant importance for enterprises in the current landscape. When dealing with a
multinational supply chain, it is crucial to recognize that carbon emission reduction policies
can vary across different countries. Therefore, this study not only addresses the reduction of
carbon emissions stemming from operational activities through capital investment but also
incorporates the heterogeneous carbon emission reduction policies embraced by the supply
chain member countries. Finally, this study aims to employ three effective PSO algorithms
to solve the proposed model and compare their effects. The first is the Standard PSO (SPSO)
algorithm. The second is a modified PSO algorithm called Linear Decreasing Inertia Weight
PSO (LDIW-PSO), which incorporates a linear adjustment method within the algorithm [20].
The third is another modified PSO algorithm—Adaptive PSO (APSO), which integrates
the distribution information of the population and particle fitness into the algorithm [21].
By applying multiple PSO variants to a problem that integrates multi-retailer interactions,
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multinational supply chains, and different carbon emission policy combinations, this
study addresses a more complex problem than those explored in previous research and
thereby delivers a novel methodological and analytical contribution to the sustainable
production–inventory problem.

The rest of this study is structured as follows: Section 2 provides the literature review
for the sustainable supply chain inventory management issues and uses PSO to solve
inventory models. Section 3 describes the research problem and develops the production
inventory problems of a multinational supply chain with multi-retailer and carbon emission
policy combination. Section 4 introduces the solution process of the mixed nonlinear integer
programming problems and investigates the PSO algorithms. Section 5 presents several
numerical examples and performs sensitivity analyses. Finally, Section 6 provides the
concluding remarks and suggestions for future research.

2. Literature Review
This section intends to compile and organize the relevant literature concerning the

sustainable supply chain inventory model and the utilization of PSO algorithms in the
inventory model. Next, this study endeavors to highlight potential research gaps identified
in the previous literature.

2.1. Sustainable Supply Chain Inventory Models

In light of the increasing concern over global carbon emissions, Hua et al. [22], Arslan
and Turkay [23], and Chen et al. [24] proposed sustainable EOQ-based inventory mod-
els, incorporating carbon policies like carbon cap-and-trade, carbon offsets, and carbon
taxation. Adopting a supply chain integration perspective, Jauhari et al. [25] developed
a production inventory model for one vendor and one buyer with deterministic demand.
Datta [26] analyzed a production-inventory model that incorporated defective items and
price-dependent demand, while also addressing the critical issue of carbon emissions and
their impact on global warming. Gautam and Khanna [27] developed a sustainable supply
chain model involving a vendor and a buyer, addressing defects, quality standards, carbon
emissions, and cost optimization. Further, Saga et al. [28] introduced a two-stage supply
chain inventory model accounting for imperfect production processes, inspection errors,
and carbon emissions policies. Lu et al. [29] applied Stackelberg game theory to construct a
multi-stage sustainable production-inventory model integrating carbon emission reduction
initiatives. Pan et al. [30] explored multi-stage sustainable production-inventory models
wherein demand depends on both price and advertising simultaneously. De-la-Cruz-
Márquez et al. [31] proposed an advanced production-inventory optimization model for
a three-stage supply chain, addressing imperfect quality, mortality, shortages with full
backordering, and carbon emissions. Lu et al. [32] were the first to examine combinations
of carbon emission policies within a multinational supply chain. Muthusamy et al. [33]
recently examined the effects of integrated policy interventions on perishable goods supply
chains, offering optimization strategies to multinational corporations for production, dis-
tribution, and emissions reduction. Alongside these, it is worth mentioning the research
conducted by Sebatjane [19], Hammami et al. [34], Tiwari et al. [35], Aliabadi et al. [36], Rout
et al. [37], Sepehri et al. [38], and Lu et al. [39]. While prior work, such as Lu et al.’s [32], has
provided important insights into the interaction between carbon policies and exchange-rate
movements, previous studies primarily considered single-retailer systems. In contrast,
this research advances the literature by investigating a multi-retailer, multinational sup-
ply chain in which each retailer faces distinct exchange rates, leading to richer strategic
interactions and more complex joint decisions regarding production, replenishment, and
carbon emissions.
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2.2. Applying PSO Algorithms to Inventory Models

As PSO algorithms are powerful, efficient, and easier to understand metaheuristic
methods, they have been successfully applied to solve various types of supply chain prob-
lems, including the widespread discussion of using PSO for solving inventory models. For
example, Domoto et al. [40] proposed a PSO-based method for determining the optimal
order quantity in the automotive industry’s supply chain. Dye and Hsieh [4] devised an
EOQ model that incorporates price-dependent, time-varying demand, fluctuating unit
purchasing costs, and partial backlogging, and utilized the PSO algorithm as an efficient
search process to obtain the optimal solution. Dye [10] incorporated trade credit financing
while addressing an EOQ model with time-varying demand, deteriorating items, and
partial backlogging, and solved it using PSO. Bhunia et al. [12] utilized PSO to address a de-
teriorating inventory model, which incorporates displayed stock-level-dependent demand,
partially backlogged shortages, and unit discount facilities. Bhunia et al. [6], Bhunia and
Shaikh [7], Tiwari et al. [8], and Shaikh et al. [9] all used PSO to solve the two-warehouse
inventory problems. Yadav et al. [41] explored a supply chain comprising a single manufac-
turer and multiple price-sensitive buyers where a PSO is applied. Recently, environmental
sustainability issues have gradually received more attention in this area of research. For in-
stance, Bhattacharjee and Sen [17] developed a sustainable production inventory model for
bioethanol production, including materials ordering, fermentation plant, and finished prod-
uct inventory, where weighted PSO and constriction factor PSO algorithms were applied.
Ruids et al. [18] used PSO to investigate the impact of joint investments in green innovation
and emission reduction technologies within a green production-inventory model. Other
studies considering the applications of PSO to solve the sustainable inventory/supply
chain problems can be found in Rahimi and Fazlollahtabar [13], Manna et al. [14], Ruidas
et al. [15], and Manna et al. [16].

2.3. Potential Research Gaps

After conducting in-depth research on the existing literature in the field of production
inventory, Table 1 presents the primary distinctions between this study and previous related
research. According to the information in Table 1, although considerable research has
addressed production-inventory problems involving deteriorating items, carbon emissions,
or the use of algorithmic approaches, few studies have investigated systems with the joint
management of raw material and finished goods inventories. More importantly, most
existing models assume homogeneous carbon emissions across the supply chain system
and therefore fail to capture the heterogeneity of emission sources. Furthermore, they
overlook the multi-retailer decision interactions that arise within multinational supply chain
inventory systems, particularly those shaped by differing exchange-rate environments and
cross-market conditions. To address the aforementioned research gap, this study intends to
explore the sustainability of different carbon emission policy combinations for deteriorating
materials and finished products, emphasizing supply chain integration, while considering
the price-dependent demand and defective finished products. We also apply three PSO
algorithms to solve the production-inventory models and evaluate their computational
performance. These enhancements collectively position our study as a more comprehensive
and realistic framework relative to prior related research.
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Table 1. Comparison of this study’s main features with previous related literature.

Research
Multinational

Supply
Chain

Multi-Stage
Carbon

Policy Com-
bination

Multiple
Retailers

Defective
Product

Price-
Dependent

Demand
PSO

Algorithms

Jauhari et al. [25] V

Kundu & Chakrabarti [42] V V

Hammami et al. [34] V V

Datta [26] V V

Gautam & Khanna [27] V

Tiwari et al. [35] V

Saga et al. [28] V V

Gu et al. [43] V

Lu et al. [29] V V

Rout et al. [37] V

Yadav et al. [41] V V V V

Pan et al. [30] V V

Sepehri et al. [38] V

Bhattacharjee & Sen [17] V V

De-la-Cruz-Márquez et al. [31] V V V

Lu et al. [32] V V V V

Lu et al. [39] V V V

Gautam et al. [44] V

Muthusamy et al. [33] V V V

Ruidas et al. [18] V V

Sebatjane [19] V V

This study V V V V V V V

3. Model Development
To develop a multi-stage cross-border production inventory model that incorporates

diverse carbon reduction policy combinations, this study defines the following notation
and assumptions.

3.1. Notation and Assumptions
Parameters:

m number of retailers

δi
currency exchange rate of retailer i relative to
manufacturer, i = 1, 2, . . ., m

P production rate of the manufacturer

r number of materials required per unit of
finished product

Si
setup cost incurred by the manufacturer for retailer i
(in manufacturer’s currency), i = 1, 2, . . ., m

AMi

material ordering cost incurred by the manufacturer
for retailer i (in manufacturer’s currency),
i = 1, 2, . . ., m

c1
the unit material cost incurred by the manufacturer
(in manufacturer’s currency)

c2
the unit production cost incurred by the
manufacturer (in the manufacturer’s currency)

vi
wholesale unit price for retailer i (in the
manufacturer’s currency), i = 1, 2, . . ., m

hm
unit material holding cost per unit time incurred by
the manufacturer (in the manufacturer’s currency)

hv

unit holding cost of finished product per unit time
incurred by the manufacturer (in the manufacturer’s
currency)

θ1 rate of material deterioration
θ2 rate of deterioration in finished products
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λ defect rate of finished products, where λ ∈ (0, 1)

ARi
ordering cost of retailer i (in the currency of retailer i),
i = 1, 2, . . ., m

si
unit inspection cost of retailer i (in the currency of
retailer i), i = 1, 2..., m

hi
unit holding cost of retailer i per unit time (in the
currency of retailer i), i = 1, 2, . . ., m

CTi
fixed shipping cost of retailer i (in the currency of
retailer i), i = 1, 2, . . ., m

Cti
unit variable shipping cost of retailer i (in the
currency of retailer i), i = 1, 2, . . ., m

ÂMi

carbon emissions produced by the manufacturer
during the material procurement process for retailer i,
i = 1, 2, . . ., m

Ŝ
carbon emissions associated with the manufacturer’s
setup activity

ĉ1
unit carbon emission generated by the manufacturer
engaged in material procurement

ĉ2
unit carbon emission generated by the manufacturer
engaged in production

v̂i
unit carbon emission generated by retailer i engaged
in procurement activity, i = 1, 2, . . ., m

