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Abstract

In this paper, we derive a semi-discrete scheme using the central difference method, which
perfectly preserves the conservation of mass and energy for the Hirota equation. By
applying the Crank–Nicolson method for temporal discretization, we develop the fully
discrete scheme that conserves mass and energy. It is shown that the accuracy of the fully
discrete scheme is of the second order in space and time. Because the Crank–Nicolson
discretization leads to a nonlinear algebraic system, an efficient iterative solver is proposed
that linearizes and solves the resulting five-diagonal matrix at each iteration while treating
high-order contributions iteratively to reduce computational cost. Numerical experiments
are presented to demonstrate the accuracy and verify the conservation properties.
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MSC: 65M12; 65N06

1. Introduction
The Hirota equation is a fundamental nonlinear integrable partial differential equation

that plays a significant role in soliton theory and the study of nonlinear waves. This
equation has applications across different fields like fluid dynamics and optical physics,
where it helps describe phenomena such as localized wave structures and modulational
instability. In this work, we focus on the following form of the Hirota equation [1]:

iut + iα|u|2ux + βuxx + iλuxxx + η|u|2u = 0, x ∈ R, t > 0, (1)

with the initial value
u(x, 0) = u0(x), x ∈ R, (2)

where i =
√
−1 denotes the imaginary unit, t is the time variable, x is the spatial coordi-

nate, u := u(x, t) is a complex-valued function, β > 0 and α, λ, η are the real constants.
A given smooth complex-valued function is denoted as u0(x). For the Hirota equation, two
important invariants need to be considered, namely the mass

M(t) :=
∫ +∞

−∞
|u|2dx := M(0), t > 0, (3)

and the energy
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E(t) : = −1
2

iα
∫ +∞

−∞
(|u|2uux)dx + β

∫ +∞

−∞
|ux|2dx

− iλ
∫ +∞

−∞
uxuxxdx − 1

2
η
∫ +∞

−∞
|u|4dx := E(0), t > 0,

(4)

For Equation (1), when α, λ = 0, Equation (1) can be simplified to the conventional
form of the nonlinear Schrödinger equation (NLSE) [2,3], which is a significant nonlin-
ear partial differential equation extensively utilized across multiple domains of physics.
If β, η = 0, it will turn into the complex modified Korteweg-de Vries equation (mKdVE) [4].
Therefore, this equation is integrable and can be regarded as a combination of the NLSE and
the mKdVE. As a modified NLSE, Equation (1) displays higher-order dispersion and time-
delay corrections to the cubic nonlinearity. Owing to the inclusion of higher-order terms
and additional nonlinear effects [5,6], it can describe more complex marine phenomena,
such as sea depth, bottom friction, viscosity, etc.; these factors must all be considered during
the simulation process. In the context of wave propagation within oceanic environments
and optical fiber systems, it can be considered a more precise approximation compared to
the NLSE.

In 1973, Hirota first formulated the Hirota equation and derived its exact N-envelope-
soliton solutions [1]. After that, the Hirota equation has been the subject of extensive
scholarly investigation. Ankiewicz et al. [7] investigated rational solutions of the Hi-
rota equation through the application of a modified Darboux transformation technique,
and demonstrated numerically that these solutions are closely related to rogue waves aris-
ing from chaotic wave fields. Tao and He [8] systematically derived multisoliton, breather,
and first-order rogue wave solutions of the Hirota equation through the Darboux trans-
formation, and derived a generalized formulation of rogue wave solutions with multiple
tunable parameters via Taylor expansion of breather solutions, providing a theoretical
basis for controllable experimental observation of rogue waves. Li et al. [9] constructed
high-order rogue wave solutions for the Hirota equation using a parameterized Darboux
transformation. Mu et al. [10] conducted an investigation into the higher-order rogue waves
of the Hirota equation using a variable separation and Taylor expansion method, providing
explicit solutions. In a recent paper, Peng et al. [11] investigate the rogue dn-periodic
waves (the rogue wave solutions on the dn-periodic waves background) for the Hirota
equation by adopting the Darboux transformation. Notably, Zouraris [12] proposed a linear
implicit finite-difference discretization for a Schrödinger–Hirota type equation and proved
optimal second-order convergence in a discrete H1-norm under suitable mesh constraints.
However, the scheme did not obtain the conservation of mass and energy. Motivated by
these developments, the present paper focuses on constructing a conservative scheme for
the Hirota equation that preserves discrete mass and energy.

