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Abstract


In this paper, we investigate the optimal control problem regarding a class of dynamic systems, aiming to address the challenge of simultaneously ensuring cost minimization and system asymptotic stability. The theoretical framework proposed in this paper integrates the value function concept from optimal control theory with Lyapunov stability theory. By setting the impulse cost at any finite time to be strictly positive, we exclude Zeno behavior, and a set of sufficient conditions is established that simultaneously guarantees system asymptotic stability and cost minimization based on Quasi-Variational Inequalities (QVIs). To address the challenge of solving the Hamilton–Jacobi–Bellman (HJB) equation in high-dimensional nonlinear systems, we employ an inverse optimal control framework to synthesize the strategy and its corresponding cost function. Finally, we validate the feasibility of our method by applying the theoretical results obtained to three numerical examples.
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1. Introduction


Impulsive systems play an important role in modeling modern engineering processes where continuous evolution coexists with instantaneous jumps. Such dynamics arise naturally in networked control, robotics, power systems, and biological processes [1,2,3,4,5,6,7]. The theory of impulsive differential equations, introduced in the 1960s [8], provides a formal foundation for analyzing these hybrid behaviors and has since been widely developed within the stability and control communities.



System stability is fundamental in control theory [9]. The framework of impulsive differential equations developed by Lakshmikantham et al. provides a basis for applying classical stability theory to impulsive systems [10]. Building on Lyapunov methods, many stability results have been established for impulsive and hybrid systems with delays, nonlinearities, and other complexities [4,11,12,13,14,15,16,17,18,19,20,21]. Representative examples include the stability of discrete-time impulsive delay neural networks [11], quaternion-valued neural networks with state-dependent impulses analyzed via the B-equivalence method [13], impulsive consensus in multi-agent systems using impulse edge event-triggered strategies [16], and lag synchronization under asymmetric saturation [20]. Recent progress also includes hybrid-system-based analyses of impulsive switching signals [22] and delay-compensatory impulsive control for delayed systems [23].



Another major research direction is optimal control of impulsive systems. The goal is to design impulsive moments and magnitudes that minimize a prescribed cost functional. One classical approach is based on the Minimum/Maximum Principle: early work addressed systems with a fixed number of impulses [24]. Based on [24], scholars developed first- and second-order necessary conditions for the Minimum Principle [25,26]. Subsequently, these theories were systematically generalized, leading to the formation of the Impulse Control Maximum Principle. This principle provides a complete set of necessary and sufficient conditions for deterministic impulsive control problems [27,28]. In recent years, it has been generalized to more complex stochastic systems, such as stochastic forward–backward systems involving conditional mean fields and regime switching [29] as well as general hybrid systems [30,31]. Another path of optimal impulsive control is based on the principle of Dynamic Programming. Its theoretical foundation traces back to the milestone work of Bensoussan and Lions [32], where the value function is closely linked to the HJB equation. Although these methods provide powerful tools for solving optimal impulsive control problems, they usually do not guarantee stability of the optimal strategy. In the field of continuous systems, L’Afflitto et al. established a theoretical framework for combining optimal control and system stabilization [33,34,35,36,37]. Recently, this strategy was also extended to the field of impulse disturbance, combining event-triggered mechanisms to study the system’s stability and equilibrium solutions [37]. However, determining how to control a continuously unstable system by applying impulses to simultaneously ensure optimal performance and asymptotic stability remains a challenge, and existing results in this specific area are still limited.



In view of this, this paper is dedicated to developing a theory for the optimal impulsive control and stabilization of dynamic systems. The objective is to design a control strategy that simultaneously achieves asymptotic stability and cost minimization. To this end, we integrate the value function from optimal control theory with Lyapunov stability theory. By combining stability conditions with the QVIs, a novel set of sufficient conditions is derived to simultaneously guarantee both asymptotic stability and performance optimality for the systems.



The main contributions of this paper are threefold: First, we prove that the optimal impulsive control strategy derived from the QVIs is free from Zeno behavior. Second, we construct a theoretical framework that unifies optimality and stabilization. By combining Lyapunov stability conditions with the QVIs, we propose a novel set of sufficient conditions. Any control policy that satisfies these conditions is guaranteed to simultaneously achieve both asymptotic stability and cost function minimization. Furthermore, to obtain the analytical solutions, we utilize the framework of inverse optimal control. Our third contribution lies in verifying the effectiveness of the proposed theory through numerical examples on a scalar linear system, a saddle-point system, and a nonlinear system. The simulation results clearly demonstrate that our designed optimal impulsive strategy not only successfully stabilizes the system to the origin but also results in a cost significantly lower than that of other impulsive control strategies.



The remainder of this paper is organized as follows. In Section 2, we present the problem formulation and some preliminaries. In Section 3, we establish the main theoretical results. Section 4 validates the effectiveness of our theoretical results through numerical simulations on different systems. Finally, ours conclusions are given in Section 5.



Notations: Let  R  and   R +   be the real number set and positive real number set, and let   R n   and   R  n × m    stand for the n-dimensional Euclidean space and the set of   n × m   real matrices, respectively.  Z  denotes the integer set, and   Z +   is the set of positive integers. I denotes the identity matrix with appropriate dimensions. The superscripts “−1” and “T” stand for the inverse and transpose of a matrix, respectively.   | · |   represents Euclidean norm. A function   α : [ 0 , ∞ ) → [ 0 , ∞ )   belongs to class-  K ∞   if it is continuous, strictly increasing, and satisfies   α ( 0 ) = 0  ,    lim  s → ∞   α  ( s )  = ∞  .