ÂRi

carbon emissions generated by retailer i form
ordering activity, i = 1, 2, . . ., m

ŝi
unit carbon emission generated by retailer i engaged
in inspection activity, i = 1, 2, . . ., m

ĥi

unit carbon emission per unit time generated by
retailer i engaged in finished product storage,
i = 1, 2, . . ., m

ĥm
unit carbon emission per unit time generated by the
manufacturer engaged in material storage

ĥv
unit carbon emission per unit time generated by the
manufacturer engaged in product storage

ĈTi

fixed carbon emissions of retailer i engaged in the
delivery of finished goods, i = 1, 2, . . ., m

Ĉti
unit carbon emission of retailer i engaged in the
delivery of finished goods, i = 1, 2, . . ., m

ϖv total cap on manufacturer’s carbon emissions

ϖbi
total cap on retailer i’s carbon emissions,
i = 1, 2, . . ., m

Cv

unit carbon trading price of the manufacturer’s
carbon trading market (in the manufacturer’s
currency)

Cbi

unit carbon trading price of retailer i ’s carbon
trading market (in the currency of retailer i),
i = 1, 2, . . ., m

uv
manufacturer’s unit carbon tax (in the
manufacturer’s currency)

ubi
retailer i ’s unit carbon tax (in the currency of retailer
i), i = 1, 2, . . ., m

Tpi
length of time which the manufacturer ships the first
order to retailer i, i = 1, 2, . . ., m

Decision variable

pi
unit selling price of retailer i (in currency of retailer i),
continuous variables, i = 1, 2, . . ., m

Qi
retailer i ’s order quantity, continuous variables, i = 1,
2, . . ., m

Qvi
manufacturer’s material order quantity for retailer i,
continuous variables, i = 1, 2, . . ., m

Tbi
length of retailer i’s replenishment cycle, continuous
variables, i = 1,2,. . ., m

Tvi

length of production cycle for the manufacturer
supplying retailer i, continuous variables,
i = 1, 2, . . ., m

Tsi

length of the period during which the manufacturer
produces for retailer i, continuous variables,
i = 1, 2, . . ., m

ni
number of manufacturer shipments per production
cycle for retailer i, integer variables, i = 1,2, . . ., m

qi

quantity of non-defect item that the manufacturer
ships to retailer i each time, continuous variables,
i = 1,2, . . ., m

* superscript symbol denoting the optimal solution
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3.2. Assumptions

1. The analysis focuses on a multinational supply chain system, consisting of one man-
ufacturer and multiple retailers across different countries, using one material and
producing one finished product.

2. The manufacturer and multiple retailers face their own carbon emission reduction
policies, with differing currencies on either side.

3. The demand rate of retailers, denoted by D(pi), is a non-negative continuous function
of its selling price [21].

4. In order to prevent the occurrence of continuous shortages, this study assumes that
the manufacturer’s finite production rate of non-defective products exceeds the sum
of the retailers’ demand rates, which implies (1 − λ)P > ∑m

i = 1 D(p i).
5. This study assumes that retailer i places an order of Qi each time, and requires the

manufacturer to make ni deliveries. Given the presence of defective products in
the manufacturer’s finished goods with a proportion of λ, it will ship qi/(1 − λ)

units to the retailer i during each shipment to ensure that qi non-defective products
are inspected.

6. In the carbon cap-and-trade system, the manufacturer or retailer i has a carbon cap ϖv

and ϖbi
, respectively, and can trade carbon rights through the carbon trading market

with the price of Cv (in manufacturer’s currency) or Cbi
(in retailer i’s currency).

7. Within the framework of the carbon tax policy, the government of the manufac-
turer or retailer i will impose a carbon tax of uv (in manufacturer’s currency) or ubi

(in retailer i’s currency) per unit of carbon emission, respectively, based on their
carbon emissions.

8. Due to the frequent updates in foreign currency exchange rates, this study utilizes
the average exchange rate over a specific time period to facilitate the development of
the models.

9. Neither retailer i’s finished goods nor manufacturer’s materials are allowed to be out
of stock.

10. Assume that there will be no errors in the inspection process of retailer i.

3.3. Problem Description

This study aims to formulate integrated production-inventory models for a multi-stage
supply chain, comprising one manufacturer and multiple retailers. The three stages covered
are: material supply, production, delivery, replenishment and sales. With respect to retailer
i, the quantity of each order is Qi, and the manufacturer is required to deliver in batches,
where i = 1, 2, . . ., m. When receiving an order from retailer i, the manufacturer concurrently
orders the necessary materials from its supplier to complete the production cycle.

Since the batch of finished products may contain defective products (defect rate is λ),
in order to ensure that the number of non-defective products delivered to retailer i is qi

each time, the delivery batch of retailer i in a production cycle (the cycle length is Tvi ) is
Qi/(1 − λ), and the quantity of each delivery is fixed as qi/(1 − λ) = Qi/ni(1 − λ).

In alignment with just-in-time production principles, the manufacturer initiates ship-
ments concurrently with the production process, and when the quantity qi/(1 − λ) ordered
by retailer i is produced (the period is Tpi ), it is shipped to retailer i immediately, and then
a fixed quantity qi/(1 − λ) is delivered to retailer i every fixed period (Tbi

).
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Furthermore, given that the manufacturer’s production rate significantly surpasses all
retailers’ demand rates, production halts once a certain threshold is reached within the Tsi

period. Subsequently, the manufacturer will intermittently use the warehouse inventory at
regular intervals (Tbi

) to deliver a fixed quantity qi/(1 − λ) to retailer i until the complete
order quantity is dispatched. Figure 1 shows the material supply, production, delivery,
and sales across the multi-stage supply chain system. During the production cycle, retailer
i’s finished product inventory level, as well as the manufacturer’s material and finished
product inventory levels, are shown in Figure 2. The changes in inventory levels of retailers,
manufacturing plants, and material warehouses in a production cycle are also illustrated
in Figure 2.

Stage 1. Material supply Stage 2. Production and shipment Stage 3. Order and Sale

Supplier Material 
warehouse

Factory

Customers

.

.

.

Manufacturer

Retailers

 

Figure 1. A multi-stage supply chain with one manufacturer and multiple retailers.

Given the aforementioned notation and assumptions, we formulate the total profit
and the aggregate carbon emissions of supply chain members as follows.
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Figure 2. Inventory level of materials and finished products of the manufacturer and finished
products of retailer i.
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3.3.1. The Total Profit and Carbon Emissions for Retailer I

According to Figure 2, the inventory level of retailer i, denoted by IRi (t) changes over
the interval [0, Tbi

] due to market demand and product deterioration, and it is described by
the following differential equation (please refer to [6,8,9,12,19,35,42]).

d
dt

IRi (t) + θ2 IRi (t) = −D(pi), 0 < t ≤ Tbi
, i = 1, 2, . . . , m. (1)

In practical applications, the parameters in (1), such as the demand rate and the de-
terioration rate, can typically be estimated from the retailer’s operational data, including
historical sales records, product shelf-life observations, and inventory management infor-
mation systems. Next, by applying the boundary condition IRi

(
Tbi

)
= 0, the inventory

level, IRi (t), can be obtained by solving (1) as follows:

IRi (t) =
D(pi)

θv

[
eθv(Tbi

−t) − 1
]
, 0 < t ≤ Tbi

, i = 1, 2, . . . , m. (2)

According to (2), it can be known that retailer i’s initial inventory quantity IRi (0) of
each replenishment cycle is equal to qi which implies

qi =
D(pi)

θv

(
eθvTbi − 1

)
. (3)

Next, we derive the total profit of retailer i for each replenishment cycle (retailer i’s
currency denomination), which is calculated as the sales revenue minus ordering cost,
shipping cost, inspection cost, purchasing cost, and holding cost. Because of the replenish-
ment cycle length of retailer i is Tbi

, the total profit (denoted by TPbi

(
Tbi

, pi
))

is computed
as follows:

TPbi

(
Tbi

, pi
)
= 1

Tbi

piD(pi)Tbi
− ARi − CTi −

si D(pi)

(
e

θ2Tbi −1
)

(1−λ)θ2

−
vi D(pi)

(
e

θ2Tbi −1
)

δiθ2
−

hi D(pi)

(
e

θ2Tbi −θvTbi
−1

)
θ2

2

−
Cti D(pi)

(
e

θ2Tbi −1
)

(1−λ)θ2


(4)

where i = 1, 2, . . ., m.
Regarding the carbon emissions of retailer i, since the amount of carbon emission of

each replenishment cycle involves activities such as ordering, delivery, inspection, and
inventory, the total carbon emissions (denoted by TEbi

(
Tbi

, pi
)
) is calculated as follows:

TEbi

(
Tbi

, pi
)
= 1

Tbi

ÂRi + ĈTi +
ŝi D(pi)

(
e

θ2Tbi −1
)

(1−λ)θ2
+

v̂i D(pi)

(
e

θ2Tbi −1
)

θ2
+

ĥi D(pi)

(
e

θ2Tbi −θvTbi
−1

)
θ2

2
+

Ĉti D(pi)

(
e

θ2Tbi −1
)

(1−λ)θ2

, where i = 1, 2, . . . , m.

