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Abstract

We propose an approach to extend the concept of a Lie algebra to ternary structures based
on w-symmetry, where w is a primitive cube root of unity. We give a definition of a
corresponding structure, called a ternary Lie algebra at cube roots of unity, or a ternary
w-Lie algebra. A method for constructing ternary associative algebras has been developed.
For ternary algebras, the notions of the ternary w-associator and the ternary w-commutator
are introduced. It is shown that if a ternary algebra possesses the property of associativity
of the first or second kind, then the ternary w-commutator on this algebra determines the
structure of a ternary w-Lie algebra. Ternary algebras of cubic matrices with associative
ternary multiplication of the second kind are considered. The structure of the 8-dimensional
ternary w-Lie algebra of cubic matrices of the second order is studied, and all its subalgebras
of dimensions 2 and 3 are determined.

Keywords: Lie algebra; ternary algebra; ternary associativity of the first and second kind;
cubic matrices; ternary Lie algebra at cube roots of unity; Pauli exclusion principle

MSC: 17A40; 20N10

1. Introduction

Ternary algebras are algebras with a ternary multiplication law, that is, a multiplication
operation which requires three elements to form a product. Ternary algebras have increasingly
become a popular subject of study both in mathematics and in theoretical physics. One
possible reason for such interest in ternary algebras in theoretical physics may be related
to the quark model of elementary particle theory. According to the quark model, baryons
consist of three quarks; quarks possess three types of color charge, and there exist three
generations of quarks. These facts may be viewed as the Universe’s hint that the appropriate
algebraic structures for describing phenomena at the Planck scale are ternary algebras. It
was precisely these features of the quark model that motivated Nambu in his construction
of a generalization of Hamiltonian mechanics [1]. At the core of this generalization lies a
ternary analog of the Poisson bracket. Filippov proposed and studied a ternary analog of Lie
algebras [2], which is now known as a 3-Lie algebra. An essential part of the structure of a
3-Lie algebra is the Filippov—Jacobi identity, which is an analog of the Jacobi identity in the
theory of Lie algebras. Later it was discovered that the Nambu ternary bracket satisfies the
Filippov-Jacobi identity, that is, the Nambu ternary bracket defines a 3-Lie algebra structure
on the algebra of functions. In the 1970s, Bars and Giinaydin [3,4] proposed a theory of
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fundamental constituents of matter, which they called ternons. The ternary algebras played a
central role in their theory as the algebraic building blocks for Lie algebras and superalgebras.
This algebraic part of the theory was based on the work of Kantor [5].

At the foundation of many mathematical and physical structures lies the important
concept of anti-symmetry. For instance, differential forms are antisymmetric functions of
vector fields, the Lie bracket and the Poisson bracket are antisymmetric bilinear forms and
the product of generators in the Grassmann algebra is antisymmetric with respect to the
permutation of two generators. In theoretical physics, the wave function of a quantum system
is antisymmetric with respect to fermions, which is the algebraic expression of the Pauli
exclusion principle. Indeed, a quantum system cannot contain two fermions with identical
quantum characteristics, since, by the property of anti-symmetry, the corresponding wave
function vanishes in that case. In the approaches of Filippov and Nambu to generalizing the
concept of Lie and Poisson brackets to algebraic structures with n-ary multiplication laws,
the property of anti-symmetry is preserved, that is, the n-ary Filippov and Nambu brackets
are antisymmetric. Consequently, if two arguments coincide, these brackets vanish.

However, when passing from binary to ternary structures, one encounters a different
type of symmetry, which may be called the rotational symmetry of an equilateral triangle,
or w-symmetry, where w is a primitive cube root of unity. This type of symmetry underlies
the structures introduced and studied in [6-9]. The essence of this symmetry is that a cyclic
permutation of the three arguments of a trilinear form multiplies its value by the primitive
cube root of unity w. Let W be a complex vector space and let § be a trilinear W-valued form
on a vector space V. Then the above symmetry can be expressed as 0(x,y,z) = w0(y,z, x),
where x,y,z € V. From this property, it follows that if all three arguments of 0 coincide,
that is, x = y = z, then the form vanishes. However—and this is the fundamental
difference from anti-symmetry—if two of the three arguments coincide, the form 6 does
not necessarily vanish, that is, its value may be nonzero. Therefore, a quantum system
of several particles whose state is described by a wave function possessing w-symmetry
permits the coexistence of two particles with identical quantum characteristics, but forbids
the coexistence of three such particles. This may be regarded as a ternary generalization of
the Pauli exclusion principle, whose physical justification is given in [10].

In the present paper, we develop an approach to extending the concept of a Lie
algebra to ternary structures, initiated in [11]. This approach is based on a ternary bracket
possessing w-symmetry. We introduce the notion of a ternary Lie algebra at cube roots of
unity or ternary w-Lie algebra. An important part of this structure is the GA(1, 5)-identity,
which we regard as an analog of the Jacobi identity in Lie algebras. This identity is a sum
of terms that can be obtained through permutations belonging to the general affine group
GA(1,5). It is well known that an associative (binary) algebra becomes a Lie algebra if it is
equipped with the commutator of two elements. We develop an analogous method for the
construction of ternary w-Lie algebras. To this end, we introduce a ternary w-commutator
and show that, in the case of a ternary algebra possessing associativity of the first or second
kind, the ternary w-commutator satisfies the GA(1,5)-identity. Along the way, we also
introduce the concept of a ternary w-associator, which unifies all conditions of ternary
associativity into a single algebraic expression under the assumption that the underlying
field is the field of complex numbers. In the final section, we investigate the structure of the
ternary w-Lie algebra of cubic matrices of the second order and find all its two-dimensional
and three-dimensional subalgebras.

2. Ternary Lie Algebra at Cube Roots of Unity

The study of ternary algebras, that is, vector spaces with a ternary multiplication
law, has always attracted both mathematicians and physicists. Since Lie algebras play an



Mathematics 2025, 13, 3894

30f22

exceptionally important role in algebra, geometry, and theoretical physics, the extension
of the concept of Lie algebras to structures with ternary multiplication is of particular
interest in this context. Several approaches exist in this area. One of them was proposed
by Filippov [2], and the corresponding structure is called an n-Lie algebra. In Filippov’s
approach, a key role is played by the fact that the Jacobi identity is equivalent to the property
in which, in the double Lie bracket, the outer bracket is a derivation of the inner bracket.
The second approach [12] uses the concept of ternary associativity, which is closer to that
proposed in this paper. It is important to note the distinction between our approach and the
aforementioned ones. As is well known, the binary bracket is skew-symmetric, meaning
that the interchange of two arguments in the Lie bracket is accompanied by a multiplication
by —1. This property is preserved when the concept of Lie algebra is extended to ternary
structures in [2,12], i.e., the ternary analogue of the Lie bracket is considered to be skew-
symmetric. This implies that the ternary bracket does not change under cyclic permutations
of its three elements, but changes sign under non-cyclic permutations. In the approach
proposed in this paper, we do not require the ternary bracket to be skew-symmetric. Our
approach is based on the symmetries of an equilateral triangle, which can be described
using the cube roots of unity.

The symmetric groups S3 and Ss, and their subgroups, will play an important role in
our approach to extend the concept of Lie algebras to ternary structures. The subgroups
of the symmetric group S3 are required to describe the symmetry properties of a ternary
analogue of the Lie bracket, while the subgroups of the symmetric group Ss are necessary
for a ternary analogue of the Jacobi identity. Cyclic permutations of three elements form a
subgroup of order three in the symmetric group S3. This subgroup is called the alternating
subgroup of degree 3 and is denoted by As. Thus, A3 = {(1),(123),(132)}, where (1) is
the identity permutation. The alternating group A3 is isomorphic to the group Z3 and it is
also isomorphic to the multiplicative group of the cube roots of unity {1, w, @}, where w is
a primitive cube root of unity, for example, w = exp(27i/3).

To describe the structure of an identity that we consider as a ternary analog of the
Jacobi identity, we need a subgroup of the symmetric group Ss, which is called the general
affine group and is denoted by GA(1,5). The general affine group of degree 1 over the finite
field F5 can be described in several equivalent ways. It is the group of affine transformations
of the field I, that is, the group of all mappings of the form

x+—ax—+b, whereaeIFSX, b e Fs.

