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Abstract

This paper investigates a multi-period investment problem in which an investor revises
investment decisions at the beginning of each period. The objective is to maximize expected
terminal wealth while simultaneously minimizing risk. This study quantifies risk using
a dynamic risk function grounded in the minimax risk diversification principle. A key
feature of the model is its flexibility: in each period, the investor constructs the risk function
using either standard deviation, absolute deviation, or lower semi-absolute deviation,
thereby accommodating diverse risk preferences. By employing dynamic programming,
analytical solutions for the optimal investment strategy are derived. These solutions
explicitly demonstrate the strategy’s dependence on the expected return rates of risky
assets and the investor’s risk tolerance.

Keywords: deviation measure; portfolio selection; risk management; dynamic programming

MSC: 91-10

1. Introduction

Portfolio selection is the process of allocating wealth to a set of assets to achieve the
best possible trade-off between expected return and risk. The mean-variance model, intro-
duced in Markowitz’s seminal work [1], established the foundation of Modern Portfolio
Theory and later earned its author the Nobel Prize. Nevertheless, the practical application
of the mean-variance model to large-scale portfolios remains limited, despite its theoretical
acclaim. The formidable computational complexity of solving large-scale quadratic pro-
gramming problems is a major obstacle (see Leung et al. [2] and Sun et al. [3]). The size
of the covariance matrix grows quadratically with the number of assets, creating a dense
structure that imposes significant computational costs.

To alleviate the computational challenges, Konno and Yamazaki [4] introduced the
mean-absolute deviation model, which replaces the quadratic objective with a linear one.
An advantage of this linear programming is that the resulting optimization problem is
computationally tractable and its implementation is analogous to that of the mean-variance
model. Guided by the concept of absolute deviation for risk measurement, Cai et al. [5]
introduced a minimax risk function for a no-short-selling portfolio. By exploiting the
special structure of this risk function, they derived explicit analytical solutions for the
optimal portfolios, thereby enabling the entire efficient frontier to be plotted. Extending
absolute deviation, Rockafellar et al. [6] introduced the generalized deviation measure.
Meng et al. [7] then leveraged this measure to generalize the risk function of Cai et al. [5],
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formulating a portfolio model that allows for short selling. They also obtained closed-form
solutions for the efficient frontier and optimal portfolios.

The aforementioned models are all predicated on a single-period investment horizon.
However, portfolio strategies are typically multi-period in practice. This is because con-
temporary financial decisions require models that reflect an interdependent and complex
reality. Over longer investment horizons, economic conditions can change significantly,
necessitating periodic portfolio rebalancing in response to these shifts. Consequently,
extending the single-period portfolio selection framework to a multi-period setting is a
natural progression.

Mossin [8] pioneered the use of dynamic programming for optimal multi-period
portfolio selection. Li and Ng [9] applied this approach to the mean-variance formulation,
deriving analytical expressions for the optimal strategy. Building on this, Yu et al. [10-12]
generalized the model of Cai et al. [5] to a multi-period framework where an investor
maximizes terminal wealth while minimizing total risk, defined as the sum of each asset’s
maximum absolute deviation over time. They also derived a closed-form optimal policy
via dynamic programming.

Building upon the multi-period framework established by Yu et al. [10], this paper
seeks to extend the model of Meng et al. [7] into a multi-period context. The primary
contributions are threefold. First, in contrast to the single-period model in Meng et al. [7]
and the multi-period models with uniform risk measures in [10], our framework introduces
a flexible risk structure. This allows investors to select a specific deviation measure, such as
standard deviation, absolute deviation, or lower semi-absolute deviation for each period,
enabling a more dynamic and personalized approach to risk management. Second, by
leveraging dynamic programming, we derive a general closed-form solution for the optimal
investment strategy. This analytical result not only simplifies implementation but also
provides clear insights into how the strategy is influenced by the assets” expected returns
and the investor’s risk tolerance. Third, we provide explicit necessary and sufficient
conditions for the risk tolerance parameter A, which guarantee the existence of an optimal
solution.

It is important to position our multi-period model within the context of dynamic risk
measures. Extending the multi-period framework of Yu et al. [10], our model employs an
additive-in-time deviation function and is therefore not time-consistent, unlike dynamic
coherent risk measures (see Feinstein and Rudloff [13] and Valladao et al. [14]). This
represents a conceptual limitation. However, our model maintains a simpler structure that
is highly analytically tractable, enabling the derivation of closed-form solutions.

