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Abstract

In this paper, we shall give a concise review of recent numerical methods of some general-
ized fractional models. As is elucidated later, the generalized fractional models may arise
from either mathematical point of view or application point of view. We shall focus on
the former one and discuss the numerical methods for these models in a concise manner.
Finally, some potential research directions are proposed based on existing results as well as
some advanced new topics. We hope this review can provide a sketch of current and future
studies of generalized fractional models for interested readers.
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1. Introduction

Generally speaking, models involving fractional operators are called fractional mod-
els in the literature. Fractional models have been shown to be useful and necessary in
engineering [1,2], biochemistry [3,4], physics [5,6], statistical physics [3,4,7], statistical
mechanics [8] and other disciplines [2,6,9]. More recently, Noeiaghdam and Sidorov [10]
found that fractional models are superior to classical models in energy supply—demand
systems, which enhances the application of fractional models. The fractional operators or
fractional calculus may originate from a letter of L'Hospital to Leibniz in 1695 [11]. An
intriguing problem incurred from that letter is the meaning of non-integer order integral
or derivative. Many well known mathematicians like Fourier, Euler, Laplace, Lagrange,
Liouville, Riemann, Griiwald, Letnikov and Caputo [1,2,12,13] have tried to give a proper
definition in their own ways and thus have contributed to the gradual development of
fractional calculus. Nowadays, it is known that Riemann-Liouville’s and Caputo’s defi-
nitions [1,2] are widely adopted in time fractional models as they are closely related to
memory processes that are prevalent in nature. These fractional operators can also be used
to characterize spatial relations and thus lead to space fractional models, for example Risze
fractional derivative [14,15], which combines left and right Riemann-Liouville fractional
derivatives. However, the use of Riemann-Liouville and Caputo fractional derivatives
is mostly limited to one-dimensional problems. For high-dimensional problems, a more
natural choice is the fractional Laplacian, which is beyond the scope of this work; interested
readers can refer to the excellent review paper [16] and the references therein.
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There are at least two ways to derive fractional models. One way is to replace integer
order operators by fractional ones. It is simple and straightforward but may not easily
convince scientists of its practical values. Another way is to model phenomena arising
from physics or biochemistry at the macroscopic level or microscopic level [3,4,7,17]. The
former may rely on some empirical laws that also need to be proven, while the latter
applies stochastic processes, and the probability density function of statistical observables
of the stochastic processes naturally satisfy some fractional models. Once the fractional
models are derived, one can analyze their properties (e.g., well-posedness, regularity) and
construct numerical methods of these models. In fact, these topics have been discussed and
investigated extensively in recent decades; see [18,19] for well-posedness and regularities of
initial boundary value problems for fractional diffusion equations, [17] for wellposedness
of fractional and tempered fractional problems, [14] for weighted convolution quadrature
method of space diffusion problem, [15] for Riesz basis spectral Galerkin method of tem-
pered fractional Laplacian, [20] for time discretization of tempered fractional Feymann-Kac
equations, [21] for stochastic fractional models, [3] for a thorough review regarding time
fractional and space fractional prolems, [22,23] for L1 method and convolution quadrature
method of fractional diffusion equation with nonsmooth data, [24] for Crank-Nicolson
method of fractional subdiffusion equation, [25] for convolution quadrature method of
nonlinear fractional subdiffusion problem, [26,27] for L1 method with uniform and graded
mesh for fractioanl subdiffusion equation, and [28] for adaptive-coefficient finite difference
frequency domain method for the time fractional diffusive-viscous wave equation, and the
references therein. In this review, we mainly focus on the numerical methods of the time
fractional models.

Typically, there are two types of numerical methods, namely the interpolation method
and convolution quadrature method, that are widely used in solving time fractional
problems. The main idea of the interpolation method lies in that the integrand function
is approximated by interpolation at discrete pairs of nodes. In fact, one will achieve the
L1 type method [27,29-32] and L2 type method [33-41] if piecewise linear interpolation
and piecewise quadratic interpolation are applied, respectively. It is known that L1 and L2
type methods can only give 2 —a and 3 — & (0 < & < 1) orders of accuracy, respectively.
High-order methods [42,43] can be similarly constructed using high-order interpolations,
but the analysis of the resulting numerical scheme is known to be challenging. Additionally,
when the analytical solution of the model has singularity, which is a common situation
in applications [19,26], L1 and L2 type methods will reduce to first-order accuracy if the
uniform mesh is applied. To tackle this problem, an efficient and popular technique is to
adopt an interpolation method with non-uniform mesh, such as graded mesh [27,37], quasi
graded mesh [30] or more general mesh [31,36,40,44].

In addition to the interpolation method described above, there is the convolution
quadrature method, which originates from Lubich [45—-48]. This method is the first method
proposed to approximate the convolution of the given singular kernel #*~! and a function
that has singularity at t = 0, and the integer order derivative of this convolution is exactly
the Riemann-Liouville fractional derivative. This method has a close relation to a linear
multistep method called the k-th backward difference formula (or BDFk [49]). Actually,
the generating function of the convolution quadrature method is a fractional power of
the generating function of the related BDFk method. It is also shown in [50] that the
convolution quadrature method is promising in tackling fractional problems. After that,
it is well developed by Jin and his collaborators [22,23,25,29] to solve time fractional
problems by incorporating initial corrections. Compared to the interpolation method,
the convolution quadrature method can obtain k-th order accuracy that is better than the
interpolation method if k > 3, and the method may be analyzed in a general framework.
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However, the convolution quadrature method requires the uniform mesh and can only
obtain at most sixth-order accuracy as BDFk method is unstable if k > 6, see [23,45,49]. In
recent years, there has been some remarkable progress in the variable-step BDFk (k < 3)
method [51-55] that can work for non-uniform mesh. Hopefully, it may be extended
to solve fractional problems and thus the computation cost may be further significantly
reduced. On the other hand, it is found that a linear combination of the fractional BDF1
method (or equivalently Griinwald-Letnikov method) can obtain second-order accuracy,
which improves the pure fractional BDF1 that has only first-order accuracy. This method
is known as weighted shifted Griinwald-Letnikov (WSGL) method [56]; see [14,57] for
some recent developments with seven steps and four steps, respectively. This opens new
possibilities for a higher-accuracy method based on the convolution quadrature method.

Recently, some generalized fractional operators [4,58-60] have been proposed and
applied to model natural phenomena more accurately. In what follows, we shall introduce
the generalized fractional models from two perspectives in Section 2. Then, some existing
numerical methods for certain generalized fractional problems are presented concisely in
Section 3. Section 4 illustrates the numerical performance and convergence of the numerical
schemes presented in Section 3. Thereafter, in Section 5, some potential research directions
are proposed based on our discussions and new developments. Finally, we end this paper
with a summary in Section 6.

2. Generalized Fractional Models

In this section, we shall first present the basics of fractional derivatives before in-
troducing some generalized fractional models from two perspectives: mathematical
and application.

2.1. Fractional Derivative

Leta < b. Denote C"[a, b] as the space of functions that have continuous derivatives up
ton, LP[a,b] (p > 1) as the standard space of Lebesgue integrable functions over [a, b] such
that | ah |f(t)|Pdt < oo, ACla,b] as the space of functions that are absolutely continuous,
and AC"[a,b] as the space of functions which have continuous derivatives up to n — 1
with f(*=1)(t) € AC[a,b]. Obviously, we have AC'[a,b] = ACla,b]. Furthermore, let
Dyt = %

Recall that the classical fractional integral [1,2] is defined as follows.

Definition 1. Let « > 0 be a real number. For f € L'[a, b], the classical fractional integral of f(t)

is defined as

) = g5 [ =9 sl

a

Let m = [a] (¢ > 0). Combining Definition 1 with D}", the a—th order Riemann-
Louville (RL) fractional derivative and Caputo fractional derivative can be readily given.
Specifically, we have the following definition (see [1,61]).

Definition 2.
* (RL)Let f(t) € AC™][a,b]. The following a—th order Riemann-Liouville fractional derivative

oD f(t) = D" (1" ) f (1),

exists almost everywhere. If we further have (,I}"~%) f(t) € C™|a, ], then it is well defined
in the classical sense.
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e (Caputo) Let D*f(t) = f")(t) € L'[a,b]. Then, we can define the x—th order Caputo
fractional derivative as

gDEf(t) = " (DI'f(1)).