Additionally, the group GA(1,5) is isomorphic to the semidirect product of the cyclic
group Zs and the cyclic group Zy:

GA(1,5) ~ Z5 X Z4.

The group GA(1,5) admits a presentation in terms of two generators ¢ and T and the
following defining relations:

where e is the identity element. Here, o corresponds to the subgroup Zs (the group of
translations), and T corresponds to the subgroup Z (the multiplicative group FZ, acting
by scalar multiplication). For our purposes, it is important to consider the representation of
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the group GA(1,5) by permutations of five elements, that is, its realization as a subgroup
of the symmetric group Ss. The group GA(1,5) is generated by two cycles

o=(12345), T=(2453). 1)

In the context of a ternary analog of the Jacobi identity, the group GA(1,5) plays a
crucial role in describing the symmetry structure of the identity. Specifically, the set of
permutations appearing in the ternary analog of the Jacobi identity can be identified with
the action of GA(1,5) on the indices of the elements involved in the double ternary bracket.
This group captures the essential affine symmetries underlying the algebraic identity.

Before giving the definition of a ternary Lie algebra at the cube roots of unity, we will
introduce the necessary concepts and notations. Let £ be a vector space over the field
of complex numbers C endowed with a ternary bracket [—, —, —] : Lx L X L — L. In
what follows, we assume that this ternary bracket is additive in each argument, that is,
[v1 + V2, w, u] = [v1, w, u] + [v2, w, u] and a similar property holds for the second and third
arguments. If, in addition, the ternary bracket is C-homogeneous in each argument, that is,
if complex numbers can be factored out of the bracket from any position, we will call the
ternary bracket C-linear. Hence, for a C-linear ternary bracket and any complex number a
we have

[au,v,w] = [u,av,w] = [u,v,aw] = alu,v,w.

In the following, we will study examples of ternary brackets that do not have the
property of homogeneity with respect to complex numbers but are homogeneous with
respect to real numbers. In this case, we will call the ternary bracket R-linear. Thus,
in the case of R-linearity, an additive ternary bracket is defined on a complex vector
space V, but it does not possess the property of homogeneity with respect to complex
numbers; instead, it is homogeneous with respect to real numbers. Of course, if a ternary
bracket is homogeneous with respect to complex numbers, then, as a special case, it is also
homogeneous with respect to real numbers. However, in this case, we will not use the term
R-linearity, since homogeneity with respect to real numbers follows as a special case from
homogeneity with respect to complex numbers.

Let v1, v, v3,v4, U5 be elements of the vector space L. The elements of the general
affine group GA(1,5), considered as permutations of five elements, act naturally on the
set {1,2,3,4,5}. We introduce the symbol O for the sum of five double ternary brackets
obtained by cyclic permutations of the arguments vy, v, v3,v4, U5 as follows:

4

O [[01/02/03]/04105] = Z vak(l)/vo-k(2)/Uak(g)]lvgk(4)/vgk(5)]/
k=0

where ¢ is the cyclic permutation (1) and ¢? is the identity permutation. If the symbol
of cyclic permutations of five arguments is placed before parentheses that contain the
sum of several double ternary brackets, we mean that the symbol O is applied to each
term separately.

Definition 1. A complex vector space L with a ternary bracket [—,—, —] : LX L X L — L
defined on it is said to be a ternary Lie algebra at the cube roots of unity if

*  the ternary bracket is either R-linear or C-linear,
e the cyclic permutation of the three variables of the ternary bracket results in multiplying the
entire bracket by a primitive cube root of unity

[u,0,w] = wv,w,u] =@ [w,u,v], wov,wéedL, )
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*  the ternary bracket satisfies the GA(1,5)-identity

O ([, v,w],x,y] + [[u,x,0],y,w] + [[u,y,x],w,0] + [[u,w,y],0,x]) =0.

To simplify the terminology, we will henceforth refer to a ternary Lie algebra at the
cube roots of unity as a ternary w-Lie algebra, where w is a primitive cube root of unity. We
will call property (2) of the ternary bracket w-symmetry with respect to cyclic permutations
of the bracket’s variables. Non-cyclic permutations can be used to define a new type
of bracket. For example, we can define a new bracket via a reflection-type permutation
with respect to the central element, by the formula [u, v, w] = [w, v, u]. This new bracket
also exhibits symmetry under cyclic permutations of its arguments, but this symmetry
is conjugate to the w-symmetry (2). By this, we mean that the new bracket transforms
according to the formula

[u,0,w] =@ [v,w,u] = w [w, u,v]. 3)

It is also straightforward to verify that the new bracket satisfies the GA(1, 5)-identity.
We now show how the terms on the left-hand side of the GA(1, 5)-identity are obtained
by means of the permutations of the general affine group GA(1,5). Acting with the
permutations ¢ and T on the indices of the elements, we transform the indices as follows:

, 0(4) =5, 0(5) =

1,
(1) =1, 7t(2) =4, 7(3) =2, t(4) =5, t(5) = 3. 4)

All permutations of the general affine group GA(1,5) can be represented in the form

e, 0, 02, 0>, 0t 5)
T, 102, 10, T0*, T2, (6)
2, 20, 120, 20?, TPo, (7)
v, 302, T30t o, 300, 8)

The permutations are grouped so that each row contains the cyclic permutations of
five elements. By writing down the terms of the identity corresponding to the permutations
listed above, we obtain all twenty terms of the identity

Permutation Term Permutation Term
e [01, 02, 03], V4, V5] [01,v4,02], U5, V3]
o [v2,v3,04], Us, vl; 703 =[04, 2,5, U3, 01;
o? | [v3,04,05), v1, V2] o | [v2,05,03], v1, V4]
o :[04,05, v1], v2, 03: ot :[05, 3,01, V4, Uz:
ot [ [05,01,02], v3, V4] 0?2 [ [03,01,04], 02, V5]
2 [ [01,05,v4], v3, 3] 3 [ [v1,03, 5], v4, V2]
204 [ [05,v4,05], v3, V1] 302 [ [03,05,04], V2, V1]
203 [ [04,v2, 03], v1, V5] 3ot | [05,v4,01], ©2, 03]
0 :[02,03, v1], vs, 04: (04 :[04, v1,03), 3, 05:
TZ(T | [03,01,05] Uy, 7)2: ”[3(73 0 [01,03, Uz], OUs, 04:

It follows from the w-symmetry of the ternary bracket that

[ull uz, u3} + [MZI us, ul] + [u3/ U, le] = 0/ Ui, Uz, us € 'C (9)
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This property indicates an analogy with a Lie bracket. Indeed, let L be a Lie algebra
with a Lie bracket [—, —] : L x L — L. Then

[a1,a2] + [a2,41] =0, Vay,a € L. (10)

Our approach is based on the following interpretation of this identity. Let S, =
{(1), (12) } be the symmetric group on two elements. This is a cyclic group of order two. It
acts naturally on the indices of the elements in the binary bracket [al, az] ; we form the sum
of the two resulting brackets under this action and set it equal to zero.

We extend this idea to the ternary bracket. A cyclic group of order three can be realized
via cyclic permutations of three elements—specifically, we take 2% as the cyclic group of
order three. Then, we apply this group to the indices of the elements in the ternary bracket
(11, up, u3], form the sum of the resulting three brackets, and equate it to zero. This yields
identity (9). Thus, identity (9) can be seen as a ternary extension of (10) to the group of
cyclic permutations of three elements.

It also follows from the w-symmetry that the ternary bracket vanishes as soon as all
three of its arguments are equal: for any u € £, it holds that [u, u, u] = 0. However, in
the case where two of its arguments are equal, it does not necessarily vanish. Here, we
observe a difference between the properties of the ternary bracket proposed in this paper
and those of a ternary bracket in a 3-Lie algebra. In a 3-Lie algebra, the ternary bracket is
totally skew-symmetric with respect to its arguments, meaning that it vanishes as soon
as any two of its three arguments are equal. Given this property, we could refer to totally
skew-symmetric ternary brackets as first-order ternary brackets, whereas a ternary bracket
with w-symmetry could be called a second-order ternary bracket.

In the theory of Lie algebras, simple Lie algebras play an important role. We can extend
the concept of a simple Lie algebra to ternary w-Lie algebras using the following definition.

