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Abstract

We investigate algebraic and topological properties of subsymmetric polynomials on finite-
and infinite-dimensional spaces. In particular, we focus on the problem of the existence of an
algebraic basis in the algebra of subsymmetric polynomials, as well as possible extensions
of subsymmetric polynomials and analytic functions to larger spaces. We consider algebras
of subsymmetric analytic functions of bounded type and their spectra, and study linear
subspaces in the zero-sets of subsymmetric polynomials, as well as subspaces where a
subsymmetric polynomial is symmetric. In addition, we propose some possible applications
of subsymmetric polynomials in cryptography and in operator theory.

Keywords: symmetric polynomials; subsymmetric polynomials on Banach spaces;
algebraic basis of polynomials; spectrum of algebra; extension of polynomials; subsymmetric
analytic functions; polynomial hash function

MSC: 46G20

1. Introduction

The concept of symmetric polynomials on a finite-dimensional linear space was very
successful in mathematics and important for the development of algebraic geometry, invari-
ant theory and combinatorics (see e.g., [1]). This concept admits a natural generalization
for the infinite-dimensional space of eventually finite sequences cog = Uj_;C". Symmetric
polynomials on £, for 1 < p < oo were considered first in [2,3]. In particular, it was

observed that polynomials

Pe(x) =) xf, k> [p]

i=1
form an algebraic basis in the algebra of symmetric polynomials on /. Here [p] is the

ceiling of p, and the Banach space ¢}, consists of the vectors x = (x1,...,%;,...) such that

[e.9)

1/p
Jell = (L lxil?) < oo,

i=1

In other words, for every symmetric polynomial P of degree n on £, there is a unique
polynomial q(ty, ..., t,_f,111) of n — [p] + 1 variables such that

P(x) = q(Prp(x), ..., Pu(x)), x€ £
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Algebras of symmetric analytic functions on 6,, were considered in many works (see,
e.g., [4-8] and references therein). Some other generalizations of symmetric polynomials
and analytic functions for the various cases of Banach spaces and (semi)groups of symmetry
can be found in [9-15]. Algebras of subsymmetric polynomials and their generators were
investigated in [16-19].

Let X be a complex sequence space cqp or £, for 1 < p < co. A function F on X is

C] (xl,...,xn,...) — (xl,...,xj,l,O,x]',xjH...), jE N. (1)

Thatis, F(Cj(x)) = F(x) for every j € N. Clearly, the operators C; are continuous on /). It
is known [19] that the following (so-called standard) subsymmetric polynomials

Paoan ()= Y xfeoxt, w > [p]

i< <iy

form a linear basis in the linear space of subsymmetric polynomials on /. In particu-
lar, any m-homogeneous subsymmetric polynomial can be uniquely represented as a
finite linear combination of the standard subsymmetric polynomials Py;,.. 4, such that
a1+ -+ + ap = m. We denote by & the minimal semigroup generated by operators C; and
by P (X) the algebra of all subsymmetric polynomials on X.

In this paper, we consider properties of subsymmetric polynomials on finite- and
infinite-dimensional spaces, the problem of the existence of an algebraic basis in the alge-
bra of subsymmetric polynomials, extensions of subsymmetric polynomials and analytic
functions to larger spaces, algebras of subsymmetric analytic functions of bounded type
and their spectra, linear subspaces in zero-sets of subsymmetric polynomials, and sub-
spaces where a subsymmetric polynomial is symmetric. In addition, we consider some
possible applications of subsymmetric polynomials in cryptography and in operator theory.
Algebras of all analytic functions of bounded type on Banach spaces were investigated
in [20-24]. Linear subspaces in zero sets of polynomials on complex Banach spaces and
related questions were studied in [25-31].

It is well-known [32] that there is no Hahn-Banach theorem for polynomials in the
general case. In [9], the problem of the existence of a symmetry-preserving extension
of symmetric polynomials on a Banach space was considered. In this paper, we inves-
tigate extensions of subsymmetric polynomials and find some general conditions when
the operator of extension is a homomorphism of corresponding algebras. Using this
approach, we obtain some advances for the description of the spectrum of algebras of
subsymmetric functions on ¢ p- These results generalise results in [6,7,20] for the case of
subsymmetric functions.

It is known [19] that for a large class of spaces X, in particular for ¢ pr 1 <p < o, for
every polynomial Q on X there is ¢ > 0 and an infinite-dimensional subspace Xop C X and a
subsymmetric polynomial P on Xj such that |Q(x) — P(x)| < € for every x € X,. This fact
gives some kind of approximation of polynomials by subsymmetric polynomials. In the
paper, we considered linear subspaces of subsymmetric polynomials and some subspaces
V such that the restriction of a subsymmetric polynomial to V' is symmetric with respect to
a linear basis.

Let P be an algebra of polynomials. Let us recall that a finite or infinite sequence
(Q1,Qy, .. .) of nonzero polynomials is algebraically dependent if there is a number m and
a nontrivial polynomial of m variables g(t;,...,ty) such that g(Q1,...,Qn) = 0. If the
sequence (Q;) is not algebraically dependent, then it is algebraically independent. An alge-
braically independent sequence (Q;) is an algebraic basis in P if every polynomial in P can
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be represented as an algebraic combination of polynomials Q;. Note that an algebraic basis
does not always exist even if P is a subalgebra of polynomials on a finite-dimensional space.
In this case, for any sequence of generators of P, there are algebraic dependencies. The
problem of the existence of an algebraic basis in the algebra of subsymmetric polynomials
was investigated in [16-18,20]. Unfortunately, this problem is still open, and we propose
solutions for some partial cases.

In Section 2, we investigate subsymmetric polynomials on finite-dimensional complex
spaces CM and show that the algebra of all subsymmetric polynomials on CM has no
algebraic basis. Also, we propose a general method of calculating algebraic dependencies
between symmetric polynomials and a nonsymmetric polynomial. In Section 3, we consider
algebraic properties of subsymmetric polynomials on the linear space cyy of eventually
zero sequences. We described some algebraically independent sequences of subsymmetric
polynomials which, however, do not form algebraic bases. Also, we proved that two
points, x an y in cqp, are equivalent up to actions of operators C; if and only if P(x) = P(y)
for every subsymmetric P. Moreover, it is enough to check this equality for polynomials
P of some special form. Section 4 is devoted to the extension of the obtained results to
continuous subsymmetric polynomials on some Banach spaces containing cqy. In particular
in Section 4.1 we consider subsymmetric polynomials on £,, 1 < p < co. In Section 4.2,
we observed that there exists a natural extending topological homomorphism from the
algebra of subsymmetric polynomials on £, to the algebra of subsymmetric polynomials
on {,(2A) for any well-ordered set 2. This approach is useful for the investigation of
algebras of subsymmetric analytic functions of bounded type and their spectra, which
we considered in Section 5. In Section 6, we constructed some subspaces of ¢, where
subsymmetric polynomials are symmetric with respect to some bases. Also, we considered
linear subspaces in zero sets of some subsymmetric polynomials. Section 7 is devoted to
some possible applications of the obtained results. In Section 7.1, we propose subsymmetric
polynomials for the construction of hash functions that may be of interest in cryptography.
In Section 7.2, using subsymmetric polynomials on eigenvalues of a p-trace operator A, we
show that A is completely defined by traces of A" and (A A A%)", n > [p].

We refer the reader for the general theory of polynomial and analytic mappings on
Banach spaces to books [33,34].

2. Subsymmetric Polynomials on CM

In this section, we prove that there is no algebraic basis in the algebra of subsymmetric
polynomials on a finite-dimensional space.

Subsymmetric polynomials were introduced using operators C; that are well-defined
(M)

on an infinite-dimensional vector space. Let Py, ’ ,, be the restriction of Py,,...q, to the
M-dimensional subspace CM of X spanned to ey, ..., ey. We say that a polynomial P on
CM is subsymmetric if it is a linear combination of polynomials Po(cf\f.)_,,xn.

It is well-known in algebraic geometry that every family of nonconstant polynomials
Q1,Q2,...,Qny1 is algebraically dependent on CM. From here it follows, in particular,
that if some algebra of polynomials on CM is generated by all symmetric polynomials
and a single nonsymmetric polynomial, then it has no algebraic basis because such an
algebra must have at least M + 1 generators that cannot be algebraically independent.
The following example delivers an algebraic dependence between a basis of symmetric
polynomials and a subsymmetric polynomial on C°.