(5)

3.3.2. The Total Profit and Carbon Emissions for the Manufacturer

Both materials and finished products are included in the manufacturer’s inventory. In
terms of material, its inventory level will be reduced due to production and deterioration (as
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shown in Figure 2). Therefore, for each retailer i, the manufacturer’s inventory level, IMi (t),
evolves over the production cycle [0, Tsi ] according to the following differential equation.

d
dt

IMi (t) + θm IMi (t) = −rP, 0 < t ≤ Tsi , i = 1, 2, . . . , m. (6)

Similarly, using the boundary condition IMi (Tsi ) = 0, the inventory level, IMi (t), can
be obtained by solving (6) as

IMi (t) =
rP
θm

[
eθm(Tsi

−t) − 1
]
, 0 < t ≤ Tsi , i = 1, 2, . . . , m. (7)

According to (7), it can be known that the manufacturer’s initial material inventory
quantity, IMi (0), per production cycle is equal to Qvi for retailer i ’s, which implies

Qvi =
rP
θm

(
eθmTsi − 1

)
, i = 1, 2, . . . , m. (8)

In terms of finished goods inventory, for each retailer i, the manufacturer’s inventory
level over the interval [0, Tsi ], Ipi (t), changes due to production and the deterioration,
which is expressed by the following differential equation.

d
dt

Ipi (t) + θv Ipi (t) = P, 0 < t ≤ Tsi , i = 1, 2, . . . , m. (9)

By applying the boundary condition Ipi (0) = 0, the inventory level, Ipi (t), can be
obtained by solving (9) as

Ipi (t) =
P
θv

(
1 − e−θvt

)
, 0 < t ≤ Tsi , i = 1, 2, . . . , m. (10)

For retailer i, the manufacturer makes the first delivery (the length of time is Tpi )
once the quantity of qi/(1 − λ) is reached. Subsequently, the manufacturer provides fixed
deliveries at regular intervals. Therefore, it can be known that Ipi

(
Tpi

)
= qi/(1 − λ)

from (10), that is,

Tpi =
1
θv

ln

 (1 − λ)P

(1 − λ)P − D(pi)
(

eθvTbi − 1
)
, i = 1, 2, . . . , m. (11)

Under Assumption (3), which stipulates that the manufacturer’s finite non-defective
production rate exceeds the combined demand rates of all retailers, the manufacturer will
stop production at a certain point, Tsi . Subsequently, the manufacturer will ship the finished
products to retailer i in batches until all are delivered (at time point Tvi ). Similarly, the
manufacturer’s finished product inventory level for retailer i, Idi (t), will only change due
to the deterioration during the time interval [Tsi , Tvi ], which is described by the following
differential equation.

d
dt

Idi (t) + θv Idi (t) = 0, Tsi < t ≤ Tvi , i = 1, 2, . . . , m. (12)

By using the boundary condition Ipi (Tsi ) = Idi (Tsi ) =
P
θv

(
1 − e−θvTsi

)
, the inventory

level, Idi (t), can be obtained by solving (12) as

Idi (t) =
P
θv

eθv(Tsi−t) − e−θvt, Tsi < t ≤ Tvi , i = 1, 2, . . . , m. (13)
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For retailer i, the manufacturer ships a total quantity of niqi/(1 − λ) each production
cycle, which implies Idi (Tvi ) = niqi/(1 − λ). From (3) and (13), we can obtain

Tsi =
1
θv

ln

P + niD(pi)
(

eθvTbi − 1
)

eθvTvi /(1 − λ)

P

, i = 1, 2, . . . , m. (14)

Next, we will calculate the manufacturer’s total profit in each replenishment cycle
for retailer i (manufacturer’s currency denomination), which is derived by subtracting the
ordering cost of material, purchasing cost of material, setup cost, production cost, and
holding cost from the sales revenue. Since the production cycle length for retailer i, is
Tvi + Tbi

the total profit, denoted by TPvi

(
Tvi , Tsi , Tpi , ni,

)
, can be computed as follows:

TPvi

(
Tvi , Tsi , Tbi

, ni, pi
)
= 1

Tvi + Tbi

{
vini D(pi)

θv

(
eθvTbi − 1

)
− Si − AMi − c2PTsi−

c1rP
θm

(
eθmTsi − 1

)
− hmrP

θ2
m

(
eθmTsi − θmTsi − 1

)
− hv

{
PTsi
θv

−
Pe−θvTvi

(
eθvTsi −1

)
θ2

v
−

ni(ni−1)D(pi)Tbi

(
e

θvTbi −1
)

2(1−λ)θ2
v

}, where i = 1, 2, . . . , m.

(15)

Because the manufacturer’s amount of carbon emission each production cycle is
influenced by activities such as ordering and purchasing of material, setup, production,
and inventory, the total carbon emissions (denoted by TEvi

(
Tvi , Tsi , Tbi

, ni, pi
)
) for retailer i

can be calculated as follows:

TEvi

(
Tvi , Tsi , Tbi

, ni, pi
)
=

m
∑

i = 1

1
Tvi+Tbi

{
Ŝi + ÂMi + ĉ2PTsi +

ĉ1rP
θm

(
eθmTsi − 1

)
+

ĥmrP
θ2

m

(
eθmTsi − θmTsi − 1

)
+ ĥv

{
PTsi
θv

−
Pe−θvTvi

(
eθvTsi − 1

)
θ2

v
−

ni(ni − 1)D(pi)Tbi

(
e

θvTbi − 1
)

2(1 − λ)θ2
v

}, where i = 1, 2, . . . , m.

(16)

Based on (11), (14), and the fact that Tvi = Tpi + (ni − 1)Tbi
, the total profit function,

TPvi

(
Tvi , Tsi , Tbi

, ni, pi
)
, and the total carbon emissions function, TEvi

(
Tvi , Tsi , Tbi

, ni, pi
)
,

can be reduced to TPvi

(
Tbi

, ni, pi
)

and TEvi

(
Tbi

, ni, pi
)
, respectively.

The major objective of this research is to examine the optimal production, delivery,
ordering, and pricing policies within a multinational supply chain integration framework.
Given the diverse carbon emission regulations across supply chain countries, we analyze
distinct carbon emission combinations as shown in the following carbon portfolio matrix.
The integrated total profit for each situation is described below (Table 2).

Table 2. The carbon portfolio matrix for a multinational supply chain.

Manufacturer
Retailer i

Carbon Cap-and-Trade Carbon Tax

Carbon cap-and-trade Situation I Situation II
Carbon tax Situation III Situation IV

Situation I.

In this situation, both the manufacturer and retailer i face the same carbon cap-and-
trade policy, which implies that each party has its own individual carbon emission cap
(with the carbon emission caps being ϖv and ϖbi

, respectively). When their carbon emis-
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sions exceed or fall below this limit, they can trade carbon rights through the open market
(assuming that the carbon prices are cv and cbi

, respectively). Because the manufacturer and
retailers are from different countries with different local currencies, all monetary values are
converted into the manufacturer’s currency for calculating the integrated total profit. There-
fore, we can obtain the integrated total profit for Situation I (denoted as ΠI

(
Tbi

, ni, pi
)
) as

ΠI
(
Tbi

, ni, pi
)
=

m
∑

i=1
TPvi

(
Tbi

, ni, pi
)
− cv

[
m
∑
i

TEvi

(
Tbi

, ni, pi
)
− ϖv

]
+

m
∑

i=1
δi
{

TPbi

(
Tbi

, pi
)
− cbi

[
TEbi

(
Tbi

, pi
)
− ϖbi

]}
.

(17)

Situation II.

Similarly to Situation I, the manufacturer operates under a carbon cap-and-trade
system characterized by a defined emission cap ϖv and an associated carbon price cv. The
difference lies in that retailer i is subject to a carbon tax policy, that is, its government
imposes a carbon tax on its carbon emissions (assuming the tax rate is ubi

). Therefore,
converted to the manufacturer’s currency denomination, the integrated total profit for
Situation II (denoted as ΠII

(
Tbi

, ni, pi
)
) can be obtained as

ΠII
(
Tbi

, ni, pi
)
=

m
∑

i=1
TPvi

(
Tbi

, ni, pi
)
− cv

[
m
∑
i

TEvi

(
Tbi

, ni, pi
)
− ϖv

]
+

m
∑

i=1
δi
{

TPbi

(
Tbi

, pi
)
− ubi

TEbi

(
Tbi

, pi
)}

.
(18)

Situation III.

In this situation, the manufacturer is affected by a government-imposed carbon tax
policy, which charges a tax on its carbon emissions at a rate of uv. Retailer i, conversely,
operates within a carbon cap-and-trade framework, governed by a carbon emission cap
denoted as ϖbi

and a corresponding carbon price Cbi
. Similarly, converted to the manu-

facturer’s currency denomination, the integrated total profit for Situation III (denoted as
ΠIII

(
Tbi

, ni, pi
)
) can be obtained as

ΠIII
(
Tbi

, ni, pi
)
=

m
∑

i=1
TPvi

(
Tbi

, ni, pi
)
− uv

m
∑
i

TEvi

(
Tbi

, ni, pi
)

+
m
∑

i=1
δi
{

TPbi

(
Tbi

, pi
)
− Cbi

[
TEbi

(
Tbi

, pi
)
− ϖbi

]}
.

(19)

Situation IV.

In this scenario, both manufacturer and retailer i face the same carbon tax policy, with
the tax rates being uv and ubi

, respectively. Therefore, converted to the manufacturer’s cur-
rency denomination, the integrated total profit for Situation IV (denoted as ΠIV

(
Tbi

, ni, pi
)
)

can be obtained as

ΠIV
(
Tbi

, ni, pi
)
=

m
∑

i=1
TPvi

(
Tbi

, ni, pi
)
− uv

m
∑
i

TEv
(
Tbi

, ni, pi
)

+
m
∑

i=1
δi
{

TPbi

(
Tbi

, pi
)
− ubi

TEbi

(
Tbi

, pi
)}

.
(20)

The following section presents the proposed models for different situations and then
conducts numerical examples to compute and compare the optimal solution values.
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4. Model Solution
4.1. Mixed Nonlinear Integer Programming Problem Solving

This research aims to optimize the manufacturer’s material ordering, production, and
delivery decisions, along with the retailers’ ordering and pricing strategies across various
scenarios in a multinational supply chain, to maximize the overall integrated profit. We
can develop the following mixed nonlinear integer programming (MINLP) problems with
the proposed models:

Max
Tbi

,ni ,pi
Πj

(
Tbi

, ni, pi
)
, j = I, II, III, IV

s. t. Tpi =
1
θ2

ln

 (1−λ)P

(1−λ)P−D(pi)

(
e

θvTbi −1
)


Tsi =
1
θ2

ln

 P+ni D(pi)

(
e

θ2Tbi −1
)

eθ2Tvi /(1−λ)

P


Tvi = Tpi + (ni − 1)Tbi
ni is a positive integer, Tbi

> 0, and pi > v,
i = 1, 2, . . ., m

Since the objective function is a complex polynomial expression and involves both
continuous and integer decision variables, it is extremely difficult to solve by traditional
mathematical programming methods or to verify the concavity of the objective function.
Although local concavity could be examined using the Hessian matrix for fixed integer
values, the mixed-variable nature of the proposed model prevents a complete analytical
characterization. Therefore, this study develops the following solution procedure.

