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Abstract

The Hamiltonian of Reggeon field theory is defined by H, y = pA* A+ iAA*(A + A™)A,
where A and A* are the annihilation and creation operators satisfying [A, A*] = I and y,
A are real parameters, and i = —1. This operator acts on Bargmann space B where B is
a Hilbert space of holomorphic square integrable functions with respect to the Gaussian-
weighted Lebesgue measure. In this work, we consider the operator Hy, = iAA*(A+ A*)A
with maximum domain D(H,) = {¢ € B; Hy¢ € B}. If we limit the domain to polyno-
mials and take the closure of the obtained operator, we denote it by HX””, of which H) is
obviously an extension. Contrary to what happens for u # 0, it is well known that these two
operators are different. The main purpose of the present work is to show that Hy admits a
right-inverse K, i.e., HyK) = I on negative imaginary axis and that K, is compact.

Keywords: non-self-adjoint operators; cubic Heun’s operator; Bargmann space; reggeon
field theory

MSC: 47A05; 47A45; 47B36; 47B37; 47B93

1. Introduction
We recall that the Hamiltonian of Reggeon Field Theory is defined by

H

W) = HATAFIAAY(A+ AF)A (1)

where A and A* are the annihilation and creation operators, # and A are real parameters,
and i? = —1.

This operator is considered to act on Bargmann space [1]:
B={¢:C— C entire; /(C |g0(z)|ze_‘z‘2dxdy < oo} ()

where its usual basis is given by

en(z) = \/;;n eN 3)

or

tu(z) = (j;;neN @
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and the annihilation operator A and creation operator A* are defined by
dg
A= e cB ®)
Ap=z¢p ¢eB (6)
Action of A and A* on usual basis (e, (z)),cn are given, respectively, by
Ae, = \/ne,_1, n>1 and Aey =0 7)
Afep =vn+1le,1q, n>0 (8)

Remark 1 (Some Specific Properties on Bargmann’s Space).

- In[1] it is well known that L>(R) is related to B by an unitary transform (called Bargmann
transform) of L?(R) onto B, given by the following transform

B(f) = ¢(z) = C/Rf%zh%qzhﬁzqf(q); feL?’R) andc>0

- In [2], I established several properties on Bargmann space:

(a) B is related to B by an unitary transform of B onto B, given by the following transform:

1

I:IB%HIB%S;I((;)):(E

9" (0))g = (an)§

where i
Bs = {(”n)ao € C such that Z n!\an|2 < oo}.
n=0
(b) Lemmas 1 and 2 and in particular Lemma 3 link a function of the Bargmann space with its

derivative. This lemma plays a fundamental role in the study of the Hamiltonian of reggeon
field theory:

Lemma 1 (Lemma 0.3 [2]).
¢~ 90) _p

In Bargmann space, we have ¢ € B <—= z — -

The expressions of H,, ) and H) are given, respectively, by

_ o de . dP¢  odg
Hy, ¢ = VZE +iA(z 12 4z E) peB )
_ a0 Hde
Hyp =i)A(z 12 +z E) peB (10)

e In [2], we have given a complete spectral analysis of the following C-symmetric
matrices which play an important role in Reggeon field theory
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no A2 0
iAW2  2u iA2V/3
0 iA2V/3 3y iA3V4
0
- : iA(n—1)yn
0 iAMn—1)y/n ny

where y, A are real parameters and 2 =—1.

In his consideration of the classical Carathéodory-Féjer problem in function theory,
Takagi [3] observed the relevance of the anti-linear eigenvalue problem TX = AX, where
T is an n x n symmetric complex matrix and X denotes complex conjugation of a vector
X in C". He noted that this equation implies that T*TX = |A|>X and hence that |A| is an
eigenvalue of |T| = VT*T.

According this observation, Garcia and Putnar give in [4] the following definition:

Definition 1 (Complexe-Symmetric Operators). A bounded linear operator T on a complex
Hilbert space ‘H is called complex symmetric if T = CT*C, where C is a conjugation (an isometric,
anti-linear involution) of H.

Remark 2.

() HIN £ T e, HE is non-self adjoint).

(i) These C-symmetric matrices HZ//\ approximate our unbounded operator H,, ) in the sense that
[Hz/\] ~! approximate H " 1 (see [2], Theorem 2.1 page 345).

(iii) It is well known that for p # 0, H, ) is invertible and has compact resolvent because its
maximal domain D(H,, ») is compactly embedded in Bargmann space B (see [2]). Now for
=0, Hy := Hy, is not inversible because its spectrum o(H, ) = C [5]. Hence it is natural
to ask whether H) admits a left inverse or a right inverse, and if either of them exists, to see
whether it is unbounded or bounded, and even better, whether it is compact.

* Itis well known for several years that the eigenvalues of this operator H;, »;  # 0 are
real and that, recently in 2023, we have shown the completeness of its generalized
eigenvectors (for this topic see [6]).

Let
By = {¢ € B; 9(0) = 0} (12)

Then, it is well known that on By, for ¥ € By, an explicit inverse of Hy, A restricted on
imaginary axis; y € [0, +oo[ is given (see [7], Proposition 9) by

Ky = HLp(=iy) = [ Na(y,s)g(—is)ds 13)

where

1 2 u. min(ys) 2 u
= e 28 Ttxug 14
Noua(y,s) 3¢ /0 e u (14)

By taking ¢ = 0 and A # 0, we obtain the following:

Ky i= Hy'p(=iy) = [ My, o)p(—is)ds (15)



Mathematics 2025, 13, 3824 4 0of 22
where
Na g [ g 16
2 2
(o) =qoe 7 [ eFau (16)
or by taking A = 1 and p # 0 (see Lemme 4 in [8])
K.:=H, ly(— / Nu(y, s)p(—is)ds (17)
where
1 2 min(y,s) 2
Nuly,s) = ge*T*”S/ ez THidy (18)
0

The kernel of operator H, } is analytic with respect to . The integral operator defined
by this kernel extends into a compact operator on a space L, with weight, including for
negative values of .