The rest of this paper is organized as follows. Section 2 introduces a multi-period
investment problem with n risky assets, formulating it as a bi-objective optimization
problem and defining the risk function and deviation measures for the analysis. Section 3
derives an analytical solution to the bi-objective optimization problem by applying dynamic
programming, yielding a closed-form expression for the optimal investment strategy.
Section 4 concludes this paper.

For a random variable X, we denote by E(X) the mathematical expectation of X
throughout the paper. The space £2(Q) = £2(Q, F, P) is the set of all random variables
defined on the probability space (Q, F, P) for which the second moment is finite, i.e.,

£2(Q) = {x 10— R|E[X] < oo}.

In particular, the space £2(Q) contains all constant random variables, X = C. The letter
C will always stand for a constant in the real numbers R, and any (in)equalities between
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random variables are to be viewed in the sense of holding almost surely. We adopt the
notion that
X = Xy — X_ with X; = max{0,X}, X_ = max{0, - X},

and
1 ifa>0,
sgn(a) = 0 ifa=0,
-1 ifa<O.

2. Notation and Problem Formulation

This paper examines a multi-period investment problem in a market with n risky
assets. An investor begins with an initial wealth Vj at time t = 0. The investor is then
permitted to revise his/her investment decisions at the beginning of each subsequent
period for a total of N — 1 revisions, achieving a terminal wealth Vy at the end of the N-th
period.

At the beginning of each period, the n risky assets are sorted by ascending expected
return rates. Let S;; denote the asset with index j at time ¢. For this asset, we denote by
xt; € R the investment allocated at the beginning of period ¢, and by R; ; its random return
rate over that period. For notational convenience, we define the following vectors:

Rt - (Rt,l/ Rt,Z/ ey Rt,l’l)Tr Ty = (rt,ll rt,ZI ey rt,’rl)T Wlth rt,j = E(Rt,j)/
aswell as xy = (X1, X4 2, .. xtp)Tande = (1,...,1)T € R™

Assumption 1. The expected return rates are strictly ordered, i.e., 111 <112 < ... < Tty forall
t=1,2,...,N.

Remark 1. Following Meng et al. [7], Assumption 1 is necessary to define the trading strategy of
shorting lower-return assets to fund higher-return ones. The model is robust to estimation errors,
provided they do not alter the underlying ranking of the assets.

Let V; be the total wealth at the end of period ¢, then
Vi=V,_1+Rlx;, t=1,2,...,N. (1)

Because no money is added to or withdrawn from the market during any period. The
self-financing condition is satisfied, i.e.,

xfe=V,_y, t=1,2,...,N. 2)

To ensure the problem’s feasibility and avoid bankruptcy, we impose the condition that the
investor’s wealth is strictly positive at all times. Formally, we require

V>0, t=01,2,...,N.
The risk function in period t for portfolio x; is given by

wi(xt) = g\jag); D(xtjRy ). 3

It is the general I risk function introduced in Meng et al. [7], and D(X) is the general
deviation measure of random variable X in the sense of [6]:
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Definition 1. A deviation measure is a function D : L2(Q) — [0, oo] that satisfies

(D1) D(X+ C) = D(X) for all X and constants C,

(D2) D(0) = 0and D(AX) = AD(X) forall X and A > 0,
(D3) D(X+ X') < D(X)+ D(X') forall X and X',

(D4) D(X) > 0 for all X, with D(X) > 0 for nonconstant X.

Due to the axiom (D2) of D, we have

x,iD(Ry ;) if x;j >0,

D(xt iRy i) =
GriRes) {xt,jD(Rt,j) if x;j < 0.

The following deviation measures are selected for their applicability to our model and their
prevalence in existing academic literature.

(@) The standard deviation D(R; ) := \/E(E(Rt/]-) — R )%

(b) The absolute deviation D(R; ;) := E(|R;; — E(Ry)|);
(c) The lower semi-absolute deviation D(R; ;) := E(E(Ryj) — Ry j)+-

The deviation measures in (a)—(c) are symmetric with respect to positive and negative

returns, satisfying D(R; ;) = D(—R; ;) for all j.
Remark 2. Let g := D(Ry;;) = D(—Ry ), then the Equation (3) can be rewritten as

wi(Xy) = max maxi{ X e, —Xpifeir. 4

t( t) 1252 { t,jqt,i t,]EIt,]} 4)
By preserving a linear framework, this risk function enables the efficient solving of portfolio opti-
mization models. Moreover, due to axiom (D3) of D, we have

n n
D (Z xt,th,j> < Z D(xt,th,j) < nwt(xt).
j=1 =1

]

This indicates that when wy(x;) is small, D(Z}’zl xt,th,j) will also be relatively small.