2. Problem Statement and Preliminaries


We consider the following impulsive: system


       x ˙   ( s )  = f  ( x  ( s )  )  ,     s ≠  s i  ,       x  (  s i +  )  = x  (  s i −  )  +  g i   (  s i −  , x  (  s i −  )  )  ,     i ∈  Z +  ,       x  (  s 0 +  )  =  x 0  ,      



(1)




where for every   s > 0 ,   x  ( s )  ∈ D ⊂  R n    is an open set with   0 ∈ D  , and   f : D →  R n   ,   f ( 0 ) = 0  . Let   Ω ∈  R n    be the set of admissible control,   v =   (  s i  ,  g i  )   i ≥ 1     denote the impulsive control strategy, and  Δ  denote the strategy set, where   s i   denotes the impulse moments, and    g i  ∈ Ω :  R +  × D →  R n    denotes the corresponding impulse amplitude with    g i   (  s i  , 0 )  = 0  .   x (  s i −  )   and   x (  s i +  )   denote the left and right limits, respectively, and, in this paper, it is assumed that the system is left-continuous, i.e.,   x  (  s i −  )  = x  (  s i  )  ,  s i  > 0  . Let   Σ : = {  ( s , x  ( s )  )  | s ∈  [ 0 , ∞ )  , x  ( s )  ∈  R n  }  . To account for the costs associated with system operation and the impulses, we define the following cost function:


     J (  x 0  , v  ( · )  )     =  ∫   s 0   ∞  exp  ( − ρ s )  L  ( s , x  ( s )  )  d s +  ∑  i ≥ 1    exp  ( − ρ  s i  )  G  (  s i  ,  g i  )            =  ∑  i ≥ 1     ∫   s  i − 1     s i   exp  ( − ρ s )  L  ( s , x  ( s )  )  d s + exp  ( − ρ  s i  )  G  (  s i  ,  g i  )   ,     



(2)




where   L :  R +  ×  R n  →  R +    is the running cost,   G :  R +  ×  R n  →  R +    is the impulse cost, and   ρ > 0   is the discount factor. In this paper, we set    s 0  = 0  . We make the following assumptions regarding the system (1) and the cost function (2).



Assumption 1.

The system and cost function are subject to the following requirements.



(i)   f ( x )   is Lipschitz-continuous; i.e., there exists a constant    l f  > 0   such that


    | f  ( a )  − f  ( b )  |  ≤  l f   | a − b |  ,  ∀ a , b ∈  R n  .   











(ii)    g i   ( s , x )    is Lipschitz-continuous in x; i.e., for    l g  > 0  , we have


    |   g i   ( s , a )  −  g i    ( s , b )  | ≤   l g   | a − b |  ,  ∀ a , b ∈  R n  , ∀ s ∈  R +  ,  g i  ∈ Ω .   











(iii) The impulse cost function   G (  s i  ,  g i  )   can be decomposed into the sum of two components,   G  (  s i  ,  g i  )  =  G g   (  g i  )  +  G 0   (  s i  )   , where    G g   (  g i  )    is the impulse-amplitude-dependent component, which is positive-definite with respect to the impulse amplitude   g i  , and    G 0   (  s i  )    is the time-dependent component, which is a strictly positive, bounded, and non-increasing function of time.



(iv) The running cost   L ( s , x )   is positive-definite with respect to the state x. That is,   L ( s , x ) > 0   holds for all   x ≠ 0  , and   L ( s , 0 ) = 0   for all   s ≥ 0  .



(v) The functions L and G are locally Lipschitz-continuous with respect to their arguments on any compact subset of their domains.





Remark 1.

The conditions (i) and (ii) in Assumption 1 ensure the existence of a unique state trajectory   x ( s )   for any measurable impulsive sequence    (  s i  ,  g i  )   i ≥ 1   . These regularity conditions are mild and are naturally satisfied by most mechanical, electrical, and robotic systems with smooth vector fields and bounded actuators. In Assumption 1.(iii), we set the impulse cost   G ( s ,  g i  )   to be additively separable:   G  ( s ,  g i  )  =  G g   (  g i  )  +  G 0   ( s )   , where    G g   (  g i  )    increases with   g i  , reflecting the consumption of physical resources such as energy or fuel. The term    G 0   ( s )    represents an activation cost that is independent of the impulse amplitude and strictly positive, bounded, and non-increasing over time. This time-varying term can be used to model operational risks that are greater in the early stages of operation and gradually decrease as the system enters a more robust regime [38]. The decaying function    G 0   ( s )    models this time-varying operational risk. Assumption 1.(iv) ensures the running cost is accumulated as long as the system’s state deviates from the origin. This can always be achieved through standard quadratic or energy-based cost designs, such as   L  ( s , x )  =  x T  Q  ( s )  x   with   Q ( s ) ≻ 0 .   Assumption 1.(v) ensures the cost functions are bounded in any compact set. Because the cost functions L and G are typically continuous in practical designs, their local Lipschitz continuity in compact sets follows directly from the regularity imposed in Assumptions 1.(i)–(iii).






3. Main Results


We determine the cost-to-go function for strategy   v ( · )   and for any initial system state   ( s , x ( s ) )   as follows:


     J ( s , x ( s ) , v ( · ) )     =  ∫  s  ∞  exp  − ρ ( t − s )  L  ( t , x  ( t )  )  d t +  ∑  i ≥ 1    exp  ( − ρ  (  s i  − s )  )  G  (  s i  ,  g i  )   .     



(3)




Then, the value function, denoted as   V  ( s , x  ( s )  )  :  R +  ×  R n  →  R +   , is


     V  ( s , x  ( s )  )  =  inf  v ∈ Δ   J  ( s , x  ( s )  , v  ( · )  )  .     











Remark 2.

Under Assumption 1, the value function   V (  s 0  ,  x 0  )   is positive-definite and bounded by class-  K ∞   functions. These properties allow   V (  s 0  ,  x 0  )   to be used directly as a Lyapunov function candidate in the stability analysis. The bounds also imply that   V (  s 0  ,  x 0  )   grows unbounded as   | x |   increases and ensure that the minimum cost for any non-zero initial state is strictly positive.





Assumption 2.

There exists a unique measurable function    ζ i  : Σ → Ω   such that


    g i ∗  =  ζ i   ( s , x  ( s )  )  = arg  min   g i  ∈ Ω    { V  ( s , x  ( s )  +  g i   ( s , x  ( s )  )  )  + G  ( s ,  g i  )  }  ,  i ∈  Z +  .   













Remark 3.

Under the continuity and coercivity of the cost components imposed in Assumption 1, the function   V  ( s , x  ( s )  +  g i   ( s , x  ( s )  )  )  + G  ( s ,  g i  )    admits a minimizer for compact sets, ensuring the existence of   g i ∗  





To formally characterize the optimal control strategy under impulsive interventions, we introduce the intervention operators, which form the basis for the subsequent QVIs’ formulation. We define the intervention operator  R  as follows:


     R V  ( s , x  ( s )  )  =  min   g i  ∈ Ω    V  s , x  ( s )  +  g i   ( s , x  ( s )  )   + G  ( s ,  g i  )   .     