Definition 2. Let £ be a ternary w-Lie algebra and T C L be its subspace. Then, T is said to be
an ideal of a ternary w-Lie algebra if, for any a € T and x,y € L, it holds [a,x,y] € L. A ternary
w-Lie algebra is said to be simple if it has no non-trivial ideals, that is, it has no ideals other than

{0} and L.

Finite-dimensional Lie algebras are conveniently studied through their structure
constants. In the case of a ternary w-Lie algebra, we introduce structure constants in a
manner analogous to that used in the theory of Lie algebras. Let {ey, ey, ..., e, } be a basis
for the vector space of a ternary w-Lie algebra £. Then

[ei,e]-,ek] = C}?k e (11)

where the complex numbers CZ?k will be referred to as structure constants of a ternary
w-Lie algebra L. The structure constants of a ternary w-Lie algebra form a (1, 3) -tensor,
which means that under a basis transformation &; = Aée]-, the structure constants transform
according to the tensor law

Cli = AV AL AL (A7) Cys. (12)

It should be noted that the tensorial transformation law for the structure constants of a
ternary w-Lie algebra depends on the type of linearity of the ternary bracket. If the ternary
bracket is C-linear, then the change-of-basis matrix is complex. In the case of an R-linear
ternary bracket, only real basis transformations of the ternary w-Lie algebra should be
considered, and in this case Formula (12) defines a tensor representation of a real group,
such as the rotation group.
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The w-symmetry of the ternary bracket with respect to cyclic permutations implies
the corresponding symmetry of the structure constants with respect to cyclic permutations
of the subscripts

mo=wCll =wCpL (13)

From the GA(1, 5)-identity, it follows that the structure constants of the ternary w-Lie
algebra satisfy the system of equations

O (Cliy Churs + Clh Chy gy + Clt, Chayi + CH Cr

1sr

) =0 (14)
where the underlined five subscripts undergo cyclic permutations, for example

mCP

rsi ~mkl

O Cliy Cinrs = City Chus + i Ch 4+ Clr Ch L+ C

msi

+ Cszk C

milr:

We will refer to the system of Equation (14) as the GA(1,5)-system of equations. Let
T3 (L) be the space of complex-valued (1,3)-tensors defined on a vector space £. The
tensors possessing w-symmetry (13) form a subspace in 7'(L), which we denote by
T23(L). The tensor belonging to 7.-*(L) that solves the GA(1,5)-system of equations
defines a ternary w-Lie algebra on the vector space £ when its components are regarded as
the structure constants of a ternary w-Lie algebra. The set of all solutions of the GA(1,5)-
system of Equation (14) in the case of a vector space £ will be denoted by &(L).

The set of solutions of the GA(1,5)-system of equations plays an important role in
the classification of finite-dimensional ternary w-Lie algebras. Indeed, the group GL(n, C)
acts on the set of solutions (12), and the classification of ternary w-Lie algebras up to
isomorphism can be obtained by means of the orbits of this action. Let us consider the
two dimensions #n = 2 and n = 3. In the case of a two-dimensional vector space £, one
can show that the GA(1, 5)-system of equations imposes no restrictions on the structure
constants, that is, §(£) = T”(L). In other words, all equations in this system become
identities as a consequence of the w-symmetry of the structure constants. In order to give an
example we observe that in the two-dimensional case, each equation of the GA(1, 5)-system
is determined by a set of five integers, each taking values in {1,2}. Let us consider the
sequence (1,2,1,1,2). This sequence leads to the following equation:

Ciyy Chyy 4+ Coty Choy + Clin Chiyy + Cliy Ch oy + CHia Ch g
+C{1p Chipy + Cloo Chay + Chy Chiyy + G313 Chipy + Clliy Chgp = 0. (15)

Since C{}; = 0, the last term on the left-hand side of Equation (15) is zero, and by
collecting the remaining nine terms, i.e.,

(Clay + Chiy + Cilia) (Chay + Chioy) + (Cohy + Coip + Ciay) iy

we see that due to w-symmetry of structure constants the left-hand side of Equation (15) is
identically zero.

In the case of a three-dimensional vector space L, the set of solutions &(L£) is a proper
subset of 7> (L), that s, not all equations become identically zero. The following statement
holds: if a sequence of five integers, each taking values in {1,2, 3}, contains three distinct
numbers, then the equation of the GA(1,5)-system determined by this sequence does not
vanish identically, that is, it is nontrivial.
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3. Ternary Associativity, Ternary w-Associator and Ternary
w-Commutator

An associative (binary) algebra becomes a Lie algebra if the Lie bracket is defined
as the commutator of two elements. In this case, the Jacobi identity is valid due to the
associativity of binary multiplication in the original algebra. More precisely, if we expand
the double commutators in the Jacobi identity, we obtain a sum of twelve double products,
which can be grouped into pairs, each of which forms an associator. Then, by associativity,
each such pair vanishes, and the total sum equals zero.

In this section, we demonstrate that the same scheme can be realized in the case of
ternary associativity. We introduce the concepts of the ternary w-associator and the ternary
w-commutator and show that, in the case of an associative ternary algebra, the ternary
w-commutator satisfies all the requirements of Definition (1). In particular, it satisfies the
GA(1,5) identity, where the equality to zero is achieved in the same way as in the case of the
Jacobi identity: namely, all terms on the left-hand side of the identity are grouped in threes
into ternary w-associators, which vanish due to the associativity of ternary multiplication.

Let o/ be a vector space over complex numbers equipped with a ternary multiplication
law (u,v,w) € & x & x & — u-v-w € <. Here we must make the same remark as
in the previous section concerning the linearity of a ternary bracket. When we speak of
ternary multiplication, we always assume additivity in each argument, that is

(U +up) v-w=u-v-wW+Huy v-w,
u-(n4+v) w=u-v1-w+u-vy-w,

u-v-(w+wy)=u-v-w+u-v- wp.

If, in addition to additivity, the ternary multiplication is C-homogeneous in each
argument—that is, complex scalars can be factored out of the ternary product—then we call
the ternary multiplication C-linear. Hence, in the case of C-linear ternary multriplication
we have

(eu)-v-w=u-(av) - w=u-v-(aw)=au-v-w, acC.

In order to establish a connection with quantum physics, we will consider ternary
multiplications that are C-homogeneous in the first and third arguments, but conjugate-
homogeneous in the second argument [13,14]. Such ternary multiplications will be referred
to as conjugate-linear. Hence, in the case of conjugate-linear ternary multiplication we have

(eu) v-w=u-v (aw)=au-v-w, u - (v) - W==aAu-v- w.

Thus, by a ternary algebra we mean a vector space over the field of complex numbers
equipped with a ternary multiplication that is either C-linear or conjugate-linear.
If the ternary multiplication satisfies the property

(s-u-v)~x-y:s'(u'v'X)'yIS'M'(U'x'l/)f (16)
then the ternary algebra 7 is called associative of the first kind. If instead the property
(S.u.v).x-y:s~(x'v'u)'y:S‘u‘(v'x'y)/ (17)

holds, then 7 is said to be associative of the second kind. In what follows, we will refer
to the ternary algebra 7 simply as associative if it satisfies one of the above types of
associativity, provided that the structure under consideration does not depend on the
specific type of ternary associativity. It should be noted that the associativity of the second



Mathematics 2025, 13, 3894

9 of 22

kind (17) appears under various names in the literature. A list of these names is provided
in [15], where the corresponding references are also given. In this work, we use the term
“associativity of the second kind” as proposed in [16].

One might assume that associativity of the first kind is the fundamental one, while
associativity of the second kind is something more specific. However, this is not the
case. Ternary structures with associativity of the second kind play an important role in
applications. If we do not assume a vector space structure on «/—that is, if we treat &/
simply as a set with a ternary operation satisfying associativity of the second kind—then
we arrive at a structure known as a semi-heap. The theory of heaps and semi-heaps
was developed in the works of Wagner [17,18] in connection with an algebraic approach
to the concept of a smooth atlas on a manifold. Moreover, it is possible to construct a
ternary multiplication of rectangular matrices such that it satisfies associativity of the
second kind [14]. Finally, ternary multiplications of cubic (i.e., three-dimensional) matrices
possessing associativity of the second kind were constructed in [7], where it was also
shown that there exists no ternary multiplication of cubic matrices satisfying associativity
of the first kind. In the following sections, we will use these structures to construct ternary
w-Lie algebras.