In particular, we have the following.

Proposition 1 (See Proposition 9 in [7,8] or Lemmas 4 and 8 in [8]).
Let Ly([0, oo], e_xz_Z%xdx) with A # 0 be a space of square integrable functions with respect
the measure e_xz_zlfxdx), then we have:

(i) Forally >0, Hﬂ_i can be extended to a Hilbert—Shmidt operator of L, ([0, 00[,e™* ?-2% x¥dx)
to itself.
(ii) The map p — K, is analytic on [0, +oo[ in Hilbert-Schmidt norm operators on
Ly ([0, o[, =¥ ~21%dx).
(iii) For u > 0, the smallest eigenvalue oo(1) of H, ) which is simple can be extended to a real
K 8 K #, p
positive analytical function and is increasing with respect to y on entire real axis.

Remark 3. H, ) is non-normal operator; nevertheless, it has several properties analogous to those
of the self-adjoint operators.

e In 1987, we have given in [7] (see also [2]) many non-trivial spectral properties of Hy,
for u > 0:

(i) p(Hua) # @ where p(H,, ) is the resolvent set of H,, 5.

(i) Dmin(Hyup) = Dmax(Hy,z) where Dyax(Hyz) = {@ € B; Hy p € B}.

(iii) Dmin(Hy,A) = {¢ € B3Ip, € PIp € B/‘ngnloo Pn = @
and T Hyapn = ).

(iv) Foru >0 [|Hyall = pl[A@l| Y € Dyax(Hyp)-

(v) The injection of Dyax(Hy,p) in D(A) = {¢ € B; %(p € B} is continuous.

(vi) The injections of D(A) and of Dyax (Hj,

(vii) The existence of the smallest eigenvalue oy # 0 and asymptotic expansion of
—tH,

) in B are compact.

semigroup e and the elements of the diffusion matrix as t — +oo.

More precisely, for u > 0, 0y and ¢y, denote the smallest and the second eigenvalue of

H, ), respectively, then we have the following:

Il e~ Hua |=e 10 4 o€ Ve < oy (19)

<e g, p >=< ¢, 05 >< o, 0 > e 0 L 0(e” ), Vp,p € B (20)

where H, \¢o = 0opo and ¢; is the eigenfunction of H; , associated to 0y such that <

(PO/ ¢8 >=
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Remark 4.

(i) The operator Hy = iAA*(A + A*)A with maximal domain D(H)) = {¢ € ;Hyp € B} is
formally anti-adjoint, i.e., it is equal to the opposite of its adjoint.

(ii) The maximal domain of H, is not equal to its minimal domain.

(iii) For p = 0in H,, , the C-symmetric matrices:

0 iA2 0
A2 0 iA2y/3
0 iA2V3 0 iA3V/4

(21)
0
iA(n—1)y/n
0 iA(n—1)yn 0
approximate Hy:
Hy, = iAA*(A+ A")A = i)\[zﬁvhzzi] (22)
A T2 T gy
where A is real parameter and i> = —1.
(iv) M) is equivalent to
0 —2A2 0
1 0 —223)2
0 1 0 —32.4A2 .
Hy=| . - . . @)
0
o —n(n—1)2)2
0 1 0

then H.} is not symmetric but is C-symmetric.

Remark 5. Letay, =1,n=1,2,..., 6, =0;n=1,2,...and |y,| = n(n — 1)2/\2;71 =23..,
then we have

@ nlll)noo|7n| = coand || ~ n’

1
(ii) — <
L

In the sequel, we will consider the following integral operator:

Kap(=iy) = [ Ny, s)p(=is)ds e
where ()
1 2 pmin(ys) 2
M(y,s) = Ee_j/o ez du (25)

The cubic term H, parameterized by A is analogous to the Lindblad operators for
describing non-unitarity in open quantum systems.

o, In 1998, we have given in [9] the boundary conditions at infinity for a description
of all maximal dissipative extensions in Bargmann space of the minimal Heun’s
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operator Hy = z;—; + 22%. The characteristic functions of the dissipative extensions
were computed and some completeness theorems were obtained for the system of
generalized eigenvectors. It is well known that the restriction H"" of the closure of
Hj on the polynomials set P is symmetric. But the minimal domain D(H?") = {¢ €
B,3p, € P,pn — @, 3¢ € B; Hipy, —> ¢} of Hy is different of its maximal domain
D(H[) = {q) e B; H[QD € B}.

o3 It is also well known that Hj is chaotic operator in Devaney’s sense [10] (see refer-
ence [5]. In particular its spectrum is o(H;) = C. It follows that its action on the
standard orthonormal basis {e, } ;>0 in the Bargmann B is given by

H"ey = bueyi1 + anen + by_1€4_1;an = 0,by =nvn+1>0n>1  (26)

Then H}"" can be represented in By = {¢ € B; (0) = 0} by an infinite tridiagonal matrix

0 V2 0 0
V2 0 2v3 0
2V3 0 3v4
0o 34 o . .. | (27)

0
H[: 0

known as the Jacobi—Gribov matrix.

oy In 2025, we studied in [11] the deficiency numbers of the generalized opera-
tor HP'™ = A*p(Am + A*m)Ap; p,m = 1,2,... acting on Bargmann space where
(H'! = Hj) and we gave some conditions on the parameters p and m such that HP"™
must be completely indeterminate. It follows from these conditions that H™ is
entirely of minimal type and is connected to chaotic operator.