(4)




Within this framework, the value function   V ( s , x ( s ) )   is assumed to satisfy the following QVIs:


   ∇ s  V  ( s , x  ( s )  )  +  ∇ x  V   ( s , x  ( s )  )  T  f  ( x  ( s )  )  ≥ − L  ( s , x  ( s )  )  + ρ V  ( s , x  ( s )  )  ,  



(5a)






  V ( s ,  x ( s )  ) ≤ R V ( s , x ( s ) ) ,  



(5b)






        ∇ s  V  ( s , x  ( s )  )  +  ∇ x  V   ( s , x  ( s )  )  T  f  ( x  ( s )  )  + L  ( s , x  ( s )  )  − ρ V  ( s , x  ( s )  )    R V ( s , x ( s ) ) − V ( s ,  x ( s )  )       =   0     



(5c)







Remark 4.

Inequality (5a) ensures that, in the absence of impulsive interventions, the value function evolves according to the HJB equation. Condition (5b) denotes that impulses are triggered at s only if the value function   V ( s , x ( s ) )   equals the sum of the impulse cost and the value function of the system state immediately after the impulses. The complementary condition (5c) ensures that, at any given moment, the strategy must be either to wait, ensuring that (5a) holds, or to apply an impulse to satisfy the intervention requirement.





Definition 1

([32]). Define the continuation set and intervention set as follows:


    C    = {  ( s , x )   |     ∂ V ( s , x )   ∂ s    +  ∇ x  V   ( s , x )  ⊤  f  ( x )  = − L  ( s , x )  + ρ V  ( s , x )  ,  V  ( s , x )  ≤ R V  ( s , x )  } ,      I    = {  ( s , x )   |     ∂ V ( s , x )   ∂ s    +  ∇ x  V   ( s , x )  ⊤  f  ( x )  ≥ − L  ( s , x )  + ρ V  ( s , x )  ,  V  ( s , x )  = R V  ( s , x )  } .     













Theorem 1.

Given the impulsive dynamical system (1) and the cost function (2), under Assumption 1, any impulsive control strategy    V ˜  =   {  (  s i  ,  g i  )  }   i ≥ 1     derived from the continuation set and the intervention set must be non-Zeno.





Proof of Theorem 1.

We prove our conclusion by contradiction. Assume that the system has a Zeno point, i.e.,    lim  i → ∞    s i  =  T ∗  < ∞  . Therefore, we have


      lim  i → ∞    (  s  i + 1   −  s i  )  = 0 ,     



(6)




according to Assumption 1.(iii). The impulse cost   G  (  s i  ,  g i  )  =  G g   (  g i  )  +  G 0   (  s i  )  ≥  G 0   (  T ∗  )  ≜ μ > 0  . And by using the definitions of the continuous set, the intervention set, and the  R  operator (4), we are left with


        V  (  s i  , x  (  s i  )  )  = R V  (  s i  , x  (  s i  )  )  ,     



(7)






        R V  (  s i  , x  (  s i  )  )   = V (   s i  , x  (  s i  )  +  g i    s i  , x  (  s i  )   )   + G    s i  ,  g i   (  s i  , x  (  s i  )  )    ,     



(8)




By substituting (8) into (7) and using Assumption 1.(iii), we obtain


     V  (  s i  , x  (  s i  )  )  − V  (  s i +  , x  (  s i +  )  )  = G  ( s ,  g i   (  s i  , x  (  s i  )  )  )  ≥ μ > 0 .     



(9)







At the interval   (  s i  ,  s  i + 1   )  , the system dynamics are in continuation set  C  and satisfy the HJB equation for the discounted problem:


  ρ V  ( s , x )  =    ∂ V ( s , x )   ∂ s    +   (  ∇ x  V  ( s , x )  )  T  f  ( x )  + L  ( s , x  ( s )  )  ,  








The total time derivative of the value function along the system trajectory is   d V / d s = ∂ V / ∂ s +   (  ∇ x  V )  T  f  ( x )   . Substituting this into the HJB equation gives the evolution of  V  between impulses:


     d V ( s , x ( s ) )   d s    = ρ V  ( s , x  ( s )  )  − L  ( s , x  ( s )  )  ,  








As per Assumption 1.(v),   L ( s , x )   is locally Lipschitz and and thus bounded in any compact subset. Since  V  is continuous, it is also bounded in this compact set. Hence, there exist constants   M L   and   M V   such that   L  ( s , x )  ≤  M L    and   V  ( s , x )  ≤  M V    along the trajectory.



Therefore, the rate of change in the value function between impulses is also bounded; that is,


            d V ( s , x ( s ) )   d s     =  ρ V ( s , x ( s ) ) − L ( s , x ( s ) )  ≤ ρ V + L ≤ ρ  M V  +  M L  ≜  M ′  .     



(10)







Next, consider the change in the value function from after just one impulse,   s i +  , to the moment just before the next impulse,   s  i + 1  −  :


     V  (  s  i + 1   , x  (  s  i + 1   )  )  − V  (  s i +  , x  (  s i +  )  )  =  ∫   s i    s  i + 1       d V ( τ , x ( τ ) )   d τ    d τ .     








Therefore,


      | V   (  s  i + 1   , x  (  s  i + 1   )  )  − V  (  s i +  , x  (  s i +  )  )   | ≤   ∫   s i    s  i + 1        d V ( s , x ( s ) )   d s     d s ≤  M ′   (  s  i + 1   −  s i  )  ,     








which means the change in  V  between impulses is bounded by the length of the time interval. Now, we analyze the change in the value function over one full impulse period, from   s i   to   s  i + 1   :


     V  (  s  i + 1   , x  (  s  i + 1   )  )  − V  (  s i  , x  (  s i  )  )      =    ( V  (  s  i + 1   , x  (  s  i + 1   )  )  − V  (  s  i  +  , x  (  s i +  )  )  )  ︸   change  between  impulses            +    ( V  (  s  i  +  , x  (  s i +  )  )  − V  (  s i  , x  (  s i  )  )  )  ︸   change  at  impulse   ,     








Using the bounds from (9) and (10), we get


  V  (  s  i + 1   , x  (  s  i + 1   )  )  − V  (  s i  , x  (  s i  )  )  ≤  M ′   (  s  i + 1   −  s i  )  − μ ,  








Taking the limit of both sides as   i → ∞  , we arrive at


   lim  i → ∞    ( V  (  s  i + 1   , x  (  s  i + 1   )  )  − V  (  s i  , x  (  s i  )  )  )  ≤  lim  i → ∞    (  M ′   (  s  i + 1   −  s i  )  − μ )  .  