Let o7 be a ternary algebra. We define two quinary operations on %7 as follows:

Q(g)(s,u,v,x,y):(s-u-v)-x-y+ws-(u~v-x)-y+ws~u~(v~x~y), (18)
Qg)(s,u,v,x,y):(s~u~v)~x~y+ws-(u-v-x)~y+ws'u-(v-x‘y). (19)

w

where w is a primitive cube root of unity and @ is its complex conjugate. These two quinary
operations, ., and Qg, will be referred to as the ternary w-associator of first kind and
the ternary w-associator of first kind, respectively. Similarly, we define the ternary w- and
w-associators of the second kind

Qg)(s,u,v,x,y):(s-u-v)-x-y+ws-(x-v-u)-y+@s~u~(v~x~y),
Q(Z)(s,u,v,x,y):(s~u~v)~x~y+ws~(x~v~u)~y+ws'u.(v-x-y).

=

From the identity 1 4+ w + w = 0 for the cube roots of unity, it follows that if the
ternary multiplication in the algebra ./ is associative of the first kind, then the ternary
w- and w-associators of the first kind vanish. The same holds for the case of second-kind
associativity and the corresponding w- and w-associators of the second kind.

The converse is also true: if both the ternary w- and w-associators vanish for any five
elements of the ternary algebra 7, then the ternary multiplication is associative. We will
prove this only for the ternary w-associators of the first kind; the case of the second kind is
treated analogously. The ternary associators of the ternary algebra ./ are defined as two
quinary operations, t; and t,, given by the following formulas [12]:

t1(s,u,0,x,y)=(s-u-v)-x-y—s-(u-v-x)-y, (20)
t(s,u,v,x,y)=s-(u-v-x)-y—s-u-(v-x-y). (21)

Obviously, if the ternary associators t; and t, vanish identically, then <7 is a ternary
algebra with associativity of the first kind. Multiplying the ternary w-associator of the first
kind (19) by w and subtracting it from the ternary w-associator of the first kind (18), we
obtain

Q((Ul)—wﬂ(l):(1—w)((s~u'v)~x~y—s~(u'v~x)~y).

w
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Similarly,

):(w—w)(s~(u-v-x)-y—s'u-(v-x-y)).

o
g2
\
o
g=

Applying the formulas for ternary associators (20) and (21), we can express ternary
associators in terms of the ternary w-associator and w-associator as follows

)_ g

w

al) —wal Q)
h=—7F——- b= —
1-w w—w
It follows that the identically vanishing ternary w- and w-associators imply the vanishing
of the ternary associators t; and t;, which in turn implies associativity of the first kind.

Thus, we proved the following statement:

Proposition 1. A ternary algebra <7 is an associative ternary algebra of the first (second) kind
if and only if the ternary w- and w-associators of the first (second) kind ol ),Qg> @ ),Qg))
vanish identically.

We now proceed to construct a ternary w-Lie algebra based on a ternary associative
algebra o7 (of the first or second kind). To this end, we define the ternary bracket as follows:

[s,u,v]=s-u-v+wu-v-s+wov-s-u+v-u-s+wu-s-v+ws-v-u  (22)

It is straightforward to verify that the ternary bracket (22) possesses w-symmetry;
that is, a cyclic permutation of the bracket’s arguments s — u, u — v, v — s results in
multiplication of the entire bracket by w, that is, [s, u,v] = w [u,v,s]. As noted above, if a
ternary bracket exhibits w-symmetry, we may define a new ternary bracket with conjugate
symmetry, i.e., w-symmetry. Indeed, let us define the new ternary bracket as previously
indicated, namely, by formula [s, u, v] = [v, 4, s]. In this case, an explicit expression for the
new ternary bracket can be obtained

[s,u,v] =s-u-v+wu-v-s+wv-s-u+v-u-s+wu-s-v+ws-v-u.  (23)

Thus, the new ternary bracket can be obtained from bracket (22) by replacing w « @.

The structure of the ternary commutator becomes clearer when we view it from a
more general perspective. Let V be a complex vector space. Define the operator of cyclic
permutation S : V&3 — V@3 by

S(v1 ®vy ®v3) = V3 RV R Uy,

and extend it to all of V3 by linearity. It is clear that the cube of this operator is equal to
the identity operator on V*3, that is,

S = Idyes.

Hence, the eigenvalues of S are the cube roots of unity, namely 1, w, w. In analogy
with the ternary commutator, define the bracket operator

[]:VE —v®s

[N R3] =11 1RV + WV V3RV + WUz RV ® Uy
TU3R0R®0 + WUy ®U] QU3+ WU QU3 & Uy,
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Then the following formula holds:
[S(v1 ® vy ®u3)] = [wv @ vy ® s3],

which shows that the bracket operator is the projection onto the eigenspace of the cyclic
permutation operator S corresponding to the eigenvalue w.

Obviously, if the ternary multiplication is C-linear, then the ternary bracket (22) is also
C-linear. In the case where the ternary multiplication in ./ is conjugate-linear, the ternary
bracket is neither C-homogeneous nor conjugate-homogeneous with respect to any of its
arguments. The reason is that the ternary bracket is constructed as a linear combination of
all permutations of the arguments in the ternary product. As a result of these permutations,
a given argument in the ternary bracket (22) shifts its position within the ternary product
and thereby loses both homogeneity and conjugate-homogeneity. However, a conjugate-
linear ternary multiplication is, in particular, R-linear, and this linearity is preserved in the
construction of the ternary commutator (22). Thus, in the case of a conjugate-linear ternary
multiplication, the resulting ternary bracket is neither C-linear nor conjugate-linear, but it
inherits the R-linearity of the original ternary multiplication. We will refer to the ternary
brackets (22), (23) as the ternary w-bracket and w-bracket, respectively.

In the case of a binary algebra, the commutator of two elements measures the non-
commutativity of the multiplication in the algebra. In other words, if the binary algebra is
commutative—i.e., swapping two factors in the product does not change the result—then
the commutator of any two elements vanishes. It is natural to require an analogous property
for the ternary w-commutator introduced above (22). Recall that a ternary multiplication
is said to be commutative if its value remains unchanged under any permutation of its
arguments. It is easy to see that, in the case of a commutative ternary multiplication, the
ternary w-commutator (22) vanishes for any three elements of the algebra. The condition of
commutativity for ternary multiplication is a strong one. It can be weakened by considering
various types of ternary commutativity. For instance, if the ternary product remains
invariant under the permutation of the first two factors, such a ternary multiplication will
be called left-commutative. Accordingly, for a left-commutative ternary multiplication,
identity s - 4 - v = u - s - v holds. In the case of a left-commutative ternary multiplication,
the ternary w-commutator (22) becomes, so to speak, a “truncated” version

[s,u,o] =1+@)s - u-v+(1+w)u-v-s+(w+w)v-s-u

= —WSsS U V—WU-V-S—0V-5 U

In the case of a left-commutative ternary algebra, we shall omit the inessential factor
—1 and use the truncated form of the ternary w-commutator

[s,u,v]=v-s-u+ws-u-v+wu-v-s. (24)

If the ternary multiplication remains unchanged under cyclic permutations of its
arguments, such ternary multiplication is called cyclically commutative. Thus, for any three
elements of a ternary algebra with cyclically commutative multiplication, the identity s - u -
v=1u-v-5=10-5-uholds. In the case of cyclically commutative ternary multiplication, the
ternary w-commutator (22) vanishes identically. It is clear that if a ternary multiplication is
both left-commutative and cyclically commutative, then it is commutative.

An important class of Lie algebras consists of those that can be constructed using
the commutator defined on an associative algebra. For example, all matrix Lie algebras
belong to this class. As follows from the theorem presented in the following, the ternary
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w-commutator (22) allows this construction to be extended to associative (of the first or
second kind) ternary algebras and ternary w-Lie algebras.

Theorem 1. Let o7 be an associative ternary algebra of the first or second kind. Then the ternary w-
commutator (22) satisfies the GA(1, 5)-identity; that is, the associative ternary algebra <, equipped
with the ternary w-commutator, is a ternary w-Lie algebra.

(See [11] for a proof.)