To preserve mass and energy at the discrete level, we employ a conservative numerical
discretization method. Conservative schemes have been widely studied in the context of
nonlinear dispersive equations such as the nonlinear Schrödinger equation and the Ko-
rteweg–de Vries equation, where preserving invariants like mass, momentum, and energy
is crucial for accurately capturing long-time dynamics. For instance, Sanz-Serna [13] and
De Frutos [14] proposed time-centered conservative schemes for the NLSE, demonstrating
their ability to preserve discrete analogues of conserved quantities and improve numerical
stability. Similarly, Furihata [15] developed the discrete variational derivative method,
a systematic framework for constructing schemes that preserve conservation laws for a class
of Hamiltonian partial differential equations, including the Korteweg-de Vries equation,
by discretizing the underlying variational structure. Recently, Li et al. [16] proposed two
conservative operator-compensation methods to address the Gross-Pitaevskii equation,
which is a variant of the NLSE.
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In this paper, we construct a numerical scheme for the Hirota equation utilizing the
Crank–Nicolson (CN) method. The combination of high-order derivatives and nonlinear
terms characteristic of the Hirota equation results in a highly complex algebraic system
upon discretization. Consequently, refining the spatial mesh leads to a substantial increase
in computational complexity. Moreover, direct solvers can be applied in principle, but their
computational cost becomes prohibitive for the nonlinear algebraic systems arising from
such discretizations. To efficiently handle this complexity and maintain numerical sta-
bility, a numerical iteration method is proposed to deal with the complicated system of
linear algebraic equations, which results from the large stencil. This method can save the
computational cost.

The structure of this paper is outlined as follows: In Section 2, we present the spatial
discretization of the Hirota equation, and analyze the conservation properties of the result-
ing semi-discrete system. Subsequently, the fully discrete system is derived by using the
Crank–Nicolson method for temporal discretization. Section 3 presents numerical exper-
iments to evaluate the accuracy and verify the conservation properties of the proposed
schemes. Finally, conclusions are discussed in the Section 4.

2. Numerical Method for the Hirota Equation
In practical computations, since the solution of the Hirota equation decays rapidly in

the far field and satisfies homogeneous Dirichlet boundary conditions, the computational
domain is typically taken sufficiently large so that truncation errors can be neglected.
For convenience of presentation, we restrict our attention to the one-dimensional (1-D)
spatial case, where the Hirota equation is considered on a bounded interval Ω = (a, b).
The subsequent discussion can be readily extended to two- and three-dimensional settings.

In the 1-D case, the problem, together with the initial and boundary conditions, is
formulated as

iut + iα|u|2ux + βuxx + iλuxxx + η|u|2u = 0, x ∈ Ω, (5)

with the initial condition
u(x, 0) = u0(x), x ∈ Ω, (6)

and boundary condition
u(x, t) = 0, x ∈ Ωc := R \ Ω. (7)

2.1. Semi-Discretized Scheme

Some notations are introduced, before we present a semi-discretized scheme for the
Hirota. For a positive integer J, denotes the spatial mesh size h = b−a

J , and grid points
xj = a + jh, j = 0, 1, . . . , J. Set the index sets as

Ωh = {j = 0, 1, . . . , J − 1}, ∂Ωh = Z \ Ωh.

Given a grid function u = {uj, j ∈ Ωh} (uj = 0 if j ∈ ∂Ωh), we define the difference
operators as follows:

δ+t un
j =

un+1
j − un

j

τ
, δ0

xuj =
uj+1 − uj−1

2h
,

δ2
xuj = δ+x δ−x uj =

uj+1 − 2uj + uj−1

h2 ,

δ2
xδ0

xuj =
uj+2 − 2uj+1 + 2uj−1 − uj−2

2h3 .