Since    s i  →  T ∗    and  V  are continuous, the left side becomes   V  (  T ∗  , x  (  T ∗  )  )  − V  (  T ∗  , x  (  T ∗  )  )  = 0  . And the first term on the right side approaches zero:


  0 ≤ 0 − μ .  








Thus, we find that   0 ≤ − μ  . This is a contradiction to the assumption that   μ > 0  . Thus, the proof is complete. □





According to Theorem 1, the impulsive control derived from QVIs does not exhibit Zeno behavior. Consequently, we provide a set of sufficient conditions that simultaneously ensure cost minimization and the asymptotic stability of the system.



Theorem 2.

Let Assumptions 1-2 hold. Suppose that there exists a   C 1   function   V :  R +  ×  R n  → R  , wherein the positive constants α,   b i  , ε, and   α 1  ,   α 2   are class-  K ∞   functions.    v ∗  =  {  s i  ,  g i ∗  }    is a strategy where


         V ( s , 0 ) = 0 ,      



(11a)






         V ( s , x ( s ) ) > 0 , x ( s ) ≠ 0 ,      



(11b)






          α 1   ( | x | )  ≤ V  ( s , x )  ≤  α 2   ( | x | )  ,      



(11c)






            ∂ V ( s , x )   ∂ s    +   (  ∇ x  V  ( s , x )  )  T  f  ( x )  ≤ α V  ( s , x  ( s )  )  ,  s ∈  [  s  i − 1   ,  s i  ]  ,  i ∈  Z +  ,      



(11d)






         V  ( 0 ,  x 0  )  exp  (  s 1  )  < ∞ ,      



(11e)






         V  (  s i  , x  (  s i  )  )  − G  (  s i  ,  g i ∗  )  ≤  b i  V  (  s i  , x  (  s i  )  )  ,   b i  ∈  ( 0 , 1 )  ,  i ∈  Z +  ,      



(11f)






          b i  exp  ( α  (  s  i + 1   −  s i  )  )  ≤ ε < 1 ,  i ∈  Z +  ,      



(11g)




and the function   V ( s , x )   also satisfies the following QVIs associated with the cost function (2). For all   ( s , x ) ∈ D  , the HJB inequality holds:


       ∇ s  V  ( s , x )  +   (  ∇ x  V  ( s , x )  )  T  f  ( x )  + L  ( s , x  ( s )  )  − ρ V  ( s , x )  ≥ 0 .      



(12)




In the continuation set  C , the HJB equation holds:


       ∇ s  V  ( s , x )  +   (  ∇ x  V  ( s , x )  )  T  f  ( x )  + L  ( s , x  ( s )  )  − ρ V  ( s , x )  = 0 ,      



(13)




and in the intervention region  I , an impulsive intervention is applied, and we have


      V ( s , x ) = R V ( s , x ) .      



(14)







Thus, the origin of system (1) under the strategy   v ∗   is globally asymptotically stable(GAS). Furthermore, the strategy   v ∗   minimizes cost function (2); that is,


   V  ( 0 ,  x 0  )  = J  (  x 0  ,  v ∗   ( · )  )  =  min  v ∈ Δ   J  (  x 0  , v  ( · )  )  ,   








where   g i ∗   can be obtained as


       g  i  ∗  =  ζ i   ( s , x  ( s )  )  = arg  min   g i  ∈ Ω    { V  ( s , x  ( s )  +  g i   ( s , x  ( s )  )  )  + G  ( x  ( s )  ,  g i  )  }  .      



(15)









Proof of Theorem 2.

In the interval   (  s i  ,  s  i + 1   )   between two impulses, the total derivative of   V ( s , x )   is given by


       d V ( s , x ( s ) )   d s       =    ∂ V ( s , x )   ∂ s    +   (  ∇ x  V  ( s , x )  )  T  f  ( x )  ≤ α V  ( s , x  ( s )  )  ,  s ∈  (  s i  ,  s  i + 1   )  ,     



(16)




Via Gronwall’s inequality, at interval   (  s  i  +  ,  s  i + 1  −  ]  , we have


     V  ( s , x  ( s )  )  ≤ V  (  s  i  +  , x  (  s  i  +  )  )  exp  (  α ( s −  s  i  +  )  )  .     








In particular, at the instant just before the next impulse, we obtain


     V  (  s  i + 1   , x  (  s  i + 1   )  )  ≤ V  (  s  i  +  , x  (  s  i  +  )  )  exp  (  α (  s  i + 1   −  s i  )  )  .     



(17)




After using the impulse-triggering condition and the definition of   R V   (4), we arrive at


     V  (  s i  , x  (  s i  )  )  = V  (  s  i  +  , x  (  s i  )  +  g i ∗   (  s i  , x  (  s i  )  )  )  + G  (  s i  ,  g i ∗   (  s i  , x  (  s i  )  )  )  .     








Considering the state jump relation   x  (  s  i  +  )  = x  (  s i  )  + g  (  s i  , x  (  s i  )  )   , the preceding equation can be rewritten as


     V  (  s i  , x  (  s i  )  )  = V  (  s  i  +  , x  (  s  i  +  )  )  + G  (  s i  ,  g  i  ∗  )  .     



(18)




Next, we evaluate the evolution of   V (  s i  , x  (  s i  )  )   to   V (  s  i + 1   , x  (  s  i + 1   )  )  . We substitute (18) in (17) to obtain


     V  (  s  i + 1   , x  (  s  i + 1   )  )  ≤  [ V  (  s i  , x  (  s i  )  )  − G  (  s i  ,  g i ∗  )  ]  exp  (  α (  s  i + 1   −  s i  )  )  .     








By applying conditions (11f) and (11g), we arrive at


     V (  s  i + 1   , x  (  s  i + 1   )  )     ≤  b i  V  (  s i  , x  (  s i  )  )  exp  (  α (  s  i + 1   −  s i  )  )           ≤ ε V (  s i  , x  (  s i  )  )          < V (  s i  , x  (  s i  )  ) .     








This result indicates that the sequence   { V  (  s i  , x  (  s i  )  )  }   is strictly monotonically decreasing. Since   V ( s , x )   is bounded below by zero, the sequence must converge, which guarantees that   V ( s , x ( s ) )   is bounded for all   s ≥  s 0   . Furthermore, in combination with (11c), it follows that   x ( s )   is bounded for all time. Therefore, the zero solution of the system is Lyapunov-stable. Next, we prove that   x ( s ) → 0   as   s → ∞  . For   s ∈ (  s 1  ,  s 2  ]  ,


     V ( s , x ( s ) )     ≤ V  (  s 1 +  , x  (  s 1 +  )  )  exp  ( α  ( s −  s 1  )  )           ≤   b 1  V  (  s 1  , x  (  s 1  )  )   exp  ( α  ( s −  s 1  )  )  .     