Example 1. Let
&G(x) =P (x) = x1 + 10+ 13,
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3
Ga(x) = Pl(,1>(x) = x1X2 + X1X3 + X2X3,

3
Ga(x) = Pl(,l),1(x) = X1X2X3,
Ey(x) = Pl(;)(x) = X143 + X123 + 1243,

Then, by direct calculations we can check that

ES + (983 — 3E152) 85 + (235 + 3622 + 3822 + 373 — 281 8x%5) &4
H6E3E3 + 8183 — E3E3 — 6013 — 2018285 + 29828385 — 105818203 + 18638565
+(10883 + 133523 + 385 + 35325 — 38518383 + 495303 — 85383 + 9655383 + B85
—198818283 — 10516283)87 + (8183 + 128783 — 38185 + 98585 + 20376583 — 82818583 (2)
—2818583 + 668383 — 2187653 + 135818383 + 4878585 — 189818283 — 16818283) 4
+(2788 + 48383 + &5 — 10818583 + 138583 + &1858s + 27616585 — 62818583 — 4818583
+313383 — 18332383 + +71818503 + 488363 — 72818283 — 8318283) = 0.

Note that in [6] it is proved that polynomials P;, n € N and P;; are algebraically
independent on /1. However, the question about the existence of an algebraic basis in the
algebra of all subsymmetric polynomials on ¢, or cqp is still open.

Now we consider how to find explicitly an algebraic dependence of a non-symmetric
polynomial on symmetric polynomials defined on C". Let P(z) = P(zy,...,z,) € P(C").
We denote by Orb(P) the orbit of P under permutations of the basis vectors:

Orb(P) = {o(P)(z) := P(z4(1),- -/ Zg(n)): T € S}

and by |Orb(P)| the cardinality of Orb(P). Here S, is the group of permutations of
{1,...,n}.Clearly, 1 < |Orb(P)| < n! and if |Orb(P)| = 1, then P is symmetric.

Theorem 1. For a given polynomial P on C" there is a polynomial of a complex variable t
Alt) =" —a ()" e ()" = (1) "am()

of degree m = |Orb(P)|, where coefficients a;(-) are symmetric polynomials on C", such that
A(Q) = 0 for every Q € Orb(P). In particular, A(P) = 0.

Proof. Let Orb(P) = {Qy,...,Qm} and Q7 = P. We denote by

a(z)= Y. Qu(z)---Qi(z), 1<k<m, zeC",

i< <y

the elementary symmetric functions of {Q1(z),...,Qm(z)}. Since for every ¢ € S,
the mapping
{Qi(2),... Qu(z)} = {Qi(0(2)),. .., Qu(c(2))}

is a bijection, o (a)(z) = ax(z) and so ax(z) is symmetric for every 1 < k < m. By the Vieta
Theorem (see e.g., [35], pp. 29-30), for every z € C" the numbers {Q1(z),...,Qm(z)} are
zeros of A(t), in particular, A(P(z)) =0,z € C". O

From the proof of Theorem 1 it follows that if P is a nonsymmetric polynomial
on C", then in order to construct the polynomial A(t), we have to find the orbit
Orb(P) = {Q1,...,Qn} and define a;(z) as elementary symmetric polynomials of
Q1,...,Qm. Then A(P) = 0 is an algebraic dependence between symmetric polynomi-
als and P. In particular, identity (2) can be obtained by this way.
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Each polynomial on the 1-dimensional space C is trivially symmetric (and so subsym-
metric). If M > 2, then Pl(M), (Pl(M))z, and Pz(M) form a linear basis in the linear space of
subsymmetric polynomials of degree no greater than 2. Thus, each 1-degree and 2-degree

subsymmetric polynomial is symmetric. But we have some nonsymmetric 3-degree poly-

nomials. Even if M = 2, Pl(’zz)(x) = x1%3

cannot be generated by symmetric polynomials. Thus, any system of generators of the

is a nontrivial subsymmetric polynomial that

algebra of subsymmetric polynomials on C? must have at least 3 elements, and they are
always algebraically dependent. In the general case, it is easy to check that the symmetric
polynomial Pk(M), k < M cannot be represented by subsymmetric polynomials of degree
less than k (see [18]) and so any system of generators of the algebra of subsymmetric
polynomials on CM must have at least one generator of each degree 1 < k < M. But as we
observed, for 3-degree polynomials we need to have one generator more. Thus, the total
number of generators is not less than M + 1. As we mentioned above, M + 1 polynomials
on CM are algebraically dependent. Hence, we have the following proposition.

Proposition 1. For every M > 1, the algebra of subsymmetric polynomials on CM has no
algebraic basis.

3. Subsymmetric Polynomials on cgp

In this section we consider basic algebraic properties of subsymmetric polynomials on
the linear space of finite sequences cpp = U5 C".

Note that Theorem 1 cannot be extended to the infinite-dimensional case because the
algebra of symmetric polynomials of infinite many variables is factorial (see e.g., [36]),
that is, if a symmetric polynomial P can be represented as a product of two polynomials,
P = P, P,, then both P; and P, must be symmetric. We denote by Ps(coo) the algebra of
symmetric polynomials on cop and by P (cop) the algebra of subsymmetric polynomials
on copp-

Proposition 2. Let
A(t) =" —at" L fapt™ 2 — o (—1)"ay,

be a polynomial with coefficients a; € Ps(coo). If P is a polynomial on coq such that A(P(x)) =0
for every x € cqp, then P € Ps(cop)-

Proof. The identity A(P) = 0 implies that A(P(T,(x))) = 0 for every x € coo and permu-
tation o € Sy, where To(x) = (X5(1), Xs(2), - - -)- Let Q1, ..., Qm be m different elements in
Orb(P). Then for every x € cgy, numbers {Q;(x),...,Quu(x)} are roots of A(t)(x). By the
Vieta theorem,

ar(x) = ' Y. ’ Qi (x) - Qi (x), 1<k<m.
1 <<l
Since each aj is symmetric and a,,(x) = Q1(x) - - - Quu(x) for every x € ¢qp, the polynomial
Q1 - - - Qu is symmetric while Qy, ..., Q are not. This is a contradiction. Thus, the number
of different elements in Orb(P) is less than m. Let Orb(P) has r different elements. If r > 1,
then Q; - - - Qr must be symmetric while the multipliers Qj, ..., Q, are not, and again we
have a contradiction. Thus, r = 1and so P € Ps(cgp). O

From the straightforward computations we can see that

wm (X) = Pray,n (X) + Pag i, (X) - 4 Pay, i (X) + Pag, 0 (X)) ©)
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Proposition 3. For every standard subsymmetric polynomial Py, . s, on coo, the polynomial

S —
PIXU(I)/"'I’XU(m) - UEZS Pag(l),‘..,tx(,(m)
m

is symmetric. Here S, is the group of permutations of the set {1,...,m}.

Proof. It is enough to check that Py (1)t is invariant with respect to any operator

o(m)
of transposition

aij: (xl,...,xi,...,xj,...) — (xl,...,xj,...,xi,...).

Let us consider the set of terms of P} containing coordinates x; and x;,

(1) 7% (m)

a]‘ooo as... Dér"' tXm
{xi1 X X} X"y,

where iy are mutually different. From the definition of P;_ (1) () it follows that coordi-

o
nates x; and x; may take any places s and r so that s # r. Clearly, this set is invariant with
respect the interchanging of x; and x; and the sum of its elements is invariant as well. Thus,
Pja (1)l (m) is invariant with respect to every ¢j; and so is symmetric. [

Example 2. From (3) it follows that PPy, = Py + Py + Py, and so
Pli,m:Pk,m—i_Pm,k:PkPm_Pker (4)
is the representation of P by the power symmetric polynomials.