The fractional derivatives presented in Definition 2 are widely used to model memory
effects in engineering, biochemistry, and statistical physics in the literature. In what
follows, we shall introduce the generalized operators of the aformentioned classcical
fractional derivatives. We note that there are alternative ways to define fractional integrals
or derivatives, e.g., Hadamard fractional operator [61,62], defined as follows

DL = gy [ ()~ in(e)) 1 #HO

conformable fractional derivative [63,64] that is defined as

T5(f)(t) = lim feretl D) =) o,

e—0 €

and 8 conformable fractional derivative [65], which is an extension of conformable fractional
derivative, defined as

MTy(f)(t) = lim Ft+e(t+1/T(B)1PF) — F(t) .

a
e—0 €

where B € (0,1). Moreover, there is more than one way to generalize them based on
Definitions 1 and 2. For example, Erdélyi-Kober fractional derivative that arises from
stochastic process driven by generalized grey Brownian motion instead of Brownian mo-
tion [66-70]. It is defined as

m

DY f(t) = [ (v +j+ ;tntﬂ;*““f(t),

j=1
where >0, v € Rand I/ MR £ (1) is Erdélyi-Kober fractional integral given by

nt=n@+)

I}']H—a,m—af(t) F((X)

/t STOFD=1 (1 — g)e =1 £(5)ds,
a
It is easily seen that if y = —a, # =1, then

Dy f(t) = £ o DEF(1).

Note that the Caputo modification of the Erdélyi-Kober fractional derivative is also possi-
ble [71]. Modeling using Hadamard fractional operator, conformable fractional operator,
beta conformable fractional operator and Erdélyi-Kober fractional operator leads to impor-
tant fractional models. The numerical treatment of these models are essential in related
disciplines. The investigation of these topics are beyond the scope of this survey, and we
refer interested readers to [61-71] for details

2.2. Mathematical Perspective

We follow the work of Agrawal [58], which investigates generalized fractional op-
erators by introducing a scale function z(t) and a weight function w(t) to the classical
Riemann-Liouville or Caputo fractional operators. It is observed that the definitions of
Riemann-Louville and Caputo fractional derivatives depend solely on the fractional inte-
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gral and the integer order derivative. Intuitively, one may extend by generalizing them,
which is indeed what Agrawal [58] has accomplished.

Generally speaking, Agrawal [58] has generalized fractional integral and integer order
derivatives by incorporating a scale function z(t) and a weight function w(t), which gives
left/right generalized fractional integral and left/right scaled derivative with respect to
z(t) and w(t). To be specific, we have the following definition.

Definition 3. Suppose that z(t) € Cla,b], 2’ (t) > 0,w(t) # 0. Let Z~1(z) : [z(a),z(b)] —
[a,b) with 271 (z(t)) = t. If w(Z 1 (2))f(Z~1(2)) € L(z(a),z(b)), the right generalized
fractional integral of function f(t) with respect to z(t) and w(t) is given as follows

-1
B0 = L [ 20 = 20 (o) ())dz(5),

Moreover, if w(t)f(t) € C™[a,b] and z(t) € C™[a,b|, then the left scaled m-th derivative
(m > 0is an integer) of function f(t) with respect to z(t) and w(t) is defined as

1
Z(t)

Remark 1. The extension to z'(t) < 0 is trivial. Additionally, as the definitions of left generalized
fractional integral and right scaled derivative are not used later, we omit them here.

Dle(t),-w(t)}f(t) = [w(f)}l< Dt>m[w(t)f(t)}.

Using the above two generalized integral and derivative operators, the generalized
Riemann-Liouville and generalized Caputo fractional derivatives can be similarly defined
as their classical counterparts. Specifically, we have the following definition.

Definition 4. Suppose the conditions in Defintion 3 are satisfied. Let m —1 < a < m. For
w(ZY(2))f(Z71(z)) € AC™[z(a),z(b)] and (alrg(_t)"fw(t)])f(t) € C™[a, b], we have the gen-
eralized left Riemann-Liouville fractional derivative of order « > 0 with respect to the scale

function z(t) and weight function w(t), defined as

Do f () = Do) (Tl ) F (B (1)

For D"™[w(Z 1 (2))f(Z~1(z))] € L'(z(a),z(b)), the generalized left Caputo fractional
derivative is defined as

o) f () = ally t>w<t>1( 2000 (t))' @

As in Remark 1, the related right operators can be similarly defined and are omitted
here; we refer interested readers to [58] for details.

Formulas (1) and (2) are indeed a kind of generalization of fractional derivatives
since they will reduce to the classical Riemann-Liouville and classical Caputo fractional
derivatives of order « when z(t) = t, w(t) = 1. Itis elucidated in [58] that many equations
can be reformulated using this generalized operator and thus can be solved in an unified and
elegant way. That is why we need this type of generalized fractional model to unify various
fractional models involving different types of fractional derivatives (such as Hadamard,
modified Erdélyi-Kober, Riemann-Liouville and Caputo). To better analyze this type of
model, some crucial properties of the generalized operator have been developed in [58,59].
Moreover, this generalized operator can be applied to describe anomalous diffusion with a
time-dependent diffusivity; see [72] and the related references therein.

So far, we have introduced the generalized fractional operators. Similar to fractional
models, models equipped with the generalized fractional operators are called generalized
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fractional models. There is no doubt that one may propose other extensions and get different
generalized fractional models [73-75]; however, this is out of the scope of this review.

2.3. Application Perspective

The motion of particles or abstract particles is very important in microscopic-level
modeling. One of the most powerful tools in microscopic modeling is the stochastic process,
and relevant macroscopic equations are used to dig out information from this process. For
more information, see [3] and the references therein. In this section, we shall illustrate
another generalized fractional model from the relations between the stochastic process and
the macroscopic equations that its probability density function satisfies. In what follows,
we introduce ideas from [60] and also use similar notations as in [60].

We begin with the Brownian motion B;. In essence, it is a stochastic process that can
be used to describe the motion of pollen particles. It is known that the probability density
function of B; (the probability of particle locates in position x at time t) satisfies standard
diffusion equation, i.e.,

oru(x, t) = Au(x, t).

If the Brownian motion is time changed by a particular subordinator [76], then it may be
typically used to describe anomalous subdiffusion phenomenon. To illustrate this, let S; be
a subordinator (or nondecreasing real-valued Lévy process [17]) with Sg = 0 that is known
to be uniquely determined by its Laplace exponent ¢(A) (E[e=*5] = e~ M) for A > 0).
Denote E; as its inverse, i.e.,

Ei:=inf{r >0:5, > t}, t>0.

Let us consider the time changed process Y; = Bg,. Suppose that (1) = A%, « € (0,1)
which implies that S; is the a-stable subordinator, and B; is independent of S;; then, the
probability density function of Y; is a solution of the typical time fractional equation

oD (u(x,t) —u(x,0)) = Au(x,t).

Based on the above discussions, there are two natural extensions of the time changed
process Y;: (i) using a general strong Markov process X; instead of Brownian motion B;
(ii) replacing a-stable subordinator with a general S;. The first extension will give rise
to a more general operator than A; see [60] for details. The second extension will result
in a generalization of the Riemann-Liouville fractional operator. To see this, recall that
subordinator S; can be fully characterized by its Laplace exponent ¢(A), which motivates
us to achieve S; by constructing proper ¢(A). With this fact in mind, we consider the
following Laplace exponent

o) = [ (=),
where y is an infinite Lévy measure on (0, c0) satisfying

/0 max{1,z}pu(dz) < oo,

that is assumed to be determined by a right continuous decreasing function w(t) on (0, o)
(see [60,77] for details). The specific relation is given as y(x,o0) = w(x). Then, it is shown
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in [60,77] that this general subordinator will lead to the following generalized fractional
operator (the “fractional order” is implicitly given by w(t))

oD p(t) = & [l - 9)p(s)as.

Obviously, when w(t) = t%, it reduces to the classical Riemann-Liouville fractional
derivative. If the phenomenon involves reactions (e.g., chemical reaction), the model will
have a reaction term and then the above operator can be further generalized—see [60] for
derivations and [4] for its application.

The generalized fractional model with the above generalized fractional operator is
naturally derived to understand particular phenomenon [4]. The investigation of this type
of model is both interesting and promising.