As a remark on the proof, the following should be noted. The proof essentially
reduces to verifying the validity of the GA(1, 5)-identity for the ternary w-commutator (22).
Interestingly, this verification exhibits a complete analogy with the Jacobi identity for the
binary commutator. Specifically, when expanding the brackets of the ternary w-commutator
in the left-hand side of the GA(1, 5)-identity using (22), all ternary products can be grouped
in threes into ternary w- or w-associators of the first or second kind. Consequently, due to
the ternary associativity of the algebra .7, the whole sum vanishes.

4. Construction of Semiheaps and Associative Ternary Algebras

In this section, we address the question of constructing associative ternary algebras. A
ternary multiplication can be constructed from binary ones, that is, by successive application
of binary multiplications. However, we are interested in those ternary multiplications that
cannot be reduced to a combination of binary multiplications. In this section we propose
a general structure that can be used to construct various associative of the first or second
kind ternary algebras.

Let ./ be a set, and let « be a mapping that assigns to each ordered pair (u,v) of
elements in ./ a transformation a(u,v) : .# — .#. Since the set of all transformations
of .# forms a semigroup under composition, we may regard « as a mapping from the
direct product .# x .# into the semigroup of transformations of .#. Define a ternary
multiplication on the set .#Z by

u-v-w=ua(u,v)w, (25)

where u,v,w € M, a(u,v) : # — A and the transformation a (1, v) maps the element w to
the element a (1, v) w. Leaving some freedom of expression, the ternary multiplication (25)
can be described as follows: From the first two elements, we construct an operator and
then apply this operator to the third element. All ternary multiplications that we will use
in the sequel possess this structure.

We will determine the conditions that the mapping a must satisfy for the ternary
multiplication (25) to be associative of the first or second kind. Note that identity

(u-v-w)-s-t=u-v-(w-s-t), (26)

must hold in both cases, that is, first-kind and second-kind associativity. The second
identity takes the form
u-(v-w-s)-t=u-v-(w-s-t), (27)

in the case of first-kind associativity, and the form
u-(v-w-s)-t=u-s-(w-v-t), (28)

in the case of second-kind associativity. For the mapping «, we introduce the transposed
mapping defined by a” (1,v) = a(v,u).
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Proposition 2. The necessary and sufficient conditions for (26)—(28) are the following:

(26) < wa(a(u,v)w,s) = a(u,v)oa(w,s), (29)

(27) & a(u,a(v,w)s) = a(u,v) oa(w,s), (30)

28) < a(u,a(v,w)s) = a(u,s)oa’ (v,w). (31)

Proof. We have
u-v-(w-s-t) = (a(u,v)oa(w,s))t

and
(u-v-w)-s-t=(a(u,0)w) - s-t =a(a(u,0)w,s)t.

It follows from this that (29) holds. Similarly, (30) and (31) are proved. O

Thus, it follows from the proven proposition that the set .# with the ternary multipli-
cation (25), where the mapping « satisfies conditions (29) and (31), is a semiheap.

The most well-known example of a semiheap is the set B(A, B) of all binary relations
between the elements of sets A and B. Recall that for two binary relations R € (A, B) and
S € PB(B, C), their composition is defined by the formula

RoS={(a,c) e AxC:3beB, (ab) €R, (bc) €S}

By its very definition, composition is not a closed binary operation. However, it is
possible to construct a closed ternary multiplication of binary relations by combining the
composition of relations with their inversion. Recall that

R ' ={(ba) e Bx A:(ab)cR}.

We now show that the ternary multiplication of binary relations admits the structure
of the ternary multiplication (25). Let R, S be binary relations between elements of the sets
A and B. Define a mapping

a:P(A,B) x P(A,B) = P(A),
where P3(A) denotes the set of all binary relations on the set A, by the formula
®(R,S) =RoS7 1

A binary relation on the set A, via composition of relations, defines a transformation
of the set P(A, B), that is,

T € P(A,B) — VoT e P(A,B),

where V € P(A). Following Formula (25), we define the ternary multiplication of binary
relations between elements of the sets A and B by

R-S-T=a(R,S)oT=RoS toT.

The mapping « satisfies conditions (29) and (31), which follows directly from the
associativity of the composition of binary relations and the properties of relational inversion.
Since we are interested in associative trilinear ternary operations on sets equipped
with the structure of a vector space, that is, in associative ternary algebras, we apply the
approach of (25) in the case where ./ is an additive abelian group, a : .# X A — <,
where &/ is a unital associative ring, and ¢ : & — End .# is a representation of the ring
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&/ in the group .# . Multiplication in the ring </ will be denoted by the juxtaposition of
elements and the endomorphism of the group .# corresponding to an element a of the ring
</ will be denoted by ¢,. It is clear that .# is a left o7-module if the left action of the ring
</ is defined by the formula a - u = ¢,(u), where a € </, u € .# . Note that .# is called a
representation module of the ring &/. We assume that « : . # X .# — </ is an &/-valued
2-form, additive in each argument. Thus, we have the sequence of mappings

Mx M s o s End.a. (32)

This sequence may serve as a basis for constructing a ternary multiplication (25) on
the o/-module .# . The structure of this ternary multiplication can be described as follows:
Given three elements 1, v, w of the module .#, we first associate with the pair u,v an
element of the ring a(u,v) ; then, using the representation ¢ of the ring </, we map the
element of the ring a(u, v) to the endomorphism ¢,,, ), and apply this endomorphism to
the third element w, obtaining the result of the ternary product. If we denote this ternary
product by u - v - w then

U0 W= Py ) (W) = a(u,0) 0. (33)

Obviously, the ternary product (33) is additive in each argument.
Conditions (29)—(31) now take the form

a(u,a(v,w)-s), (Ikind associativity)

a(a(u,v)-w,s) =a(u,v)a(w,s) = { (34)

a(u,a(s,w)-v), (IIkind associativity).

It is easy to show that a statement analogous to Proposition 2 holds, namely, that from
conditions (34), there follow first-kind or second-kind ternary associativity of the ternary
multiplication (33). These conditions are sufficient for the associativity of the ternary
multiplication (33) in the case where the left «7/-module .# is exact, that is, its annihilator
consists only of the zero element of the ring, and Ima = 7.

In the case of a right module, a ternary multiplication can be defined by a formula
analogous to Formula (33). Let .# be a right -module, where £ is a unital associative
ring, and let B : .# x .# — 9 be an additive #-valued 2-form. The ternary multiplication
on ./ is defined by

u-v-w=u-p(v,w). (35)

In this case, the conditions for ternary associativity take the form

B(v-B(w,s),t), (Lkind associativity)

(36)
B(s- B(w,v),t), (Ilkind associativity).

B(o,w-B(s,t)) = B(v,w) B(s, t) = {

The described construction of ternary multiplication extends naturally to the case
where ¢/ is a unital associative algebra, .# is a left module over the algebra .7, and « is
a bilinear .«7-valued form. All vector spaces are assumed to be over the field of complex
numbers, and the module structure is assumed to be linear in both arguments. Analogously,
the case of a right module over an algebra can be considered. Since .# now has the structure
of a complex vector space, equipping it with ternary multiplication yields a ternary algebra.
This ternary algebra will be denoted (., «, <) in the case of a left module, and (.#, B, #)
in the case of a right module. Thus, in the ternary algebra (.#, a, <), the multiplication
is given by Formula (33), and in the ternary algebra (.#, B, %), by Formula (35). The
associativity conditions for these ternary multiplications are given in (34) and (36).



Mathematics 2025, 13, 3894

15 of 22

We now present important examples of ternary algebras constructed in the spirit of the
ternary algebra (.#,«, o7 ). These are ternary algebras of rectangular matrices, which have
been studied in [14,16]. Let 91, ,, be the vector space of complex m x n matrices, and let M1,
be the algebra of complex square matrices of order m. It is clear that 9, , is a left module
over the algebra 91,,, where the left action of 9, on My, ,, is given by the standard matrix
multiplication of an m x m matrix on the left with an m x n matrix. A ternary multiplication
on My, , is defined either by the 9M,,-valued bilinear form a(X,Y) = XYT, or by the 9t,,-
valued conjugate-linear form a¢(X,Y) = XY, where X,Y € My, and YT = Y. In
the right-hand sides of these formulas, matrix multiplication, matrix transposition, and
complex conjugation are understood. Thus, on the vector space of rectangular matrices
My,n, we have two ternary algebras, denoted (M, n, &, M) and (M, 5, 2, My, ). In the
first algebra, the multiplication is given by the formula

X-Y-Z=XY"Z
and is trilinear, while in the second algebra the multiplication is given by
X-Y-Z=XY"Z

and is conjugate-linear in the second factor. Both ternary algebras are associative of the
second kind, which is readily verified by checking conditions (34) corresponding to second-
kind associativity.