From Proposition 3 it follows that if a polynomial P € Pg(coo) is symmetric with
respect to the permutation of the indexes a1, . .., a;, in its representation as a linear combi-
nation of the standard polynomials Py;,... 4,,, then P is symmetric. However, for an algebraic
combination it is not so. For example, polynomial P = Py, P, 1 < k < m is invariant
with respect to the permutation k <+ m but not symmetric because a symmetric poly-
nomial cannot be a product of two nonsymmetric polynomials. By the same reasoning,
P+ P2 = (Pey + iPyg) (Peyy — iPyyx) is not symmetric.

Forevery x = (x1,...,X,0,0,...) € coo we denote by ¥ = (x,,...,x1,0,0,...), where
X is the last nonzero coordinate of x. Also, if y = (y1,...,yn,0,0,...) € cgo, then we denote

X<y = (X1, Xm, Y1, -, Yn,0,0,...),
and
xey = (x1,y1,X2,¥2,...)

Formally, the definitions of ¥ and x <y are dependent on the m that bounds the number of
nonzero coordinates of x. But it is easy to check that for every P € Pg (coo),

P(x) = lim P(xy, xx_1,...,%1,0,0,...), (5)
k—o0
and
P(x<y) = kh_>rr01Q P(x1,x2, ..., X, Y1, Y2, .. .). 6)

The right-hand-side parts of (5) and (6) do not depend on m and can be used to extend
these definitions for more general spaces (see Section 4).
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Let us consider some useful identities. From direct computations (see e.g., [18]) it is
possible to check that

m+1
Paqoi (X 9Y) = ) Pagyoo; () Payyy o (V) X,y € co0- @)
j=0
Also, obviously
P“l/---/ﬂ‘m (i) = Ptxm,...,le (.X'), X e C00- (8)

For a given polynomial P € Pg (coy) we denote by P = (P)" as the polynomial in
Pe (coo) such that P(x) = P(¥) for every x € cog. Clearly, the map P + P is linear and
multiplicative. For example, the multiplicativity follows from the computations

(PQ)¥(x) = (PQ)(¥) = P(¥)Q(¥) = P(x)Q(x), x € coo-

From (8) we have that P,Xlwﬂm = Py, 4 - Thus the map P Pisa homomorphism
from Pg (cqp) to itself. Moreover, this map is an involution because (P)" = P for every
P e Pgs (Coo).

Proposition 4. For every pair k,m € N the polynomial

Q(x) = P (¥<x), x € cpo

is symmetric and
Q(x) = 2P(x) Pu(x) = Py (x).

Proof. From (7) we have
Pr (X 4x) = Py (X) + Pr(x) P (%) + Ppopu (x) = Py (%) + Py () + Prc(x) P (x)-

From Proposition 3 it follows that Q(x) is symmetric and from (4) we have Q(x) =
2P (%) P (x) = Py (%) O

Note that for every x € cpy we have

Py (x @ x) = 4Py, (X) + Pryo (X).

Let us introduce two types of equivalences on cgp. We say that x and y in cqg are
equivalent with respect to the actions of &, notation x =~ y, if there are 7y and 7 in &
such that 7y (x) = T (y). Similarly, we say that x and y are equivalent with respect to
the semigroup S of all permutations (that is, injective mappings) of N acting on cy as
0(x) = (X4(1), Xs(2), - - -), notation x ~ y, if there are c7 and 03 in S such that o1 (x) = o2 (y).
We denote by M the quotient set cog/ ==, and by M§ the quotient set cg/ ~ . Itis known
that M can be identified with the set of all finite multisets (that is, unordered tuples
with possible repetitions) of nonzero complex numbers. Moreover, x ~ y if and only if
P(x) = P(y) for every symmetric polynomial P. Since P, form an algebraic basis in Ps(cqp),
it is enough to check the equality P,(x) = P,(y) for every n. Finally, if we know that both
x and y have only m nonzero coordinates each, then it is enough to check P, (x) = P,(y)
for 1 < n < m. We denote by [x] € M35 the equivalence class containing x and by [[x]]
the equivalence class in M containing x. Clearly x ~ y if and only if after removing
all zero coordinates in x and y we have that (x;,...,x;,) and (y;,...,¥;,) are equal
as vectors.
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Note that the operation “<” can be lifted to M by

[x]] <[] = [[x <wl],

"1

while “e” cannot. Indeed, let x’ = (0, x1, x2,...). Then x ~ x/, but

x oy =(0,y1,x1,y2,--.) Z (x1,y1,%2,Y2,...) = x0Y.

However, the unary operation x — x e x can be lifted to the equivalence classes by [[x]]
[[x]] = [[x ® x]]. The restriction of “<” to the subalgebra of symmetric polynomials coincides
with “e”, and “e” can be lifted to M(S).

Theorem 2. The equivalence x ~ y holds for some vectors x,y € cq if and only if P(x) = P(y)
for every subsymmetric polynomial P. Moreover, it is enough to check the equality of subsymmetric
polynomials of the form Py and Py o, k € N. More explicitly, if x and y have no more than m nonzero
coordinates, then we can check the equalities Py(x) = Pi(y) for all k < m and Py (x) = Py ok (y)
fork < W

Proof. Clearly, if x ~ y, then P(x) = P(y) for every subsymmetric polynomial P, by the
definition of subsymmetric polynomials. Suppose that P(x) = P(y) for every subsymmetric
polynomial P. In particular, P(x) = P(y) for every symmetric polynomial P. It is well-
known that in this case the multiset {x1, ..., } of non-zero coordinates of x coincides
with the multiset of non-zero coordinates of y, {y1, ..., ym }. To make sure that x ~ y we
need check that after removing zero coordinates, (x1,...,Xn) = (¥1,...,Ym) as vectors.
Consider the following multisets

erz(x) = {xix]Z: 1< ]} and erz(y) = {yzyjz 1< ]}

We claim that if (xq,...,x%%) # (y1,...,Ym), then Mjo(x) # Mio(y). Indeed, if
(x1,-..,Xm) # (Y1,--.,Ym), then there are x, # x5 such that r < s and a bijection
c:{1,...,m} — {1,...,m} such that (y1,...,ym) = (Xo1),-- -, Xo(m)) and o(r) > o(s).
Then the symmetric difference M;(x)AM;»(y) is nonempty, because it contains, at
least, elements x,x2 and xsx2. Here M1 ,(x) AMi,(y) = (Mya(x) \ M12(y)) U (M12(y) \
M »(x)), and the set-theoretical substraction “\” takes into account the multiplicity of each
element. Hence, we have two different multisets M (x) and M »(y) of length N = W
As we mentioned above, there exists a symmetric polynomial P of N variables such that

2 .2 2 2 2 . 2 2 2
P(x1x5,X1X5,...,X2X5, ..., XN_1X%) # P(V1Y2, V1V53, - -, Y2Y3, - - ., YN—1XN)-

Equivalently, there is 1 < k < N such that

Y () £ Y (wind),

i<j i<j

that is, Py ok (x) # Pi ok (y). This is a contradiction. Thus (x1,..., %) = (¥1,...,Ym) and so
x~y. O

Let us denote by Pg )(Coo) the subalgebra of Pg(cqo), generated by polynomials
Py, for 0 < k < n. Clearly, 77(61 ) (co0) = Ps(cgo) is the algebra of symmetric polynomials
and it is not equal to 79(62 ) (coo)- Let (B(P))(x) = P(x < x). From Proposition 4 it follows
that the restriction of © to 79(62 ) (co) is a homomorphism from 79(62 ) (co0) to Ps(coo)-

The following example shows that Pg ) (coo) is a proper subalgebra in Pg ) (coo)-



Mathematics 2025, 13, 3693

9 of 30

Example 3. Let k # n be positive integers. We claim that Py ,, i & Pg ) (coo)- Indeed,
O(Pi ) (x) = Pryje(X <) = Py (X) + Pe(X) Py g (x) + Py (¥) Pic(x) + Py i (x)
= 2Pk,n,k(x) + 2Pk(x)Pn,k(x)'
Polynomial 2P ,, 1 (x) + 2P¢(x) P, x(x) is not symmetric because, for example,

2P (1,2,0,...) +2P¢(1,2,0,...) P, x(1,2,0,...) = 10 - 2

and
2P, k(2,1,0,...) +2P(2,1,0,...)P, £(2,1,0,...) = 10 2".
But, if Py, x € Pg ) (coo), then by Proposition 4, (P, ) must be symmetric.