(8)
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Applying the difference operators to the Hirota equation, we obtain the semi-discrete
scheme as follows:

iuj,t + iαuj
uj+1 + uj−1

2
δ0

xuj + βδ2
xuj + iλδ2

xδ0
xuj + η|uj|2uj = 0, j ∈ Ωh, (9)

with the initial value
uj(0) = u0(xj), j ∈ Ωh, (10)

and the boundary condition
uj(t) = 0, j ∈ ∂Ωh, (11)

where we approximate the nonlinear term |uj|2 by uj ·
uj+1+uj−1

2 to ensure the conservation
properties of the scheme, uj is the conjugate of uj.

Next, we investigate the conservation properties of the semi-discretized scheme.
For this purpose, we first present the following lemma:

Lemma 1. Let uj and vj be the grid functions for j ∈ Ωh. For j ∈ ∂Ωh, the values of uj and vj are
the boundary values.

J−1

∑
j=0

δ2
xδ0

xvj · uj = −
J−1

∑
j=0

δ2
xvj · δ0

xuj +
1

2h3 [−(v1 − 2v0 + v−1)u−1 + (vJ+1 − 2vJ + vJ−1)uJ−1

− (v0 − 2v−1 + v−2)u0 + (vJ − 2vJ−1 + vJ−2)uJ ],
J−1

∑
j=0

δ2
xvj · uj = −

J−1

∑
j=0

δ+x vj · δ+x uj +
1
h2 [(vJ − vJ−1)uJ − (v0 − v−1)u0],

J−1

∑
j=0

δ0
xvj · uj = −

J−1

∑
j=0

vj · δ0
xuj +

1
2h

[(−v0u−1 + vJ+1uJ)− (v−1u0 − vJuJ+1)].

(12)

Proof. Expanding the discrete second-order difference operator δ2
xδ0

x, we have

J−1

∑
j=0

δ2
xδ0

xvj · uj =
J−1

∑
j=0

vj+2 − 2vj+1 + 2vj−1 − vj−2

2h3 uj

=
1

2h3

J−1

∑
j=0

[(vj+2 − 2vj+1 + vj)uj − (vj − 2vj−1 + vj−2)uj]

=
1

2h3

[ J

∑
j=1

(vj+1 − 2vj + vj−1)uj−1 −
J−2

∑
j=−1

(vj+1 − 2vj + vj−1)uj+1

]

=
1

2h3

[ J−1

∑
j=0

(vj+1 − 2vj + vj−1)(uj−1 − uj+1)

− (v1 − 2v0 + v−1)u−1 + (vJ+1 − 2vJ + vJ−1)uJ−1

− (v0 − 2v−1 + v−2)u0 + (vJ − 2vJ−1 + vJ−2)uJ

]
= −

J

∑
j=0

δ2
xvj · δ0

xuj +
1

2h3

[
− (v1 − 2v0 + v−1)u−1 + (vJ+1 − 2vJ + vJ−1)uJ−1

− (v0 − 2v−1 + v−2)u0 + (vJ − 2vJ−1 + vJ−2)uJ

]
.

(13)

The proof is complete.
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Remark 1. According to Lemma 1, it can be inferred that

J−1

∑
j=0

δ2
xδ0

xvj · uj = −
J−1

∑
j=0

δ2
xvj · δ0

xuj,

J−1

∑
j=0

δ2
xvj · uj = −

J−1

∑
j=0

δ+x vj · δ+x uj,
J−1

∑
j=0

δ0
xvj · uj = −

J−1

∑
j=0

vj · δ0
xuj.

(14)

when u and v satisfy periodic boundary conditions or zero boundary conditions.