Until now, we have introduced the origin of (generalized) fractional models from two
perspectives. Let us provide some comments on the fractional models vs integer order
models. As we discussed before, the fractional model is essentially used to characterize
anomalous diffusion processes and other memory processes, while the integer order model
is widely used to characterize phenomenon with local nature. Therefore, the choice of model
depends closely on the nature of the phenomenon. There are some data-driven situations
showing that the fractional model is superior to integer order models. However, these two
models are frequently quite close (due to « being close to 1 in some real applications), and
it is usual that the fractional model requires much more computation (due to the non-local
nature of fractional derivative), as we shall see later in Section 3. In this context, one has to
balance the accuracy of the model and the computation cost to make a reasonable choice.
There are cases in which the fractional model and the integer order model of a physical
system are significantly different (due to a not being close to 1), e.g., energy supply-demand
system [10]. In such a case, the accuracy of the model is more important and one may
always choose the fractional model instead of integer order model.

In the next section, we shall review some existing numerical methods for (generalized)
fractional models.

3. Numerical Methods

In this section, we shall focus on some existing numerical methods of generalized frac-
tional models derived from mathematical perspective and leave the related discussions for
models from application perspective for readers (see [78,79]). To be precise, we investigate
the following generalized time fractional equation

SD‘;‘;[Z(t)Il]u(x,t) = Lu(x,t) + f(x,1), (x,t) € (a,b) x (0,T)
u(x,0) =9(x), x¢€la,b] (©)
u(a,t) =¢i(t),  u(bt) =¢o(t), te(0,T]

where ¢1(t), ¢2(t), P(x), f(x,t) are given smooth functions, gD‘t";[Z(t)ll]u(x,t) 0<a<1)

is the generalized Caputo fractional derivative with respect to t (see (2)), z(t) satisfies the
assumptions in Definition 4, and £ is a linear operator defined as

Lu(x, t) = (p(x, Hux(x, t))x — q(x, Hu(x, t),

with p(x,t) > po > 0 and g(x,t) > 0. The well-posedness of (3) has been addressed
in [80-82], and we shall focus on numerical methods from here onwards.

The appearance of the scale function z(t) is used to stretch or contract the time domain.
As demonstrated in [58], this may be necessary to accurately capture the phenomenon
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of interest over a desired range of time, which could be within micro/nano-seconds, or
over several decades. Note that the weight function w(t) = 1 in (3). This, however, does not
jeopardize the generality of (3) because a similar equation as (3) with a general weight function

w(t) can be rewritten to the form (3) by a simple transformation, as observed in [80,81,83-87].
bzt 1] w
sides of the first equation in (3) by w(t) and using the following transformations

Specifically, if §D (x,t) is replaced by gD‘t’f (2(6)0( t)}u(x, t), then multiplying both

i =w(t)u(xt), f=uw(t)f(xt),
leads to
6 Dy (3, t) = Li(x,t) + f(x,1),  (xt) € (a,b) x (0,T)
i1(x,0) =w(0)y(x),  x¢€lab]
(o t) =w(t)i(t),  a(bt) =w(t)g2(t),  te(0,T]

which is exactly the form of (3). We note that a general weight w(t) and w(t) = 1 will
make a difference if one considers nonlinear problems. Fortunately, we can still apply the
proposed method to solve it with u being replaced by wu in the generalized interpolation
method, and u(x, 2~ 1(z)) being replaced by w(2~1(z))u(x, Z~1(z)) in the generalized
convolution method.

To construct numerical schemes of (3), the two main tasks are discretization of the
generalized Caputo fractional derivative and discretization of the linear operator £. The
former is the main concern in what follows. For the latter, finite difference [33,35], compact
finite difference [33,35,81] or finite element [22] can be applied directly. In this section, we
shall first present two types of approximation methods, namely generalized interpolation
and generalized convolution quadrature, for the generalized Caputo fractional derivative.
This is followed by the approximation of £, and finally we derive the fully discrete nu-
merical schemes of (3). For other methods, one can refer to [88-91] the for discontinuous
Galerkin method, ref. [92] for the local discontinuous Galerkin method, refs. [93-95] for the
spectral method and [22] for the difference type method.

For clarity, we give an explicit expression of § D t)’l]u(x, t)(0<a<1)as

« _ 1 f 1 du(x,s)
OCDt;[z(t),l}”(x’ t) = 1_.(1 — a) A [Z(t) — Z(S)]‘X s ds. (4)

The subsequent approximation methods of the generalized Caputo fractional derivative are
based on the expression (4) (see Sections 3.1 and 3.2 below). Let z(t) be a strictly increasing
function and

Pr:0=tg<ti < ---<tn1<tn=T,

be any partition of [0, T]. Corresponding to P, we form the partition
P,iz(ty) =z0<z1 < -+ <zy-1<zN =2z(IN)-

For simplicity, denote f, = f(tn), zn = z(tn), u"(x) = u(x,t,), . = (zny — z0) /N (which
will be the step size of P; if it is a uniform mesh), and

_ Jn+l — Jn 2
5an+l — s é‘zfn — —
2 Zp4l —Zm Zn4+1 — 2n—1
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3.1. Generalized Interpolation Method

The main idea of the generalized interpolation method is to apply piecewise gen-
eralized Lagrange interpolation to approximate u(x,t). We begin with the generalized
Lagrange interpolation. Suppose (zy, fu) (0 < n < N) are nodes from (z(t), f(¢)) on mesh
Py for two given functions f(t) and z(t); then, we have the following definition.

Definition 5 (Generalized Lagrange Interpolation). For (i+ 1) consecutive nodes (zy, fn) (k <
n < k+ i), the i-th generalized Lagrange interpolation of these nodes is given by

kti 2(F) — 2
2 f(t) ::2< 1 ®) ’)fn. ®)

n—k \k<j<k+ijzn " %

The first order derivative of Iizl((t) (t) is frequently used later. In fact, from formula (5),
it is easy to obtain

d =(t) Mk TTrcjckgijen (2(8) — 2))
i (1) = = 2 (t) f. (6)
ai " ”;k lzg#n Hi§j§i+k,j7én(zn *Z]‘) (£)fn

In what follows, we shall present the construction of aan approximation method mainly
using linear (i = 1) and quadratic (i = 2) generalized Lagrange interpolation. For conve-
nience, we give an equivalent and simple expression from (6) below,

a) () fon— i /

dt T Zkz (H) = <5ka+%)2 (®) 7
a2 (¢
2,1;”1() = [(5sz+% + ((5§fk> (22(t) —z¢ — Zk+1)}z/(t)/ k=1 (8)

Here, we introduce two types of methods depending on whether we discretize (4) at
an integer node or non-integer node. For the sake of simplicity, denote (y € [0,1])

0y (Zn71+7 - Zk)l_lx - (Zn71+7 - Zk+l)1_“/ 0<k<n-2
(Zn-140 — anl)lilxl k=n-1

)271)4

Ly 2(2n71+'y — 2k 1)? 7 = (Zno14y — Zk
“nk = 2—«

—(zk =2k 1) [(Zn14g =2 ) T F (Zargy —2)' Y], 1<k<n—1
Integer nodes

Now, let us present the approximations of the generalized Caputo fractional
derivative (4) using the generalized interpolation method with integer nodes t = t,,. Note
that (4) can be reformulated in two ways as

6 D011 )

1 f _gou(x,s) =
“ti—a) l/to [zn — z(s)] s ds+ )

:r(11_ @) l/: bz =2 auS;IS)dS T L
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3.1.1. gL1 Method
2(f)

Based on (9), using generalized linear interpolation 7, "u(x, ) &~ u(x,t) in [ty, k1]
yields the gL1 method [82,87,96,97]. To be specific, noting (7) we obtain

6 Dfz(r) 171 )

_ 1 h _a0u(x,s) nl ptea L ou(x,s)
- IM|:/to [zn —2(s)] 7" =4 +k;/tk [zn — 2(s)] 7" =" ds

_ = 1 BIf’(ks)u(x,s)

T T(1-a) = /tk [z(tn) — z(s)]* 0s ds

_ 1 e 1 W (x) —uk(x) L1

= TSk E O A O Z“’g A )

where the coefficients w® kl = W k In Theorem 1 of [87], the gL1 method is proved to
attain O(72~%) by using the residual of the generalized Lagrange interpolation, i.e.,

i+1 k+i
F0-T470 = gy (s @ ) T -2, o<tz (D

where g(z) = f(271(z)) and & : t — z(t) is a strictly increasing mapping function
defined over ¢ € [0, 1]. Note that [82,97] consider uniform mesh P;, and the convergence
of the numerical scheme is proven using the Lax-Richtmyer theorem but the order of
convergence is not explicitly given, while [87] extends to general mesh and derives the
order of convergence.