The following theorem delivers some nontrivial sequences of algebraically indepen-
dent subsymmetric polynomials.

Theorem 3. Let (R,,), n € N be a sequence of subsymmetric polynomials. If there exists an algebra
homomorphism ®: Pg (coo) — Ps(coo) such that the sequence (P(R,)), n € Nis algebraically
independent, then polynomials Ry, ..., Ry, ... are algebraically independent as well.

Proof. If (R,), n € N are not algebraically independent, then for some r € N there is a
nontrivial polynomial of several variables q(t, ..., t,) such that

g(Ry,...,Ry) =0.
Since @ is a homomorphism,
@(q(Ry,...,Rr)) = g(P(Ry),...,P(R,)) = @(0) = 0.

But it contradicts the algebraic independence of polynomials ®d(R,),neN. O

LetZy =P, Z, = P and forn > 2,

Zn(x) = Z Pk,m(x)/ X € cop-
k-+m=n,
0<k<m

Corollary 1.
(i) Polynomials Z,, n € N are algebraically independent in Pg) (co0)-

(i)  Polynomials Py ,,, m € Z are algebraically independent in 79(62 ) (coo). Here Py g = Py.
Proof. (i). Let ® = ©. According to Proposition 4,

®(Zl) = 2P1/
BO(Zp) =2P,

Z =2P;P, — P
0(Zs) 1Py — P, ©)
@(Zn) =2PP, 1+ ---+2PNyP,_N — NPy,

T

where N is the number of pairs (k,m) such that 0 < k < m and k + m = n. It is easy to
check that N = L”T_lj . For every fixed n, relations (9) give a polynomial automorphism
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(P, Py,..., Py) = (©(21),0(Z2),...,0(Zy)).

Since Py, P,,...,P, are algebraically independent for every n, the same is true for
0(Z1),0(Z,),...,0(Z,). By Theorem 3, polynomials Z,,, n € N are algebraically independent.
The item (ii) can be proved by the same way taking into account that

®<Pl) = 2P1/
O(P1) =2(P)?—P,,
@(Pp) =2PP,—P;,

O(Py,) =2PiPy— Py,

O

Note that both sequences (Z,;) and (P ,,) of algebraically independent subsymmetric
polynomials in Corollary 1 do not contain symmetric polynomials, excepting P; and P,.
If we set R, = Py if nis odd and R, = Z, if n is even, we can show using Theorem 3
for @ = O that polynomials R, are algebraically independent. But we do not know the
following: Is there an algebraically independent sequence of subsymmetric polynomials containing
polynomials Py, for all n € N and an infinite subsequence of nonsymmetric polynomials?

4. Extension of Subsymmetric Polynomials
4.1. Extension to Banach Spaces ()

Throughout the rest of the paper we consider spaces £, only for 1 < p < co. The linear
space cq is dense in the Banach space ¢, for every 1 < p < co. Thus, if a subsymmetric
polynomial P on cq is continuous in the topology of £,, we can extend it to a continuous
subsymmetric polynomial on £,. As we observed the standard subsymmetric polynomials
P aq,
each subsymmetric polynomial on ¢y can be extended to a subsymmetric polynomial on

..a, are well-defined and continuous on ¢ p if and only if each « i > (p] [19]. In particular,

¢1 so that for every x € {1,

Py, (¥) =} e

i<+ <ip

We denote by P (£)) the algebra of all continuous subsymmetric polynomials on £,
For every x € {;, the mapping

Oy: P— P(x)

is called a point evaluation complex homomorphism of Pg(£p). As in the case of cpy, we
define the equivalence on ¢, so that x ~ y if there are operators 7; and 7 in & such
that 7y (x) = T(y). Similarly, x ~ y if there are operators o7 and 0, in S such that
o1(x) = o0»(y). The quotient set /\/lf7 = {,/ ~ can be associated with the set of infi-
nite multisets [x] consisting of nonzero complex numbers x; such that } ;°; |x;|” < co. The
following proposition was proved in [4].

Proposition 5. Let x, y € . Then x ~ y in £, if and only if there exists a natural number
m > [p] such that P,(x) = P,(y) for every n > m. In this case, of course, P(x) = P(y) for every
symmetric polynomial P.

The following result extends Theorem 2 to £,
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Theorem 4. Let x, y € £p. Then x =~ y if there exists a natural number m > [p] such that
Py(x) = Py(y) and Py 2,(x) = Py24(y) for every n > m. In this case, P(x) = P(y) for every
subsymmetric polynomial P.

Proof. If x ~ y, then it is trivially true that P(x) = P(y) for all P € Pg({,). Conversely,
from Proposition 5 it follows that x ~ v, and removing zero coordinates, we may assume
x; are elements of the multiset [x] and y; are elements of the multiset [y], i, j € N. Asin
Theorem 2, we consider the following multisets

erz(x) = {xiszl 1< ]} and erz(y) = {ylyjz 1< ]}

We claim that if (x1,x2,...) # (y1,Y2, .. .) (as vectors) then Mj 5 (x) # M (y) (as multisets).
Indeed, suppose that there are x, # x; such that ¥ < s and a bijection : N — N such that
(y1,¥2,--+) = (Xo(1), Xo(2),---) and o(r) > o (s). Then, as in the proof of Theorem 2, the
symmetric difference M »(x) AMj »(y) is nonempty, because it contains elements x,x2 and
xsx2. Applying Proposition 5 to multisets u = M »(x) and v = M 5(y) we have that for
every m > [p] there is n > m such that P, (u) # P,(v). But

Py(u) =Y (xisz)" = fo’x]z” = Pyon(x),
i<j i<j
and so0 Py, 2,,(x) # Pu2u(y). This is a contradiction. Thus, Mj(x) = M2 (y), thatis, x ~ y.
In particular, P(x) = P(y) for every subsymmetric polynomial P. [J

From Theorem 4 it follows that x ~ y if and only if 6, = J, on Pg ({;).
It is easy to see that if x € £, has infinitely many nonzero coordinates, then the element
X does not exist in £,,. But we can define a complex homomorphism Jy by

(S,E(P) = kli_)riloP(xk,xk,l,.. .,x1,0,0,.. .), Pe PG<£;7)

Similarly, if x and y are in ¢,, the x <y may be not defined as a vector in /,, but we
can define

5x<ly(P) = gLTOP(Xl,Xz,. - X Y1, Y2, - .), P e 'Pg(ép)

Moreover, we can define
53?4]/(1)) = klgglop(xkl xk—ll L /xllyllyZ/ .. ')/ P € pG (gp)

Proposition 6. Complex homomorphisms dx, dxay, and dx« are well-defined on Pe (£,) for every
x and y in £,. Moreover,

Ox (Prxl,...,an) = Pan,.‘.,txl (x)/

and
n+1

5x<1y = Z Pal,...,oc]-(x)Pucj+1,...,ucn (y)
j=0

for every standard polynomial Py,, ., € Ps({p).

Proof. Let x(F) = (x1,x2,...,%¢,0,0,...). For every fixed k and a standard polynomial

Pﬂll,...,lxn ’

P“lz---/“n ((x(k))\/) = P"‘m---/al (x(k))
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k)

Since x®) — xask — oo, from the continuity of Py, . 4, it follows

59?(13&1,...,0(,,) = klgT;o Poc,,,...,ucl (x(k)) = Poc,,,...,ucl (X)

Since every polynomial in Pg ({p) is a finite linear combination of standard polynomials,
Jy is well-defined on Pg (£;).