Step 1: Start with l = 1 and j = 1, and the initial value of nij = 1, where i = 1, 2, . . . , m.

Step 2: Find pij and Tij (denoted by p(l)ij and T(l)
bij

) and then substitute (17–19), or (20) to cal-

culate Πk

(
T(l)

bij
, nij, p(l)ij

)
(denoted by Π(l)

kj
), where i = 1, 2, . . . , m, k = I, II, III, or IV.

Step 3: Set j = j + 1, and nl(j+1) = nlj + 1. Then find pij and Tij (denoted by p(l)i(j+1) and

T(l)
bi(j + 1)

), and substitute (17), (18), (19), or (20) to calculate Πk

(
T(l)

bi(j + 1)
, nl(j+1), nij, p(l)i(j+1)

)
(denoted by Π(l)

kj + 1
), where i = l + 1, l + 2, . . . , m, k = I, II, III, or IV.

Step 4: Compare Π(l)
kj

and Π(l)
kj+1

, k = I, II, III, or IV.

(i) If Π(l)
kj

> Π(l)
kj+1

, then go to Step 5.

(ii) If Π(l)
kj

≤ Π(l)
kj+1

, then go back to Step 2.

Step 5: Let l = l + 1, and then check if l + 1 is equal to m:

(i) If l + 1 = m, then go to Step 6.
(ii) If l + 1 < m, then back to Step 2.

Step 6: Set n(l+1)(j+1) = n(l+1)j + 1, and find pij and Tij (denoted by p(l+1)
ij and T(l+1)

bij
).

Then, substitute (17), (18), (19), or (20) to calculate Πk

(
T(l+1)

bi(j+1)
, nij, n(l+1)(j+1), p(l+1)

ij

)
(denoted by Π(l+1)

kj+1
), where i = 1, . . . , l, k = I, II, III, or IV.

Step 7: Compare Π(l+1)
kj

and Π(l+1)
kj+1

,k = I, II, III, or IV.

(i) If Π(l+1)
kj

> Π(l+1)
kj+1

, then go to Step 7.

(ii) If Π(l+1)
kj

≤ Π(l+1)
kj+1

, then back to Step 6.
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Step 8: n∗
i = n(l+1)j, p∗i = p(l+1)

ij , and T∗
bi
= T(l+1)

bi
are the optimal solutions, and the

optimal integrated total profit is Π(l+1)
kj

, where k = I, II, III, or IV.

While the above-mentioned solution procedure can obtain the optimal material order
quantity for the manufacturer, the optimal order quantity for retailer i, and the optimal
overall integrated profit in the proposed model, it becomes inefficient when a large number
of retailers are involved. Therefore, this study adopts PSO algorithms as an alternative
approach for solving the proposed models.

4.2. Particle Swarm Optimization (PSO)

In the PSO algorithm, each individual is regarded as a point in the search space
and searches at a quantitative speed in the solution space. The speed is dynamically
adjusted based on the movement experience of the individual particles and the movement
experience of the group. Assume that the position vector of i-th particle in the solution
space is expressed as

Xt
i =

(
Xt

i1, Xt
i2, Xt

i3 . . . , Xt
id
)
, Xt

i ∈ [Ld, Ud], (21)

where Ld and Ud represent the upper and lower bounds of the search space. In the solution
space of a single particle, the best position searched represents the best environmental
adaptation value, which is called the local best solution (Pbest). Let the best position
searched by particle i in the t-th generation be

Pt
i =

(
Pt

i1, Pt
i2, Pt

i3 . . . , Pt
id
)
. (22)

In the swarm, the index number of the best position searched by the particle swarm is
denoted by Pg. Therefore, the best position searched by the particle swarm represents the
best environmental adaptation value, which is called the global best solution (Gbest). Let
the best position searched by the particle swarm in the t-th generation be

Pt
g =

(
Pt

g1, Pt
g2, Pt

g3 . . . , Pt
gd

)
. (23)

In the particle swarm, the rate of the position change, i.e., the velocity, for particle i
(denoted by Vt

i ) is
Vt

i =
(
Vt

i1, Vt
i2, Vt

i3 . . . , Vt
id
)
. (24)

Every particle navigates the search space with a velocity that is dynamically adjusted
based on its historical behavior and companions. Subsequently, the velocity and position
of each particle are then updated according to the following equations:

Vid+1 = Vid + τ1r1(Pid − Xid) + τ2r2

(
Pgd − Xid

)
, Vid+1 = Xid + Vid+1, (25)

where τ1 and τ2 are defined as the cognitive learning factor and the social learning
factor, respectively.

Regarding the proposed model, this study uses the following standard PSO (SPSO)
algorithm to solve the production-inventory problem (Algorithm 1).
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Algorithm 1. Standard PSO(SPSO) Algorithm

Step 1: Treat the optimization problem of d parameters as a d-dimensional solution
space and define the decision variables Tbi

, ni, and pi as a population of particles. The
position and velocity of each particle are d-dimensional vectors.
Step 2: Set the position and velocity of each particle in a random manner.
Step 3: Substitute the position of each particle into the evaluation function of the
solution problem to obtain the evaluation value.
Step 4: Compare the evaluation value of each particle with the best evaluation value
experienced by the particle and replace the best solution position of the particle with the
new position and evaluation value if the new evaluation value is better than the best
evaluation value of the particle.
Step 5: Compare the best evaluation value of each particle with the best evaluation
value of the group, and replace the best solution position of the particle with the new
position and evaluation value if the new evaluation value is better than the best
evaluation value of the group.
Step 6: Change the individual velocity and move the particle position by using (25).
Step 7: Repeat Steps 3–6 until the best evaluation value of the group meets the needs or
reaches the maximum number of iterations.

4.3. Linear Decreasing Inertia Weight PSO (LDIW-PSO)

The search results of the PSO algorithm will be greatly affected by the initial value.
In the early search stage of the PSO algorithm, it is necessary to expand the search range
and try to find more different combination solutions in the solution space. In the later
search stage, since the particle swarm tends to be stable, the search will focus on the best
solution area currently found. In order for the algorithm to perform better, particles need to
move in a small range within the area in order to find a more accurate solution. Therefore,
Ratnaweera et al. [20] proposed a Linear Decreasing Inertia Weight PSO algorithm (LDIW-
PSO) using the linear adjustment method. This algorithm uses the number of iterations
as the reference point, dividing it into the early stage and the late stage, and dynamically
adjusting the inertia weight (denoted by w) and the adjustment acceleration factors τ1 and
τ2. As to the inertia weight, w, the value adjustment method is

w = wstart −
(wstart − wend)

Tmax
× t, (26)

where wstart and wend represent the initial value and the final value, respectively. It is
obvious that w is a linear decrease based on the current number of iterations, t, and the
total number of iterations of LDIW-PSO (Tmax) with wstart > wend and t < Tmax. Next, the
adjustment methods for the cognitive learning factor (τ1) and social learning factor (τ2) are

τ1 = τ1max +
(τ1min − τ1max)

Tmax
× t, (27)

and

τ2 = τ2max +
(τ2min − τ2max)

Tmax
× t, (28)

where τ1max and τ2max represent the maximum values of τ1 and τ2; τ1min and τ2min represent
the minimum values of τ1 and τ2.

The steps for solving the proposed production-inventory model using the LDIW-PSO
algorithm are as follows (Algorithm 2):
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Algorithm 2. LDIW-PSO Algorithm

Step 1: Treat the optimization problem of d parameters as a d-dimensional solution
space and define the decision variables Tbi

, ni and pi as a population of particles. The
position and velocity of each particle are d-dimensional vectors.
Step 2: Set the linear adjustment range of LDIW-PSO algorithm parameters w, τ1 and τ2,
the maximum number of iterations, and the size of the particle swarm.
Step 3: Set the position and velocity of each particle in a random manner.
Step 4: Substitute the position of each particle into the evaluation function of the
solution problem to obtain the evaluation value.
Step 5: Compare the evaluation value of each particle with the best evaluation value
experienced by the particle and replace the best solution position of the particle with the
new position and evaluation value if the new evaluation value is better than the best
evaluation value of the particle.
Step 6: Compare the best evaluation value of each particle with the best evaluation
value of the group, and replace the best solution position of the particle with the new
position and evaluation value if the new evaluation value is better than the best
evaluation value of the group.
Step 7: Linearly adjust w according to (26), adjust τ1 and τ2 according to (27) and (28),
and change the individual velocity and move the particle position by using (25).
Step 8: Repeat Steps 3–7 until the best evaluation value of the group meets the needs or
reaches the maximum number of iterations.