Theorem 1. The semi-discretized scheme is capable of maintaining mass conservation in the sense

d
dt

M(t) = 0, (15)

where

M(t) = h
J

∑
j=0

∣∣uj
∣∣2. (16)

Proof. Multiply both sides of Equation (9) by uj to obtain the following:

iuj,tuj + iαuj
uj+1 + uj−1

2
δ0

xujuj + βδ2
xujuj + iλδ2

xδ0
xujuj + η|uj|2ujuj = 0, (17)

Subtract the conjugate from Equation (17) to obtain the following:

i
(
uj,tuj + uj,tuj

)
+ iα

(
uj

uj+1 + uj−1

2
δ0

xujuj + uj
uj+1 + uj−1

2
δ0

xujuj

)
+ β

(
δ2

xujuj − δ2
xujuj

)
+ iλ

(
δ2

xδ0
xujuj + δ2

xδ0
xujuj

)
= 0,

(18)

Sum Equation (18) over j(j ∈ Ωh) and then we can obtain the following:

ih
J−1

∑
j=0

(uj,tuj + uj,tuj) + iαh
J−1

∑
j=0

(
uj

uj+1 + uj−1

2
δ0

xujuj + uj
uj+1 + uj−1

2
δ0

xujuj

)

+ βh
J−1

∑
j=0

(
δ2

xujuj − δ2
xujuj

)
+ iλh

J−1

∑
j=0

(
δ2

xδ0
xujuj + δ2

xδ0
xujuj

)
= 0.

(19)

Subsequently, we will divide Equation (19) into four terms and solve each one individually, where
Lemma 1 was used:

ih
J−1

∑
j=0

(uj,tuj + uj,tuj) = i
d
dt

h
J−1

∑
j=0

(∣∣∣uj

∣∣∣2)
,

iαh
J−1

∑
j=0

(
uj

uj+1 + uj−1

2
δ0

xujuj + uj
uj+1 + uj−1

2
δ0

xujuj

)

= iαh
J−1

∑
j=0

(
1
2
(uj)

2δ0
x(uj)

2 +
1
2
(uj)

2δ0
x(uj)

2
)
= 0,

βh
J−1

∑
j=0

(
δ2

xujuj − δ2
xujuj

)
= −βh

J−1

∑
j=0

(
δ+x ujδ

+
x uj − δ+x ujδ

+
x uj

)
= 0,

iλh
J−1

∑
j=0

(
δ2

xδ0
xujuj + δ2

xδ0
xujuj

)

= −iλh
J−1

∑
j=0

(
ujδ

2
xδ0

xuj − ujδ
2
xδ0

xuj

)
= 0.

(20)
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This completes the proof.

Theorem 2. The semi-discretized scheme is capable of maintaining energy conservation in the sense

d
dt

E(t) = 0, (21)

where

E(t) = h
J−1

∑
j=0

[
−1

4
iα
(
uj
)2

δ0
x
(
uj
)2

+ β
∣∣δ+x uj

∣∣2 − iλδ0
xujδ

2
xuj −

1
2

η
∣∣uj
∣∣4] (22)

Proof. Multiply both sides of Equation (9) by uj,t to obtain the following:

iuj,tuj,t = −iαuj
uj+1 + uj−1

2
δ0

xujuj,t − βδ2
xujuj,t − iλδ2

xδ0
xujuj,t − η|uj|2ujuj,t, (23)

Add the conjugate from Equation (23) to obtain the following:

− iα
(

uj
uj+1 + uj−1

2
δ0

xujuj,t − uj
uj+1 + uj−1

2
δ0

xujuj,t

)
− β

(
δ2

xujuj,t + δ2
xujuj,t

)
− iλ

(
δ2

xδ0
xujuj,t − δ2

xδ0
xujuj,t

)
− η

(∣∣uj
∣∣2ujuj,t +

∣∣uj
∣∣2ujuj,t

)
= 0.