Similarly, using equality (7) and the density of cog in £, we can prove the rest of the
proposition concerning dxqy, and dyqy. [

For every P € Pg ({,) we define P(x) = 6;(P). Clearly, if x € cqo, then 6z(P) = P(x).
Corollary 2. The mapping P — P is an involution of the algebra Pg (¢,) and || P|| = || P||.
Proof. We already have

Ijm,...,:x,, (x) = 592(Puc1,...,ocn) = Poc,,,...,ocl (x)

Thus, the homomorphism P — P is well-defined for every P € Pg(¢,). Also, (P)” = P,
thatis, P is an involution. Since co is dense in £, and ||x|| = ||%|| in £, for every x € coo C £,

IP]| = {sup [P(x)|: x € coo C £y, [|x[| <1} = {sup [P(%)]: x € coo C £, [|x]] <1} = |[P|.
O

4.2. Extension to £,(21) for a Well-Ordered Set 2

Let us recall that a set 2 is well-ordered if it is linearly ordered and every nonempty
subset of 2 has a minimal element. Throughout this subsection we assume that 2 is an
infinite well-ordered set with respect to an order < . The Banach space ¢, (%) is the space
of functions

x:A=C, x=(xq)yen

such that

1/p
el = (X Jxl?) " < oo

yeA

Clearly, for any x € £,(2) only a countable number of coordinates x., is not equal to zero.
Let
N =2

be an embedding of the set of natural numbers with the natural order < to 2 such that if
ny < ny then 1(n1) = 1(ny). Thus, £, can be considered as a subspace of £,(2l) consisting
of vectors

(xt(l)r Xi2)r -1 Xu(n)s - - )

Let Py;,...a, be a standard polynomial. We can write

Pasopn (K1) Xy o) = X Xy X

i< <iy

Let us denote by Pfll,_._,an the following polynomial on £, (2(),

AN COR D W S RERE 2 (19

Y= =T
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Clearly, Pfll,__,an is an extension of Py, . 4, and this extension does not depend on the

n

embedding .. Since every subsymmetric polynomial is a linear combination of standard
polynomials, we have the following proposition.

Proposition 7. Every subsymmetric polynomial P on £, can be extended to a polynomial P on
£, (2A). The operator of extension [J : P v P is linear and Pfll,u_,an is defined by (10).

Let us denote by Pg (£,(2l)) the range of Pg (£,) under the mapping 7. We can see
that Pg (£,(21)) is an algebra and J is an algebra isomorphism. In particular, for every
point u € £,(2), the functional P — P?(u) is a complex homomorphism.

Example 4. As we mentioned above, there is no point z in £y, such that P(z) = 6xqy(P) if y # 0
and x has infinitely many nonzero coordinates. However, such a point exists in £, () for some set
of indexes 2. Indeed, let 24 = Ny U Ny, where Ny and N, are copies on natural numbers with the
usual order, and if i € Ny and j € Ny, then i < j. For given x and y in £, we set

u= (xl,...,xl-,...) + (yl,,]/],) S fp(Nl UNz), ieNy, ] € N,.
Then 6xqy(P) = P(u). Note that |[u||P = ||x|” + ||y||*
Proposition 8. For every P € Pg ((p), ||P|| = || P?].

Proof. Since /, is isometrically embedded into ¢, (), ||P|| < ||P*|. For every € > 0 there is
avector u = (iq,, ..., Uy,,...) in £p(2A), ||ul| = 1 such that |[PAH#)| > ||P*| —e. Letx € £,
be such that x,, = u,,, n € N. Then

o

I[P =} fwn, [P = [ful]” = 1.
n=1
Also, by the definition of the extension operator 7, P(x) = P®(u) and so |P(x)| > |P%| —e.
Since such a vector exists for every ¢ > 0, ||P|| > ||P?||. Thus, |P|| = |P?|. O

5. Algebras of Subsymmetric Analytic Functions
5.1. General Properties of the Algebra of Subsymmetric Analytic Functions of Bounded Type

Let B;, be the ball in /;, of radius 7 > 0 and centered at the origin. Denote by H, & (B;,)
the completion of Pg (¢,) with respect to the norm

IPllr = sup |P(x)].

e, <r

H,e(B},) is a Banach algebra of uniformly continuous subsymmetric analytic functions on
B},. 1t is a closed subalgebra of the algebra of all uniformly continuous analytic functions on
B}, Hu(B}). Also, we denote by Hye (¢;) the projective limit of algebras Hye (B},) as r — oo.
In other words, Hyg (¢;) is a locally convex Fréchet algebra consisting of subsymmetric

entire functions of bounded type (i.e., bounded on each bounded subset), and

Hys (¢p) = () Hus (B)-
r>0

Any function f € Hye (€,) can be expressed using the Taylor series expansion

flx) = iomx), x e,
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where f, are n-homogeneous subsymmetric polynomials. The Taylor series converges
to f uniformly on every bounded subset. Moreover, a formal series Y, fu(x) of n-
homogeneous polynomials converges to an entire function of bounded type if and only if
the radius of uniform converges at zero,

0(f) = (ligfoljp IIan””)_1 = .

Note that Hypg (¢p) is a closed subalgebra of the algebra H(¢,) of all entire functions of
bounded type and Hy,g (¢p) contains the closed subalgebra Hys(£)) of all symmetric entire
functions of bounded type.

Let 2 be an infinite well-ordered set. For every function f € Hyg (¢p) we assign

P
and denote by Hye (¢,(2)) the set {f*: f € Hps (¢p)}-

Proposition 9. For every f € Hye(£p), f is an entire function of bounded type on £, () and
the mapping f — f* is a topological isomorphism of algebras such that

£l = Ilf* I, >0

Proof. From Proposition 8 it follows that |[f||, = | full; for every r > 0. Thus
00(f%) = o(f) = o and so f% is an entire function of bounded type. Clearly,
(fg)* = fAg™ and (f + ¢)* = f* + g™. Also, for every r > 0,

= Hf”r

m m
A _1: A _1:
£ = Jim [ 35 £, = e || X2 5

,
O

5.2. Spectrum of Hye (€;)

Let us denote by My (£)) the spectrum (i.e., the set of continuous complex homomor-
phisms (characters)) of Hyg (¢p). The set Mg (£;) is the inductive limit of the spectra of
Hyue(B}), My (By) as r — oo, in particular,

Mys (¢p) = |J Mus (B)
r>0

and each M, (B}) is a compact subset of Mg (¢p) (cf. [20]). Thus, every character
¢ € Mys(¢p) belongs to M, (B},) for some r > 0. The infimum of r > 0 such that
¢ € Mys(B}) is called the radius function of ¢ and denoted by R(¢). Thus, for every
character ¢, the radius function is well-defined and finite. Let ¢, be the restriction of ¢ to
the normed space Pg ("/)) of subsymmetric n-homogeneous polynomials and

l@nll = {sup [@n(P)]: [[Pllx <1}

It is known that
R(g) = limsup || gn|*/". (11)
n—o00

Formula (11) was proved in [20] for characters on the algebra Hj,(X) for any Banach space

X and in [10] for characters on any subalgebra of H,(X). From (11) it follows that if ¢ is a

|l/n

linear multiplicative functional on Pg (£p) such that limsup,, . |[¢x||'/" = 1o < oo, then
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it is bounded in H,g (B;) for every 0 < r < ry. Thus, ¢ can be extended to a continuous
complex homomorphism of Hye (B},). In particular, the extension of ¢ is in Mye (¢). This
can be formulated as following.

Proposition 10. A linear multiplicative functional ¢ on Pg (£),) can be extended to a character in

My (£p) if and only if
R(g) = limsup [|gy |/ < co.
n—oo

Theorem 5. The following linear multiplicative functionals are continuous on Hye (£p).
(i) oy for every x € £,. Moreover, R(Jy) = [|x||.

(ii) &y for every u € £, () for every well-ordered set A. Moreover, R(dy,) = ||ul.

(iii) Oxay forall x, y € £,. Moreover, R(x<y) = /|| x||P + [ly||7.

(iv) Oy for every x € L. Moreover, R(dx) = || x||.

Proof. According to Proposition 10, it is enough to compute radius functions for the
complex homomorphisms.

(i) From the definition of radius function we have R(dx) < ||x||. On the other hand,
in [7] it is proved that in the algebra of entire symmetric function of bounded type
R(0x) = ||x||. Since Hys(€y) C Hpe (£p) we have R(dx) = ||x|| in Hpg (£p).

(if) From Propositions 8 and 9 we have that

Sut fr= fA(u), f€ Hps(lp)

is a complex homomorphism and R(4,,) = [Ju]|.
(iii) As we observed in Example 4, there is a well-ordered set 2 and u € A such that
Sxay = 0y, and [[u|P = [|x|[" + [[y[?. Thus,

R(0xay) = R(8u) = [lull = {/1Ix[17 + [[y]IP-

(iv) Let (0x)n be the restriction of Jy to the subspace Pg("f}) of n-homogeneous
subsymmetric polynomials. Then

(6:)n(P) = (8x)u(P)
and so || (8x)n|| = ||(6x)n]|- Taking into account (11), R(dy) = R(dx) = ||lx||. O

5.3. A Convolution on the Spectrum

For a Banach space X and a vector x € X, the translation operator Ty on Hy(X) is
defined by

(Tef)(y) = f(x+y), fe€H(X).