We now describe briefly the contents of this paper, section by section.

In Section 2, according to Askey and Wilson in [12] on some hypergeometric orthogo-
nal polynomials, we give some spectral properties associated with Hy; in Section 3, we give
some properties of action of H, on the Bargmann basis &,(z) = (%
y > 0 and in Section 4, we show that H, has a right-inverse K, on negative imaginary axis

where z = —iy with
and that K is compact.

2. Some Spectral Properties Associated to Hy in the Askey-Wilson Sense

Let Hf = A*(A+ A*)A with domain D(Hj) = {¢ € By; Hrgp € By }.

Now, we denote H I the above operator if we limit its domain to polynomials Py
where Py = {p € P; p(0) = 0} and we denote the closure of this restriction by H"".

Hence Hj is obviously an extension to this closure.

It is well known that the minimal domain of Hj is different of its maximal domain
contrary to minimal and maximal domains of H, , which coincide for y # 0.

According to Askey and Wilson [12] on some hypergeometric orthogonal polyno-
mials, we deduce that the above Jacobi matrix associated with Hj is related to the set of
polynomials P, (x) of degree n satisfying the recurrent relation,

bnPyi1(x) + anPy(x) + by_1Py_1(x) = xPy(x),n > 2 (28)
with the following initial conditions:

Po(x) =0 Pi(x)=1 (29)
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wherea, =0, and b, = nvn + 1.

Definition 2. The polynomials Py, (x), which solve to above recurrence relation and subject to the
initial conditions P (x) = 1 and Py(x) = 0, are called polynomials of the first kind.

The polynomials Qy(x), which satisfy the above recurrence relation and are subject to the
initial conditions Q1(x) =1 Qa(x) = %, are called polynomials of the second kind.

Remark 6 (discrete Wronskian).

Let byuy 1 + by_1uy—1 = ouy,n > 2 the spectral equation for Hy. Then for every two
solutions u = (un) and v = (v,) of above equation with the same parameter o, the discrete
Wronskian is defined by

W(u,v) = by(4n0y41 — Uy110n) (30)

which is independent of n.
For the polynomials (P, (x)) and (Qy(x)), the wronskian is equal to one for every x. It follows that

1
PnQn+1 - Pn+lQn =7

b, (31)

Definition 3 (Borzov [13]).
A polynomial set {1, (x)}y_; is called a canonical polynomial system if it is defined by the
following recurrence relations:

Cno1Pn—1(x) + cntPpy1 = x¢Pu(x) n>1, co=0 (32)

Pr(x) =1 (33)

where the positive sequence {cy }5.q is given.

Lemma 2.

(i) The polynomial set { Py (x)}5_1 is a canonical polynomial system.
(ii) The polynomials P, (x) have real coefficients and fulfill the following parity conditions

Py(—x) = (=1)" 1Py (x) (34)
(iii)
by_1bys1 < b2 (35)
(iv)
1
Y 5o <o (36)
n=1""

(v) The operator Hy has the deficiency indices (1,1).

Proof.

(i) As the sequence b, is positive, then the proof of this property is trivial by taking
¢y = by.

(ii) As the coefficients of P;(x) = 1 and the coefficients of P,(x) = p; are real, then

we deduce by recurrence that the polynomials P, (x) have real coefficients. Now as
P(—x) = —5 = (—1)P,(x) , then if we suppose that P,(—x) = (—1)""!'P,(x) and
Py 1(—x) = (=1)""2P,_1(x), then from the recurrence relation

buPyy1(—x) = —xPy(—x) = by_1Py_1(—x)
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we deduce that

buPyi1(—x) = —x(=1)"""Py(x) — by 1(—1)" 2P, 1 (x)
and
buPpyr(=x) = (=1)"[xPu(x) = by—1Py—1(x)] = (=1)"bnPuya (x)
It follows that
Pyy1(—x) = (=1)" Py (x).
(iii) Letb, = ny/n+1thenb, = (n—1)y/nand b, 1 = (n+1)y/n+ 2. It follows that
by 1bpi1 = (n—1)(n+1)y/n(n +2) and b3 = n*(n + 1). This implies that

by_1byy1 <V <= n—-12<n® < 3n>2

As 3n > 2holds for all n > 1, we deduce that b, _1b,, 11 < b%.
=1
(iv) Itis well known that the following series {(a) = Z . converges for o > 1, where a
n=1

> 1 > 1
is real, then as — , it follows that — < oo,
D I s R L5,

(v) By using theorem 1.5, Ch.VII [14].

For any operator T, we denote by 0(T), 0ess(T) and 0 (T) the spectrum, the essential
spectrum and the point spectrum of T, respectively. [

n n
Proposition 2. Let H; = z-%; 12 > + 22 actzng on Bargmann space By. For all ¢(z) = Z (pn%,
n=1 n:
Hj can be defined by
(e Zn
H]Q)
where (37)

(Hip)1 = V2¢2

(Hrg)n = (n = 1)v/ngp1+nvn+1¢u

Then the point spectrum of Hy is C.
Direct Proof. This direct proof is based on the following classical proposition: [

Proposition 3. The Bertrand series Z uy with general term u, =

n>1
ifg>1

5 converges if and only

1
nln(n)

Now, let us consider the sequence (u,(¢)),n =1,2,...; ¢ € C; defined by the recur-
rence relation:

ui(g) =1
(€)= % (38)
(1= 1)Vt (&) + 1V T Tt 11(8) = Eun(@) 1 >2
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e n
and let gg(z) = ) un(('j)z—, where 1, ({) is defined by (38).
n=1 ﬁ
It is clear that Hjpz = {¢g.