A second important example of ternary algebras of the form (.#, B, %) is constructed
using ternary multiplications of cubic matrices. By a cubic matrix, we mean a collection of
complex numbers indexed by three natural numbers ranging from 1 to n. A cubic matrix
will be denoted by X = (X;jx), where the indices 7, j, k run from 1 to n. We refer to X as
a cubic matrix of order #n because it is often convenient to visualize it as a spatial lattice
whose nodes are occupied by the complex numbers X;j. The theory of cubic matrices, and
more generally, the theory of n-dimensional matrices, is not widely known. Fundamental
structures of this theory, such as rank, trace, and determinant, can be found in [19,20]. It is
clear that the set of cubic matrices of order n forms a vector space over the field of complex
numbers under entrywise addition and scalar multiplication. We denote the vector space
of cubic matrices of order n by .

For cubic matrices, ternary multiplication is a more natural structure than binary
multiplication. Ternary multiplications of cubic matrices, by analogy with the binary
multiplication of flat square matrices, can be described as a three-stage composition of
linear maps. Let C" be the vector space of n-dimensional complex vectors, and let 9t,, be
the vector space of complex square matrices of order n. Then a cubic matrix Z = (Zg) of
order n defines a linear map which maps a vector a = (a;) to a matrix A = (As,) via the
rule a = (a;) — A = (Zs ax). The next cubic matrix Y = (Y;sp) maps the square matrix
A = (Ag) toavector b = (by) = (YrspAsr). Thus, at this stage, we obtain a linear map
which maps a vector to a vector. To complete this chain and obtain a linear map which
maps a vector to a square matrix, we require a third cubic matrix, which, analogously to
the first step, maps a vector to a square matrix, i.e., B = (B;;) = (Xjjp by). This process can
be represented as a sequence of transformations

c —Zu o, X or X, (37)

Note that at the center of this sequence, that is, in the linear map which maps a matrix
to a vector defined by the cubic matrix Y, we have an alternative form given by b, = Y5y Ays.
Thus, we obtain the following ternary multiplications of cubic matrices
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(XY Z)ijk = Xijp Yesp Zsrkr (XY - Z)ijk = Xijp Yrsp Zrsks (38)
(X Y- Z)ijk = Xijp Yrsp Zsrks (X Y- Z)ijk = Xijp Yrsp erk (39)

where Yrsp stands for complex-conjugate of Y;s,. Obviously, the ternary products (38) are
C-linear and the ternary products (39) are their conjugate-linear counterparts. Now our
goal is to show that the ternary products (38), (39) are associative of the second kind and
define ternary algebras of the type (.#, B, #).

A cubic matrix can be conveniently represented as a collection of square matrices
of order n. Indeed, by fixing one of the three indices in the cubic matrix X = (Xijk),
for example, the last index k, we obtain a square matrix of order n whose entries are
indexed by i and j. Denote the resulting square matrix by X;). The cubic matrix X can
then be identified with the ordered set of n square matrices (X1), X(3), - - ., X(y)), which
we denote by X. Thus, X = (X(1y, X(2),- -+ X(n)) can be viewed as the analogue of an
n-dimensional vector whose coordinates are square matrices of order n. Analogously
Xt = (le), erz)' ey, ern) ). We will refer to a cubic matrix written in the form X as a matrix
vector. It is worth noting that the vector space of cubic matrices %}, is a right module over
the algebra of square matrices 9. Indeed, given a matrix vector X, the right action of a
square matrix A on X is denoted by X > A and is defined as the matrix vector whose rth
coordinate is the square matrix X(x) Ay, (with summation over k understood)).

Let Y, Z be cubic matrices, written in vector form as 17, 7. We now construct a square
matrix as follows: at the intersection of the pth row and the kth column of this matrix stands
the trace of the product of the matrices Y(,,) and Z ;). The resulting square matrix is denoted
by Tr(YZ). Thus, we have a bilinear mapping 8 : €, x 6, — My, where B(Y,Z) = Tr(YZ).
Now the ternary multiplications in (38), (39) can be written in the form

X-Y-Z=XoTr(YZ), X-Y-Z=ZXoTr(Y'Z). (40)

On the right-hand side of these formulas, the second factor is a matrix. We can compute
the trace of this matrix, obtaining a complex number. In this way, we obtain two additional
ternary multiplications of cubic matrices, which take the form

X-Y-Z=XTe(Tt(YZ)), X-Y-Z=XTe(Tx(Y'Z)). (41)

In this case, the bilinear form B(Y,Z) = Tr(Tr(YZ)) or B(Y,Z) = Tr(Tr(Y'Z)) isa
C-valued form, and in the right-hand sides of Formula (41), it is understood that the cubic
matrix X is multiplied by the corresponding scalar. Note that the first form is symmetric and
bilinear, while the second is conjugate-linear in the first argument and linear in the second.

Having clarified the structure of the ternary products of cubic matrices, we can readily
prove their second-kind associativity. We will do this for the first ternary multiplication
given in Formula (40); the proof for the second is analogous. To establish second-kind
associativity, we show that the bilinear form  satisfies conditions (36) for the case of
second-kind associativity. Thus, we must verify that for arbitrary cubic matrices f(, 17, Z, \7,
the following identities hold:

BX,Y>B(Z,V))=B(X,Y)B(ZV), (42)

and
B(X>B(Z,V),Y) = B(V,Z) B(X,Y). (43)

The first identity follows immediately from the fact that the trace is a linear function.
Indeed, on the left hand side of (42) in the second argument of the form B, we have the
matrix vector Y, which undergoes a linear transformation by the square matrix 8(Z, V). By
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the linearity of the trace, the transformation matrix can be factored out to the right of the
form B, preserving the order of matrix multiplication and thereby proving identity (42).
The second identity follows from the linearity of the trace and the elementary identity
Tr(Z;)V(j)) = Te(Vj)Z(;)). This identity implies that permuting the matrix vectors in
Tr(Z, V) results in transposing the resulting matrix, that is,

(Te(Z, V)T = Te(V, 2).

This means that, by factoring the linear transformation f(Z, V) out of the form g to
the left, thanks to the linearity of the trace, and simultaneously interchanging the matrix
vectors Z, V, we obtain the matrix product on the right-hand side of identity (43). The
proof of these properties for the forms  appearing on the right-hand sides of Formula (41)
is even simpler, since in this case we are dealing with the multiplication of a cubic matrix
by a complex scalar. Therefore, properties (42) and (43) follow directly from the linearity
and conjugate-linearity of the forms.

5. Ternary w-Lie Algebras of Rectangular and Cubic Matrices

In this section, we study the structure of ternary w-Lie algebras whose ternary w-
commutator is constructed by means of the associative ternary multiplications described in
the previous section. We examine in detail the structure of the ternary w-Lie algebra of cubic
matrices of the second order. We will also use the following classification of 2-dimensional
ternary w-Lie algebras [11]:

Theorem 2. If F is a two-dimensional ternary w-Lie algebra, then it is isomorphic to one of the four
two-dimensional ternary w-Lie algebras given by their structure constants in the following table:

Number C%21 C%21 C%u C%lz
I 0 0 0 0
II 0 1 1 0
11 0 1 0 0

I\ 1 0 0 -1

We begin with the associative ternary algebra of rectangular matrices 9, ,,. The
vector space M, , is a module over the algebra of square matrices 9, of order m, and the
associative ternary multiplication is constructed either via the bilinear form « : 9, , ¥
My — My, or via the conjugate-linear form i : My, X My, 1w — My, where

a(X,Y)=XYT, hXY)=XxY"
The corresponding ternary multiplications on rectangular matrices take the form
X-Y-Z=aX,Y)Z=XYTZ, X-Y-Z=h(XY)Z=XY'Z

Consider the special case of the associative ternary algebra M, , with m = 1. In this
case, the elements of the algebra are row matrices, and the vector space of row matrices can
be identified with the vector space of complex n-dimensional vectors C". The bilinear form
« then takes the form

a(X,Y) = L XY, (44)
1
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while the conjugate-linear form i becomes the Hermitian inner product of n-dimensional
complex vectors, that is,
h(X/ Y) = Z Xi?i/
i

with X = (X1, Xa,..., Xn), Y = (Y1,Ya,...,Ys). Henceforth, the associative ternary algebra
of n-dimensional vectors with ternary multiplication defined via a will be denoted (C", «),
and the ternary algebra defined via the Hermitian inner product will be denoted (C", ).
The associative ternary algebra (C", ) can be employed in quantum theory, where it
provides a framework for treating state vectors and operators as indistinguishable objects.
In this setting, ternary multiplication replaces the action of an operator on a state vector
by a linear combination of state triplets combined through the ternary product (see the
discussion following Formula (25) and [13]). Following the terminology introduced in [13],
we will refer to the associative ternary algebras (C",a) and (C",h) as vector ternary
algebras.