(24)

Sum Equation (24) over j(j ∈ Ωh) and then we can obtain Equation (25), where Lemma 1
was used:

− iαh
J−1

∑
j=0

(
uj

uj+1 + uj−1

2
δ0

xujuj,t − uj
uj+1 + uj−1

2
δ0

xujuj,t

)

= −1
4

iαh
d
dt

J−1

∑
j=0

[
(uj)

2δ0
x(uj)

2
]
,

− βh
J−1

∑
j=0

(
δ2

xujuj,t + δ2
xujuj,t

)
= βh

J−1

∑
j=0

(
δ+x ujδ

+
x uj,t + δ+x ujδ

+
x uj,t

)
= βh

d
dt

J−1

∑
j=0

∣∣δ+x uj
∣∣2,

− iλh
J−1

∑
j=0

(
δ2

xδ0
xujuj,t − δ2

xδ0
xujuj,t

)

= −iλh
J−1

∑
j=0

(
δ0

xujδ
2
xuj,t + δ0

xuj,tδ
2
xuj

)

= −iλh
d
dt

J−1

∑
j=0

(
δ0

xujδ
2
xuj

)
,

− ηh
J−1

∑
j=0

(∣∣uj
∣∣2ujuj,t +

∣∣uj
∣∣2ujuj,t

)
= −1

2
ηh

d
dt

J−1

∑
j=0

∣∣uj
∣∣4.

(25)

This completes the proof.
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2.2. Fully Discretized Scheme

Let the time step size be τ = ∆t > 0 and define the time steps as tn := nτ for
n = 0, 1, . . .. Let un

j denote the numerical approximation of u(xj, tn) for j ∈ Ωh and n ≥ 0.
By applying the Crank–Nicolson method in time, the semi-discrete method (9) is discretized
as follows:

iδ+t un
j + iαun+ 1

2
j

un+ 1
2

j+1 + un+ 1
2

j−1

2
δ0

xun+ 1
2

j + βδ2
xun+ 1

2
j + iλδ2

xδ0
xun+ 1

2
j

+ η
|un+1

j |2 + |un
j |2

2
un+ 1

2
j = 0, j ∈ Ωh,

(26)

where

un+ 1
2

j =
un+1

j + un
j

2
, (27)

with the initial value
u0

j = u0(xj), j ∈ Ωh, (28)

and the boundary condition
un

j = 0, j ∈ ∂Ωh. (29)

By applying Taylor series expansion to the spatial and temporal discretizations, it
follows that the truncation error of the scheme is of order O(h2 + τ2), which confirms that
the method is second-order accurate in both space and time. This result will be verified in
the next section.

The definitions of discrete mass and energy are as follows:

Mn
h = h

J−1

∑
j=0

|un
j |2,

En
h = h

J−1

∑
j=0

[
−1

4
iα
(

un
j

)2
δ0

x

(
un

j

)2
+ β

∣∣∣δ+x un
j

∣∣∣2 − iλδ0
xun

j δ2
xun

j −
1
2

η
∣∣∣un

j

∣∣∣4].

(30)

Next, we show the conservative properties of the fully discretized scheme (26).

Theorem 3. The Crank–Nicolson finite difference method (26) is conservative in the sense that

Mn
h = M0

h, En
h = E0

h, n ≥ 0. (31)

Proof. Firstly, we prove the conservation of mass. Multiply both sides of Equation (26) by

un+ 1
2

j to obtain the following:

iδ+t un
j un+ 1

2
j + iαun+ 1

2
j

un+ 1
2

j+1 + un+ 1
2

j−1

2
δ0

xun+ 1
2

j un+ 1
2

j + βδ2
xun+ 1

2
j un+ 1

2
j

+ iλδ2
xδ0

xun+ 1
2

j un+ 1
2

j + η
|un+1

j |2 + |un
j |2

2
un+ 1

2
j un+ 1

2
j = 0,

(32)

Subtract the conjugate from Equation (32), sum it over j(j ∈ Ωh), and we can obtain the
following:
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ih
J−1

∑
j=0

(
δ+t un

j un+ 1
2

j + δ+t un
j un+ 1

2
j

)

+ iαh
J−1

∑
j=0

un+ 1
2

j

un+ 1
2

j+1 + un+ 1
2

j−1

2
δ0

xun+ 1
2

j un+ 1
2

j

+un+ 1
2

j

un+ 1
2

j+1 + un+ 1
2

j−1

2
δ0

xun+ 1
2

j un+ 1
2

j


+ βh

J−1

∑
j=0

(
δ2

xun+ 1
2

j un+ 1
2

j − δ2
xun+ 1

2
j un+ 1

2
j

)