It is instructive to compare our proposed risk measure w;(x;) with established bench-
marks like variance and Conditional Value at Risk (CVaR). Variance requires a quadratic
framework and a full covariance matrix, which is computationally prohibitive for large port-
folios. CVaR, while coherent, is computationally intensive and typically lacks a closed-form
solution. In contrast, w¢(x;) preserves a linear structure that, as noted in Remark 2, is key to
efficient solving and a closed-form solution. It must be acknowledged that our risk measure
wi(xt) does not account for inter-asset correlations. However, this simplification is what
makes our method particularly suitable for large-scale problems where the computation of
a full covariance matrix or CVaR is prohibitively expensive.

The total risk incurred by the investor at the end of period t, denoted by W; for
t=0,1,...,N, evolves recursively according to

Wt:Wt,1+wt(xt), t:1,2,...,N. (5)
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subject to the initial condition Wy = 0. The problem of a risk-averse investor, who aims to
maximize expected return while minimizing risk, is naturally formulated as a bi-objective
optimization problem as follows:

minimize (Wn, —E(WN))

subject to Vi=Vi1+Rlx, t=1,2,...,N,

(6)
Wi =Wi_1 + 1?%)(71 max{xt,th,]-, —xt,th,j}, t=1,2,...,N,
xtTe =Vi_1, t=1,2,...,N,
or equivalently
minimize (Wn, —E(WN))
subject to Vi=V,1+Rlx, t=12,...,N,
Wt:Wtfl—i_yt/ t:1/2/"-/N/
7)

Ye— X4t > 0, ji=L.,2,...,n,t=12,...,N,
yi+xq; >0, j=1,2,...,nt=12..,N,
xfe=V,y, t=1,2,...,N.

Remark 3. Problem (6) is equivalent to problem (7) in the following sense:

(1) If (X*, ) is an efficient solution of problem (7), where X* = (x},x3,...,x};) and Y* =
(Y5, Y3, -, Yy ), then X* is an efficient solution of Problem (6);

(2) If X* = (xj,x3,...,x5) is an efficient solution of Problem (6). Then (X*,Y*)
is an efficient solution of problem (7), in which Y* = (y3i,v3,...,yx5) with yi =
lrgjagxn max{xt,]-qt,j, fxt,th,]-}.

3. Analytic Solution

In this section, an analytical solution to problem (7) is derived using the dynamic
programming approach. For a given parameter A € (0, +0), the following parametric
optimization problem is considered:

minimize AWN —E(Vy)

subject to Vi=V,1+Rlx, t=12,...,N,
Wi =Wi1+y:, t=12,...,N,
yt—xt/]«qt,jzo, ji=L.,2,...,n,t=12,...,N,
yt+xt,th,j20, ji=.,2,...,n,t=12,...,N,
xfe=Viq, t=12,...,N,

where A > 0 represents the investor’s risk tolerance. A higher value of A corresponds to
a lower tolerance for risk. Since problem (7) is a bi-objective convex program, a portfolio
(X*,V*) is efficient for it if and only if there exists a A > 0 such that (X*, )*) is also an
efficient portfolio for problem (8), see [15].
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Remark 4. A practical method for calibrating A is through a risk tolerance questionnaire, which
maps an investor’s profile to a quantitative value. A more formal alternative is to select A such that
the expected risk E[Wy| respects a given risk budget, or to achieve a target risk-adjusted return
ratio like (E(Vyn) — Vo) /E(Wy).

Owing to its specific structure, problem (8) is amenable to dynamic programming.
Through this approach, a closed-form optimal solution is obtained using backward induc-

tion. Define
fN(WN/ VN) = )LWN — VN/

and
ftfl(wtfl, thl) = mir;imizeE[ft(Wt, Vt)}, t= 1, 2, ey N.
tYt

The following notations will be used throughout this paper:

1:={1,...,n},

I (a) :=={jel|r;>a},
P(a)i={j € 1| n) = al,
I (a):={je€l]|r;<a}.