Using the translation operator in [20] (see also [22]) a convolution operation ¢ * 6 was
constructed for linear functionals ¢ and 6 in Hj; (X) by

(9*0)(f) = (6(Txf)) = @(g), where g(x) =6(Tx(f))

and proved that ¢ x 6 € H;;(X). Here H; (X) is the space of all continuous linear functionals
on Hy(X). Moreover, if ¢ and 6 are characters of Hj,(X), then ¢ * 6 is so (Theorem 6.9.
in [20]), and by Lemma 6.2. in [20], R(¢ x68) < R(¢) + R(8). Note that the subalgebra
Hys(¢p) C Hy(£p) is not invariant with respect to Ty. Thus, Ty cannot to be used for a
construction of a convolution on Hyg (¢p). In [6], they proposed a symmetric translation
operator (7xf)(y) = f(x ey) on the algebra of symmetric entire functions of bounded type.
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In this section we consider a convolution on Hyg (£, ) based on the following “subsymmetric
translation”, (T, f) = f(x<y).

Theorem 6. For every 0 € Hjs({y) and f € Hyps({p) the function g(x) = 6(%xf) is in
Hys(£p). If 6 € My (£p), then the map f +— g is a continuous homomorphism of Hpe (£p) and
for every ¢ € Mye (£p),

(9 <10)(f) := 9(6(%xf)) = 9(8) (12)

belongs to My (£p).

Proof. Let 2l = N; UNj be the well-ordered set as in Example 4. The space £,(2) has a
Schauder basis {e} } U {6]2},1’ eNp,jeNy,

| S—

ieN; jeN,

el =(0,...,0,1,0,...), € =(0,...,0,1,0,...).
~— ——

We denote by 6 the extension of the linear functional f to a linear functional on Hyg (¢, (1))
defined as
0% (PR, ) = O(Paycm)-

Since every homogeneous subsymmetric polynomial is a finite linear combination of
standard polynomials,

m—o0 oo

0%(fY) = lim ( 2 6% (F1)) = lim ( )y 0(fn)) = O(f).
On the other hand, as we observed in Example 4,

(Tef)y) = dxay(f) = fA(E+§) = (Tef) (@),

where
X= Z xie}, and y = Z yje]Z.
ieNy jEN,

Note that Theorem 6.1. in [20] asserts that for fixed ¢ € H;; (X) and f € Hj,(X) the function
x — ¢(Tx(f)) belongs to Hj,(X). Thus, by Theorem 6.1. in [20], the function X +— 6% (T3 f?)
is an entire function of bounded type on £, (). Since ||X|| = ||x| and f — f* isa topological
isomorphism of algebras, the function g(x) = 6% (T;zf?) is an entire function of bounded
type on £,,. Clearly, for every operator C; as in (1), g(Cj(x)) = g(x). Hence, g € Hpg (¢p)-
So, for every linear continuous functional ¢, the functional

(p<0)(f) = 9(g) = ¢(0(T:f))

is well-defined. On the other hand,

(9 <10)(f) = (9™ x6™) ().

By 6.2. Lemma in [20],
R(¢™ % 6™) < R(¢™) + R(6™)

and so ¢* % 6% is continuous. Thus, ¢ <16 is continuous as well. Moreover, if both ¢
and 6 are characters, then q)g‘ and 0% are characters too and, by Theorem 6.9. in [20],
@™ % 6 is a character. Thus, ¢ <10 is a character. Finally, since for every ¢ € Mg (¢p) the
function f — ¢(g) = ¢(0(T«f)) is a complex homomorphism of Hye (¢,) and Hye (£))
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is a semisimple commutative algebra, the map f — g is a continuous homomorphism of
Hys (£p) toitself. O

From the definition of ¢ <6 (Equation (12)) it follows that éyy = 6x <6y,
Corollary 3. The linear multiplicative functional dyq, = 63 <16y is continuous for every x € L.

Proposition 11. Let ¢, 0 € Hy({p). Then

m+1

(¢ <0)(Puy,.p) = Z (P(Pm,..-,a]-)G(Pucj+1,-~,ucm)-
j=0

Proof. From the density of cy in £, it follows that formula (7) is true for polynomials
in Pg (£p). Thus, it is enough to apply ¢ <16 to Py, .., by the definition and taking into
account that (ZyPy;,... ) (¥) = Pay,....a (X 1y) can be represented by (7). O

5.4. “Exceptional” Characters of Hye (£p)

The complex homomorphism 4, is not a point evaluation functional on Hyg (¢p)
but it is the evaluation at a point in £,(2), and the character ; cannot be represented
as an evaluation at any point of £,(2). However, the restriction of Jy to the subalgebra
Hys(4y) coincides with 6,. It is known (see e.g., [6]) that for a natural number p > 1, there
exists a family of characters of Hy,(¢p) (so called exceptional characters) that are not point
evaluation functionals. Let us show that the construction of such functionals works for
subsymmetric analytic functions as well.

Let us recall the definition of an ultrafilter. A filter on a nonempty subset D is a family
§ of subsets of D with the following properties:

(1) Defand @ ¢ F;

(2 IfA Beg thenANBeg;

B IfAeFand ACBCD,thenBe€g.

An ultrafilter on D is a filter on D which is not properly contained in any other filter on
D. An ultrafilter is free if there is no point x € D such that x € A for every A € §. Itis
well-known that for every free ultrafilter I/ on the set of natural numbers and for every
bounded sequence (x,), there exists a unique limit

w = lim xy,,
u

which we understand so that for every € > 0 there is A C § such that |w — x,,| < eif n € A.
For details on ultrafilters we refer the reader to [37].
For a given complex number A and p € N, we consider a sequence

A A )
gt )
yr__v©

n

Un()Q = (

Since [[vy(A)]| = |Al, R(8y,(1)) = |A]- The sequence &, () has a cluster point (not unique)
in the spectrum M (£) of the algebra of all entire functions of bounded type, Hy,(¢)). More
precisely, for any free ultrafilter ¢ on N there exists a character ¢ € M,(¢,) defined by

Y3 (f) = lim &y, (1) () = lim f(0n (A)).

However, the restriction of any such cluster point to the subalgebra Hy,(¢,) defines a
unique character 1, (does not depend on Uf) such that ¢, (P,) = A? and ¢, (P,) = 0 for
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k > p. It is known [4,6] that ¢, is not a point evaluation functional on Hy,(¢;,). Let us
consider the action of this character on Hyg (£)). From simple combinatorial arguments we
observe that for n > m,

Thus, in £, p € N for n > m we have

A A
Plxl,...,txm (UH(/\)) = Pﬂél,...,lxm ( %/ sy %/ 0/ . )
—_———
n (13)
_ A“1+"'+“nr 7’1(7’1 — 1) . a+(n+: m—+ 1) .
mln =

The numerator of the right-hand part of (13) is O(n™). So, to get a nonzero limit as n — oo, we
need to have a; + - - - +a,, < mp. Since each a; > p, thisis possible only ifa; = - -+ = ay, = p.
In this case, a1 + - - - + &, = mp and so

nn—1)---(m—m+1 AP
P, .., ploa(n) = a2 = D md) A
—— mn m:

m

as n — oo,

and the limit does not depend of any ultrafilter. Thus, we have the following theorem.

Theorem 7. There is a unique restriction P, of Y4 to the subalgebra Hye (£p) C Hps({p), and
Y, is defined on the standard polynomials by

A (Pay ,X):{ Ar:!p ffag =--=am=p,

0 otherwise.

Example 5. Let us compute () <16x)(Pyx) for somek > p, P € Pg({y), and p € N. Using
Proposition 11 and Theorem 7 we have

(P2 <COx)(Ppx) = 6x(Ppx) + Ya(Pp)ox(Pr) + Pa(Ppi) = Pyi(x) + AP Pi(x).