+ iλh
J−1

∑
j=0

(
δ2

xδ0
xun+ 1

2
j un+ 1

2
j + δ2

xδ0
xun+ 1

2
j un+ 1

2
j

)
= 0,

(33)

Then, we will divide Equation (33) into four terms and solve each one individually similar
to Theorem 1:

ih
J−1

∑
j=0

(
δ+t un

j un+ 1
2

j + δ+t un
j un+ 1

2
j

)

=
ih
2τ

J−1

∑
j=0

(∣∣∣un+1
j

∣∣∣2 + un+1
j un

j − un
j un+1

j −
∣∣∣un

j

∣∣∣2
+
∣∣∣un+1

j

∣∣∣2 + un+1
j un

j − un
j un+1

j −
∣∣∣un

j

∣∣∣2)
=

ih
τ

(
J−1

∑
j=0

∣∣∣un+1
j

∣∣∣2 − J−1

∑
j=0

∣∣∣un
j

∣∣∣2),

iαh
J−1

∑
j=0

un+ 1
2

j

un+ 1
2

j+1 + un+ 1
2

j−1

2
δ0

xun+ 1
2

j un+ 1
2

j

+un+ 1
2

j

un+ 1
2

j+1 + un+ 1
2

j−1

2
δ0

xun+ 1
2

j un+ 1
2

j


= iαh

J−1

∑
j=0

(
1
2
(un+ 1

2
j )2δ0

x(u
n+ 1

2
j )2 +

1
2
(un+ 1

2
j )2δ0

x(u
n+ 1

2
j )2

)
= 0,

βh
J−1

∑
j=0

(
δ2

xun+ 1
2

j un+ 1
2

j − δ2
xun+ 1

2
j un+ 1

2
j

)

= βh
J−1

∑
j=0

(
−δ+x un+ 1

2
j δ+x un+ 1

2
j + δ+x un+ 1

2
j δ+x un+ 1

2
j

)
= 0,

iλh
J−1

∑
j=0

(
δ2

xδ0
xun+ 1

2
j un+ 1

2
j + δ2

xδ0
xun+ 1

2
j un+ 1

2
j

)

= iλh
J−1

∑
j=0

(
δ2

xδ0
xun+ 1

2
j un+ 1

2
j − un+ 1

2
j δ2

xδ0
xun+ 1

2
j

)
= 0.

(34)

This completes the proof of mass conservation. Furthermore, the proof of energy conserva-
tion is similar to that of Theorem 2 for the semi-discretized problem.
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Remark 2. According to Theorem 3, fully-discrete CN schemes (26) are unconditionally stable.

If the nonlinear term |u|2 in Equation (26) is not approximated by un+ 1
2

j ·
u

n+ 1
2

j+1 +u
n+ 1

2
j−1

2

but instead replaced by |un+ 1
2 |2 or treated in another equivalent form, the mass and energy

conservation cannot be proved. And the fully-discrete method is as follows:

iδ+t un
j + iαun+ 1

2
j · un+ 1

2
j δ0

xun+ 1
2

j + βδ2
xun+ 1

2
j + iλδ2

xδ0
xun+ 1

2
j

+ η
|un+1

j |2 + |un
j |2

2
un+ 1

2
j = 0, j ∈ Ωh.

(35)

Equation (26) results in a nonlinear algebraic system; thus, the solution necessitates an
efficient iterative scheme. The following method is employed.

In the process of solving, since solving the linear algebraic equation of the five diagonal
matrix requires a large amount of computation, the high-order term is iteratively calculated.
Scheme (26) can be written in the following iterative scheme, i.e.,

i
un+1,l+1

j − un
j

τ

+ iα
un+1,l

j + un
j

2
·

un+1,l
j+1 + un

j+1 + un+1,l
j−1 + un

j−1

4
·

un+1,l+1
j+1 + un

j+1 − un+1,l+1
j−1 − un

j−1

4h

+ β
un+1,l+1

j+1 + un
j+1 − 2un+1,l+1

j − 2un
j + un+1,l+1

j−1 + un
j−1

2h2

+ iλ
un+1,l+1

j+2 + un
j+2 − 2un+1,l+1

j+1 − 2un
j+1 + 2un+1,l+1

j−1 + 2un
j−1 − un+1,l+1

j−2 − un
j−2

4h3

+ η
|un+1,l

j |2 + |un
j |2

2
·

un+1,l+1
j + un

j

2
= 0,

(36)

where l denotes iteration number.
Further Equation (36) can be rewritten as the following matrix system:

c1 d1 e1

b2 c2 d2 e2

a3 b3 c3 d3 e3
. . . . . . . . . . . . . . .