@z belongs to By we must prove that for all § € C we have (u,(¢)) € £2(N). For this,
we will show that

3 ngsuch that V n > ng we have |u, ()| < ﬁi\:(”) (39)
where M is a constant independent of 7.
To determine ngy, we use the below relation when n — oo
1 1 -1

2n31In(n) b Vit+in(n+1) n(n—1)In(n-1) - ny/n(n+1)In(n)

which proves that the second part of the above equality is positive for n > n.
Now, we set M = max{|uy,|In(ng), |un,—1|In(ng — 1)} and we deduce (39) by recur-
rence. We use the following inequalities

i, (1= )il o

| < el U=V
and
U N !
ny/(n+1)(n—1Inn—-1) ny/nn+1)in(n) — /(n+1)n(n+1)

It follows that

2 [} =) 1

2 M 2 2
lun (&7 < W and ;12:1|”n('§)| <M n;lnlnz(n)

< 0

This implies that (u,(¢)) € (2(N) forall ¢ € C.

Second Proof. The second proof is based on the following classical lemma: O

Lemma 3 (Raabe-Duhamel test).
We suppose V'n > 0 a, > 0.

If

Jaer M 1% oL
A n n
then
(i) a>1= Zan converges
(i) a<1l= Zun diverges

Same conclusions if

Ap+1 1 14 1
=1-—=-—
ay n  nln(n) +of

Jda eR,

and we apply Theorem 2.3 of the reference [11].

3. Some Properties of Integral Operator K, Action on the Bargmann Basis

én(z) = % Where z = —iy withy > 0

We recall thaton By = {¢ € B; ¢(0) = 0}, it was well known that an explicit inverse of
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d? d
Hy, ) =ilz p) + (iAZ? —l—yz)d 41)
restricted on imaginary axis, y € [0, 4co[ is given by
Kya(~iy) i= HA9(-i9) = [~ Ny (v, 9)p(—is)ds
where ()
2 u min(y,s) 2
Nua(y,s) = %E*T*IXS/O eT iUy,
It follows that
. _ , YV w2 ©1 £ u
Ky,)\lp(—zy) = Hy}\tp(—zy) :/0 ez +A“du/u Ee T~ 15ds 42)

and for u > 0, let o(p) be the smallest eigenvalue of the operator H,, , then it is well
known in [8] that o(y) extends to a positive, increasing, analytic function on the whole real
line and that the limit value c(0) is an eigenvalue of Hy, = iAA*(A 4+ A*™)A in particular,
o(0) # 0.

Despite the difficulty of the absence of any relation between the domains of the self-
adjoint and anti-adjoint parts of H, ,, this operator has a fine spectral property in the
Bargmann representation: if we restrict to an imaginary semi-axis, its inverse is an integral
operator with a positive kernel, which allows us to apply the Krein-Rutman theorem [15]
and the Jentzsch theorem [16].

For y =0, let
. d d
Hg(2) = iA2( - +2) 2 0(2) 3)

then for z = —iy;y € [0,00] and ¢(—iy) = u(y), we have the following;:

Hyu(y) = Al—yu" (y) + % (y)] (44)

where 1/ () denotes the first derivative of u(y), and u” (y) is its second derivative. And
Ky (—iy) / eZ du /Oole_% (—is)d / / Zem3(sPw? Jip(—is)ds
Ap(—ty) =+ 5 Y

y [e¢]
% /d”/o Lebe _lz)lp(*is)ds+/0 du/o %e_%(sz_uz)‘l’(*is)ds

Remark 7.

oy Itis well known that K, 5 is compact if y > 0 see [8] or [7]. It belongs same to the Carleman-
class {11¢ YV € > 0, for this topic see the reference [17]. A compact operator K in the Hilbert
space H is said to belong to the Carleman-class £y, p > 0if Y _ [s, (v K*K)]? converges where

n=1

sn(VK*K) are the eigenvalues of compact operator v/ K*K.

o, Itiswell known that for y = 0, H, satisfies some properties which are to far form the properties
of Hya;p #0:
(i)  p(Hy) = @ where p(H),) is the resolvent set of H}.
(ii) Dmin(H)\) # Dmax(HA)-
(iii) The spectrum of Hy is C.

o3 Ifey(z) = \F,z = x + iy is the usual basis of Bargmann space then é,(z) = Nl
x + iy is also an orthonormal basis of Bargmann space.



Mathematics 2025, 13, 3824 11 of 22
Now, if we restrict to an imaginary semi-axis, for example, z = —iy,y € [0, +oo[, we
deduce that e, (—iy) = (\/ll) and é,(—iy) = % = % = uy(y).
Lemma 4 (Action of K, on the basis é&,(—iy)). Let &,(—iy) = un(y) = % then
1 y 112 ®© 52
Kyup :=v1(y) = —/ eru/ e Zds (45)
AJo u
and 1
n— Up
Kyu = —Kyty 1+ —F——=,n2>1 46
Allnt1 w1 M T (46)
ie.,
n—1 u
Un+1 = = (47)

nn+1) " ! Any/n+1

u? _ g+l _$
Proof. Let v,.1(y) = Kyupy1 = %fo ez du fuoo %e 2 =y ds = 5 fo er duf e 2
2 2
s . l y us 0 _ st Sn—l
(Hl)!ds =3 Jjezdu [~ se 2 o
2 2
Setting v/(s) = se~2 and u(s) = s"~!, this implies that v(s) = —e~ 2 and /(s) =
(n—1)s"2.
Now we use an integration by part to obtain:
0 $2 s2 1 00 $2 2
J, e zstds = [—em 2" P+ (n—1) [ e 25" %ds.