3.1.2. gL1-2 Method

Based on (9), a high-order gL1-2 method [80,96,98] can be derived if one applies
)

generalized linear interpolation Zl( u(x,t) = u(x,t)in [to, t1] and generalized quadratic
interpolation 7. (k) u(x,t) = u(x,t) in [t, trq] (K > 1). Noting (7) and (8), from (9)
we obtain

6 bz, 4 (X0 )

s) nl ot _ou(x,s)
ds + Zn — 2(s ds
k; /tk 20— 2(s)] 2 ]
az()
Y. lu(x S)ds}

tk+1 1

X
-
—

—_

| p—
P
N—
s
~
X

|

N —
—

wn
N

=

QO

+
»\

n—2z(s ds

k [zn — z]*

n—1 Zkt1 Qg — 7, —
4z _ + Z 6§uk(x)/ e Sk =5 R
— Z]IX = .

1 n—1 1 n—1 1
_ 0 k+1 1 52 k _ ng 25
T T2-a) lz Wy 02" 2 (x) + ) wy 7" (x) Z T2(x),
k=0 k=1
gL1-2 01
where w; "~ = =W,y when n = 1, and for n > 2 we have
01  -11 _
Wyo — Wyvs k=
gL1-2 _ oLl _ o1
wn,k nk+wnk Vl,k-‘rl' I1<k<n-2

0,1 -1,1

wnn 1+wnn 1/ k=n—-1
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11

1,1

with @, = k > 1. Similarly, using the residual of the generalized Lagrange

z Z

interpolation, k;clls ;hlown that the gl.1-2 method achieves O(72~%) for general mesh (see
Theorem 3.1 in [80]), but the analysis of the resulting fully discrete scheme to solve the
generalized time fractional problem (3) is not easy; see Section 3.4 later. In fact, [80] only
proves the convergence for a small range of « using the energy method, while the proof
for all « is given in [96,98] by analyzing the coefficient matrix directly, which requires
very careful analysis of coefficients. Possibly, one can extend a different L1-2 proposed
in [37,39,40] for uniform or graded mesh using generalized interpolations, and provide an

easier solution.

3.1.3. gL2 Method

Alternatively, based on the representation (10), a different L2 type method, namely
the gL2 method, can be constructed using only generalized quadratic interpolation, i.e.,
T35 u(x, 1) = u(x, ) in [to, 2] and T3 u(x,t) = u(x, ) in [tg, tesa] (k > 2). Similar to the
above derivation procedure, from (10) it is found that

1 t2 2 0u( Lot ou(x,s)
= —z(s ds + / [ d
F(l—a)[to[" ()] ;.tk ds
1 ) aIz(Os)u(x,s) ds n Zl/tkﬂ oz (k)lu(x S) ds
T ) | ds [2(tn) —z(s)]* (= /n ds [2(tn) — z(s)]*
1 t2 3 dz(s)
= [T [2ul(x)(22(s) — 20 — 5 S\ Y
I(1—a) /to { 2 (0)(22(5) =z —7) + Zuz(x)} [2(tn) — z(s)]*
1 g g ket l dz(s)
- _ _ 2 S S
trag L, 00 2k~ s )]
_ Z ng25Z k+2 (x),
gL2 . . .
where w, ;" is given as follows:
e whenn=2,
1,1 1,1
01 2ri Wi 2 Y1 4,
Wyo — o ’ -
ngzi ¢ 1+r1z1—z0 14+r1z—2z9
2 o Wl b Wit
W01 4 2N n0_ nlop—q
nl T4z —z0 14rzo—2
e whenn >3,
1,1 1,1
01 2 Wypo 2 Wy k=0
n,0 1+riz1—20 1+r120—21
WOy 2N W)y 2w, 2 W, 1
qL2 n1 1+r1z1—29 14+rizp—2z1 1+1rz3—2
Wik = 5 Wit 5 Wit
W nk_ _ nkl 2<k<n-2
T+rezip —ze 147 2 — 2k
1,1
2 w,
0,1 nn—1
’ : , k=n-1
“nn-1 14752120 —Zn—1 "
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Zk—Zk-1
Zk+17Zk
residual of the generalized Lagrange interpolation, though the analysis is more technical

with rp = . To analyze the accuracy of the gL.2 method, the main tool is still the
(see Lemma 2.1 and Theorem 2.1 in [81]). Indeed, this method gives the same order of
accuracy 3 — « as the gL.1-2 method, and the convergence analysis for the resulting fully
discrete scheme to solve the generalized time fractional problem (3) can be conducted for all
«; see [35,81] for details. One drawback of this gL.2 method-based fully discrete scheme is
that one needs other low-order methods to compute u(x, t;). Fortunately, the convergence
order can be kept if a reasonable smaller step size is taken in [to, t1]. Alternatively, one can
tackle it using the Hermite interpolation method proposed in [41].

Non-integer nodes

We shall now approximate the generalized Caputo fractional derivative (4) using
generalized interpolation method with non-integer nodes t = t,_1,,, wherec =1 — 5.
From (4), we can write

6 D8z, (% ta-110)

__ 1 N[t —a9u(x,s) fu-1+o _p0u(x,s)
—1"(1—04)[,(;, /tk 20140 —2(5)] Tds+/tn,1 110 —2(s)] 5 ds |, (12)

where z, 11, = (1 —0)z,_1 +0zpand t, 140 = Z N (24_140)-

3.1.4. gl.2-1, Method
In (12), we apply generalized quadratic interpolation Ii(kt)u(x, t) ~ u(x,t)in [t tryq]

(0 < k < n—2) and generalized linear interpolation Z; (n) 1u(xt) = u(x,t)in [ty 1, ti—140],

leading to the gL2-1, method, also known as the generalized Alikhanov’s method [35,86].
Specifically, we find

gD“[ (1), 1]u(x/ tn71+t7>

trt1 n—1+o Ju X,S
= 1_“ [ /tk /t1 ‘|zn 4o —2(s)] 7" (as >ds
BIf,(rfllu(x,s)d

1 Z /fk+1 07 (k)u(x S) ds n /tn71+(7 — g 4s
I'(1-a) k=0 7tk ds [Zn-140 — 2(5)]* ty—1 [Zn-140 — 2(5)]*

_ 1 n=2 g gkt (x)dz(s) titto S,u""2 (x)dz(s)
B F(l - D‘) {];) /tk [Zn—1+(7 - Z(S)]a * ‘/tnfl [Zn—l—l—tr - Z(s)]a }

1 n=2 b1 2z(s) — zp — zg
+ F(lia) Z5§uk+l(x)/ ( ) k +le(S)

t [Zn-110 — 2(8)]"

%

= [Z wO‘T(S kI (x) + Zw”éz k ] Z ng 5153 (x),

12—1
where wio 7= “’no when n = 1, and for n > 2 we have
0,0 -1,0 _
wy, 0 wy, 07 k=
gLZ 1y, -1,0 -1,0
W k - nk+wnk Wyky17 I1<k<n-2

0,0 -1,0 _
Wy @ k=n-1
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1 wl,a
where azn",j = Zkﬂ%ﬁm, k > 1.1Itis proved in [80] (see Theorem 3.2) that the above derived

approximation gives O(72~%). Moreover, it is shown in [35] that this method can also be
used to solve variable order (¢ = a(x, t)) problems. Though the gL2-1, method gives as
good approximation properties as previous high-order methods, we can only obtain O(7?2)
for the fully discrete numerical scheme for solving (3) because

Lu(x,ty 110) = (1—0)Lu(x,ty_1) +oLu(x, ty) +0o(1—0)O(12), (13)

is adopted in the numerical scheme construction.
To summarize Section 3.1, the generalized interpolation based approximation methods
can be written in a unified form as follows.