. . . . . . . . . . . . . . .
aJ−3 bJ−3 cJ−3 dJ−3 eJ−3

aJ−2 bJ−2 cJ−2 dJ−2

aJ−1 bJ−1 cJ−1





un+1,l+1
1

un+1,l+1
2

un+1,l+1
3

...
un+1,l+1

J−2

un+1,l+1
J−1


=



f1

f2

f3
...

f J−2

f J−1


,

where for j = 1, 2, . . . , J − 1,

aj = − λτ
4h3 , bj =

λτ
2h3 −

iβτ

2h2 + Pj, cj = 1 + iβτ

h2 − iητ
4

(
|un+1,l

j |2 + |un
j |2
)

,

dj = − λτ
2h3 −

iβτ

2h2 + Pj, ej =
λτ
4h3 ,

f j = − λτ
4h3

(
un

j−2 − un
j+2

)
+
(

λτ
2h3 +

iβτ

2h2 − Pj

)
un

j+1

+
[
1 − iβτ

h2 + iητ
4

(
|un+1,l

j |2 + |un
j |2
)]

un
j +

(
− λτ

2h3 +
iβτ

2h2 − Pj

)
un

j+1,

with Pj =
ατ

32h

(
un+1,l

j + un
j

)
·
(

un+1,l
j+1 + un

j+1 − un+1,l
j−1 − un

j−1

)
.
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When l = 0, un+1,l
j = un+1,0

j = un
j , where j = 1, 2, . . . , J − 1. un+1

j can be obtained by

numerical iterative calculation when max
∣∣∣un+1,l+1

j − un+1,l
j

∣∣∣ is less than the given threshold.

3. Numerical Results
In this section, we will validate the accuracy, order, and conservation properties of the

fully discretized numerical scheme through numerical examples.

Example 1. In this example, we choose α = 1, β =
√

2, λ = 0.1, η = −2 and the initial condition
is taken as

u0(x) =
1

π1/4 e−
x2
2 . (37)

We solve the problem on Ω = [−50, 50]. To implement the CN method, we adopt an iteration
algorithm and set the tolerance for the iteration to 1.0 × 10−8. This tolerance ensures that the
iteration error remains well within the range of the overall numerical discretization error and
therefore does not influence the accuracy or conservation properties of the numerical scheme.

Let u denote the ’exact’ solution, which is numerically approximated using a highly refined
spatial mesh and temporal step size, for instance, h = 0.005 and τ = 5.0 × 10−5. Denote by
uh the computed numerical solution. The error function is then defined as e := u − uh. In the
present example, we evaluate the maximum norm of the error, given by ∥e∥∞ = max |u − uh|,
at the temporal instant t = 1. The spatial accuracy results are presented in Table 1. A time step
size of τ = 1.0 × 10−4 was employed to ensure that errors arising from temporal discretization
remain negligible. As shown in Table 1, the spatial discretization attains second-order accuracy.
The temporal accuracy is summarized in Table 2. To reduce the impact of spatial discretization
errors, a sufficiently refined mesh with size h = 0.01 was utilized. The findings demonstrate that
the temporal discretization also achieves second-order accuracy.

Table 1. Example 3.1: Spatial accuracy orders with τ = 10−4 at time t = 1 across varying mesh size h.

h Error Order

0.2 1.046114 × 10−2 –
0.1 2.552661 × 10−3 2.0350
0.05 6.324378 × 10−4 2.0130

0.025 1.535039 × 10−4 2.0426

Table 2. Example 3.1: Temporal accuracy orders with h = 0.01 at time t = 1 across varying time step τ.