2 ® 2 o
=e 7u" 1—i—(n—l)/ e~ 75" 2ds.

u

u? 7& _ ﬁ 7£ _
It follows that v, 1 (y) = m[fo eze  Tu ldu+ (n—1) [JeT [e 7" 2ds].
n 2
_ 1 Yy -5 =2
= ST + A\/(n-i-l)' [ e 75" 2s.
— 1 Vi n_l - [e” 3 n24s,

A\/ (n+1)t " V/n(n+1) )\\/n 1)!
= )\n TJ,» \/n_n+1 ’Unfl, l.e.,

Uy " n—1
Anyn+1  /n(n+1)

K;\unﬂ (y) = KAun_l. (48)

O

Definition 4 (Right (or Left) invertibility of unbounded operators).

Let H be a Hilbert space and let T be a linear operator with domain D(T) C H.

We say that T is right invertible if there exists an everywhere defined R € B(H) (the space
of bounded operators on H) such that TR = I; and we say that T is left invertible if there is an
everywhere defined L € B(H) such that LT C I.

Remark 8 (Examples).

(i) Let P(C) be the set of polynomials, and A = diz. We would like to undo differentiation, so
we integrate the following:

The fundamental theorem of calculus says that the derivative of this integral is p; that is,
Al = Ip(c). So Jis a right inverse of A; it provides a solution, not the only one of the
differential equation:
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2 42 = pla)

If we try things in the other direction, there is a problem:

JAG) = [ (@) = p(z) - p(0).

That is, JA sends p to p — p(0), which is not the same as p. So J is not a left inverse to A;
since A has a nonzero null space, we will see that no left inverse can exist.

(ii) Consider the space E of real sequences, the linear mapping T that maps a sequence (agp, a1, . . .)
to the sequence (0,a, a1, . ..) and the linear mapping S that maps a sequence (ag, a1, az, . . .)
to the sequence (ay,ap,...). It is clear that ST = I. Now consider the sequence a =
(1,0,0,0,...). We have S(a) = 0 where 0 is the sequence that vanishes identically and also
TS(a) = 0 hence TS # I.

(iii) Consider the usual (unilateral) shift S on €y. Then S*S = I,55* # I and S is hyponormal.

Hence

(1) S is left invertible without being invertible.
(2) Also, 0(S5*S) = {1} # 0(55*) = 0, 1. where o (T) denotes the spectrum of an operator T.

Remark 9. v1(y) is a primitive of function defined by

u

p(u) = e72 /oo e*%ds (49)

The function ¢(u) has interesting properties (see [18]).

o1 For every non negative integer n, there exists an unique couple (P,, Qn) of polynomials
that satisfy

VueR, ¢"(u)=P(u)p(u)— Qn(u) (50)

Moreover, these polynomials are defined, starting from (Py, Qo) = (1,0), by the recurrence relations
VneN, Pyq=xP+P, (51)

VneN, Qu=P+0Q, (52)

and by Lemma 1 and Proposition 3 of Kouba in [19], the sequence (Pn(x)),cn satisfies:

[N]
[N]

ar 2
Tan® 2 (53)

X

VneNPy(x)=e 7

The polynomials P, (x) are linked to the well-known physicist’s Hermite polynomials by the
following relation

x) (54)

In [18], some similar properties of the generating function ¢(u) = e’ / e~ ds are given
to study the “Plasma dispersion function widely used in the field of plasnga physics”.
In particular

o,  The n-th derivative of ¢(u) = e / e ds is Qiven by:
u

o™ (u) = Pu(u)p(u) — Qu(u) (55)

where P, and Qy, are given by the following recurrence relations:
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Po(u)=1, Py(u)=2x
Qo(u) =0, Qui(u) =1
56
Pyiq(u) =2xPy (1) + 2nP,;_1(u) (56)
Qui1(u) = 2xQu(u) +2nQp 1 (u)
Furthermore we have the following identity
Qu+1 () Pu (1) = Pyya (u) P () = (=2)"n! (57)
and the following expression for Py (u):
n
Po(u) = e EZ/I” e’ (58)

In following lemma, we give an explicit expression of vi(y) and we show that it belongs to
Bargmann space.

Lemma 5 (An explicit expression of v1(y)).
o (&%)

01(y) = Y (=) antzni1 — Y butly(ni1)(y) (59)
n=0 n=0
I (Zn)!% 1 -3 1 ib 2"n! 1 -3 1
wnereiy — ——————~ —N 74 an = ~ —Nn 7T
Tm2n+1 2 V2 +)@n+ D! 2

Proof. We begin by writing the following:

2

Y2 0 s
v1(y) == Kyuq(y) = Khy = %/0 eru/ e 2ds
v o2 00 SZ u 2

= %{/0 eru[/O st—/ e~ 7ds]}

1 /v uo o2 2
:_*/ ‘71”/62 ) g4 — /eldu/ ~7ds

AJo 0
=f(y) +¢(y)

$2
where f(y /du/ ~®)ds and ¢(y A/ eZdu/ % s,
Let f(y ———/ du/ e 2 g

Setting t = E then we have

/‘“e L) g — /1 L1ty g
0 0

1 o0 (_1y\n t2_1 nu2n+1
By )

|
0 n:

=) u2n+1 1 .
= Z i /O (1 —t*)"dt
n=0
oo 2n+1
= Z gyl n+1
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22n(n!)2

(2n+1)!
It follows that

where W, 11 = is Wallis formula).