The vector ternary algebra (C",«) is left-commutative. Therefore, to construct a
ternary w-Lie algebra we will use a “truncated” form of the ternary w-commutator

X,Y,Z) = a(Z,X)Y +wa(X,Y) Z+ @ a(Y,Z) X, (45)

where X, Y, Z € C". If we assume that « is an arbitrary nondegenerate symmetric bilinear
form, then we do not obtain a broader class of ternary w-Lie algebras. Indeed, in this case,
the ternary bracket (45) is C-linear and we can use linear complex transformations of the
basis of the space C" and by such a transformation a nondegenerate symmetric bilinear
form can be brought into the form (44). Thus we have only one ternary w-Lie algebra of this
type, which will be referred to as a vector ternary w-Lie algebra. The structure constants of
the ternary w-Lie algebra take the simplest form in the canonical basis e1, ey, . . ., e, where
the i-th coordinate of the n-dimensional vector ¢; is equal to 1 and all others are 0. In this
case we have a(e;, ¢j) = ¢;; and

Cl‘i?k = (Sik(s}n +w (51]5;:1 +w (S]k5;ﬂ (46)

Proposition 3. For any pair of distinct indices 1 < i,j < n the subspace spanned by the vectors
ej, ej is a subalgebra of the vector ternary cw-Lie algebra and this subalgebra is isomorphic to the
II-type algebra in the classification given in Theorem 2, that is, the ternary commutation relations of
this subalgebra have the form

[ei/ej/ei} = ejl [8]‘, €i, e]] = €.

Moreover, for any triple of distinct indices 1 < i, j,k < n we have only trivial ternary relations,
that is, [e;, ej, e] = 0. For any sequence of r integers 1 < iy < ip < ... < i, < n the subspace
spanned by the vectors e; , ej,, ..., e;, is a subalgebra of the vector ternary w-Lie algebra.

Associative ternary algebras of cubic matrices with ternary multiplications (38), (39)
provide a possibility for constructing a wide class of ternary w-Lie algebras. In this section,
we study the structure of the ternary w-Lie algebra of cubic matrices of the second order. As
an associative ternary multiplication of cubic matrices we will use the ternary multiplication
containing the trace of a square matrix, namely

(XY Z)ij = Xijp Yrsp Zok = X0 Tr(YZ). (47)

Fixing one of the indices of the cubic matrix X = (X;j), for example k, we obtain

a quantity with two indices, which we shall consider as a square matrix. Computing
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the trace of this square matrix for different values of the index k, we obtain the vector
(X111 + X201, X112 + Xo22). We shall call this vector the trace of the cubic matrix X with
respect to the first two indices and denote it by Tr; »(X). Similarly, the trace of a cubic
matrix with respect to the first and third indices is denoted by Tr; 3(X), and with respect to
the second and third indices by Tr; 3(X). From the structure of the ternary multiplication
of cubic matrices, the following statement follows:

Proposition 4. If the trace of each of the three cubic matrices X,Y, Z of order r with respect to the
first two indices is zero, that is, Tr1 2(X) = Tr12(Y) = Tr12(Z) = 0, then the trace of the ternary
w-commutator with respect to the first two indices is also zero, that is, Tr1 »([X, Y, Z]) = 0. Thus,
the cubic matrices of order v having zero trace with respect to the first two indices form a subalgebra
of the ternary w-Lie algebra of all cubic matrices of order r.

A cubic matrix X - Y - Z, which is the product of three cubic matrices X, Y, Z, inherits
the first two indices from the first matrix X. The ternary w-commutator is a linear combina-
tion of ternary products of cubic matrices, where the matrices X, Y, Z successively occupy
the first position. Since each of the cubic matrices has zero trace with respect to the first
two indices, we arrive at the statement of the proposition.

Proposition 5. If the trace of each of the three cubic matrices X,Y, Z of order r with respect to
every pair of indices is zero, that is, Try p(X) = Tr13(X) = Tr23(X) = 0 and the same conditions
hold for the cubic matrices Y, Z, then the trace of the ternary w-commutator [X,Y, Z]| with respect
to any pair of indices is also zero. Thus, the cubic matrices with trace equal to zero with respect to
any pair of indices form a subalgebra of the ternary w-Lie algebra of cubic matrices with zero trace
with respect to the first two indices.

The proof of this statement follows from the structure of the ternary multiplication of
cubic matrices and the structure of the ternary w-commutator.

Let M5 be the ternary w-Lie algebra of cubic matrices of the second order. The
dimension of the vector space of this algebra is 8, that is, dim 915 = 8. The subalgebra of
cubic matrices with zero trace with respect to the first two indices has dimension 6. We
denote this subalgebra by Ty. Thus, Ty C 95 and dim Ty = 6. The subspace spanned
by cubic matrices of the second order with zero trace with respect to any pair of indices
is a subalgebra of ¥y. We denote this subalgebra by ¥, and its dimension is 2. Thus,
we have a sequence of subalgebras T C Ty C 95, whose dimensions are, respectively,
2,6,8. In the space of cubic matrices of the second order we choose a basis in such a
way that the first two matrices Gy, G, generate the 2-dimensional subalgebra of cubic
matrices with zero trace with respect to any pair of indices T;. These matrices have the
form G; = —%Fl, Gy = —%Fz, where

0 -1 -1 0

ffffffffffffffffffffffffff
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It should be noted that in the figure, the faces of the cubic matrix parallel to the plane of
the page are ordered according to the third index. That is, the square matrix outlined with
bold lines has the elements (F1)111 =1, (F1)12l =0 (ﬁrst I‘OW), (Fl)le =0, (F1)221 =-1
(second row). The face parallel to it contains the elements of the cubic matrix with 2 as the
third index.

The following four cubic matrices Gz, G4, G5, G¢ complete the basis Gy, G, of the
subspace ¥; to a basis of the subspace T. These cubic matrices have the form

0 0 0 0
0 | —i 0 | —1
o | 0 ol 0
Z // 1 //
-2 0 2 0
Gs Gy
0 —1 0 -1
of 0 of 0
i 0 1 0
2 L
0 0 0 0
Gs Gs

The last two cubic matrices Gy, Gg complete the basis of the six-dimensional subspace
T to a basis of the entire space of all cubic matrices of the second order 915.

0 0 0 0

,,,,,,,,,,,,,,,,,,,,,,,,,,

Gy Gs

Let Gilsz’z/- .., Gik, where 1 < i; < ip < ... < i < 8, be an ordered set of cubic
matrices. The subspace of the space M; spanned by the cubic matrices Gil, Giz,. ..,G
will be denoted by (Gj,, Gj,, . . -,
subalgebras of the ternary w-Lie algebra of cubic matrices of the second order.

ik
G;, ). The following theorem describes all 2-dimensional



Mathematics 2025, 13, 3894

21 of 22

Theorem 3. 2-dimensional subspaces
(G3,Ge), (Gs,Gs), (G4, Gs), (Gs,Gs), (Gs5,Gr), (Ge, Gr), (G7,Gs)
are Abelian subalgebras of the ternary w-Lie algebra IN5. 2-dimensional subspaces
(G1,Ga), (G3,Ga), (G3,Gs), (G3,G7), (Ga,Ge), (Ga,G7), (Gs,Ge), (Gs, Gs), (Ge, Gs)

are subalgebras of the ternary w-Lie algebra 95 isomorphic to the II-type algebra in the classification
of 2-dimensional ternary w-Lie algebras.