τ Error Order

0.04 9.070318 × 10−3 –
0.02 2.396457 × 10−3 1.9203
0.01 6.168931 × 10−4 1.9578

0.005 1.660810 × 10−4 1.8931

Figure 1 presents the results of numerical simulations of the Hirota equation using the
conservative CN scheme, focusing on mass and energy conservation at t = 1. The mass conservation
curve in the left plot clearly shows that the mass M remains constant at 1 throughout the entire
time range (t ∈ [0, 1]), indicating that the numerical method is able to precisely maintain mass
conservation. The energy curves also remain flat.
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(a) (b)

Figure 1. (a) Mass conservation and (b) energy conservation of Example 3.1.

Figure 2 illustrates the numerical behavior of the solution |u| obtained. In panel (a), the soliton
profile at time t = 1 is displayed, showing the expected localized and symmetric wave structure.
Panel (b) demonstrate the dynamical evolution of |u| over the time interval t ∈ [0, 4] with h = 0.1
and τ = 0.01. For longer-time simulations, the computational domain would need to be enlarged to
avoid distortions caused by boundary reflections.

(a) (b)

Figure 2. (a) The wave |u| at time t = 1 and (b) the long-term behavior from t = 0 to t = 4.

Example 2. In this example, we choose α =
√

3
3 , β = 2, λ =

√
2, η = −2 and the initial condition

is taken as
u0(x) = sech(0.1x). (38)

We solve this problem on Ω = [−80, 80]. For implementing the CN method, we adopt an iteration
algorithm, and take the iteration tolerance as 1.0× 10−8. We evaluate the capacity of the CN method
to conserve mass and energy while simulating its dynamic behavior. In this study, the parameters
are set as τ = 1.0 × 10−3 and h = 0.1. As illustrated in Figure 3, the results demonstrate that the
CN method effectively preserves mass and energy, which aligns with the theoretical expectations
established in the numerical analysis literature. Figure 4 depicts the dynamical evolution of the
solution at t = 1 using our proposed approximation for the nonlinear term. Figure 5 contrasts
the dynamical evolution at t = 1 when the nonlinear term is approximated by using the non-
conservation scheme (35). The erratic oscillations and non-physical behavior illustrate the instability
introduced by these alternative approximations, validating the necessity of our proposed form for
ensuring numerical stability and conservation.
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(a) (b)

Figure 3. (a) mass conservation and (b) energy conservation of Example 3.2.

Figure 4. The wave |u| at time t = 1.5.

Figure 5. The wave |u| at time t = 1 under different approximations of the nonlinear term.

Example 3. To further demonstrate the applicability of the proposed conservative scheme, we
present a preliminary two-dimensional numerical experiment. We consider the following Hirota
equation on a rectangular domain Ω = [xL, xR]× [yL, yR]:

iut + iα|u|2(ux + uy) + β(uxx + uyy)

+ iλ(uxxx + uyyy) + η|u|2u = 0, (x, y) ∈ Ω, t > 0,
(39)
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with the initial condition
u(x, y, 0) = u0(x, y), (40)

We choose the initial condition to be taken as

u0(x, y) =
1

π1/4 e−
x2+y2

2 . (41)

We solve this problem on Ω = [−20, 20]2 with spatial step sizes hx = hy = 0.5 and time step
τ = 0.1. Figure 6 shows the numerical results at t = 0.5 and t = 1. This example illustrates that
the method can indeed be extended to multidimensional settings, although a complete analysis of the
2D scheme will be presented in future work.

(a) (b)

Figure 6. Surface plot of |u(x, y)|2 at (a) t = 0.5 and (b) t = 1.

4. Conclusions
For the differential discretization of the Hirota equation, we used the central difference

method for spatial discretization and the Crank–Nicolson method for temporal discretiza-
tion. The semi-discrete system obtained exhibits properties of mass and energy conservation
under certain conditions. Through derivation and numerical validation, we demonstrate
that the fully discrete system also maintains both mass and energy conservation. We also
prove that the accuracy of the scheme is second-order in space and time.
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