For   s ∈ (  s i  ,  s  i + 1   ]  ,


     V ( s , x ( s ) )     ≤ V  (  s  i  +  , x  (  s  i  +  )  )  exp  ( α  ( s −  s i  )  )           ≤  b i  V  (  s i  , x  (  s i  )  )  exp  ( α  ( s −  s i  )  )           ≤ V  (  s 1  , x  (  s 1  )  )   ∏  j = 1   i − 1     b j  exp  ( α  (  s  j + 1   −  s j  )  )   exp  ( α  ( s −  s i  )  )  .     








Specifically,


     V (  s  i + 1   , x  (  s  i + 1   )  )     ≤ V  (  s 0  , x  (  s 0  )  )   ∏  j = 1  i    b j  exp  ( α  (  s  j + 1   −  s j  )  )   exp  (  s 1  )  .     








Furthermore, according to (11e) and (11g),


      lim  i → ∞   V  (  s i  , x  (  s i  )  )      ≤  lim  i → ∞    V  (  s 0  , x  (  s 0  )  )   ∏  j = 1   i − 1     b j  exp  ( α  (  s  j + 1   −  s j  )  )   exp  (  s 1  )       



(19)






        ≤  lim  i → ∞     ε i  V  (  s 0  , x  (  s 0  )  )  exp  (  s 1  )       



(20)






        ≤ 0 .     



(21)




Thus, according to Theorem 1, the sequence of impulse moments is non-Zeno, and   V ( s , x ( s ) )   is positive-definite.


   lim  s → ∞   V  ( s , x  ( s )  )  =  lim  i → ∞   V  (  s i  , x  (  s i  )  )  = 0 .  








By virtue of (11c), the above result directly implies that


   lim  i → ∞    | x   (  s i  )   | =   lim  s → ∞    | x  ( s )  |  = 0 .  








After combining Lyapunov stability with attractivity, we conclude that the origin of system (1) is GAS under the given impulsive control strategy.



Next, we obtain the following relation by solving for the integral of the full derivatives of  V  between impulse intervals (   s  i − 1   ,  s i   ) at that interval time and summing over all   i ∈  Z +   :


        exp  (  − ρ  s i   )  V  (  s i  , x  (  s i  )  )  − exp  (  − ρ  s  i − 1  +   )  V  (  s  i − 1  +  , x  (  s  i − 1  +  )  )  =  ∫   s  i − 1     s i      d exp (  − ρ s  ) V ( s , x ( s ) )   d s    d s ,     



(22)






       d exp (  − ρ s  ) V ( s , x ( s ) )   d s       = exp  (  − ρ s  )  ( − ρ V  ( s , x  ( s )  )  +  ∇ s  V  ( s , x  ( s )  )  +  ∇ x  V   ( s , x  ( s )  )  T  f  ( x  ( s )  )  ) .     








The value function  V  satisfies all   ( s , x ( s ) )  


  − ρ V  ( s , x  ( s )  )  +  ∇ s  V  ( s , x  ( s )  )  +  ∇ x  V   ( s , x  ( s )  )  ⊤  f  ( x  ( s )  )  ≥ − L  ( s , x  ( s )  )  .  



(23)







Therefore, we have


        exp  (  − ρ  s i   )  V  (  s i  , x  (  s i  )  )  − exp  (  − ρ  s  i − 1  +   )  V  (  s  i − 1  +  , x  (  s  i − 1  +  )  )  ≥  ∫   s  i − 1     s i   − exp  (  − ρ s  )  L  ( s , x  ( s )  )  d s .     



(24)




For the given impulse parameter level   g i  , according to the definition of the intervention operator given in (4), we obtain


     R V  (  s i  , x  (  s i  )  )  ≤ V  (  s i +  , x  (  s i +  )  )  + G  (  s i  ,  g i  )  .     



(25)




Moreover, according to (5b), we have


     R V  (  s i  , x  (  s i  )  )  − V  (  s i  , x  (  s i  )  )  ≥ 0 .     



(26)




Therefore, we have


     exp  (  − ρ  s i +   )  V  (  s i +  , x  (  s i +  )  )  − exp  (  − ρ  s i   )  V  (  s i  , x  (  s i  )  )  ≥ − exp  (  − ρ  s i   )  G  (  s i  ,  g i  )  .     



(27)




By incorporating (24) and (27), we sum up i from 1 to infinity, so we obtain


         ∑  i ≥ 1   ( exp  (  − ρ  s i   )  V  (  s i  , x  (  s i  )  )  − exp  (  − ρ  s  i − 1    )  V  (  s  i − 1   , x  (  s  i − 1   )  )  )          ≥ −  ∑  i ≥ 1     ∫   s  i − 1     s i   exp  (  − ρ s  )  d s + exp  (  − ρ  s i   )  G  (  s i  ,  g i  )   ,     








Then,


      lim  s → ∞   exp  (  − ρ s  )  V  ( s , x  ( s )  )  − exp  (  − ρ  s 0   )  V  ( 0 ,  x 0  )  ≥ − J  (  x 0  , v  ( · )  )  ,     








Thus, we obtain


     V  ( 0 ,  x 0  )  ≤ J  (  x 0  , v  ( · )  )  .     








When we use the impulsive strategy    v ∗   ( · )   , we have the following equality:


      ∇ s  V  ( s , x  ( s )  )  +  ∇ x  V   ( s , x  ( s )  )  T  f  ( x )  = − L  ( s , x  ( s )  )  + ρ V  ( s , x  ( s )  )  ,   ( s , x  ( s )  )  ∈ C ,       V  (  s i  , x  (  s i  )  )  = R V  (  s i  , x  (  s i  )  )  = V  (  s i +  , x  (  s i +  )  )  + G  (  s i  ,  g i ∗  )  ,   ( s , x  ( s )  )  ∈ I .     








Through an argument similar to that used before, we obtain


  V  ( 0 ,  x 0  )  = J  (  x 0  ,  v ∗   ( · )  )  ≤ J  (  x 0  , v  ( · )  )  .  








Thus, the proof is complete. □





Remark 5.