Theorem 4. The ternary w-Lie algebra ¥y is a direct sum of two isomorphic three-dimensional
subalgebras (Gy, Gs, Gg) and (Gy, G3, Gy), that is,

To = (G2, G3, Gs) & (G, Gs, Ge).
The nontrivial ternary commutation relations of the algebra (G,, Gs, G4) are of the form

1g.,3 i

i

(G2, G3,Go] = 32G3+33G4/ [G3,G2,G3]—4\75G4,

(G2, Ga, Ga] = LG + oG (G, Ga, Ga] = ———G
2/4/2_323 324/ 4/2/4_4\/241

[G3, G4, G3] = Gy, [Gs, G3,G4] = Gg3,

i 3w i 3w

Gy, G3,Gy| = —=G3 — —=Gy, [G4,G3,Gy| = —=G3 — ——=Gq4.
(G2, G3, Gy4] 4\@34\@4[432] 2 T e

It follows from Theorem 2 that the ternary w-Lie algebra of cubic matrices of the
second order is the direct sum of four two-dimensional subalgebras, that is,

M5 = (G1, Ga) & (G3,Gya) @ (Gs, Gs) b (G7, Gs),

where the first three are isomorphic to the II-type algebra in the classification of 2-
dimensional ternary w-Lie algebras and the fourth one is Abelian.

6. Discussion

In this paper, we develop and investigate the structure of a ternary Lie algebra at
cube roots of unity. A ternary Lie algebra at cube roots of unity, or more briefly, a ternary
w-Lie algebra, can be regarded as a ternary extension of the concept of a Lie algebra.
Our approach differs from those of Filippov and Nambu in that the proposed ternary
bracket is not antisymmetric but possesses w-symmetry. As a consequence, the ternary
bracket does not vanish when two of its three elements are equal. However, if all three
elements are equal, the ternary bracket is equal to zero. The physical motivation for such
an extension of the concept of a Lie algebra comes from the ternary generalization of the
Pauli exclusion principle proposed by Kerner. This generalization states that in a quantum
system consisting of several particles, three particles with identical quantum characteristics
cannot coexist, whereas two such particles may coexist within the same quantum system.

In this paper, we also propose a method for constructing associative ternary multi-
plications, assuming that we are given a module over an algebra. The elements of this
module are regarded as states of a quantum system. In general terms, this method consists
of defining on a module an algebra-valued bilinear form and then constructing the ternary
multiplication of states as follows: using the bilinear form, we construct from two states
of the system an operator (an element of the algebra), and then act with this operator on
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the third state. In this way, the ternary multiplication provides a unified structure that
combines both the operators and their action on the states of the system.

Author Contributions: Conceptualization, V.A.; Methodology, V.A. and O.L.; Software, A.M.A_; Vali-
dation, A.M.A; Investigation, A.M.A. and O.L.; Writing—original draft, V.A.; Writing—review and
editing, AM.A. and O.L. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: No data were created.

Acknowledgments: We are grateful to Sergei Silvestrov, Ying Ni, Lars Hellstrom and German Garcia
for valuable discussions during the Workshop “Exploring the World of Mathematics III” held at
Malardalen University from 15 to 17 September 2025. We also express our gratitude to Chengming
Bai and Abdenacer Makhlouf for the fruitful discussion of our research and its relation to 3-Lie

algebras during the conference “Workshop on algebras and applications in mathematical physics”
held in June 2025 at the Chern Institute of Mathematics in Tianjin.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Nambu, Y. Generalized Hamiltonian mechanics. Phys. Rev. D 1973, 7, 2405-2412. [CrossRef]

2. Filippov, V.T. n-Lie algebras. Sib. Math. ]. 1985, 26, 879-891. [CrossRef]

3.  Bars, I; Giinaydin, M. Dynamical theory of subconstituents based on ternary algebras. Phys. Rev. D 1980, 22, 1403. [CrossRef]

4.  Bars, I; Glinaydin, M. Construction of Lie Algebras and Lie Superalgebras from Ternary Algebras. J. Math. Phys. 1979, 20,
1977-1993. [CrossRef]

5. Kantor, I.L. Models of exceptional Lie algebras. Sov. Math. Dokl. 1973, 14, 254-258.

6.  Abramov, V,; Kerner, R.; Le Roy, B. Hypersymmetry: A Z3-graded generalization of supersymmetry. J. Math. Phys. 1997, 38,
1650-1669. [CrossRef]

7. Abramov, V,; Kerner, R.; Shitov, S.; Liivapuu, O. Algebras with ternary law of composition and their realization by cubic matrices.
J. Gen. Lie Theory Appl. 2009, 3, 77-94. [CrossRef]

8. Kerner, R.; Lukierski, J. Internal quark symmetries and colour SU(3) entangled with Z3-graded Lorentz algebra. Nucl. Phys. B
2021, 972, 115529. [CrossRef]

9.  Kerner, R. Extended Z3-graded Lorentz symmetry and quark chromodynamics. Int. J. Mod. Phys. A 2022, 37, 2243013. [CrossRef]

10. Kerner, R. Ternary Generalization of Pauli’s Principle and the Z¢-Graded Algebras. Phys. At. Nucl. 2017, 80, 522-534. [CrossRef]

11.  Abramov, V. Ternary Associativity and Ternary Lie Algebras at Cube Roots of Unity. Axioms 2024, 13, 687. [CrossRef]

12.  Bremner, M.R.; Peresi, L.A. Ternary analogues of Lie and Malcev algebras. Linear Algebra Its Appl. 2006, 414, 1-18. [CrossRef]

13. Bruce, A.J. Semiheaps and Ternary Algebras in Quantum Mechanics Revisited. Universe 2022, 8, 56. [CrossRef]

14. Hestenes, M. A Ternary Algebra with Applications to Matrices and Linear Transformations. Arch. Ration. Mech. Anal. 1962, 11,
138-194. [CrossRef]

15. Zapata-Carratald, C.; Arsiwalla, X.D.; Beynon, T. Heaps of Fish: Arrays, generalized associativity and heapoids. arXiv 2022,
arXiv:2205.05456. [CrossRef]

16. Carlsson, R. Cohomology of associative triple systems. Proc. Am. Math. Soc. 1976, 60, 1-7. [CrossRef]

17.  Wagner, V.V. A ternary algebraic operation in the theory of coordinate structures. Dokl. Akad. Nauk SSSR 1951, 81, 981-984.
(In Russian)

18.  Wagner, V.V. The theory of generalized heaps and generalized groups. Mat. Sb. 1953, 74, 545-632.

19. Gelfand, LM.; Kapranov, M.M.; Zelevinsky, A.V. Discriminants, Resultants, and Multidimensional Determinants; Birkhduser: Boston,
MA, USA; Basel, Switzerland, 1994.

20. Sokolov, N.P. Three-Dimensional Matrices and Their Applications; Gosudarstvennoe Izdatel’stvo Fiziko-Matematicheskoi Literatury:

Moscow, Russia, 1960. (In Russian)

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1103/PhysRevD.7.2405
http://dx.doi.org/10.1007/BF00969110
http://dx.doi.org/10.1103/PhysRevD.22.1403
http://dx.doi.org/10.1063/1.524309
http://dx.doi.org/10.1063/1.531821
http://dx.doi.org/10.4303/jglta/S090201
http://dx.doi.org/10.1016/j.nuclphysb.2021.115529
http://dx.doi.org/10.1142/S0217751X22430138
http://dx.doi.org/10.1134/S1063778817030115
http://dx.doi.org/10.3390/axioms13100687
http://dx.doi.org/10.1016/j.laa.2005.09.004
http://dx.doi.org/10.3390/universe8010056
http://dx.doi.org/10.1007/BF00253936
http://dx.doi.org/10.48550/arXiv.2205.05456
http://dx.doi.org/10.1090/S0002-9939-1976-0430026-X

	Introduction
	Ternary Lie Algebra at Cube Roots of Unity
	Ternary Associativity, Ternary -Associator and Ternary -Commutator
	Construction of Semiheaps and Associative Ternary Algebras
	Ternary -Lie Algebras of Rectangular and Cubic Matrices
	Discussion
	References