We define g; : R — R by

tei—a a—rgj
gia)=y “L—+ y —4, ©)
jerr@) Tt jer(a) b

and A; € R"™* (1) by

1/q¢1 /97 —Vqn ... —1/q7 —1/q:7
1/q¢2 1/g:2 —1/q:0 ... —1/4:2 —1/q:2
1/ 1/ 1/ - -1/ -1/
A — 7:?,3 7t,3 7t,3 .qt,3 .Qt,S (10)
/-1 Vgu—1 1qgw—1 ° —1/qu—1  —1/Gen—1
1/‘]t,n 1/‘7t,n 1/¢7t,n T 1/‘7t,n —1/17t,n

Let matrix A; be partitioned by its columns as A; = {txm, Kto,.. ., “t,(n+1)] , where each Xy
is a column vector. Moreover, we define:

mt = max{j € I|zije > O}, (11)

and
my = min{j € Iafje < 0}. (12)

The following lemma is instrumental to our analysis and follows directly from the
definition of g and Lemma 3.1 in Meng et al. [7].

Lemma 1. g; is a continuous piecewise linear convex function with
T .
ge(re1) +aj e(rin—a) ifa<ryy,
T .
St(rex) + o‘t,ke<rt,k —a) ifryge <a<ry,

4T .
— ifa>rip.

=1 4t
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Moreover, the function g; is strictly decreasing on the interval (—co,r,, +], constant on
7t

[”t,mjrr Tm |, and strictly increasing on [rt/m;, +00). Consequently, it attains its minimum value

on the interval [rt,m?, rt,m;}.

Assuming that Wy_1 and Vy_; are known, we first consider period N. Thus,
E[fn(WN, VN)] = AWN — E[Vy]
= A(Wn-1+yn) = (VN1 + 7).
Consequently, problem (8) can be reformulated as follows:
minimize E[fN(WNr VN)] = /\(WN,1 +yN) — (VN,1 + r{lxN)
subject to YN — XNjqN,j = 0, j=12,...,n,
(13)

YN+xnjn,; 20, j=12,...,n,
x{,e = VN—l-

The optimal solution to problem (13) is provided in the following lemma. The proof is
analogous to that of Theorem 3.1 in Meng et al. [7] and is therefore omitted.

Lemma 2. The problem (13) has a nonempty optimal solution set if and only if A > gN(rN’mE )-
Meanwhile, for any fixed A € [gN(rN,mK] ), +00), an optimal solution to problem (13) is given by

XNk

* AN *

xN:VN—l T 7 yN:VN—l T ’
DCN,kNE ochkNe

where ky € {1,2,...,n+ 1} is determined as follows:
(a) inthecaseof gN(rn1) < A < +o0, ky =1;
(b) in the case ong(rN,jo) <AL gN(rN,jO,l)for some jy € {2,--- ,m;\f,}, kn = jo.

Remark 5. The condition A > 8N(rN,m;, ) is necessary for the problem to be bounded. If A falls
below this threshold, the weight given to risk is too small, and the investor is motivated to take on
extreme risk positions for higher return, leading to an unbounded linear program.

Substituting the optimal solution from Lemma 2 into the objective function yields:

fN-1(WNn-1,VN-1) = minimize E[fN(Wn, V)]

XN/YN

= AWn-1+y3) — (Vo1 +1ixy)
= AWn_1 — Vn-1(1 +anby — Aan),

where
1
aN = T

T
, bN = rNIXN,kN .
ocN,kNe

Furthermore, let cy41 = 1 and

cn = cn41(1 4 anby) — Aay,

then
N1 (W1, VN-1) = AWN_1 —en V-1
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Proceeding to period N — 1, and assuming Wy _5 and Vy_; are known, it follows that

fn-2(WN-2,VN-2) = minimizeE[fy_1(Wn-1, VN-1)]

XN-1,YN-1

= minimize[AWN_l —CN E(VN—l)]
XN-1YN-1

= minimize [A(WN,Z + nyl) - CN(VNfZ + 1’}\"[71961\[,1)] .
XN-1,YN-1

The problem to be solved is as follows:

minimize

subject to

E[fn—1(Wn_1, VN-1)] = A(Wn_2 + yn—1) — en(Vn—2 + 7L _1xn-1)
]/N—l_fol,‘q Nfl"ZO, j:1,2,...,1’l,

( )4( )i (14)
nyl + x(N_l),jq(N_l),j 2 O/ ] = 1/ 2/ e n,

T —
Xn_1€ = VN,Q.

A detailed proof of the subsequent theorem is presented in the Appendix A.

Theorem 1.