Existing research has provided a significant foundation for optimal impulsive control. On the one hand, a great deal of research has been devoted to solving optimal impulsive control problems for dynamic systems [39,40,41,42]. Employing diverse methodologies, these studies have successfully optimized cost functions for various impulsive systems. However, within these frameworks, system stability has not been treated as a control objective co-designed with optimality. On the other hand, some works have begun to address control strategies that incorporate both stability and optimality [43,44,45,46], often relying on periodic or time-triggered mechanisms or on state-dependent triggering rules. In such frameworks, non-Zeno behavior is usually imposed as an assumption rather than derived as a consequence of control design. To address the aforementioned research gap, in this paper, we develop a unified framework that integrates stability, optimality, and non-Zeno properties. The sufficient conditions presented earlier that ensure asymptotic stability and cost minimization prove the absence of Zeno behavior under the optimal strategy.





In Theorem 2, we provide a set of sufficient conditions for verifying whether a given impulsive control strategy can simultaneously achieve asymptotic stability and cost function minimization. However, in many real-world engineering applications, control objects often manifest as high-dimensional nonlinear systems. In this context, directly solving the HJB equation is often extremely difficult or even impractical. To solve this problem and provide a more constructive and operational approach to strategy design, we will now adopt the design concept of inverse optimal control. Unlike solving  V  for a given cost function in a forward manner, we first preset a candidate value function  V  with a known structure based on the desired system performance (stability, convergence form, etc.), and then construct the cost function in a backward manner so that the constructed operating cost L can automatically satisfy the HJB equation.



Next, we will elaborate on this constructive design framework in Theorem 3 and provide analytical expressions for an optimal impulsive control strategy for system (1). To this end, we first specify the cost function in the following form:


     J (  x 0  , v  ( · )  )     =  ∫   s 0   ∞  exp  ( − ρ s )  L  ( s , x  ( s )  )  d s          +  ∑  i ≥ 1    exp  ( − ρ  s i  )   [  g i    (  s i  , x  (  s i  )  )  T  R  g i   (  s i  , x  (  s i  )  )  +  G 0   (  s i  )  ]   ,     



(28)




where   R = r I ∈  R  n × n     is a diagonal and positive-definite matrix. To construct an inverse optimal strategy for (1) and (28), let


     V  ( s , x  ( s )  )  =   1 2   x   ( s )  T  H  ( s )  x  ( s )  ,     



(29)




where   H  ( s )  = h  ( s )  I ∈  R  n × n     is a continuously differentiable, diagonal, and uniformly positive-definite matrix-valued function, and    lim  s → ∞   h  ( s )  > 0  .



Theorem 3.

Consider the controlled nonlinear impulsive system (1) with cost function (28). Suppose there exists a continuously differentiable, symmetric, and uniformly positive-definite matrix-valued function   H ( s )  ; a positive constant α; and an impulsive control strategy    v ∗   ( · )  =  {  s i  ,  g i ∗  }    such that


            ∂ V ( s , x )   ∂ s    +   (  ∇ x  V  ( s , x )  )  T  f  ( x )  ≤ α V  ( s , x  ( s )  )  ,  s ∈  [  s  i − 1   ,  s i  ]  ,  i ∈  Z +  ,      



(30a)






          lim  s → ∞    G 0   ( s )  = 0 ,      



(30b)




are satisfied, and the resulting running cost function   L ( s , x )   defined by


      L  ( s , x )  =   1 2    x T   ρ H  ( s )  −  H ˙   ( s )   x −  x T  H  ( s )  f  ( x )       



(31)




is positive-definite with respect to x. Then, the origin of system (1) under the impulsive control strategy   v ∗   is GAS. Furthermore, there exists a neighborhood    D 0  ⊂ D   of   x 0   such that


   V  ( 0 ,  x 0  )  = J  (  x 0  ,  v ∗   ( · )  )  =  min  v ∈ Δ   J  (  x 0  , v  ( · )  )  ,   








where   g i ∗   can be obtained in the following way:


       g  i  ∗   (  s i  , x  (  s i  )  )  = −   [ H  (  s i  )  + 2 R ]   − 1   H  (  s i  )  x  (  s i  )  .      



(32)









Proof of Theorem 3.

Considering the Lyapunov function candidate defined by (29), the   R V   defined by (4), and the cost function (28), we have


     R V ( s , x ( s ) )     = V  ( s , x  ( s )  +  g i ∗   ( s , x  ( s )  )  )  +  g i    (  s i  , x  (  s i  )  )  T  R  g i   (  s i  , x  (  s i  )  )  +  G 0   (  s i  )           =   1 2   x   ( s )  T  H  ( s )  x  ( s )  +   g i ∗   ( s , x  ( s )  )   +  g i    (  s i  , x  (  s i  )  )  T  R  g i   (  s i  , x  (  s i  )  )  +  G 0   (  s i  )  .     



(33)




Substitute (32) into (33):


     R V  ( s , x  ( s )  )  = V  ( s , x  ( s )  )  −   1 2   x   ( s )  T  H  ( s )    [ H  ( s )  + 2 R ]   − 1   H  ( s )  x  ( s )  +  G 0   ( s )  .     








Considering the QVI   R V ( s , x ( s ) ) − V ( s , x ( s ) ) ≥ 0  , we can obtain


     −   1 2   x   ( s )  T  H  ( s )    [ H  ( s )  + 2 R ]   − 1   H  ( s )  x  ( s )  +  G 0   ( s )  ≥ 0 .     








By virtue of   R = r I   and   H ( s ) = h ( s ) I  ,


     −   1 2   x   ( s )  T  H  ( s )    [ H  ( s )  + 2 R ]   − 1   H  ( s )  x  ( s )  +  G 0   ( s )      = −   1 2   x   ( s )  T   ( h  ( s )  I )     1  h ( s ) + 2 r    I   ( h  ( s )  I )  x  ( s )           +  G 0   ( s )           ≥ 0 .     








That is,


      G 0   ( s )      ≥   1 2   x   ( s )  T   ( h  ( s )  I )     1  h ( s ) + 2 r    I   ( h  ( s )  I )  x  ( s )           ≥    h   (  s i  )  2    2 ( h ( s ) + 2 r )    x   ( s )  T  x  ( s )  .     








Thus,


      | x  ( s )  |  2     ≤    2  G 0   ( s )   ( h  ( s )  + 2 r )    h   ( s )  2           | x ( s ) |     ≤     2  G 0   ( s )   ( h  ( s )  + 2 r )     h ( s )    .     








When    | x  ( s )  |  =     2  G 0   ( s )   ( h  ( s )  + 2 r )     h ( s )     , impulses are triggered. By virtue of (30b), we arrive at


   lim  s → ∞    | x  ( s )  |  = 0 .  