4.4. Adaptive (APSO)

Zhan et al. [21] focused on the convergence speed and the tendency to fall into the local
optimal solution. They proposed an adaptive PSO (APSO) that utilizes two components:
Evolutionary State Estimation (ESE) and Elitist Learning Strategy (ELS) into the algorithm.
First, APSO adjusts w, as well as τ1 and τ2, according to different situations, and according
to the distribution of particles in each iteration, to achieve the effect of finding the best
solution at the best speed throughout the ESE process. The description of ESE is as follows.
Calculate the Euclidean average distance from the current particle i to all other particles
(denoted by di) as follows:

di =
1

N − 1∑N
j = 1,j ̸=i

√
∑m

k = 1

(
xk

i − xk
j

)2
. (29)

Let the average distance di of the current global best particle be expressed as dg.
By comparing all di, the maximum distance dmax and the minimum distance dmin are
established, and the evolutionary factor (denoted by f ) is calculated as

f =
dg − dmin

dmax − dmin
∈ [0, 1]. (30)

Zhan et al. [21] classified f into four states through Fuzzy Inference, namely Explo-
ration (S1), Exploitation (S2), Convergence (S3), and Jumping-out (S4), and used Singleton
Fuzzifier to determine the mode of f divided into four following modes for evaluation:
0~0.3 is classified as S3; 0.2~0.6 is classified as S2; 0.4~0.8 is classified as S1; 0.7~1.0 is
classified as S4. The membership functions of each status are as follows:

µS1( f ) =



0, 0 ≤ f ≤ 0.4
5 × f − 2, 0.4 < f ≤ 0.6
1, 0.6 < f ≤ 0.7
−10 × f + 8, 0.7 < f ≤ 0.8
0, 0.8 < f ≤ 1

, (31)
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µS2( f ) =



0, 0 ≤ f ≤ 0.2
10 × f − 2, 0.2 < f ≤ 0.3
1, 0.3 < f ≤ 0.4
−5 × f + 8, 0.4 < f ≤ 0.6
0, 0.6 < f ≤ 1

, (32)

µS3( f ) =


1, 0 ≤ f ≤ 0.1
−5 × f + 1.5, 0.1 < f ≤ 0.3
0, 0.3 ≤ f ≤ 0.1

, (33)

µS4( f ) =


0, 0 ≤ f ≤ 0.7
5 × f − 3.5, 0.7 < f ≤ 0.9
1, 0.9 ≤ f ≤ 1

. (34)

Next, APSO sets the initial value of w to 0.9 and then changes w according to f (denoted
by w( f )). The adjustment method is as follows:

w( f ) =
1

1 + 1.5e−2.6 f ∈ [0.4, 0.9]. (35)

As for the cognitive learning factor (τ1) and social learning factor (τ2), APSO sets the
initial values of τ1 and τ2 to 2, and both of them are set between 1.5 and 2.5. If the value of
τ1 plus τ2 is greater than 4, it must be adjusted by normalization to

τj =
τj

τ1 + τ2
× 4.0, j = 1, 2. (36)

Depending on the status, the values of τ1 and τ2 will be adjusted at the acceleration
rate (denoted by φ), which is a random number generated between 0.05 and 0.1 in APSO. It
is not changed by the number of iterations for τ1 and τ2, and has the following restrictions:∣∣τj(g + 1)− τj(g)

∣∣ ≤ φ, j = 1, 2. (37)

Next, in the ELS process, APSO proposes an interference strategy to try to obtain better
Gbest and Pbest. That is, it selects the dth dimension of the Gbest particle P (denoted by Pd)
and adds a Gaussian perturbation to help the particle move in a more directional direction,
where the movement method is as follows:

Pd = Pd +
(

Xd
max − Xd

min

)
· Gaussian

(
µ, σ2

)
, (38)

where µ is the average value of 0, and σ represents the elitist learning rate, which will
change with the number of iterations as follows.

σ = σmax + (σmax − σmin)×
t

Tmax
, (39)

where Tmax is the maximum number of iterations, t is the current number of iterations, σmax

is 1, and σmin is 0. After confirming that d is still in the solution space, calculate the fitness
value of P. If the fitness value is better than the original fitness value, then replace P as the
new Gbest. Otherwise, P replaces the particle with the current fitness value.

To solve the presented production-inventory model using the APSO algorithm, the
process involves the following sequential steps (Algorithm 3).
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Algorithm 3. APSO Algorithm

Step 1: Treat the optimization problem of d parameters as a d-dimensional solution
space and define the decision variables Tbi

, ni, and pi as a population of particles. The
position and velocity of each particle are d-dimensional vectors.
Step 2: Set the linear adjustment range of the LDIW-PSO algorithm parameters w, as
well as τ1 and τ2, the maximum number of iterations, and the size of the particle swarm.
Step 3: Set the position and velocity of each particle in a random manner.
Step 4: Calculate the Euclidean average distance from the current particle P to all other
particles according to (29).
Step 5: Determine the maximum distance dmax and the minimum distance dmin, and
define the global optimal particle dg.
Step 6: Calculate the evolution factor f according to (30) and perform ESE of f by
(31)–(34). If the status is S3, then enter ELS.
Step 7: Update w according to (35) and change τ1 and τ2 according to different states. If
τ1 + τ2 ≤ 4 and the value of φ does not exceed the limit range, then go to Step 8.
Otherwise, adjust the values of τ1, τ2, and φ according to (36) and (37).
Step 8: Substitute each particle into the objective function and evaluate the evaluation
value of each particle.
Step 9: Compare the evaluation value of each particle with the best evaluation value
experienced by the particle and replace the best solution position of the particle with the
new position and evaluation value if the new evaluation value is better than the best
evaluation value of the particle.
Step 10: Compare the best evaluation value of each particle with the best evaluation
value of the group, and replace the best solution position of the particle with the new
position and evaluation value if the new evaluation value is better than the best
evaluation value of the group.
Step 11: Change the individual velocity and move the particle position by using (25).
Step 12: Repeat Steps 3–11 until the best evaluation value of the group meets the needs
or reaches the maximum number of iterations.

5. Numerical Examples
This section presents several numerical examples that are more in line with the actual

situation to demonstrate the solution process and to validate and compare the proposed
computational methods. Most initial parameter values are adapted primarily from Lu
et al. [29] and Pan et al. [30] and are further expanded to encompass scenarios involving a
multi-retailer and multinational supply chain.

5.1. Example 1

The following example examines a supply chain system comprising one manufacturer
and two retailers (m = 2), all of whom are regulated under a carbon cap-and-trade scheme
(Situation I). In this numerical example, the market demand faced by retailer i is modeled
using a linear price-dependent function of the form D(pi) = a − bpi, where a and b
denote the market potential and price sensitivity, respectively. This functional form is
commonly adopted in production–inventory models due to its ability to capture the inverse
relationship between price and demand. The supply chain system is characterized by the
following parameters, including parameters related to retailers, the manufacturer, and
carbon emissions, as detailed in Table 3.



Mathematics 2025, 13, 3912 20 of 31

Table 3. The parameter values of a supply chain system, denoted as Situation I.

Retailers Related Parameters

D(p i) = 800 − 0.8pi units/year, i = 1, 2 vi = {USD 5.5, USD 6}/unit

ARi = {TWD 180, TWD 200}/order si = {TWD 0.8, TWD 1}/unit

CTi = {TWD 40, TWD 50}/ship hi = {TWD 0.9, TWD 1}/unit/year

Cti = {TWD 2.8, TWD 3}/unit δi = {USD 1/30, USD 1/30}/NT$
(annual average)

AMi = {USD 10, USD 15}/order wbi
= {1800, 2000} units

Si = {USD 25, USD 30}/setup cbi
= {TWD 0.45, TWD 0.5}/unit

Manufacturer-Related Parameters
P = 5000 units/year θ2 = 0.05
c1 = USD 0.3/unit r = 1
c2 = USD 0.5/unit λ = 0.05
hm = USD 0.01/unit/year wv = 5000 units
hv = USD 0.03/unit/year cv = USD 0.03/unit
θ1 = 0.03
Carbon Emissions-Related Parameters

Ŝi = {180, 200} units/setup ĥi = {0.9, 1} units/unit/year

Âmi = {140, 150} units/order ĈTi = {2.7, 3} units/ship

v̂i = {1.8, 2} units/unit Ĉti = {0.9, 1} units/unit

ŝi = {0.4, 0.5} units/unit

Based on the parameter settings outlined in Table 2, we first solve this MINLP problem
using mathematical solvers according to the solution procedure shown in Section 4.1. This
benchmark solution obtained from the solver serves as the reference for evaluating the
performance of the metaheuristic algorithms. We then apply SPSO, LDIW-PSO, and APSO
to address the proposed production-inventory model. The parameter configurations for
the three algorithms follow the recommendations of Shi et al. [45], Ratnaweera et al. [20],
and Zhan et al. [21]. Specifically, the number of iterations is set to 100, and the swarm size
is set to 100 particles. For SPSO, the inertia weight is fixed at 0.5, and both the cognitive
and social learning factors are set to 2. For LDIW-PSO, the inertia weight linearly decreases
from 0.9 to 0.4 as suggested by Ratnaweera et al. [20], while the cognitive learning factor
decreases linearly from 2.5 to 1.0, and the social learning factor increases linearly from 1.0
to 2.5. For APSO, the parameter settings are based on Zhan et al. [21], with the inertia
weight varying from 0.9 to 0.4 and both the cognitive and social learning factors ranging
from 1.5 to 2.5, starting from an initial value of 2.

The results illustrate that, despite differences in parameter settings and convergence
conditions among the three methods (as summarized in Table 4), all methods consistently
converge to the same outcome as follows. Specifically, the manufacturer’s optimal number
of shipments n∗

i = {3, 4} and material order quantities Q∗
vi
= {1111.02, 1262.80}, retailer

i’s optimal pricing p∗i = {459.690, 457.860} and order quantities Q∗
i = {978.89, 1092.70},

the total carbon emissions of the supply chain system (TE∗ =
m
∑
i

(
TE∗

bi
+ TE∗

vi
) = 4995.46

and integrated total profit Π∗
I = 17,503.4 can be obtained. To further enhance transparency

and demonstrate algorithmic reliability, Table 4 now reports CPU computation time for
each PSO variant, and convergence plots for all algorithms are included in Figure 3 to
illustrate their respective rates of convergence.
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Table 4. Comparison of parameter settings of the three used PSO algorithms.

Algorithms Weight Cognitive
Learning Factor

Cognitive
Learning Factor

Number of
Convergence Iterations

Iteration
Time (Seconds)

SPSO 0.5 2.0 2.0 37 40.13
LDIW-PSO [0.4, 0.9] [1.0, 2.5] [1.0, 2.5] 48 48.46

APSO [0.4, 0.9] [1.5, 2.5] [1.5, 2.5] 42 62.25

 

0
0.002
0.004
0.006
0.008
0.01

0.012
0.014
0.016
0.018

10 20 30 40 50 60 70 80 90 100

PSO LDIW-PSO APSO

Figure 3. Comparison of convergence values of optimal solutions from different algorithms.