(1)

Ifcy =0, then

&(N-1)1 1
* 7 *
AN-1= VN72706T o’ YN—1 = VN?zisz p

is an optimal solution to problem (14).

(2) Ifcn # O, then the problem (14) has a nonempty optimal solution set if and only if A >
IN-1 (”(Nfl),mtl ). Meanwhile, for any fixed A € [gN,1(r(N71),mI]71), +00), an optimal
solution to problem (14) is given by

T
Xt =V X(N—1) kn1 oy sgn (“(Nfl)/kN—le)
N-1 — N_21XT e/ yN—] — VN-2 IXT B 7
(N=1),kn—1 N-1)kn-1
where ky_1 € {1,2,...,n+ 1} is determined as follows:
(i) in the case of cy > 0 with gn—1(r(n—1)1) < & < 400, ky1=1;
(i) in the case of cn > 0 with gn—1(r(n—1),) < ﬁ < gN-1(r(n=1),jy—1) for some
jO € {21 e 'ml—G—l}' kN—l = jO;
(iii)  in the case of cn < O with gn—1(r(N—1),n) < (—%) < 400 k1 =n+1;
(iv)  in the case of oy < O with gn—1(r(n-1),j,—-1) < (—%) < gn-1(r(n=1),) for
some jo € {my_,+1,---,n}, kn_1 = jo.
Substituting the optimal solution from Theorem 1 into the objective function yields:
fn-2(WN-2,VN—2) = minimizeE[fn_1(Wn-1, VN-1)]
XN-1/YN-1
= AMWn-2 +yx_1) = en(Vv—2 + {1 x5 1)
= AWn_2 — Vn_2(en(1 +an—1by-1) — Aan—1sgn(an—1))
=AWN-2—cN-1VN-2,
where
1 T
AN-1= s N1 =g TN

« e
(N=1)kn-1
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and
en-1 =cn(1+an-1by-1) — Aan_1sgn(an—1)-
For a general period t =1,2,...,N — 1, if we define
fr(Wg, Vi) = AWt — ¢4 Vs,
then,

fie1(Wiq, Viq) = mir}}tiryr}izeE[ft(Wt, Vi)

Assuming W;_1 and V;_; are known, it follows that

fi—1(Wi—1,Vi—1) = minimize E[f;(W;, V})]

Xty
= minimize[AW; — ¢;11 E(V})]
Xt/ Yt
= mir;irynize A(Wi1 +yi) — e (Vier +1f xp)].
t/Yt

The problem to be solved is as follows:

minimize E[fi(Wi, Vi)] = A(Wi—1 + 1) — cry1 (Vi1 + 1T xp)
subject to Ye—x4jq:; >0, j=12,...,n,
(15)
yet+x1q:; >0, j=12,...,n,

xtTe =Vi_q.

This problem is solved analogously to Theorem 1, by replacing Viy_» with V;_1, (1),
with q; ;, and ey with ¢;1.

Theorem 2.

(1)

(2)

Ifcipq =0, then
* (L3 *
xi = Vi1 ——, =Vi1—,
t t 1zx£1e Yt t 1zlee
is an optimal solution to problem (15).
If c;11 # O, then the problem (15) has a nonempty optimal solution set if and only if
A > g(r, mﬂ' Meanwhile, for any fixed A € [g(r, m?), +c0), an optimal solution to
problem (15) is given by

T
* Xtk * s3n (Dét'kfe>
Xy = ‘/t,l T ’ yt = thl T ’
t k€ Kip,C

where ky € {1,2,...,n+ 1} is determined as follows:
(i) in the case of c;1 > 0 with g¢(r;1) < ﬁ < +o00, ki = 1;

(i) inthecaseof cyy1 > Owith g¢(ry ) < ﬁ < gt(rejy—1) forsome jo € {2, ,m;},
ki = jo;

(i) in the case of cry1 < 0with s(rin) < (=2 ) < +oo ki =n+1;

(iv)  in the case of crr1 < 0 with gi(ryj—1) < (—ﬁ) < gt(ryj,) for some jo €

{m;—i_l/ /n}/kt:jO‘
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From the analysis above, it follows that for t =2,3,...,N,

fie1(Weeq, Vi) = mirgryrtlize E[f:(W:, V1)]
= AWi1 +y;) — o1 (Vi +1{ xf)
= AWi1 — Vi1(crp1(1 + atby) — Aarsgn(ar))

=AW — Vi,

where
1 T
ﬂt - T 7 bt - lxt,ktrt/
@y e
and

et = cpr1(1 4 arby) — Aagsgn(ay),

with the terminal condition cy1 = 1. Here, the index k; is determined by Theorem 2.