So, we can conclude that the origin of the system is asymptotically stable under strategy    v ∗   ( · )   . According to condition (31), within the continuation region  C , we have


      ∇ s  V  ( s , x )  +   (  ∇ x  V  ( s , x )  )  T  f  ( x )  + L  ( s , x  ( s )  )  − ρ V  ( s , x )      =  ∇ s  V  ( s , x )  +   (  ∇ x  V  ( s , x )  )  T  f  ( x )           +   1 2    x T   ρ H  ( s )  −  H ˙   ( s )   x −  x T  H  ( s )  f  ( x )           − ρ V ( s , x )          = 0 ,     








which implies (13). The feedback impulsive control level (32) follows from (15) by setting


       ∂  ∂  g i      V   s i  , x  (  s i  )  +  g i   (  s i  , x  (  s i  )  )   +  G (  s i  ,  g i  )   = 0 .     








Through strategy    v ∗   ( · )   , the equality   R V ( s , x ( s ) ) = V ( s , x ( s ) )   is satisfied at the impulse moments   s i  , which implies (14). The result now follows as a direct consequence of Theorem 2. □






4. Numerical Examples


In this section, we provide three numerical examples to validate the theoretical results presented previously. Specifically, we will demonstrate the asymptotic stability of the proposed optimal impulsive control strategy and verify its optimality by comparing its cost against several stabilizing but not optimal control strategies. Example 1 is a scalar linear system, Example 2 is a two-dimensional saddle-point system, and Example 3 is a two-dimensional nonlinear system.



4.1. Linear System


We consider the following scalar linear impulsive system:


          x ˙   ( s )  = 0.3 x  ( s )  ,     s ≠  s i  ,       x  (  s i +  )  − x  (  s i  )  = k  (  s i  )  x  (  s i  )  ,     i ∈  Z +  ,       x  (  s 0 +  )  = x  ( 0 )  = 1 ,         



(34)




where   k ( s )   is impulse gain. We construct   V  ( s , x  ( s )  )  =   1 2   h  ( s )   x 2   ( t )   , where   h ( s ) = h ( 1 + A exp ( − β s ) )   and the parameters are set to   h = 1 ,   A = 0.5 ,   β = 0.1  . Since the system should satisfy the HJB equation within the continuation set


   ∇ s  V  ( s , x )  +   (  ∇ x  V  ( s , x )  )  T  f  ( x )  + L  ( s , x )  − ρ V  ( s , x )  = 0 ,  








we employ the framework of inverse optimal control to construct the running cost function   L ( s , x )  :


  L  ( s , x )  =    ρ 2   − a h  ( s )  +   1 2   h A β exp  ( − β s )    x 2  .  








Therefore, the cost function is given by


     J (  x 0  , v  ( · )  )     =  ∑  i ≥ 1   {  ∫   s  i − 1     s i   exp  (  −   3 2   s  )     ρ 2   − a h  ( s )  +   1 2   h A β exp  ( − β s )    x 2   ( s )  d s          + exp  (  −   3 2    s i   )     1 2    k 2   (  s i  )   x 2   (  s i  )  + exp  (  − 0.3  s i   )   } .     








We set   ρ = 1.5  . Based on the preceding theory and the chosen parameters, the control gain for the optimal impulsive strategy is    k ∗   ( s )  = −    h ( s )   h ( s ) + 1     .



For comparison, we designed five suboptimal strategies. Among these strategies, the impulse moments of two of them remain consistent with the optimal strategy, but by changing the impulse amplitude to   0.9  k ∗   ( s )    and   1.1  k ∗   ( s )   , the other three replace the optimal impulse moments with different period-triggered ones (   T 1  = 1.3   s,    T 2  = 1.4   s, and    T 3  = 1.5   s) while keeping the optimal impulse amplitude unchanged. Their corresponding cost functions are denoted as   J  s 1   ,   J  s 2   ,   J 1  ,   J 2  , and   J 3  , respectively.



Figure 1 illustrates both the time evolution of the system trajectory under different impulsive control strategies and the trigger threshold. As depicted in the graph, the optimal control strategy successfully steers the system state towards the origin over time. This visually confirms that the system achieves asymptotic stability under the strategy, which is a prerequisite for the subsequent performance evaluation based on the cost function.



The data presented in Figure 2 clearly illustrates the superiority of the proposed optimal impulsive control strategy. The simulated cost of the optimal strategy,    J ∗  = 0.75  , is equal to the theoretical optimal cost,   V ( 0 ,  x 0  ) = 0.75  . In contrast, the costs associated with the comparative strategies   J  s 1   ,   J  s 2   ,   J 1  ,   J 2  , and   J 3   are all significantly higher than the optimal cost. This confirms that for any given stabilization strategy, the cost is greater than the cost of the optimal strategy, verifying the optimality of the derived impulsive strategy, as established by the relationship   V  ( 0 ,  x 0  )   = J (   x 0  ,  v ∗   ( · )  ≤ J  (  x 0  , v  ( · )  )   . These numerical results provide strong validation of the theoretical framework developed in this paper.




4.2. Two-Dimensional Saddle-Point System


We consider the following two-dimensional saddle-point system:


             x ˙   ( s )  =     0   1     a   0     x  ( s )  ,     s ≠  s i  ,       x  (  s i +  )  − x  (  s i −  )  = k  (  s i  )  x  (  s i −  )  ,     i ∈  Z +  ,       x  (  s 0 +  )  =  x 0  =      0.8       − 0.5      ,         



(35)




where   x  ( s )  =   [  x 1   ( s )  ,  x 2   ( s )  ]  T    is the system state vector, and   a = 1.0  . Since the system matrix has eigenvalues   ( 1 , − 1 )  , the uncontrolled continuous dynamics are unstable, indicating a canonical saddle-point system. Following the inverse optimal approach, we set   V  ( s , x )  =   1 2   p  ( s )    ∥ x ∥  2   ,   p  ( s )  =  p 0   ( 1 + A  e  − β s   )   , where    p 0  = 1.0 , A = 0.5 , β = 0.1  . From the QVI conditions, the optimal impulsive gain is derived as follows:    k ∗   ( s )  = −    p ( s )   p ( s ) + c    .   Impulse events are triggered whenever the state norm reaches the following threshold:    ∥ x  ( s )  ∥  =     2 μ ( s ) [ p ( s ) + c ]   p   ( s )  2       ,   μ  ( s )  =  μ 0   e  − λ s    .