From this example, it can be found that by employing these three distinct and effective
PSO algorithms, we can assess the stability and effectiveness of the obtained results. In
particular, the consistency between the PSO-based results and the benchmark solution
generated by the mathematical solver confirms that all three algorithms are capable of
identifying the optimal solutions to the MINLP problem. Moreover, these results verify
that the three PSO algorithms can also obtain optimal solutions for the mixed nonlinear
integer programming problem. Specifically, when multiple retailers are considered in
numerical analysis, the solution process using traditional mathematical analysis meth-
ods becomes highly complicated. At this point, PSO algorithms provide a feasible and
effective alternative.

5.2. Example 2

This example is intended to compare the optimal number of shipments, material order
quantity, pricing, order quantity, total carbon emission quantity, and integrated total profit
under various combinations of carbon emission policy scenarios. We retain the parameters
used in Example 1 and incorporate uv = USD 0.03 and ubi

= {NTD 0.45, NTD 0.5}. The
resulting numerical analysis using the three PSO algorithms yields the following outcomes
in Table 5.

Table 5. Comparison of optimal solutions for different situations.

Situation n*
i q*

mi
p*

i Q*
vi

TE* Π*
j

I {3, 4} {1111.02, 1262.80} {459.69, 457.86} {978.89, 1092.70} 4995.46 17,503.4
II {3, 4} {1111.02, 1262.80} {459.69, 457.86} {978.89, 1092.70} 4995.46 15,693.4
III {3, 4} {1097.64, 1245.04} {459.90, 458.08} {967.88, 1078.58} 4989.31 17,386.0
IV {3, 4} {1097.64, 1245.04} {459.90, 458.08} {967.88, 1078.58} 4989.31 15,576.0
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The results in Table 4 show that the manufacturer operates under a carbon cap-and-
trade policy. A comparison between Situation I and Situation II highlights the consistency
in optimal solution values and total carbon emissions, assuming retailers are subject to
the same unit carbon price or tax. However, the total profit in Situation I is higher than
that in Situation II. Similarly, comparing Situation III with Situation IV also yields the
same results when considering the manufacturer facing carbon tax policy. On the other
hand, under the retailers’ carbon cap-and-trade policies, a comparison between Situation I
and Situation III reveals that the manufacturer’s optimal material procurement quantity,
retailers’ order quantities, total carbon emissions, and the overall integrated profit are all
higher in Situation I than in Situation III. Nevertheless, the optimal selling price in Situation
I will be lower than that in Situation III. Likewise, comparing Situation II with Situation IV
also yields the same results when considering retailers facing carbon tax policies.

5.3. Example 3

This example is intended to examine how variations in the retailer’s relevant parameter
combinations affect the optimal outcomes, carbon emissions, and total combined profit.
Taking the parameter values from Example 1 as an illustration, each parameter combination
of the two retailers is changed by {+10%, +10%}, {+10%, −10%}, {−10%, +10%}, and
{−10%, +10%} while other parameters remain unchanged. The results of the sensitivity
analysis by using the three PSO algorithms are shown in Table 6.

(1) Overall, the manufacturer’s optimal number of shipments is relatively sensitive to
retailer i’s ordering cost, ARi , wholesale price, vi, and currency exchange rate relative
to the manufacturer, δi.

(2) When retailer i’s ordering cost, ARi , fixed shipping cost CTi , manufacturer’s material
ordering cost AMi or setup cost Si increases, both the retailer i’s optimal selling price
and order quantity are expected to increase, alongside the manufacturer’s optimal
material order quantity. Consequently, total carbon emissions will rise, while the
integrated profit of the entire supply chain will decline.

(3) When retailer i’s inspection cost si, holding cost hi, or unit shipping cost Cti increases
simultaneously, its optimal selling price will increase. However, both retailer i’s
optimal order quantity and the manufacturer’s optimal material order quantity will
decrease, leading to corresponding reductions in total carbon emissions and integrated
total profit.

(4) An increase in the unit wholesale price vi of retailer i leads to a decrease in its optimal
selling price. At the same time, there is an increase in both retailer i’s optimal order
quantity and the manufacturer’s optimal material order quantity. Consequently, the
total carbon emissions and integrated total profit will also decrease accordingly.

(5) As retailer i’s exchange rate relative to the manufacturer δi increases, its optimal
selling price and integrated total profit will increase, but the total carbon emissions
will decrease. In addition, if the retailer’s exchange rate relative to its manufacturer
increases, its own optimal order quantity and the manufacturer’s material order quan-
tity will decrease. However, this will lead to an increase in the optimal order quantity
of another retailer and the corresponding manufacturer’s optimal material quantity.

(6) While adjustments to retailer i’s carbon emissions cap wbi
do not affect the optimal

solutions and total carbon emissions, they contribute positively to the overall profit
of the integrated system. This implies that if retailer i is permitted a higher carbon
emissions cap, the overall profit under integration is expected to rise.

(7) When the unit carbon price of retailer i increases, its optimal selling price and inte-
grated total profit will increase. However, both retailer i’s optimal order quantity
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and the manufacturer’s optimal material order quantity will decrease, leading to
corresponding reductions in total carbon emissions.

Table 6. The optimal solutions under different changing combinations of parameters.

Parameters
Changing
Combina-

tions
n*

i p*
i Q*

vi
Q*

i TE* Π*
I

ARi

{+10, +10} {3, 4} {459.703, 457.877} {1119.17, 1272.06} {985.573, 1100.04} 4997.9 17,501.5
{+10, −10} {3, 4} {459.703, 457.842} {1119.17, 1253.47} {985.57, 1085.31} 4995.2 17,503.7

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {4, 4} {458.889, 457.877} {1209.76, 1272.06} {1050.36, 1100.04} 5042.3 17,503.2
{−10, −10} {4, 4} {458.889, 457.842} {1209.76, 1253.47} {1050.36, 1085.31} 5039.5 17,505.3

Ami

{+10, +10} {3, 4} {459.697, 457.869} {1115.42, 1267.90} {982.50, 1096.75} 4996.8 17,502.4
{+10, −10} {3, 4} {459.697, 457.851} {1115.42, 1257.67} {982.50, 1088.64} 4995.3 17,503.6

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {3, 4} {459.683, 457.869} {1106.60, 1267.90} {975.26, 1096.75} 4995.7 17,503.2
{−10, −10} {3, 4} {459.683, 457.851} {1106.60, 1257.67} {975.26, 1088.64} 4994.1 17,504.4

Si

{+10, +10} {3, 4} {459.707, 457.878} {1122.00, 1272.99} {987.89, 1100.77} 4998.4 17,501.1
{+10, −10} {3, 4} {459.707, 457.841} {1122.00, 1252.53} {987.89, 1084.57} 4995.4 17,503.5

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {3, 4} {459.673, 457.878} {1099.94, 1272.99} {969.80, 1100.77} 4995.6 17,503.3
{−10, −10} {3, 4} {459.673, 457.841} {1099.94, 1252.53} {969.80, 1084.57} 4992.5 17,505.7

vi

{+10, +10} {4, 4} {451.002, 449.241} {1264.00, 1307.99} {1094.80, 1129.95} 5120.00 18,001.0
{+10, −10} {4, 4} {451.002, 466.491} {1264.00, 1220.58} {1094.80, 1057.76} 5036.8 17,485.0

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {3, 4} {467.481, 449.241} {1063.06, 1307.99} {938.53, 1129.95} 5002.6 17,530.5
{−10, −10} {3, 4} {467.481, 466.491} {1063.06, 1220.58} {938.53, 1057.76} 4919.4 17,014.5

si

{+10, +10} {3, 4} {459.732, 457.913} {1110.74, 1262.53} {978.66, 1092.48} 4995.0 17,500.6
{+10, −10} {3, 4} {459.732, 457.807} {1110.74, 1263.06} {978.66, 1092.92} 4995.5 17,503.7

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {3, 4} {459.648, 457.913} {1111.29, 1262.53} {979.12, 1092.48} 4995.4 17,503.1
{−10, −10} {3, 4} {459.648, 457.807} {1111.29, 1263.06} {979.12, 1092.92} 4995.9 17,506.2

hi

{+10, +10} {3, 4} {459.699, 457.868} {1106.06, 1257.84} {974.82, 1089.56} 4994.1 17,502.5
{+10, −10} {3, 4} {459.699, 457.851} {1106.06, 1266.79} {974.82, 1095.87} 4995.5 17,503.4

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {3, 4} {459.681, 457.868} {1116.04, 1258.84} {983.01, 1089.56} 4995.5 17,503.4
{−10, −10} {3, 4} {459.681, 457.851} {1116.04, 1266.79} {983.01, 1095.87} 4996.8 17,504.3

CTi

{+10, +10} {3, 4} {459.693, 457.864} {1113.06, 1265.12} {980.56, 1094.54} 4996.1 17,502.9
{+10, −10} {3, 4} {459.693, 457.855} {1113.06, 1260.47} {980.56, 1090.86} 4995.4 17,503.5

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {3, 4} {459.687, 457.864} {1108.97, 1265.12} {977.21, 1094.54} 4995.5 17,503.3
{−10, −10} {3, 4} {459.687, 457.855} {1108.97, 1260.47} {977.21, 1090.86} 4994.9 17,503.9

Cti

{+10, +10} {3, 4} {459.833, 458.018} {1110.09, 1261.99} {978.11, 1092.04} 4994.1 17,494.6
{+10, −10} {3, 4} {459.833, 457.701} {1110.09, 1263.60} {978.11, 1093.37} 4995.6 17,503.9

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {3, 4} {459.547, 458.018} {1111.94, 1261.99} {979.67, 1092.04} 4995.4 17,502.9
{−10, −10} {3, 4} {459.547, 457.701} {1111.94, 1263.60} {979.67, 1093.37} 4996.9 17,512.2

δi

{+10, +10} {3, 4} {463.530, 461.917} {1100.43, 1264.91} {969.73, 1093.69} 4963.9 18,813.6
{+10, −10} {3, 4} {463.530, 452.908} {1100.43, 1261.48} {969.73, 1092.48} 4999.7 17,507.0

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {4, 4} {454.084, 461.917} {1207.13, 1264.91} {1049.02, 1093.69} 5042.2 17,503.9
{−10, −10} {4, 4} {454.084, 452.908} {1207.13, 1261.48} {1049.02, 1092.48} 5077.9 16,197.0

wbi

{+10, +10} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,684.4
{+10, −10} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,484.4

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,522.4
{−10, −10} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,322.4

cbi

{+10, +10} {3, 4} {461.937, 460.687} {1097.18, 1256.46} {967.26, 1087.21} 4973.0 17,529.7
{+10, −10} {3, 4} {461.937, 455.033} {1097.18, 1269.54} {967.26, 1098.53} 4997.8 17,502.6

{0, 0} {3, 4} {459.690, 457.860} {1111.02, 1262.80} {978.89, 1092.70} 4995.5 17,503.4
{−10, +10} {3, 4} {457.433, 460.687} {1126.52, 1256.46} {991.88, 1087.21} 4993.4 17,504.9
{−10, −10} {3, 4} {457.443, 455.033} {1126.52, 1269.54} {991.88, 1098.53} 5018.3 17,477.9

5.4. Example 4

This example mainly performs a sensitivity analysis of manufacturer-related parame-
ters to assess their impact on the manufacturer’s optimal number of shipments and material
order quantity, retailer i’s optimal selling price and order quantity, total carbon emissions,
and overall integrated profit. Similarly, we take the parameter value of Example 1 as an
example. The analytical technique involves systematically adjusting each parameter within
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the range of −20% to +20%, with increments of 10%, while keeping other parameters
constant. The numerical analysis results of using the three PSO algorithms are summarized
in Table 7.