Theorem 1. Assume that u(-, 2 ~1(z)) € C'[z(0),z(T)], where r = 2 for gL1 and r = 3 for
gL1-2, gL2, gL.2-1,. We have

1 n-
c
0 Db e (% Bum149) = I2—a)

1
- w5152 (x) + O(F), (14)
a) =

where v =1 for gL1, gL1-2, gL2 and v = o for gL2-1, * denotes the type of method (L1, gL1-2,
gL2 or gL2-1,), and B is the corresponding order of accuracy with p =2 —a forglland p =3 —«
for gL1-2,gL2, gL.2-1,.

Proof. Combining the technique of integration by parts with a residual of generalized
interpolation (11), one can derive the approximation errors. For details, see [87] for the
gL1 method, ref. [86] for the gL.2-1, method, ref. [80] for the gL.1-2 and gL.2-1, methods,
and [81] for the gL.2 method. O

Remark 2. Based on the above discussions, 5 can be 3 —  or higher for general mesh (see [99] for
the construction using high-order generalized interpolations). However, the analysis of the resulting
fully discrete scheme for solving (3) is challenging; see Section 3.4 later.

Remark 3. As far as we know, the best accuracy of the generalized interpolation method-based
fully discrete scheme is O(T3~%) for uniform z mesh, and O(N—2=%)) for general mesh. Hopefully,
by making subtle changes and applying correction techniques when necessary, it is possible to
provide a rigorous analysis of high-order generalized interpolation-based methods for general mesh;
see [37,39,100] and the references therein.

Remark 4. The approximation error in (14) holds with high reqularity assumption of u. If the
assumption is violated, (14) does not hold any more and the worst case is that all methods degenerate
to O(tz). A mature technique to recover the accuracy is to apply graded mesh [27,37], quasi-graded
mesh [30] or more general mesh [31,36,40,44]. The investigation of this technique is out of the scope
of this work and we refer interested readers to the related references.

3.2. Generalized Convolution Quadrature Method

Let us briefly introduce the classical convolution quadrature method [23,25,45] that
aims to approximate the Riemann-Louville fractional derivative oDf f(t) (see Section 2.1 of
this work and also [1,2]) with uniform mesh accurately. Here, we consider 0 < « < 1 and
denote T = % as the step size of the uniformmesh P, : 0 =ty < t; < -+ <ty_1 <ty =T.
The convolution quadrature approximation is formulated as

DDEF() = T ioqz,kfu 1) +O(,



Mathematics 2025, 13, 3713

14 of 28

where g7 ; is the coefficient computed from the generating function of the fractional linear
multistep method, that is,

5u(8) = (21 (Gl 9 ) ank«:"

Note that when a = 1, it reduces to the standard BDFk method [49], and when k = 1,
it becomes the classical Griinwald-Letnikov (GL) method [1]. The above convolution
quadrature method is the starting point to achieve a high-order accuracy method either
by using a correction technique for k > 2, or by assembling a shifted low-order method
(k=1).

The generalized convolution quadrature method is actually an extension of the
above method so that it can be used to approximate (4) efficiently. It depends on the two
relations below.

1.  The relation between generalized Riemann-Liouville fractional operator and general-
ized Caputo fractional operator when f(0) = 0 (see Theorem 2.2 in [85]), given as

SO f(B) = oDipuf®, e (01).

2. The relation between generalized Riemann-Liouville fractional operator and classical
Riemann-Liouville fractional operator (see (2.12) in [85]),

ODltX;[z(t),l]f(t) = D f(2),

where f(z) = f(Z71(z)).
From these two relations, it is found that we may construct approximations of (4) by using
existing approximation methods of classical Riemann-Liouville fractional derivative, i.e.,
20 D% f(z). Moreover, we need uniform z mesh which is vital in the construction. Fortunately,
this uniform z mesh can be achieved by selecting appropriate mesh P, such that

PZ:Z(to) =zpg <z <---<zny-1<2ZN :Z(l’N),

is uniform. Based on the above discussions, the generalized convolution quadrature
method of (4) can be constructed by first applying the classical convolution quadrature
method for ,D? f(z) based on uniform z mesh P; and then transforming the variable z into
variable t using 2 (t) = z(t). In this sense, we are able to obtain O(t}) for the generalized
BDFk method.

In practice, we take k = 1, which results in the generalized Griinwald-Letnikov (gGL)
method [83-85], that is,

6 Doy f(t) = & 2 g f" +0(w),
i=0

where g5, = 1and qf; = (1 — lyge 1 fori > 1. Then, we consider the linear combina-

tions of shifted gGL methods to obtain high-order accuracy. For this purpose, define the
shifted gGL operator as follows.
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Definition 6 (Shifted gGL operator). Given an integer shift p and a sequence { '}, the corre-
sponding shifted generalized Griinwald-Letnikov operator gGLY is given as

n+p )
§GLyf" =" ) i f 7.
i=0

3.2.1. gWSGL with Two Shifts

Similarly to the weighted shifted Griinwald-Letnikov (WSGL) method [56] that is a
linear combination of shifted GL methods, we have constructed the generalized weighted
shifted Griinwald-Letnikov (gWSGL) method with two shifts [85]. To be specific, for the
generalized Caputo fractional derivative (4), we obtain (see Theorem 2.1 in [85] for details)

C & —2pp 2p1 —«
0 Dzttt (%, tn) = mé’c%”"(ﬂf) + mgGLzz””(x) +0(%2)
n .
=7 ) Apgou T (x) + O(T2), (15)
i=0
where for p; = land p, = —1
a2 x+2 , «

Aoaz = > 7 Aigp = 5 11— quf—ur i>1

3.2.2. gWSGL with Three Shifts

It is possible to apply more shifts to obtain high-order methods. If we apply three
shifts (see Theorem 2.1 in [83]), then it is found that

6 Do, 4(%, tn) = p218GLy, " (x) + 228G LY, " (x) + p2,3¢G Ly " (x) + O(<2)
n .
=T Y A" (x) +0(T), (16)
i=0

where

_ 12paps — (6p2 +6p3 + 1)a + 342

P2 T (0~ ) (1 — )

0oy = 12P1P5 — (6p1 + 6p3 + 1)a + 30
’ 12(p2 — p1)(p2 — p3)

025 — 12p1p> — (6p1 + 6p2 + 1)a + 3>

12(ps — p1)(p3s — p2)
andif p1 =0,pp = —1,p3 = —2, then
Moas = 021901, Mas = 021911 + 022901, Mias = 021951 T 0229111 + 023521, 1> 2.

3.2.3. gWSGL with Four Shifts

In [84], four shifts have been employed. The final high-order approximation (see
Theorem 2.1 in [84]) with shifts 0, —1, —2, —3 is given as

0 Di a4 (% )
=0318GLGu" (x) 4+ p3p9GLY ju" (x) + p339GLY yu" (x) + p34gGLY su" (x) + O(Tf)

n .
=T ") Ajaatt" ™ (2) +0(2), (17)
i=0
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where
o3 + 1142 + 400 + 48 —3a3 — 27a% — 62«
031 = 48 ;P32 = ) ,
303 + 2142 4 28« —a3 — 502 — 6a
P33 = 48 ’ 034 = T
and
Ao = 03,1901, Adas = 031951 + 032911 + 033001,

Mua = 031911 + 032901, Miad = 031951 + 032911 T 033921 + 0344131, > 3.

In applications, one can apply gWSGL with two shifts (15) [85] to solve (3) directly.
For gWSGL with three and four shifts, namely (16) and (17) [83,84], the solution at t = #;
or/and t = t; is required to start the fully discrete scheme. This can be performed by using
Hermite interpolation and generalized Riemann-Liouville fractional integral; see [83,84]
for details. Intuitively, we may take large k (>2) to obtain high-order methods directly
(see [25]) and then consider linear combinations of its shifted version to obtain even higher
order methods (see [14,57]).

To summarize, in Section 3.2 we present the main idea of the generalized convolution
quadrature method and derived various gWSGL methods based on shifted generalized
convolution quadrature with k = 1 (or equivalently shifted gGL), and discussed its usage
in practice. From (15)—(17), it is obvious that they have similar formulations and thus can
be written in a unified form. Specifically, we have the following.