To enhance the clarity and applicability of our method, we present a pseudo-code at
the end of this section (Algorithm 1), which details the computational procedure for the
optimal solution.

Algorithm 1 Multi-Period Portfolio Optimization via Backward Induction

Input: Horizon N; Fort =1,..., N: sorted returns r;, deviations q;; Parameter A.
Output: Optimal strategies {x; }N, {y;}V .

1: Initialization: cn41 < 1. Precompute g¢(-) and Ay = [as1,..., &t pi1]-

2: Backward Pass:

3: fort = N downto 1 do

4: /I Determine index k; per Theorem 2

5: if ¢;1 1 = 0 then

6: ki + 1.

7: else if c; ;1 > 0 then

8: Find jo s.t. g¢ (7)) < Ct)‘? < 8t(rtjy—1); kt < jo (or 1).

9: else >cpp1 <0
10: Find jo s.t. g¢(7jy—1) < —ﬁ < 8t(r1jy); ke < jo (or n +1).
11: end if
12 /I Update coefficient
13: a + ﬁ; oo (1+ ataczktrt) — Aag - sgn(ay).

14: end for t

15: Forward Pass:

16: fort =1to N do ;

Xpj, B sgn(uct,k e)
: 7 yt — ‘/t—l ,XT et
bk

17: xf— Vg

IXT e
Lk

18: end for

19: return {x; }, {y;}.

Remark 6. In view of Equations (1) and (5), if the investor allocates his/her wealth according to the
optimal strategy from Theorem 2, the expected value of the terminal wealth is

N al 1
E(Vy) = V0H<1+ }’”)

=1 Rtk ©
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and the total risk borne by the investor at the end of period N is

N sqn(al e
Wy :ZE(th)g(t’kt)

T
=1 Kk, €
T T
sgn (a1 ' e) N sgn ("‘tk e)
M1 At
=Vo——=+ Y EVi)——+
al e al e
1,k1 t=2 t,kf
T
iy sgn (“uqe) N sgn( ) -1 lkl
T ) Vo ol al '
1k, =2 b€ =1 1k €

4. Conclusions

In this paper, we addressed a multi-period investment problem by developing a
flexible and dynamic framework for decision revision. We quantified risk using a dynamic
function based on the minimax diversification principle and derived analytical solutions for
the optimal strategy via dynamic programming. The results demonstrated that the optimal
investment decisions were systematically dependent on the assets” expected return rates
and the investor’s risk tolerance. The flexibility of the model is a notable feature, as it may
allow for the accommodation of diverse investor preferences by incorporating different
deviation measures.
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Appendix A

This appendix contains the proof of Theorem 1. The proof strategy leverages the
fact that problem (14) is a linear program, for which the Kuhn-Tucker conditions provide
necessary and sufficient optimality criteria. Consequently, the proof reduces to finding a
Kuhn-Tucker point that satisfies these conditions.

Proof. For the case of cy = 0, the Lagrangian for problem (14) is defined as
n
L(xny-1,yN-1,%,0,T) = AWn_2+yn-1)+ ) ui(X(n-1),/9(N-1),; — YN-1)
j=1

ZU] X(N-1),j9(N-1),j — YN-1 +T<ZX(N 1), — VN- 2)

j=1
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The Kuhn-Tucker conditions conditions for the optimal solution (x};_;,¥x_;) of the para-
metric problem (14) are then given by:

n

Y x(n-1); = N2, (AT)
=1
oL n,ox
=A—=) ui—) v;=0, (A2)
OYN-1 ]; / ]; /
Additionally, foreach j =1,...,n:
oL
—— = Ui(N_1); — Vi9(N-1); T T =0, A3
1), JAN=1),j ~ UjA(N-1),] (A3)
YN-1 = 4(N-1),;X(N-1),; = 0, (A4)
ui(yn—1—qn-1),j*n-1),j)) =0, (A6)
YN—1+qn-1),%n-1); = 0, (A7)
0j(yn-1+q9(Nn-1),XN-1),)) =0, (A9)

where (1,0, T) € R" x R" x R denotes the vector of Lagrange multipliers.