Table 7. Sensitivity analysis for changes in manufacturer-related parameters.

Parameter Value n*
i Q*

vi
p*

i Q*
i TE* Π*

I

P

4000 {4, 4} {1221.76, 1264.21} {459.621, 458.657} {1059.72, 1093.60} 5022.75 17,481.0
4500 {4, 4} {1220.54, 1263.44} {459.225, 458.216} {1058.87, 1093.11} 5033.56 17,493.3
5000 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4
5500 {3, 4} {1111.96, 1262.26} {459.338, 457.566} {979.81, 1092.36} 5003.10 17,512.9
6000 {3, 3} {1112.75, 1124.42} {459.043, 458.051} {980.58, 990.27} 4960.78 17,521.5

a

640 {3, 3} {1008.91, 1020.42} {359.173, 358.217} {882.31, 891.76} 4147.60 12,263.4
720 {3, 3} {1061.35, 1072.74} {409.425, 408.486} {931.90, 941.31} 4548.48 14,749.7
800 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4
880 {4, 4} {1273.12, 1317.43} {509.083, 508.050} {1108.62, 1144.23} 5441.54 20,524.7
960 {4, 4} {1324.51, 1369.81} {559.270, 558.252} {1157.05, 1193.66} 5837.95 23,811.9

b

0.64 {3, 4} {1103.17, 1253.34} {584.647, 582.829} {971.47, 1083.78} 4929.60 20,818.6
0.72 {3, 4} {1107.11, 1258.08} {515.224, 513.400} {975.19, 1088.25} 4962.56 10,875.8
0.8 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4
0.88 {4, 4} {1224.04, 1267.49} {413.465, 412.421} {1062.40, 1097.13} 5075.64 16,300.4
0.96 {4, 4} {1228.51, 1272.17} {375.600, 374.558} {1066.61, 1101.54} 5108.95 15,299.5

hv

0.024 {4, 4} {1247.02, 1287.86} {458.871, 457.825} {1080.02, 1112.54} 5050.70 17,508.4
0.027 {4, 4} {1233.05, 1275.14} {458.888, 457.842} {1068.92, 1102.48} 5046.39 17,505.8
0.03 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4

0.033 {3, 4} {1100.11, 1250.81} {459.704, 457.877} {969.93, 1083.19} 4992.04 17,501.1
0.036 {3, 4} {1089.52, 1239.16} {459.717, 457.894} {961.22, 1073.94} 4988.80 17,498.8

hm

0.008 {3, 4} {1112.31, 1264.12} {459.685, 457.854} {979.95, 1093.75} 4995.88 17,503.6
0.009 {3, 4} {1111.66, 1263.46} {459.687, 457.857} {979.42, 1093.23} 4995.67 17,503.5
0.01 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4

0.011 {3, 4} {1110.38, 1262.14} {459.693, 457.863} {978.36, 1092.18} 4995.25 17,503.3
0.012 {3, 4} {1109.73, 1261.48} {459.695, 457.866} {977.84, 1091.66} 4995.04 17,503.2

c1

0.24 {4, 4} {1252.46, 1292.87} {457.952, 456.906} {1084.49, 1116.66} 5059.43 17,562.9
0.27 {4, 4} {1235.70, 1277.58} {458.429, 457.383} {1071.10, 1104.50} 5050.72 17,533.1
0.3 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4
0.33 {3, 4} {1097.10, 1248.48} {460.155, 458.336} {967.40, 1081.26} 4987.78 17,474.0
0.36 {3, 4} {1083.66, 1234.60} {460.619, 458.813} {956.30, 1070.16} 4980.34 17,444.6

c2

0.4 {4, 4} {1273.37, 1311.82} {457.325, 456.279} {1101.17, 1131.73} 5070.67 17,602.4
0.45 {4, 4} {1245.66, 1286.66} {458.115, 457.069} {1079.06, 1111.73} 5056.11 17,552.8
0.5 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4
0.55 {3, 4} {1088.99, 1240.11} {460.461, 458.649} {960.70, 1074.57} 4983.08 17,454.5
0.6 {3, 4} {1068.14, 1218.52} {461.231, 459.439} {943.44, 1057.26} 4971.27 17,405.8

θ1

0.024 {3, 4} {1111.49, 1263.08} {459.685, 457.854} {979.88, 1093.69} 4995.50 17,503.6
0.027 {3, 4} {1111.25, 1262.94} {459.688, 457.857} {979.39, 1093.20} 4995.48 17,503.5
0.03 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4

0.033 {3, 4} {1110.78, 1262.65} {459.692, 457.863} {978.39, 1092.21} 4995.44 17,503.3
0.036 {3, 4} {1110.55, 1262.51} {459.695, 457.865} {977.90, 1091.72} 4995.43 17,503.2

θ2

0.04 {4, 4} {1242.02, 1278.85} {458.862, 457.817} {1093.66, 1123.93} 5015.92 17,510.7
0.045 {4, 4} {1230.72, 1270.87} {458.883, 457.839} {1075.61, 1108.12} 5029.23 17,507.0
0.05 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4

0.055 {3, 4} {1109.09, 1254.67} {459.698, 457.881} {970.98, 1077.67} 5009.40 17,500.8
0.06 {3, 3} {1106.90, 1122.70} {459.706, 458.784} {963.03, 975.81} 4975.49 17,498.2

r

0.8 {4, 4} {1004.63, 1036.72} {457.912, 456.865} {1087.14, 1119.06} 4956.01 17,565.3
0.9 {4, 4} {1113.56, 1151.14} {458.408, 457.363} {1072.37, 1105.66} 4999.12 17,534.2
1 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4

1.1 {3, 4} {1205.36, 1371.83} {460.174, 458.356} {966.32, 1080.18} 5038.56 17,472.8
1.2 {3, 4} {1297.35, 1478.38} {460.657, 458.853} {954.20, 1068.07} 5081.68 17,442.3

λ

0.04 {3, 4} {1105.93, 1256.21} {459.400, 457.542} {984.32, 1098.02} 4971.50 17,520.9
0.045 {3, 4} {1108.47, 1259.49} {459.544, 457.700} {981.60, 1095.36} 4983.42 17,512.2
0.05 {3, 4} {1111.02, 1262.80} {459.690, 457.860} {978.89, 1092.70} 4995.46 17,503.4

0.055 {3, 4} {1113.59, 1266.13} {459.837, 458.021} {976.17, 1090.03} 5007.62 17,494.5
0.06 {3, 4} {1116.19, 1269.48} {459.986, 458.184} {973.44, 1087.35} 5019.89 17,485.6

From Table 7, one can derive the following insights:

(1) The optimal number of deliveries to retailer i decreases gradually as the manufac-
turer’s production rate P rises. Assuming the manufacturer’s number of shipments
remains unchanged, retailer i’s optimal selling price will decrease while the total
amount of carbon emissions and the integrated total profit will increase with the in-
crease in the production rate. It is worth noting that retailer i’s optimal order quantity
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and the manufacturer’s optimal material order quantity will first decrease and then
increase as the production rate increases.

(2) Assuming the number of shipments remains unchanged, when the market demand
parameter increases, the optimal selling price of retailer i will increase. Conversely,
when the market demand parameter b increases, the optimal selling prices of retailer
i will decrease. Furthermore, an increase in either market demand parameter a or
b leads to higher values of retailer i’s optimal order quantity, the manufacturer’s
optimal material order quantity, total carbon emissions, and integrated total profit.

(3) An increase in the manufacturer’s unit material cost c1, material holding cost hm,
unit production cost c2 or the holding cost of the finished product hv, leads to a
higher optimal selling price set by retailer i. Conversely, retailer i’s order quantity, the
manufacturer’s material procurement volume, total carbon emissions, and integrated
total profit will all decrease as these costs rise.

(4) As the deterioration rate of materials or finished products (θ1 or θ2) increases, retailer
i’s optimal selling price tends to rise. Conversely, retailer i’s optimal order quantity, the
manufacturer’s material orders, and integrated total profit will all exhibit a declining
trend. Notably, the finished products’ deterioration rate exhibits heightened sensitivity
to variations in the manufacturer’s shipment frequency. Moreover, total carbon
emissions decrease with an increasing deterioration rate of materials, whereas they
rise when the finished products’ deterioration rate increases.

(5) Assuming the number of shipments remains unchanged, an increase in either the
material requirement per unit of finished products, r, or the defect rate, λ, leads to
a reduction in retailer i’s optimal order quantity and the overall integrated profit.
Conversely, retailer i’s optimal selling price, manufacturer’s optimal material order
quantity, and total carbon emissions will increase.