Theorem 2. If u(-, 2 ~1(z)) € C**%[z(0),2z(T)], s = 2,3,4 and dd—;u(-,z(O)) =0,0<i<
s+ 2, then

n .
O Do) = 7 L At () 4 O(x), (8)
1=
where s = 2,3,4 denotes two, three and four shifts, respectively.

Proof. The proof of the above results mainly relies on the Fourier transform techniques;
see [85] for s = 2, [84] for s = 3, and [83] fors = 4. O

Remark 5. The weights in (18) are exactly the same as in the classical methods but the nodes with
respect to the variable t are no longer uniform. In fact, the nodes t,, are carefully chosen such that
P, = {z(tn)} is uniformly distributed.

Remark 6. If we employ the classical interpolation method on nodes t, that yield a uniform P,
we shall obtain the same result as gL1 [87] or gL2 [81,86] type methods derived by the generalized
interpolation technigue.

Remark 7. The order reduction is also observed as in Remark 4. One may apply the correction
technique in [22] to recover the accuracy.

3.3. Approximation of L

To derive the fully discrete scheme for the generalized time fractional Equation (3), one can
approximate the generalized Caputo fractional derivative (discussed in Sections 3.1 and 3.2), as
well as approximate the operator L. As stated at the beginning, we only introduce finite
difference and compact finite difference methods for £ and leave other methods to the
readers. Here, we follow the works in [33,35,81,101] and present the results directly.

Let Py be a uniform partition of [a, b], i.e.,

Pria=xp<x1<---<xpm1<xm=Db,
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n u}?_*_lfu]’-’
= u(xj+%,tn) and J,u" |, =

b—a n
and denote h = 24, u’ = .
M ]+% x]-+1 7x]'

7= u(xj, tn), u

n
i+3

3.3.1. Finite Difference Method for £

Considering the discretization at node (x;, t,), the finite difference approximation of
L (see Lemma 5 in [33] and Lemma 3.1 in [35]) is given by

ot —(pt P!
p]+% j+1 (p]+% p],
h2

1
= (Pl =P o)) = gful + O(). (19)

ul +pt o ull
P Py

Lu(xj, ty) =

2
q] u] +O(h%)

Obviously, it gives second-order accuracy in the spatial dimension for u(x,-) € C*[a,b]
and smooth p, g.

3.3.2. Compact Finite Difference Method for £

For compact finite difference approximation of £, we need the following time-
dependent compact finite difference (TDCFD) operator [81].

Definition 7 (TDCFD operator). Let d(x,t) = £ X((xxtt)) For a given function v(x,t), the time-

dependent compact finite difference operator H is defined as

s — 20T + 0 dan ot . —dn o
+1 j j—1 jH17j+1 j—17j-1 .
- , 1<j<M-1.
2 20 ) =/=

Applying the TDCFD operator H to Lu(x}, ;) and noting the definition of the operator
L, we have
HLu(xj, tn) = Hx(p(x, £)0x1u(x, t))|x=x;t=t, —Hqj uj.

)
=0
]

From [81,101], for smooth p and u(x, -) € C®[a, b], we obtain

1
n_ - n no_ n ut 4
Hoj = 5 (0], y 58’y = W7y det ) + 00,

where

(px(x,1))? _ pxx(x,t)}
p(x,t) 2 ’

Hence, the compact finite difference approximation of L is constructed as

2
#lt) = pl ) = 35 |

HLu(x;, ty) = ;(lpﬁl(s alfly o)~ Hylu} +O() (20)
which achieves fourth-order accuracy in the spatial dimension. Note that [33,35] also
considers the compact finite difference method for the special case p(x,t) = p(t), i.e.,
the function p is independent of x. The dependence of the function p on x will bring
difficulties in proving the convergence of the fully discrete scheme of (3) and thus new
analysis techniques [81] are required here.

3.4. Fully Discrete Scheme

The fully discrete scheme of (3) can be readily derived using the approximation of £
discussed in Section 3.3, coupled with the approximation of ng‘;[z DRk (x,t) discussed in
Sections 3.1 and 3.2. To show the derivation of the fully discrete scheme, as an example, we
shall take the generalized interpolation method (Section 3.1) and combine it with finite
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difference and compact finite difference methods, respectively. The fully discrete schemes
utilizing the generalized convolution quadrature method (Section 3.2) can be similarly
derived, and we omit it here.

3.4.1. Finite Difference (FD) Method

We begin with the construction of the fully discrete scheme based on the finite differ-
ence (FD) method. Consider the discretization of (3) at the point (x]-, th—14-), where y =1
oro (0 =1—%).Itis obvious from (3) and (13) that

gD‘tx;[z(t),u”(xjr ti11q) = Lu(xjty11y) + f(Xj, tn-144)

= (1= ) Lu(xj taa) +yLu(xj ta) + f777 + (1= 7)0(<2),

Applying the finite difference approximation (19) of £ and the generalized interpolation
method (14) for OCD?-[z(t) 1]u(xj, tn—14-), We obtain

1 (S +1 B
Ir(2—a) };}wn ;o2 Z(xj) +0(%)
-1 n n—1 n—1 n n n n
pn+15xu T AR pt i oxult | —pt  oull
2 Jt J—2 =2 1, n-1 Jt3 Jt3 J—2 J—2
= (1_,),) 2 - 2 2 q]n u}q +y 2 2 - 2 2 —q;-qu;’

+J(}n,1+7+7(177)O(T§)+O(h2).

From the above formula, it is readily seen that even if § > 2 (for example, when
B = 3 — a), the resulting method can only achieve O(72) for v = o. After omitting
small terms, the fully discrete scheme of (3) based on finite difference method is obtained
as follows

n—1 n n—1 n—1
_ 6 — Oxu
1 n=l - Pipioatty 0 =Py a0l 1 a1
71_,(2_“) kgow,’;,kézu 2(x;) =(1—1) 2 2 ; 2 2 q;’l u;“
plo o’ —pt ou”
+ j+3 J*3 . ) =32 _q;lu]?] _i_fj”—l'*"Y, (21)

which can be solved numerically with appropriate initial condition u? = (x;) and bound-
ary conditions uf = ¢1(t,), uly = ¢a(ts).

Applying techniques from (Theorems 2 and 3, [87]), (Theorems 3.1-3.3, [81]) and
(Theorems 4.1-4.3, [86]), we can prove the following stability and convergence results for
gL1, gL.2 and gl.2-1, methods.

Theorem 3 (Stability of FD-based scheme (21; see [81,86,87]). If P, is uniformly distributed,
then the numerical scheme (21) is robust (or stable) with respect to the initial data and the source
term data for gL1 and gL2 methods. Furthermore, if 2°~1(z) is a concave function, then the
numerical scheme (21) is stable with the gL2-1, method.

Theorem 4 (Convergence of FD-based scheme (21), see [81,86,87]). Assume that P, is a uni-
form Zrmesh and the solution u(x, 2 ~1(z)) € C* ([a,b] x [2(0),z(T))), i.e., dd—;u(x, 77 1(z))
and %u(x, Z~Y(z2)) is continuous. Let uj and u(xj, tn) denote the numerical solution obtained
from (21) and the exact solution of (3), respectively. We have

e for the gL1 method (r = 2)

n . _ 2—a 2 .
1§1;r§1%<_1 uj —u(xjtn)| = O(r; " +h), 1<n<N;
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e for the gL2 method (r = 3)

N M=1
Tzhz |u]”—u x],tn)| —O(Z3 "‘—I—hz), 2<n<N;
n=2 j=1

*  for the gL2-1, method (r = 3)

n , —O(2 2
1;;%(71 uj —u(xj, ta)| = O(17 +h7), 1<n<N.

Remark 8. We note that the rigorous analysis of the stability and convergence of the fully discrete
numerical scheme (21) relies on energy estimate and the monotonic property of the coefficients
wy, - We can numerically observe high-order accuracy for the gL1-2 method. However, since the
monotonicity of the coefficients does not hold for the gL1-2 method, it is challenging to establish the
stability and convergence of this method under an energy estimate framework.

Remark 9. One can derive corresponding results for the generalized convolution quadrature method
(18) using techniques from [83-85].