2n+1 n2 2
/“e L) gy W 27 ()"
0 t2mnl (20 +1)!

i 2"n!\/(2n 4+ 1) oy 41 (u)

= (2n+1)!
> 2"n!
= n;) (2n+1)!u2n+1(u)'
v 1
Now as / Uy (u)du = muz(nﬂ)(y) then we deduce that
0 n

1 s 2"n!
d (=) g —
/ ”/ °T n;) V2(n+1)(2n+ 1)!”2(”“)(y)

ie.,
12 2"n!
= — h -
fly) =—+ EOW“Z(HU e I A D 2n + 1)

(60)

1 y MZ B 52 o 52
Now, we consider g(y) = X/ eru/ e Zds,as / e~ Zds = V27, then we de-
0 0 0
duce that

Y uz 2n+1
:7\/271/ 0% \/271/ Z _V2n Z y
A Jo 2l A 0 2"(2n + 1)n!

Asy" = Vnlu,(y), then it follows that

V2 i V (21 4+ 1)lug, 11 (y)

A 2" (2n + 1)n!

n=0

I\J

ﬂi (2n)!uzp41(y)
= 2ml/2n + 1

ie.,
V2 & (2n)!
=—>) 0 here b, = ————— 61
g(y) A r;) n”2n+1(3/) where by 2”71!\/@ (61)
O
Corollary 1.
() The function vy (y) belongs to Bargmann space, i.e., Y |ay|> < oo and Y |bu|* < 0
n=0 n=0
B fly)=8ly) -0
Remark 10. 5 )
yon| |
Let a% = 27 (n) b2 = (2n)" .
2(n+1)(2n+1)! 2n(n!)2(2n +1)
!
Then by observing that (2n + 1)! = (2n)!(2n + 1) and by setting ¢, = 2(2(’1))2, we deduce
2 _ _Cn 2 _ 1
that by = 5o 1 ™ = D@ 1 1),

2n+1)2n+1)2  nd
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In particular,
1
anby ~ -3 (63)
n2
1 [o¢] o
Below we show that b, ~ —; to deduce the convergence of Y _ |by |? and of Y lan 2.
nz n=0 n=0

[e9)
. 2 . c 1 . . . 1 /n\n
The convergence of the series r; |bn | requires Stirling’s approximation, . hrrJlr Ll (%)

V2rn =1land lim > (2)%27mn =12,
n—r—+0o0

(n1)?
We give two methods to prove this convergence: the first method uses Stirling’s

approximation by establishing the convergence with limits, and for the second method, we
use an upper bound of n! using the trapezoidal method and a lower bound of n! by the
median point method.

(i) First method: Establishing convergence with limits

2 _ (2n)! 21
Leta; = 2 ()2 (2 1) andc;, = n—%
Then,
5 (2n)!
lim "= g = 210D2@nt1)
n—+oo 2 n—stoo #
. (2n)m3/? _
= O wing 20 120
R (2n)!/n
=AM 2
|
= lim )t 1
n—+oo 221(p1)2 12
1 2
— lim (2n)!\/n (zn)l(?n) "Vamn
n—stoo 221 (n!)2 (%(g)” 27tn)2

V1 22"\ /4mtn

= lim ———-
n—+oo  27Tn
1

Nk

It follows that a2 ~ iS

nz
(if) Second method: lower bound and upper bound of 1!
With the upper bound of n!, by using the trapezoidal method, we get

n! <en"e "\/n (64)

This implies that
(2n)! < a(2n)*"e~2\/2n (65)

where « is a positive constant.
It follows that

V(@) < Va(2n)"e " (2n)i (66)
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With the lower bound of #!, by using the median point method, we get
n! > cn"e "/n (67)
where c is a positive constant.
This implies that
(2n)! > B(2n)*e"2"\/2n (68)
where f is a positive constant. And
V@n! = VBen e @n)i (69)
From (64) and (67) we deduce the following:
e "\/n < n! <en"e "\/n (70)
From (66) and (69) we deduce the following:
VB@n)'e " (2n)t <\ (@n)t < Va(an)e " (2n) 71)
Now from (70) and (71) we deduce the following;:
VB@n)ne " (2n)i L V@ Van)" e~ (2n)7 )

en'e~ ”\f n! cne~"\/n

(Note in above denominators that en’e™"

lower bound of n!). It follows that

f2"+4 \/(Zn)! Nrvias
n! cn

usw
NP

Now as b,, = 2”71!\(/2271)%' then we deduce that
(@)
VR e
eni\/2n+1 cni/2n+1
(ii)
d a2 & 1
P ;[,; Vian+1) =%

1 1 1
Asb, ~ — € {pand ayb, ~ — thena, ~ — € {p and v; € By.

7’14 717 n
Remark 11.
(&) by =0(%), b2 =0(%), a0 =0(%) and a2 = O ().
n4 n2

3 3
n4 n2

y 142 ®© 52
(B) Asvlzf—i-g:%/o eru/ 2ds then f = g— vy where g(y

2n)!
uzn+1(y) such that by = -0 = V'\(/% = O(i%)
n

Corollary 2. v, belongs to Bargmann space foralln = 1,2, ...

n is upper bound of n! and cn"e "/n is

(73)

(74)

(75)

N
Tgn
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Proof. As v, satisfies the recurrence relation:

n—1 Uy

v = ———0, 1+ ———= forall n=1,2,...
e Vnn+1) " YTVt 1

where 1, belongs to Bargmann space.

Then we deduce that v, = AL\}E’ this implies that v, € By, and by recurrence, we
deduce that v, € By foralln =1,2,... O

Proposition 4 (Determination explicit of v,, with respect to u, and v1).