5.5. Example 5

Previous studies have indicated that an increase in carbon emission-related parameters
will lead to higher total carbon emissions and a reduction in the integrated total profit. This
example further extends the analysis by examining the sensitivity to total carbon emissions
and overall integrated profit as carbon emission-related parameters change. Let us take the
parameter values in Example 1 as an example. The method of analysis is to set the initial
change in each parameter between −20% and +20%, with increments of 10%, when other
parameters remain unchanged, and examine the percentage change in the total carbon
emissions and the overall integrated profit. To clearly identify which parameters drive
discrete changes in system decisions, the sensitivity results are presented using tornado
diagrams in Figures 4 and 5. These diagrams rank the parameters that exert the strongest
positive or negative impact on carbon emissions and integrated total profit, and they further
illustrate which parameters affect the discrete variables in the proposed model.

The results in Figure 4 show that increases in carbon emission parameters lead to
higher total carbon emissions when the optimal number of manufacturer shipments remains
unchanged, which echoes previous studies. Further analysis shows that the top five items
with the highest sensitivity to changes in total carbon emissions are unit carbon emissions
generated by retailer i, v̂i, unit carbon emissions generated by the manufacturer engaged in
production, ĉ1, unit carbon emissions per unit time generated by the manufacturer engaged
in product storage, ĉ2, unit carbon emissions generated by the manufacturer engaged in
material procurement, ĥv, and unit carbon emissions of retailer i engaged in the delivery
of finished goods, Ĉt1 . In terms of the impact on the integrated total profit, it can be seen
from Figure 5 that the increase in carbon emission parameters will reduce the integrated
total profit. Further, the top five parameters with the highest sensitivity to changes in the
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integrated prime profit are unit carbon emissions generated by retailer i, v̂i, unit carbon
emission of retailer i engaged in the delivery of finished goods, Ĉt1 , unit carbon emissions
from retailer i’s inspection activities, ŝi, carbon emissions generated by retailer i form
ordering, ÂRi , and unit carbon emission per unit time from finished product storage by
retailer i, ĥi. In addition, the tornado diagrams indicate that variations in the unit carbon
emission per unit time from finished product storage by retailer 1 (ĥ1), and retailer 1’s
ordering-related carbon emission parameter (ÂR1) can alter the manufacturer’s optimal
number of shipments, demonstrating that these parameters not only affect total profit and
carbon emissions but also drive discrete changes in the manufacturer’s shipping strategy.

Figure 4. The tornado diagram of the change for carbon emission-related parameters against the total
carbon emissions (change %).

 

Figure 5. The tornado diagram of the change for carbon emission-related parameters against the
integrated total profit (change %).
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5.6. Managemental Insights

Considering the numerical example results mentioned above, we can summarize the
following managerial implications:

(1) By comparing the parameter settings and results of the three different PSO algo-
rithms, it becomes evident that no matter which algorithm is used, the same optimal
solutions can be obtained. It is believed that the PSO algorithms also have certain
effects on solving the proposed multinational production–inventory models with
multiple retailers.

(2) Given the same carbon price and carbon tax, the cap-and-trade policy yields a higher
optimal selling price, order quantity, material order quantity, and integrated total
profit than the carbon tax policy, for both single manufacturers and multiple retailers.
On the other hand, when evaluating the impact on carbon emission reduction, the car-
bon tax policy exhibits more pronounced effectiveness in reducing carbon emissions
compared to the carbon cap-and-trade approach.

(3) From the sensitivity analysis of the retailer’s two-parameter change, it is found that
the ordering cost, unit wholesale price, and the exchange rate are relatively sensitive
to the manufacturer’s number of shipments. Furthermore, as fixed cost parameters
(ordering cost, setup cost, or fixed shipping cost) rise, the total carbon emissions
increase. Conversely, an increase in variable cost parameters (inspection cost, holding
cost, or variable shipping cost) leads to a decrease in total carbon emissions.

(4) With an increasing production rate, both retailer i’s optimal order quantity and manu-
facturer’s material order quantity first decline before rising again.

(5) When applied to a multinational supply chain system involving multiple retailers, an
increase in the currency value of a specific retailer leads to a reduction in its optimal
order quantity and the manufacturer’s optimal material order quantity. Conversely,
this appreciation prompts an increase in the optimal order quantity for other retailers
and their corresponding manufacturer’s material order quantity.

(6) When simultaneously considering the deterioration of both finished products and
materials, it is observed that the deterioration rate of finished products proves more
sensitive to changes in the manufacturer’s number of shipments compared to the
deterioration rate of materials. Additionally, an increase in the deterioration rate of
raw materials tends to reduce total carbon emissions, whereas a higher deterioration
rate of finished products leads to an increase in emissions.

(7) Effectively reducing carbon emission-related parameters can take into account both
carbon emission reduction and overall profit improvement. Nevertheless, investment
in related equipment is required. To maximize the benefits of carbon reduction invest-
ments, the supply chain can prioritize the reduction of carbon emissions generated
during the purchase, manufacturing, and delivery of finished products.

6. Conclusions
This research proposed an innovative multinational supply chain framework that

considered different carbon emission combinations and developed multi-stage production-
inventory models involving one manufacturer and multiple retailers, while accounting for
the deterioration of materials and finished products. This contribution addressed significant
gaps in existing research. In a multi-retailer supply chain system, the complexity of the
proposed models escalates proportionally with the number of retailers involved. The PSO
algorithm provided another relatively efficient and effective solution method.

In this study, we went beyond traditional mixed nonlinear integer programming and
applied various PSO algorithms for solving and comparison. The primary goal was to
effectively optimize decisions regarding material procurement, finished goods production,
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replenishment, inventory management, and pricing within a multinational supply chain
system, with the ultimate aim of maximizing the total profit of the entire supply chain.

Based on the findings of numerical analysis, this research yields several meaningful
management implications, which are briefly explained as follows:

(1) The PSO algorithms demonstrate notable effectiveness in solving the proposed multi-
national supply chain production-inventory models with multiple retailers. Especially
when the number of retailers considered is larger, it is more feasible and computation-
ally efficient to use the PSO algorithms.

(2) Based on the same unit carbon price and unit carbon tax, optimal selling price, order
quantity, material order quantity, and integrated total profit with the carbon cap-and-
trade policy are higher than carbon tax policy. However, in terms of carbon reduction
effectiveness, the carbon tax policy outperforms the carbon cap-and-trade policy.

(3) The sensitivity analysis of the retailer-related parameter combinations reveals that
the manufacturer’s number of shipments is significantly influenced by changes in
ordering cost, unit wholesale price, and exchange rate. Further, increased fixed cost
parameters result in higher total carbon emissions, while heightened variable cost
parameters lead to a reduction in total carbon emissions.

(4) Consistent with the findings of Lu et al. [32], in a multinational supply chain system
involving one manufacturer and one retailer, an appreciation of the retailer’s currency
leads to higher optimal selling prices and increased total profit, while reducing the
retailer’s order quantity, the manufacturer’s material order quantity, and total carbon
emissions. Upon expansion to a multinational supply chain with multiple retailers,
an increase in a specific retailer’s currency value reduces its optimal order quantity
and the manufacturer’s material order quantity. However, this appreciation causes
an increase in optimal order quantities for other retailers and their corresponding
manufacturer’s material order quantities.

(5) In comparison to material deterioration, the deterioration rate of finished products is
more sensitive to the manufacturer’s shipping decisions. Consequently, total carbon
emissions decrease as the deterioration rate of materials increases, and increase with
the increase in the deterioration rate of finished products.

(6) As illustrated in Figure 5, increases in carbon emission-related parameters lead to
a decline in integrated total profit. The most influential factors include unit carbon
emissions from retailers’ procurement activities, finished-goods delivery, inspection
activities, ordering processes, and finished-product storage. These results highlight
the critical role of emission-intensive activities in shaping overall economic and
environmental performance.

(7) Attaining net-zero carbon emissions is a significant and declared objective for enter-
prises, supply chains, and even governments. When carbon reduction investment
is imperative, priority can be given to reducing the carbon emissions generated
by the procurement, manufacturing, and delivery of finished products to achieve
maximum benefits.

In conclusion, this study not only provides the important reference information for
material procurement, finished product production and delivery, replenishment, and pric-
ing adjustments in response to exchange rate fluctuations in multinational supply chains,
but also offers a prioritized evaluation of significant carbon emission reduction investment
options that effectively balance carbon reduction and profitability. Moreover, recognizing
that small- and medium-sized enterprises (SMEs) often operate under constrained financial
and analytical resources, the proposed models can be applied through a scalable, phased
implementation strategy. SMEs may initially adopt simplified model components, such
as a reduced decision set, a single-retailer structure, or fixed emission parameters, and



Mathematics 2025, 13, 3912 29 of 31

subsequently expand toward the multi-retailer, multi-policy configuration as data availabil-
ity and analytical capacity increase. Such a progressive adoption pathway enhances the
practical applicability and accessibility of the framework for firms of varying sizes.

Although this research has incorporated the realistic operational considerations, there
are still some research limitations based on the development of the model. For example, this
research exclusively examines the combinations of two carbon emission policy mechanisms:
cap-and-trade and taxation. Other potential policy options, such as carbon caps or carbon
offsets, are not considered. Future research could enhance the incorporation of these various
combinations of carbon emission policies. Furthermore, the world’s leading economies,
including the European Union and the United States, have begun to impose carbon tariffs to
prevent unfair competition within their domestic industries. This highlights the significance
of examining the influence of carbon tariffs on production and inventory decisions within
the framework of multinational supply chains.

In addition, this study employs PSO-based algorithms to address the proposed models.
Although PSO is effective for the proposed production-inventory problems, future research
could extend the solution approach by implementing and benchmarking alternative meta-
heuristic algorithms. This study also analyzes how each retailer’s exchange rate relative
to the manufacturer affects its decisions and outcomes. In practice, exchange rates across
retailers may be interdependent, and accounting for such correlations would require a
more complex modeling framework, which is recommended for future research. Future
extensions could incorporate stochastic exchange rate dynamics to more accurately capture
exchange rate uncertainty in multinational supply chains. Finally, real-world inspection
processes may involve false acceptance or false rejection, and incorporating imperfect
inspection into the proposed model would be a valuable direction for further refinement.
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