3.4.2. Compact Finite Difference (CFD) Method

Next, we present the fully discrete scheme based on the compact finite difference
(CFD) method. Similarly to finite difference method, the discretization of (3) is considered
at the point (xj,t,_14,), wherey = 1or ¢ (¢ = 1 — 7). Different from the finite difference
method that applies approximations directly, the TDCFD operator H is applied first. From
(3), this leads to

H CDt [ (t )/1]u(x]-, tho11q) = (L—=9)HLu(xj, ty1) + yHLu(xj, ty) + (1 — Y)O(12)
+ Hf

Then, applying the compact finite difference approximation (20) of £ and the generalized

interpolation method (14) for CD‘t"[ ()] u(xj, ty-114) gives

1 (o * k+3 B
r2— )kgo“’mk‘szH“ 2(xj) +0(x)

o _ 1 _ =1 n—1 n—1 ut 1
= (1 'y){ﬁ(w (Sx ]+1 1/’]-,%‘596”]',%) Hq

Lron n n n n—1+y 2 4
Once again, it is clear from the above formula that even if > 2 (for example, when
B = 3 — «), the resulting method can only achieve O(72) for ¢ = ¢. After omitting small
terms, we obtain the fully discrete scheme of (3) based on compact finite difference method,
as follows

1 nil* k1 1 n—1 n—1g n—1 n—1,n-1
T2 —a) f e () = =) i (g foad - o) oyt

1
+7[ﬁ(lp]+1éxu+ fzpj 1(5xu7 %) Hq }+Hfﬂ T+ 22)

Similar to Theorems 3 and 4, we obtain the following stability and convergence results
for the gL1, gL.2 and gL.2-1, methods.
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Theorem 5 (Stability of CFD-based scheme (22); see [81,86,87]). If P, is uniformly distributed,
then the numerical scheme (22) is robust (or stable) with respect to the initial data and the source
term data for the gL1 and gL2 methods. Furthermore, if 2°~1(z) is a concave function, then the the
numerical scheme (22) is stable with the gL2-1, method.

Theorem 6 (Convergence of CFD-based scheme (22); see [81,86,87]). Assume that P, is a uni-
form z mesh and the solution u(x, Z~1(z)) € C*"([a,b] x [2(0),z(T)]), i.e., dx4 u(x, 27 1(z))
and 4 7 u(x, 1 (2)), is continuous. Let u;? and u(xj, ty) denote the numerical solution obtained
from (22) and the exact solution of (3), respectively. We have

*  for the gL1 method (r = 2)

151;%(71 |u]” — u(xj, th)| = O(Tzzf’x +h4), 1<n<N;

*  for the gL2 method (r = 3)

4

*  for the gL.2-1, method (r = 3)

1

{ngl

|u;1 —u(xj, ty)]? = O(T3 %+ 1), 2<n<N;

1

n . _ 2 4
152%(_1 uj —u(xj,ta)| = O(1; +17), 1<n<N.

Remark 10. Remarks 8 and 9 are still valid for the compact finite difference method, noting that in
this case, fourth-order accuracy is obtained in the spatial dimension.

To summarize, in Section 3.4, we have shown how to derive the fully discrete schemes
of (3) by employing the approximation of § Dy bz(01] 4 u(x, t) based on the generalized inter-
polation method and the approximation of E discussed in Sections 3.1 and 3.3, respectively.
This results in the fully discrete schemes (21) and (22). The fully discrete schemes utilizing
the generalized convolution quadrature method (see Section 3.2) can be similarly derived.

Typically, the fully discrete scheme that is based on the finite difference method gives
O(h?) in the spatial dimension, while employing the compact finite difference method
may improve the spatial convergence to O(h*). This can be easily seen from the above
derivation. We have presented the stability and convergence of the fully discrete schemes
(21) and (22) in Theorems 3-6; more details can be found in [35,81,82,85-87,96-98]. Lastly,
we note that the analysis of the fully discrete scheme based on the compact finite difference
method is challenging for general p(x, t); see the discussion in [81].

4. Numerical Experiment

In this section, we shall present some illustrative numerical results of the fully discrete
schemes in Section 3.4. For this purpose, we shall demonstrate using the following example.
Note that we only consider the compact finite difference method-based schemes here and
leave the finite difference method-based schemes for interested readers.

Example 1 ([81]). Examine the problem (3) witha =0, b=1, T =1, ¢(x) =0, ¢1(¢t) =7,
Po(t) =et?, p(x,t) =2 —cos(xt), g(x,t) = 1 — sin(xt), and

t) = e* r(%+1) Fr-Pr )1 t) + (1 +¢t) sin(xt
flx,t)=e m — t7[1 — cos(xt) + (14 t) sin(xt)] »,
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where v > af > 0. We consider two cases:
Case A. Take the scale function z(t) = tB (B > 1), the exact solution is known to be u(x, t) = t7e*.
Case B. Tuke the scale function z(t) = L(t +2), B = 1.5, v = 5, the exact solution is unknown.

In the experiment, we evaluate the maximum absolute error (MAE) when t = ty,
denoted by
N N

e = max |u; —U;'|,

M,N 1§j§M71| j ] |
where {U]”} refers to the exact (or reference) solution and {u}q} denotes the numerical
solution, respectively. The corresponding temporal and spatial convergence orders are
symbolized by

and Os := log, ¢ ,

respectively.

Remark 11. Though some methods (e.g., gL1-2) do not have theoretical analysis and some theo-
retical results (e.g., gL2) are not in terms of maximum norm, we present only the results in terms
of maximum absolute errors to show some insights. For other discrete norms, see [81] for the gL2
method and [83-85] for the gWSGL method.

Remark 12. We fix & = 0.2 and vary B, v for different purposes. The mesh Py = {t,} is generated
to ensure that P, = {z,, } conforms to either a uniform z mesh (r = 1) or a graded z mesh (r > 1):

2y = 2(0) + (%)YZ(T), th= 2 (z,), 0<n<N.

4.1. Numerical Results Using Generalized Interpolation Method and CFD

In this section, we shall present numerical results for the fully discrete scheme (22),
which is constructed by using the generalized interpolation type method (14) and compact
finite difference method in the temporal and spatial dimensions, respectively. Note that
for the gL.2 method, we need to compute ujl. in advance. To do this, we shall apply gL1
approximation on graded z mesh [27] so that we can obtain an accurate result in the
first step. Other than u]l., the rest of u7 will be computed using uniform z mesh unless
otherwise specified.

First, we fix M = 400 and vary N to compute maximum absolute errors and the
corresponding temporal convergence order O;, using the gL1, gL1-2, gl2-1, and gL2
methods in (22) for Cases A and B. Since the convergence order varies significantly for
different methods, we may need to deploy different N for different methods in order to
observe the convergence order. Specifically,

* Case A: For the smooth case § = 1.5, v = 5, we set N = 1000, 2000, 4000 for the
gL1 method and N = 200,400, 800 for the rest of the methods. For the non-smooth
case B = 1.5, v = 0.3, we set N = 20,40, 80 for uniform z mesh and graded z mesh
(r=(2—wa)/09forglland r = (3 —a)/0.9 f other methods).

e (Case B: The exact solution is unknown in this case. We take N = 10,000, M = 400 to
compute a reference solution, and deploy N = 100,200, 400 for all methods.