Firstly, the constraints (A4) and (A7) imply that yy_1 > 0. To prove this, assume
to the contrary that yy_1 < 0. From the inequalities yn_1 — q(x_1)j¥(v-1); = 0 and
ynN-1+ q(Nfl),jx(Nfl),j > 0, it follows that q(Nfl),jx(Nfl),j < 0 and q(Nfl),jx(Nfl),j > 0.
This implies that x(yy_1); = Oforall j = 1,...,n, which contradicts Equation (A1).

Secondly, from Equation (A6), we have ujvjyn—1 = u;jvjq(N_1),%(N-1),, while from
Equation (A9), it follows that ujvjyn—1 = —u;vjq(N_1),;%N-1),;- Combining these two
results yields:

MjU]' =0. (AlO)

Furthermore, from Equation (A3), we have

Hq(N-1)/5(N-1),j ~ OAN-1)/¥(N-1),j T TX¥N-1), = 0,
which is equivalent to
UjYN—1 T OYN-1 + TX(N-1),j = 0,

Combining this with Equations (A1) and (A2), we can deduce that

AYN-1
T=— < 0.
VN2

Therefore, substituting this result for T back into Equation (A3) yields

Vi(N-1),j ~ #i(N-1),5 < O (ALD)

Combining Equations (A10) and (A11), it follows that forall j =1,...,n, u; > 0 and v; = 0.
Therefore, substituting these results into Equation (A6) yields

YN-1 ‘
d(N-1),j

Y(N-1),j =
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Finally, Equation (A1) implies the following explicit expression for yy_1:

VN_2 VN2

YN-1 = - '
=1 1/q(n-1) "‘(TN71),1‘3

For the case of ¢y # 0, the Lagrangian for problem (14) is defined as

n

L(xny-1,yN-1,4,0,T) = AWn_a+yn-1) —eN(VN—2 +r§_1xn-1) + Y ui(X(n-1),j9(N-1),; — YN-1)
=

n n
+ ) 0(=X(n_1),jA(N-1) —YN-1) + T <Z X(N-1),j — VN—2> ’
j=1 =1

At this point, the Kuhn-Tucker conditions for the optimal solution (x}_;,y5_) of the

parametric problem (14) are composed of Equations (A1), (A2) and (A4)—(A9), along with
the following condition, which must hold forall j =1,2,...,n:

oL

733((1\[,1),]‘ = —CNT(N-1), + Uiq(N-1),j — Ujd(N-1),j +T1=0. (A12)

We partition the index set I = {1, - - - ,n} into the following four disjoint subsets:

Iﬁtl = {] | u]- > 0,7)]' > 0},

10, == {j | uj>0,0; =0},

I ={j|uj=0,0; >0},

N—1 = {] | Ll]' = O,Uj = 0}.

Also, the constraints (A4) and (A7) imply that yny_1 > 0. This leads to the conclusion
that I, = @. Otherwise, assume jy € I};*;. Equations (A4)—(A9) then imply yn_1 —
AN-1),joX(N-1),jo = 0and yn—1 + q(n_1) j;X(N-1),, = O, which in turn gives x(y 1), =0
and thus yn_1 = 0. This is a contradiction. Therefore,

I=1° U UL ;.
Letj € I} ,. It follows from (A5) and (A6) that

YN-1 = 4N-1),¥(N-1), = 0-

Consequently,

YN-1
X(N_1) i = > 0. (A13)
NV g,

Applying (A12) also yields —cn7(n_1); + #jq(n-1),; + T = 0. From this, we obtain

CNT(N-1); — T

u]- = >0,
d(N-1),j

so it must be that cx7(y_1); — 7 > 0.
Letj € I3 . It follows from (A8) and (A9) that

Yn-1+q(N-1),/X(N-1),j = 0.

Consequently,

X1y, = — 2L <o, (Al4)

d(N-1),j
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Applying (A12) also yields —cn7(n_1); — vjq(n—1),j + T = 0. From this, we obtain
T—CNT(N—_1) i
v, = N'(N-1),j >0,
q(N-1),j
so it must be that T — cnr(y_1); > 0.
Letj € I . It follows from (A4) and (A7) that
Yn-1 < YN-1
— 2T xS
dn-1,; T g,
This can be rewritten as
YN-1
X(N-1); = O(n-1), , (A15)
(N-1),j = ¥ 1)]q(N71),],
where —1 < 6(yy_1),; < 1. Applying (A12) also leads to —cn7(y_1); + T = 0.
Based on the preceding discussion, (A1) and (A2) can be rewritten as
1 OnN_1); -1 Vn—
Loy e D M2 (A16)
jeril, q(N-1),j jerd d(N-1),j jeldt qN-1),j  YN-1
and CNT T T —CNT
A= N'(N-1), i Z N (Nfl),]/ (A17)

q(N-1),j q(N-1),j

T30 10
jerii’y jet,

0

respectively. Here, the constants 6 y_1); € [-1,1] forj € IIQ] 1 are chosen to satisfy (A16).