The following parameters were chosen:   ρ = 2.5 ,  c = 1.0 ,   μ 0  = 3.0 ,   and  λ = 0.3  . Two suboptimal strategies are designed with gains of   k  ( s )  = 0.8  k ∗   ( s )    and   k  ( s )  = 1.2  k ∗   ( s )   , and there are three periodic strategies with periods   T = 0.4   s,   0.5   s, and   0.6   s, respectively.



The simulation results in Figure 3 demonstrate that under the proposed optimal impulsive control strategy, both state components    x 1   ( s )    and    x 2   ( s )    converge asymptotically to zero, while the state norm   ∥ x ( s ) ∥   remains strictly below the adaptive triggering boundary. All the comparative strategies yield higher total cost values. The results are summarized as follows:



The results in Figure 4 confirm that the optimal impulsive control strategy achieves both asymptotic stability and a minimal cost, a finding fully consistent with the theoretical results established in Theorem 2.




4.3. Nonlinear System


We consider the following two-dimensional nonlinear system:


          x ˙   ( s )  = − x  ( s )  + W tanh  ( x  ( s )  )  ,     s ≠  s i        x  (  s i +  )  − x  (  s i −  )  = k  (  s i  )  x  (  s i  )  ,     i ∈  Z +  ,       x  (  s 0 +  )  = x  ( 0 )  ,         



(36)




where   x  ( s )  ∈  R 2    is the state vector, and   k ( s )   is impulse gain.   W =      1.5     0.4       0.1     1.6       ,   tanh  ( x  ( s )  )  =   [ tanh  (  x 1   ( s )  )  , tanh  (  x 2   ( s )  )  ]  T   , and the initial state is   x  ( 0 )  =   [ 0.8 , − 0.5 ]  T   .



Following the inverse optimal approach, we set   V  ( s , x )  =   1 2    x T  H  ( s )  x  , where   H ( s ) = h ( s ) I  , and   h ( s ) = ( 1 + A exp ( − β s ) )  . This configuration yields the following running cost   L ( s , x )   and corresponding cost function   J (  x 0  , v  ( · )  )  :


  L  ( s , x )  = x   ( s )  T       ρ 2   + 1   1 + A exp  ( − β s )   +   1 2   A β exp  ( − β s )   I  x  ( s )  − x   ( s )  T  W tanh  ( x  ( s )  )  .  










     J (  x 0  , v  ( · )  ) =      ∑  i ≥ 1   {  ∫   s  i − 1     s i   exp  (  − ρ s  )   x   ( s )  T       ρ 2   + 1   1 + A exp  ( − β s )   +   1 2   A β exp  ( − β s )   I  x  ( s )             − x   ( s )  T  W tanh  ( x  ( s )  )   d t + exp  (  − ρ  s i   )     1 4   x   (  s i  )  T   ( γ  k 2   (  s i  )  I )  x  (  s i  )  +  μ 0  exp  ( − δ  s i  )   } .     








The cost function parameters are set as follows: discount factor   ρ = 2.0  , control cost weight   γ = 0.2  , initial fixed impulse cost    μ 0  = 2.0  ,   δ = 0.1  ,   A = 0.8 ,   and   β = 0.05  .



Based on these parameters, the optimal control gain was found to be   k   ( t )  ∗  = −    h ( t )   h ( t ) + 0.5 γ     . Similarly, the suboptimal impulse gains are set to   0.9 k   ( t )  ∗    and   1.1 k   ( t )  ∗   , respectively, and three periodic strategies’ impulse periods are set as follows:    T 1  = 1.5   s,    T 2  = 2.0   s, and    T 3  = 2.5   s.



The results in Figure 5 show that all the control strategies successfully drive the system state towards the origin, demonstrating that the system is asymptotically stable under each strategy.



Figure 6 shows that    J ∗  = 0.801 ,   which is equal to the theoretical optimum,   V ( 0 ,  x 0  ) = 0.801  . Crucially, the optimal strategy outperforms all the comparative strategies, yielding a total cost lower than that of strategies   J  s 1   ,   J  s 2   ,   J 1  ,   J 2  , and    J 3  .   These results validate the theoretical framework for the given nonlinear system.





5. Conclusions


This paper has investigated the optimal impulsive control and stabilization problem pertaining to a class of dynamic systems, aiming to address the challenge of simultaneously ensuring cost function minimization and system asymptotic stability in traditional optimal control. Firstly, we have proven that the optimal strategy exhibits no Zeno behavior, thereby ensuring the physical feasibility of the strategy. Then, by integrating the value function concept from optimal control theory with Lyapunov stability theory, we have established a set of sufficient conditions that simultaneously guarantee system asymptotic stability and cost minimization. To address the challenge of solving the HJB equation, we further developed a method based on the framework of inverse optimal control. To validate the effectiveness of the proposed method, we applied the derived theoretical results to linear, saddle-point, and nonlinear systems and confirmed the feasibility of our method through numerical examples. There are several directions in which the work in this paper can be further expanded: (1) The proposed framework for deterministic systems can be extended to stochastic systems. (2) Future work can focus on developing efficient data-driven algorithms, such as Adaptive Dynamic Programming. (3) Another highly valuable research direction is to extend the current theoretical framework such that it includes systems with physical constraints such as actuator saturation and time delay. (4) Furthermore, extending the current theoretical framework to finite-time or fixed-time stability [47,48] would be a highly valuable research direction.
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Figure 1. Simulation of different control trajectories for system (34): (a) the trajectories of system (34) under the optimal impulsive control strategy and the threshold condition; (b) the trajectories of system (34) under the suboptimal impulsive control strategy; (c) and the trajectories of system (34) under the periodic impulsive control strategy. 
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Figure 2. Comparison of the cost functions of system (34). 
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Figure 3. Simulation of different control trajectories for system (35): (a) the trajectories(  ∥ x ∥  ) of system (35) under the optimal impulsive control strategy and the threshold condition; (b) the trajectories of system (35) under the suboptimal impulsive control strategy; (c) and the trajectories of system (35) under the periodic impulsive control strategy. 
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Figure 4. Comparison of cost functions of system (35). 
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Figure 5. The simulation results regarding system (36) under different strategies. (a) The trajectories (  x 1  ,   x 2  ,   ∥ x ∥  ) of system (36) under the optimal impulsive control strategy. (b) Phase portraits of the state trajectories of system (36) under different strategies. 
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Figure 6. Comparison of cost functions of system (36). 
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