Let
Uyy1 = Ayt + Bpo,_q
where
a1
Anyvn+1
and
B, = _n-1
n(n+1)
Then, we have
On = Py_1 +ay01 (76)
with
ay =0 ifn=2p;peN
P
aopt1 = | [ By ifn=2p+LpeN
i=1
Ph=0
Up
P, =
n— Uy
Ph=—uo P,y —
" nn+1) " YN ES
or
Py = ByPy o + Apuy
Proof.

vy = Aqug = Py +apvq; P = Aqupand ap =0

v3 = Aotip + Bpvg = Po + a3vq ; Po = Arup and a3 = By

vy = Aszuz + Bsvp = Azus + B3Ajuy = P3 + wy01; P3 = Asuz + BsAijup = B3Py +
Azuzand ag =0

U5 = Aquy + Byuz = Aguy+ By [Azuz + Bzvl] = Ayug+ BgAsuy + ByByvy = Py + as5v1:

2
Py = Aguy + ByAsuy = ByPy + Aguy and a5 = ByBy = H B2]‘
=1
U6 = Asus + Bsvy = Asus + Bs[Azuz + B3Aqu1] = Asus + BsAzuz + BsB3Ajuy =

Ps + agvq; Ps = Asus + BsAszusz + BsB3Aju; = BsPs + Asus and ag =0
v7 = Aglig + Bgvs = Agig + Bg[Aquy + ByAzup + ByBovy] = Agus + BeAguy +

3
BBy Aouy + BgByByv1 = Py + ayvq; P = BgPy + Aglig and ay = H sz.
j=1

By recurrence with respect to p, we suppose that
V2p = Pap 1 + agpvy such that Poy, = By Pop—2 + Agptinp and app = 0.
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p
U2p11 = Pap + agp 4101 such that Py, 1 = Bppy1Pop—1 4 Agpritizp1 and agpiq = [ [ By
j

Then we deduce that

®2(p+1)
Va(pt1) = Azp1tizp1 + Bapr1v2p
= A2p+lu2p+1 + BZp+1 [P2pfl + ’J‘val]
= Agp1tizp41 + Bopr1Pop—1 + azpBop 101
= Bop1Pap 1+ Azpi1tiapi1 (because azp = 0)
= Bop+1Pap—1+ Agpritizp 1 + Ap(pi1)01-
This implies
y(p1) =0
and
Pypi1 = Bopy1Popi1)—2 + Agpratizp 1.
ie.,
a(p+1) = Pap+1 + &y(ps1) 01
®2(p+1)+1

Va(p+1)+1 = Az (pr1)Ha(p+1) T Ba(pi1)v2p1
= Ag(p+1)U2(p+1) + Ba(p1) [Pap + a2p1101]

= Ag(p+1)ta(p+1) + Ba(pr1) Pap + By(pia)a2p+101

4
= Ag(pr1)a(p+1) + Bagpr1) Pap + B I—{ Bajo1
]:

p+1

= By(pi1)Pap + Ag(pr1)ia(pr1) + l—{ Byjv1.
]:

Then we deduce that

p+1
ty(pi1)41 = | | Byjon
=1

and
Pap1) = Ba(psn) Pop + Ao (pr1)ia(pr)
ie.,
Oa(p+1)+1 = Papi1) + 8o(p 1) 1101
O
n
Lemma 6. Let u,(y) = \% with norm ||uy|| = 1 and P, (y) is a polynomial which satisfies:
n!
Pu(y) = BuPu—2(y) + Antin(y)
n—1 1
where By = ——=and Ay = ———
T ) T A+ 1
Then

(i) P,y is orthogonal to uy,.
(ii) Let py = ||Py||* then py = B2p,_o + A2.
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(iii) py = O(=).

=
ore|

Proof.

(i) Asthedegreeof P,_pisn —2then < P,_»,u, >=0.
(ii) We have

pn = ||Pa|[> =< BuPy_2(y) + Antin(y), BaPu—2(y) + Antin(y) >
=< BuPy2(y), BaPn—2(y) > + < BuPy2(y), Anttn(y) >
+ < An”n(]/)r Bnpnfz(y) >+ < Apuy, Apuy >

By using (i) and ||u,|| = 1, we deduce that p, = B2p, _» + A2
(iii) is deduced from (ii) and Lemma 5.
O

4. On Right-Inverse K, of H) and Its Compactness

Proposition 5. Let H be a Hilbert space and let T be a linear operator with domain D(T) C H.
Let N(T) be the kernel of T and R(T) its range.

(i) T isright invertible <= R(T) = H.

(ii) The inverse of an unbounded operator could be compact, or bounded, or unbounded, as one can
easily see by considering multiplication operators on L2 spaces.

(iii) The left inverse of a compact operator on an infinite dimensional Hilbert space, if it exists,
must be unbounded.

Proof.

(i) * For[<] assume T is surjective. Then, for all ¢ € H, there exists ¢y € H such that
T(¢y) = ¢. Define R: H — H to be the function which maps each ¢ € H to such
@ € H (if there is more than one ¢, then the function R maps ¢ to one of them
chosen in an arbitrary way). This excludes the possibility that R maps ¢ to two
distinct values, in which case it would not be a function). It follows that

vpeH, (ToR)(p)=T(R(Y))=T(py) =9

and T o R = idy.
e For[=] assume T: D(T) C H — H,R: H — H are such that To R = idp(T).

Then, for each ¢ € H, ¢y L R(y) € D(T) is a pre-image of ¢ by T, as T(¢y) =

foR(y) =idy(¢) = ¢. Hence, T is surjective.
* K, and H, are the examples satisfying (ii) and (iii) (see the following propositions).
O

Proposition 6.