Note that () <16x)(Pxp) = Py p(x) because, for k > p, pr(P) = 0. Thus, if Ay x = Pyx — Py p,
k > p, then
(P2 <Ox)(Apx) = Api(x) + AP Pi(x).

Proposition 12. Let p € N. Polynomials Ay = Py x — Py, k > p are algebraically independent
in PG (gp)

Proof. Let A # 0. Then
(lIJ/\ < 59?<1x)(Ap,k) = 53?<1x(Ap,k) + Ap&qu(Pk) = /\Pzpk(x),

because dyax(Apx) = 0. Since the map P + 34y (P) is a homomorphism and polynomials
{AP2P}, k > p are algebraically independent, we can apply Theorem 3 and get that
polynomials {A,x} are algebraically independent as polynomials on cq. So they are
algebraically independent as polynomials on £, as well. [
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5.5. Subsymmetric Polynomials on Abstract Hilbert Spaces

Let H be an abstract separable Hilbert space with the inner product (-|-) and an
orthonormal basis (e,). Then # is isomorphic to ¢, with respect to the isomorphism |
define on the basis vectors by

J:en— (0,...,0,1,0,...)
\—\/—/

n

and so each subsymmetric polynomial P on /; is well-defined on # as P(h) := P(J(h)). How-
ever, some specific structures of H can provide additional properties of
subsymmetric polynomials.

Example 6. Let H be the Hardy space H*(ID) of analytic functions
h(z) = Y Wz
k=0
on the open unit disk D = {z € C: |z| < 1} such that
112 = (uln) = [ h(z)h(E)dz = Y [ < co.
: k=0
|z[=1

Thus, polynomial ey (z) = z¥, k = 0,1,2,. .. form an orthonormal basis in H?(D) and so each
standard subsymmetric polynomial on H? (D) is of the form

Paypn () = ) WG Iy, i > 2,

i< <ip
where coefficients hy. can be computed as
Iy = / h(z)ZFdz.
|z[=1
The operators

C] (hO/-~-/hn/-~-) — (ho,...,h]-_l,O,h]-,th ), ]I 0,1,2,...

can by represented as operators of multiplication by the independent variable z:
) j—1 )
Ci(h) = c,-( y hkzk> = Yo 2 Y Iyt
k=0 k=0 k=j

In particular, Co(h) = zh is the classical shift operator on H?(ID) (see [38] for details). Note
that in [38] invariant subspaces on H? (D)) with respect to the shift Cy were investigated.

The operators C; naturally act on the space Hy (H%(D)) of analytic functions of
bounded type on H2(D) as

Ci(f)(h) = f(Cj(h)).

Since CA] is the operator of composition with the continuous linear operator C;, it is a
continuous algebra homomorphism from H, (H?(D)) to itself (see e.g., [20]).

Proposition 13. The space Hye (H2(D)) of subsymmetric analytic functions of bounded type on
H%(D) is a maximal subspace of Hy,(H?(ID)) consisting of invariant elements for all operators é}
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Proof. According to the definition of subsymmetric functions, f € H, (H?(D)) is subsym-
metric if and only if it is invariant about every operator C? O

Note that not every Cg-invariant polynomial is subsymmetric.

Example 7. Let

P(h) =) Mhgyr.
k=0

Then P is CAO—invariant but not subsymmetric. Indeed,
é\O(P)(h) = P(Co(h)) = P(Olh()/hl/hZ/' . ) = OhO +h0h1 + hlhz +---= P(h)/

while

-~

Ci1(P)(h) = P(C1(h)) = P(ho,0,h1,hy,...) = Ohg + Ohy + hihy + - - - # P(h).
Let us consider another example of the Hilbert space H.

Example 8. Let H be the real Hilbert space with the orthogonal basis consisting of Chebyshev
polynomials of the first kind T, n € N, and inner product

1
(o) = /u(t)v(t)%.
e

Let us recall that Chebyshev polynomials of the first kind can be determined by the equality
Tu(cos®) = cosnt®, ©®€R. (14)

The Hilbert space H can be considered as the weighted space Lp[—1,1], namely,

H = Ly([-1,1], 1) The sequence of polynomials

1
T
can be found in [39]. Thus, standard subsymmetric polynomials on Ly([—1,1], 1) are of

the form

form an orthonormal basis in Ly ([—1,1] ). More information about Chebyshev polynomials

i1< <lp
where g € Ly([-1,1], 1),
1 / dt 2 h dt
80="7 /g(ﬂmr and  gn = ;/Tn(t)g(t)m‘
-1 -1

From (14) it follows that for the composition Ty o T;; of polynomials Ty and T;, we
have Ty o Ty, (t) = Ty (T (t)) = Tim(t), k, m € N. Hence, each polynomial Ty generates a

continuous linear operator g — Ty o g on L, ([—1,1], {5) so that

2
T
n

Trog(t) =82+ = Y gnTim-
=1
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In other words, the operator of composition with Ty maps (g0, 81,2, - - -) to

(gO,O,...,O,gl,O,...,O,gz,O,...,O,gg,...).
k k k

Clearly, if f is a subsymmetric function, then f(Ty o g) = f(g). Thus, if we set
Ti(f) = f(Ty o g), then Ty is a continuous operator on Hy,(Ly([—1,1], 712)), and each
function in Hyg (L2([~1,1], 117 )) is invariant with respect to every T} Note that the space
of Ty-invariant analytic functions of bounded type is larger than Hye (L2 ([—1,1], 127)).
Indeed, the polynomial Q(g) = g3 is invariant with respect to T, for every k € N but it is

not subsymmetric.

6. Zeros of Subsymmetric Polynomials and Subspaces of Symmetry

Let P be an n-homogeneous polynomial on a complex infinite-dimensional linear space.
According to known result in [25], for every xy € ker P there is an infinite-dimensional
subspace in ker P containing xg. Actually, the main idea of the proof of the result in [25]
can be formulated as the following proposition.

Proposition 14. Let X be an infinite dimensional complex linear space and P be an n-homogeneous
C-valued polynomial. For every xo € ker P there exists an infinite linearly independent sequence
(x¥)) X such that for every m € N,

Pt + tpx® o My = 1P(x W) 4 1 P(x @) - 4 2 P(x™),  (15)
and xq belongs to the linear span of (x%)).

The diagonal representation (15) suggests that a restriction of P to a subspace is
symmetric with respect to an appropriate basis, i.e., gy = x*)/P(x(¥)). However, in the
general case, the values P(x;,) can be nonzero only for a finite number of vectors and so we
cannot claim that any polynomial on X is symmetric with respect to a basis on an infinite-
dimensional subspace. In this section, we consider zeros of subsymmetric polynomials and
a linear subspace V for a given subsymmetric polynomial P such the restriction of P to V is
a nontrivial symmetric polynomial in some basis.

For a given natural number N we define by Ey the following homomorphism
of Pe ({p),

En(P)(x) = P(xa(=1)"Nyx),

where (—1)!/N; we understand the principal value of the N root of —1.

Proposition 15. Let Py,,.. ., be an M-homogeneous standard polynomial in Pe(Lp). Then
EN(Pay,..an) s a homogeneous polynomial, deg En(Pyy,...n,) = M o EN(Puy,..a,) = 0. If
M = N, then Ex(Pay,..ay) € PLV(4)).

Proof. According to (7) we have

EN(Pocl,...,zxn ) (x) = Pocl,--.,lxn (X)

A ttan

n
+ Z (_1) N Plxlrmr‘xk(x)p‘karl/m/’Xn (x) + (_1)M/NP“1/~~/’XVI (x)
k=1
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Thus, deg En (Py,,..an) = &1+ - - + &y = Mif EN(Pyy,..0,) 7 0.If M = N, then

"‘k+1+ +an

n
EN(Poq,..., Z PIX],...,IXk (x)Ptka,...,txn (x)

Hence, for this case, En(Py,,...«, ) is an algebraic combination of polynomials in Pg -1 (¢p). O

Note that if Py,,..a, = PN, then En(Py) = 0.

Corollary 4. Let P be a homogeneous subsymmetric polynomial on {y. Then there is a finite
sequence of natural numbers Ny, Ny, . .., Ny, such that

E‘Nmo“.OENl(P) :0/

// ”

where is the composition of mappings.