When cn > 0, the three sub-indicator sets mentioned above can be rewritten as:

0 g+ () 0 _ 0 TN oo+ o= (1)
N-1~ IN-1 (CN #IN=1L TN o) NS TN

Then, by combining (10) and (11), there exist 6(y_1),; € [-1,1], j € I | such that the in-
equality on the right-hand side of (A16) holds if and only if % S N Yt Furthermore,
Equation (9) allows us to rewrite (A17) as

N (T> =2 (Al5)

CN CN

According to Lemma 1, for % € (—oo, r(Nfl),mKH}' Equation (A18) has a solution if and

only if % > gN-1 (r( N—l),mﬁ,l)‘ The lemma also yields the following chain of inequalities
for this interval:

0 <gna(rN_aymf ) <EN-10Tn_1ymy 1) <o < 8N-1(r(v—1)1) < Foo.

In case (i), the equality gN,l(%) = & > gn-1(r(n—1)1) yields % < riN—1)1-

Consequently, Iﬁfl (%) U 1%71 % ={1,---,n} and 11?171(%) = @. Furthermore,
Equations (10), (A13), (A15) and (A16) imply that
&N-1)1 1
XN = VN—zjgi)/ Yn-1 = VN2,
&(N-1)1° X(N-1)1°

is an optimal solution to problem (14).
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In case (ii), we have

T A
gN-1(r(n—1),j,) < 8N-1 <CN> ~ oS gN-1(r(N—1),jo-1)-

for some jo € {2,---,my_;}, and then %

< 7(n-1),- Consequently, I 4 (%) U
4 % = {jo,---,m}yand I_, (%) = {1,---,jo — 1}. Furthermore, Equations (10)

and (A13)—(A16) imply that

X(N-1),jo 1
XN_1= VNfZﬁ/ YN_1= VNszie,
(Nfl)rjﬂ (Nfl)/]'o

is an optimal solution to problem (14).
When cn < 0, the three sub-indicator sets mentioned above can be rewritten as:

+0 _ - T 00 _ 10 T 0+ _ T
Iz, _IN1<CN>' INq _IN1<CN>' INy=, —I§1<CN>-

Then, by combining (10) and (11), there exist 6(y_1),; € [-1,1], j € I | such that the in-

equality on the right-hand side of (A16) holds if and only if - > "(N-1)my_ - Furthermore,
Equation (9) allows us to rewrite (A17) as
T A
=) =— A19
gN-1 ( CN) o~ (A19)

According to Lemma 1, for % € [r(Nfl) ,+00), Equation (A19) has a solution if

My _q
A
CN

and only if (—
inequalities for this interval:

> gn-1(r( N-1)my_, ). The lemma also yields the following chain of

0 <gN-1(rN-1)my ) <EN-1(F(N_1)my 1) <0 <EN-1(F(n—1)n) < Foo.

In case (iii), the equality gn—1(r(n—-1),n) < (—&) = 8gN-1 (%) yields % > T(N—1)n-

Consequently, Iﬁfl (%) = Qand I_, (%) U I?\hl (&) = {1,--- ,n}. Furthermore,

Equations (10), (A13), (A15) and (A16) imply that

% —O(N-1),(n+1 N (-1)
IN-1 = VNfzﬁ—er YN-1— VNszie/
(N-1),(n+1) (N-1),(n+1)
is an optimal solution to problem (14).
In case (iv), we have

A T
gN-1(r(n-1),jo-1) < <—> = 8N-1 (CN> < gn-1(r(n-1)p)s

CN
for some jo € {my_;+1,---,n}, and then - > r(y_1);,_1. Consequently, N (%) =
{jo,...,m}and I, (&) Uy, (%) ={1,---,jo — 1}. Furthermore, Equations (10) and
(A13)—(A16) imply that

—N N-1),i -1
XN = VN—Zﬁ/ YN_1 = VN—zT(i)ef
(N=1),jo (N=1),jo

is an optimal solution to problem (14).
This completes the proof. [
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