(i) K, is a right inverse of Hy, i.e., HyK) = L.
(ii) H, is surjective.
(iii) H, is non-injective.

Proof.

n
(i) Asu, = Y then we deduce that:

V!

_ n—1 n+1
H/\Mn = )\[—n(n 1)y + ny

V! V!
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and
Hyup Al (n—=1uyq

— A = A
nvn+1 n(n+1) agl

Now, from the following recurrence relation:

_ Uy n n—1 ”
Anyvn+1 /n(n+1)

Unt1 ne1- (77)

we deduce that
Uy n—1

Anyn+1 * \/n(n—l—l)K)\un_1 (78)

K/\un+1 =

and
Hyuy, n—1

Any/(n+1) - Vn(n+1)

(n—1) n—1
= ——— U, 1+u + —H) K u,_1.
n(n+1) n—1 n+1 Tl(?’l—l—l) ADAUR—1
2

Now as Kjup(y) = Lj\l—\%) then H K us(y) = % = uy(y).

H)Kjup4q = HyKjup—1.

And by recurrence we deduce that:

(n—1) n—1
H,Ku =———u, 1+u + —u, 1 =u Y n.
ADA U1 n(n+1> n—1 n+1 n(n—l—l) n—1 n+1

By taking the range of K as domain of H,, It follows that:
H)K) =1 (79)

(if) Itis well known that if an operator T has a right inverse, then T is surjective (see above
proposition). Then H, is surjective. Conversely, if T is surjective, then T has a right
inverse (see above proposition or [20]).

. . e . V2t (Y 2
(ili) H, is non-injective since it cancels out the function g(y) = = / e 2 du. In fact, as
0

/ 2 / 2
ine% and ¢’ (y) = inyey7 then

Hyu(y) = Al—yu" (y) + y*u'(y)] and as ' (y) =
Ha(g(y) = Varl—y2e +ye’] 0.
0

Proposition 7 (Compactness of K} ).

Letu =Y cpttn, Kyt = Y cqvy = Y, cnPy_1 + c10y wherecy = V2{p,g —v1) and let

n=1 n=1 n=1
m
Ky mu = Z cnPy_1 + \6<¢/8 - v1>v1. where g(y) = @ Y% o butians1(y) such that b, =
n=1
% (see Formula (59)).
Then,

(i) Ky, — Ky as m — oo (in operator norm,).
(ii) K, is compact.

Proof.
o0 (o) m
(i) Letu= ) cyu, then Kyu= )Y c,P 1+ V2 < ¢,g—v; >0 and Ky u = Y cn

n=1 n=1 n=1

Po1+V2< Q,8§ — U1 > U1,
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oo
Let us estimate the remainder of the series using Cauchy-Schwarz: || Y~ ¢, P,_1]| <
=m+1
) o) . 0 1 e
Y leallPall < (Y (Y PP
n=m+1 n=m-+1 n=m+1
. 0l o 1 - 1
<O X I<wun>P)20) pall)2 < Hull-CY [lpalD)?
n=m+1 n=m n=m

Then, K, ,, — K, as m — co (in operator norm).
(ii) As K, is an operator norm limit of finite rank operators, K, is a compact operator.
O

Remark 12.

(i) We can take the range of K, as domain of H,. This is possible because R(K) ) is dense in By. To
do this, let us take a function ¢ € By orthogonal to R(K} ); in particular, it is orthogonal to all
vy. Starting with vy from v, = Py_q1 + a,v1 where ap, = 0and apy 1 = V/2b,, we deduce
the following:

< P, ¢ >= (vny1,9) =0. (80)

Since Py, is of degree n exactly, the set of Py, is an algebraic basis for the space of polynomials
that are zero at the origin, so it is the total in By then ¢ = 0.

(i) Hy iszan imaginary part of Hy, 5, we observe that it is also the imaginary part of Hy , y =
NA*A? + Hy . In [21], we have presented an interesting “non-linear” factorization of this
operator Hy ,, ;A" # 0.

5. Conclusions

Reggeon field theory (RFT) is an attempt to predict the high-energy behavior of soft
processes; the RFT can be derived from the assumed softness of hadronic interactions at low
transverse momenta, which seems to be well established experimentally in hadron-hadron
and hadron-nucleus interactions.

Originally, RFT was formulated as a field theory (or as quantum mechanics in zero
transverse dimensions) of pomerons. The basic degrees of freedom in this formulation are
the Gribov fields y and ¢ that create and annihilate the pomeron. The action defining the
theory with triple pomeron couplings only (MRFT) is defined in the following way:

5= [ay{y*oyy - wyty+ gt 9t +9)y) 1)

The Hamiltonian of this theory is given by H, , = pA*A +ilA*(A + A")A acting
on Bargmann space, where p # 0 is intercept coupling, A is the triple Pomeron coupling,
and A and A* are the annihilation and creation operators satisfying [A, A*] = I. Many
spectral properties of H;, y have been studied by the author and recalled in this work. The
mathematical difficulties of this problem come of course from the non-self-adjointness of
H, - Notice that this non-self-adjointness is a rather wild one; the word “wild” meaning
here that the domains of the adjoint and anti-adjoint parts are not included in one another,
nor is the domain of their commutator.

The main purpose of the present work (Section 4) is to give some new spectral proper-
ties of anti-adjoint part Hy = iAA*(A + A*)A;i* = —1 of H,,,, in particular, to show that
H), admits a right-inverse K, i.e., HyK, = I on negative imaginary axis and that K, is
compact. This gives us an original example of an operator that admits a right inverse but
does not admit a left inverse.
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