The results are presented in Table 1. It is observed that if the solution is smooth, we
obtain the expected temporal convergence orders (i.e., 2 — a for gL1, 3 — a for gL1-2, 2 for
gL2-1, and 3 — « for gL2) for both Cases A and B. If the solution is not smooth, then we
observe the order reduction for uniform z mesh. As demonstrated in Remark 7, it can be
tackled by graded z mesh that is also presented in Table 1.
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Table 1. Errors and temporal convergence orders when M = 400.
B=15 =5 Case A: =15, y =0.3
Method Case A Case B Uniform z Mesh Graded z Mesh
eMN O; eM,N Oy eMN O; eM,N Oy
5.193 x 1077 - 3.233 x 10~ - 3.206 x 1074 - 6.031 x 1075 -
gLl 1.534 x 1077 1.76 9.766 x 1077 1.73 1.402 x 1074 1.19 1.722 x 1075 1.81
4510 x 10~8 1.77 2.919 x 107 1.74 6.204 x 107° 1.18 4936 x 10°° 1.80
3.320 x 10~8 - 2536 x 1078 - 2.286 x 1074 - 2495 x 1075 -
gl1-2 4921 x 107 2.75 3.775 x 107° 2.75 1.024 x 10~* 1.16 3.265 x 10~¢ 2.93
7.224 x 10710 2.77 5.580 x 10~10 2.76 4593 x 107 1.16 4714 x 1077 2.79
1.608 x 10~° - 2.818 x 1077 - 2.327 x 1074 - 4,055 x 107° -
gl2-1, 4.040 x 1077 1.99 7.169 x 1078 1.97 1.019 x 104 1.19 9.487 x 10~ 2.10
1.013 x 1077 2.00 1.810 x 108 1.99 4513 x 1075 1.17 2.293 x 1076 2.05
3.320 x 1078 - 2536 x 1078 - 1.480 x 1074 - 2521 x 1075 -
gl2 4.920 x 1077 2.75 3.775 x 10~ 2.75 6.604 x 1075 1.16 3.297 x 10~ 2.93
7.224 x 10710 2.77 5.580 x 10~10 2.76 2.934 x 107° 1.17 4193 x 1077 2.98
Next, we turn to the spatial convergence order for both Cases A and B under smooth-
ness assumption (y = 5, B = 1.5). We consider uniform z mesh only and fix N = 20,000.
To obtain a reference solution for Case B, we use N = 20,000, M = 400. For both cases,
we set M = 5,10,20. Obviously, from Table 2, it is found that the expected fourth-order
accuracy holds for all cases and all methods, which is consistent with the theoretical results
in Theorem 6.
Table 2. Errors and spatial convergence orders when N = 20,000.
gLl gl1-2 gl2-1, gl2
eM,N O eMN O eM,N O eMN O;
6.633 x 10~° - 6.635 x 10~ - 6.635 x 10~° - 6.635 x 10~ -
Case A 4.087 x 1077 4.02 4113 x 1077 401 4111 x 1077 401 4113 x 1077 401
2.324 x 1078 4.14 2.565 x 1078 4.00 2.549 x 1078 401 2565 x 1078 4.00
1.424 x 107 - 1.424 x 1077 - 1.424 x 107 - 1.424 x 1077 -
Case B 8.908 x 1077 4.00 8.909 x 10~° 4.00 8.909 x 1077 4.00 8.909 x 10~ 4.00
5.567 x 10710 4.00 5.570 x 10~10 4.00 5.570 x 10710 4.00 5.570 x 10~10 4.00

4.2. Numerical Results Using Generalized Convolution Quadrature Method and CFD

In this section, we shall present numerical results for the fully discrete scheme con-
structed by using the generalized convolution quadrature type method (18) and com-
pact finite difference method in the temporal and spatial dimensions, respectively. Let
B = 1.5, v = 5. Note that for s = 3,4, we need to compute u} or ujz- in advance before
starting the fully discrete scheme. We use the lower-order method to compute these values.
To be specific, for s = 3 we compute ujl- using method s = 2, while for s = 4 we com-
pute ujl- using method s = 2 and compute u? using method s = 3. As illustrated before,
we may vary N, M differently for different s in order to obtain the desired convergence
orders. Specifically,

e Case A: Weset M =200 and N = 20,40, 80 to compute temporal convergence orders,
and set N = 10,000 and M = 5, 10, 20 to compute spatial convergence orders.

*  Case B: The reference solution is calculated using N = 10,000, M = 400. Subsequently,
we set M = 400 and N = 10,20, 40 to obtain the temporal convergence orders, and let
N =10,000 and M = 5,10, 20 to compute the spatial convergence orders.

The results are presented in Table 3. Obviously, the convergence order is O(t$ + h*), which
is consistent with the theoretical results.
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Table 3. Errors , temporal and spatial convergence orders.
Case A Case B Case A Case B
S

eM,N O; eMN Oy eM,N O eMN O

1.545 x 1074 - 6.900 x 1075 - 6.635 x 10~° - 1.424 x 10~7 -
s=2 3916 x 10~° 1.98 1.772 x 10~ 1.96 4.106 x 10~7 401 8.909 x 10~° 4.00
9.857 x 10~° 1.99 4484 x 10°° 1.98 2.505 x 108 4.03 5.573 x 10710 4.00

5.708 x 10~ - 5.132 x 10~ - 6.635 x 10~° - 1.424 x 10~7 -
5=3 7.159 x 1077 3.00 6.337 x 1077 3.02 4113 x 1077 401 8.908 x 10~° 4.00
8.963 x 1078 3.00 7.871 x 10~8 3.01 2.565 x 10~8 4.00 5.566 x 10~10 4.00

3.623 x 1078 - 9.554 x 10~8 - 6.635 x 10~° - 1.424 x 10~7 -
s=4 2.168 x 10~ 4.06 6.362 x 10~° 3.91 4113 x 1077 401 8.908 x 10~? 4.00
1.303 x 1010 4.06 4.045 x 10~10 3.98 2.565 x 10~8 4.00 5.566 x 1010 4.00

5. Future Prospects

In this section, we shall propose some future investigations based on the above discus-
sions and recent developments in models and numerical methods.

5.1. Generalized Time Fractional Models

So far, we have mainly summarized numerical methods for generalized time fractional
models from the mathematical perspective. The best convergence order achieved is O(72)
for the smooth solution of the linear problem [84]. In applications, we may need to derive
high order methods for linear and nonlinear problems with smooth as well as non-smooth
solutions. It is known that these issues have been well addressed for z(t) = t and w(t) = 1;
see [22,24,25,37]. Using the aforementioned techniques, we may extend these methods to
the generalized problems. On the other hand, generalized time fractional models from
the application perspective [4] are very important in describing many phenomena in
nature; however the existing methods are rather scarce. Therefore, it is both necessary and
meaningful to propose high-order methods for this type of generalized fractional models.

5.2. Generalized Space Fractional Models

Time fractional models are typically related to the subdiffusion process, which is one
of the anomalous diffusion processes. There is another anomalous diffusion process called
super diffusion that typically results in space fractional models [3,4,7,16,17]. This type of
fractional model has also been investigated extensively in the literature; see [102-105] for
the finite element method, [106-109] for the finite difference method, [110] for the spectral
collocation method, and the references therein. Amongst them, the fractional Laplacian
and tempered fractional Laplacian [3,16,17] are two widely used operators in the models.
Note that these two operators are actually the infinitesimal generator of the Lévy process
and tempered Lévy process [3,17] that are widely applied to model phenomena at the
microscopic level. One may expect a generalized space fractional model of which the
generator is a more general stochastic process. Thus, such a model can be used to describe
a variety of phenomena in a unified way. Also, efficient numerical methods are needed to
simulate the trajectories of the particle and to observe its properties.

5.3. Deep Learning Based Method

Recently, a deep learning based-method has emerged to reduce the computation cost,
especially for high-dimensional problems. The basic frameworks of deep learning-based
methods are PINN [111], DRM [112], WAN [113], and BSDE [114]. Most other methods
can be categorized into one of these frameworks. The generalized time fractional operator
is a non-local operator and the computation of it is expensive. Therefore, it is necessary
to reduce the computation cost. Hopefully, we may apply deep learning to achieve this
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objective. There are some related pioneer works on classical fractional derivative [115,116].
One may apply these to tackle generalized time fractional derivatives and then solve the
generalized time fractional models numerically. As for generalized space fractional models,
they can be both high dimensional and non-local. Hence, deep learning methods become a
natural and inevitable choice. There are some existing works [115,117-121] on this topic as
well. It is also possible to extend to generalized space fractional operators.

6. Conclusions

In this paper, we first present the derivation of the generalized fractional models from
two perspectives—mathematical and application. Next, to solve a class of generalized
time fractional equations, some fully discrete numerical schemes are constructed based
on the approximation of the generalized Caputo time fractional derivative, coupled with
the approximation of the spatial derivative terms in the model. There are two methods
for each type of approximation, namely, generalized interpolation method or generalized
convolution quadrature method for the approximation of the generalized Caputo time
fractional derivative; finite difference method or compact finite difference method for
the approximation of the spatial derivative terms. Meanwhile, possible extensions are
presented based on the current progress of classical fractional problems and its relation
with generalized fractional models. Some experiments are also conducted to illustrate the
numerical performance and convergence of the fully discrete schemes discussed. Finally,
we propose some future research prospects of the generalized fractional models from the
current framework and recent progress in scientific computing.
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