Proof. Suppose that P € P(n)( {p)and P ¢ 73(" Y (¢p) for some n € N. Then P is a finite
algebraic combination of standard polynomlals Q1,Qy,...in Pg ) (£p). Some of them, say

Qi,, Qi, .. Qj,, are in ’PG ( p) \73 ( p). Let Ny = degQ;,, No = degQ;, and so on.
Then, by Proposition 15,

En, 0 08x, (P) € PEV(2,),

and either deg En, o - - - 0 Ep (P) = deg Por P = 0.If P # 0, then we can apply this process
to En, o -+ - 0 En, (P). Since, En(Pn) = 0, after a finite number m of steps, we will have
ENm O~~~OEN1(P) =0. O

Let us recall that a linearly independent sequence e, in a Banach space X is a Schauder
basis of X (see [40] for detailed) if every x € X has a unique representation x = }_7” ; x,ey
for some numbers x; such that

m—00

m
lim Hx — Z Xnln
n=1

Theorem 8.

(i) For every subsymmetric homogeneous polynomial P on £, and a natural number d, there is a
d-dimensional subspace Vy in £, and a linear basis (g;) in V; such that P is symmetric on Vy
with respect to the basis.

(ii)  For every subsymmetric homogeneous polynomial P on £, there exists a well-ordered set 2
an infinite-dimensional subspace V in {,(2), and a Schauder basis (g;) in V such that P% is
symmetric on V with respect to the basis.

Proof. (i) For given d and N; € N we consider the following subspace
VY = (e xg, ()Y N, (<1)YNxg,0,0,..0 ) C 4

(1)

The space V" is a d-dimensional subspace in £, with basis

d-+k

gl(cl) = (0/.../0/1/0/“-/0/(_1)1/N110/"‘)’ k: 1""’d'
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If
y= (1., x5 (1) Ny, ..., (-1)YNxy,0,0,...),

then P(y) = E‘Nl (P)(X1 N ,xd,O, .. )
For another number N;, we can construct a space Vd(z) such that for every z € V(Z),

P(Z) = ‘ENz o E‘Nl (P)(x1 .. .,xd,O, .. )
Indeed, let Vd(z) consist of the vectors of the form

z=(x1,...,%g, (=) Nixy, ., (=) Ny, (=1)V Moy,

o ()Y Ny ()Y NNy ()Y (N2 0, ).

Then,

En, 0 Eny (P) (1, -+, X4,0,...) = By (P) (x1,. ., xg, (= 1)YNixg, L (=) Nixy0,...) = P(2).
Clearly, Vd(2) is a d-dimensional subspace and

d-+k d+k

g =(0,...,0,1,0,...,0,(=1)/N1,0,...,0,(=1)/N2,0,...,0, (1) (NiN2) g, ),
k k

k =1,...,d,is a basis. By continuing this process, we can construct for a given finite
sequence Nj, ..., Ny, such that for every 1 < j < m there exists a d-dimensional subspace
V;] ) with a basis ggj ) L, gt(i] ) such that

P(ingi(j)) = By o---08n,(P)(x1,...,%4,0,...).

From here, in particular, it follows that the restriction of P to Vd(j ) is subsymmetric with
)

respect to the basis (gl. ) Let us take the sequence Nj, ..., Ny, as in Corollary 4. Then for

some j < m the polynomial Ey, o - - - o En, (P) is in Pg)(ép) while By, , 00 En, (P) is
not. Thus, the space V; = V;j ) and its basis (gi) = ( l.(j )) are such that the restriction of P
toV; = V;j ) is symmetric with respect to (g;).

(ii) As we observed above, the functional 6, is not a point evaluation but it can be
interpreted as a point evaluation functional on PZ (¢,(2)) for some appropriate 2. Let

(2, =) be the following well-ordered set

A= JN,
k=1

where each N; is a copy of N with the natural order, that is, n < m if and only if n < m,
n,mée Np. If n € Nyand m € Nj, k # j, thenn < m if and only if k < j. Let (ei-‘) be the
standard basis in ¢, (N), that is,

f=1(0,...,0,1,0...), ieN.
—_——’

i
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Every vector y € £,(2l) can be represented as

for some complex numbers y¥ such that
oo 0 k
Iyl =3 3 Iyl < oo,
k=1i=1
For a given N; € N we consider the following subspace V) of Cp(2A),
v = { Y xiel + (-1)VM Y xielz},
i=1 i=1

where x = (x1, X2, ...) goes over £,. We can see that

En, (P)(x) = P (L xiel + (—)YN Y xie?).
i=1 i=1

Also, it is easy to check that vectors g'!) = e} + (—1)1/Me? form a Schauder basis in V(1.

i
Suppose that for given natural numbers Ny, ..., Ny, , we already constructed a subspace
ym-1) ¢ £, (2A) of the form

{ Lol + Lt +-+ Yy}
i=1 i=1 i=1

for some finite number r and a Schauder basis ( g(m_l)) in V("=1) such that

i
xigz‘(Wl))-

ngk

E m—lo.‘.OENl(P)(x) :P(

1

I
—

Then the space V(") is defined as

11 V2,2 - VN (N0 11 N 2,042 S
vim :{Zyiei +Yyie e+ Y ylel + (-1)Y "'(Z%‘%H +) yie" +"'+Zy?€z‘r)}/
i=1 i-1 i-1 i—1 i-1

i=1

(m)

and the basis (g; ') as

8

Taking the sequence Ny, ..., Ny as in Corollary 4, we have that for some j < m the poly-
()

i

1
nomial Ey; o - -+ o By, (P) is symmetric with respect to the basis (g;""). Thus, the space
v,=v/. o

Let us show that there are some finitely dimensional subspaces such that the restriction

of any subsymmetric polynomial of some special form to these subspaces are symmetric
with respect to some basis.

Proposition 16. For a number d € N there is a d-dimensional subspace V;; in £}, such that every
polynomial Py ,, is nontrivial and symmetric on V; with respect to a basis.
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Proof. Indeed, we know that @(Py ,,) (x) = dxax(Py ;) is a nontrivial symmetric polyno-
mial. Thus, restriction of Py ,, to the d-dimensional subspace spanned on the vectors

g =(0,...,0,1,0...,0,1,0...,0), 1<k<d
—— ——
k k

is symmetric with respect to (gx). O

Proposition 17. For a number d € N there is a d-dimensional subspace Vy; in £}, such that every
polynomial of the form Ay, = Py — Py, 0 < k < m vanishes on V.

Proof. It is easy to check that ©®(Ay ,,) = 0 for every Ay ,,. Thus each Ay, vanishes on the
subspace V; as in Proposition 16. [

Let us recall that a polynomial map

Q: (z1,---,zn) = (Q1(z1,-- - 2zn), -+, Qulz1, ... 2zn)), (z1,...,2n) € C"

is proper if for every compact subset K C C", the preimage (Q)~!(K) is compact in C".
It is known (see, e.g., [41], Chapter 15) that a proper map is always surjective and open.
Moreover, in [42], it is shown that if Qy,...,Q, are homogeneous polynomials, then
Q is proper if and only if @71(0) = {0}. Note that the surjectivity of a proper map
implies that polynomials Qj,...,Q; are algebraically independent. Note that accord-
ing to Proposition 12, polynomials A;, k > 1 on /; are algebraically independent but
the restriction of A;; to any M-dimensional subspace spanned on the basis vectors e;,
i=1,...,M, M > 2generates an improper map (A1 2(x1,...,Xpm), .., Ay p+1 (X1, .-, XMm))
from CM to CM, because each A1 vanishes on the d-dimensional subspace V;, d = [M/2]
as in Proposition 17.

7. Applications
7.1. Polynomial Hash Function

An important question in cryptography is about the construction of a hash function
h that is assigned to a given sequence of numbers x = (x1,...,xy) of some sequence
h(x) =w = (wy,...,wp) so that h is injective (i.e., & is a collision-free hash function) and
the inverse map h~!: w — x is difficult for computation.

Our approach allows us to work with finite sequences of nonzero numbers. From

Theorem 2 it follows that we can take M = w, and the sequence w = h(x) is
defined as

w1 = Pl(X),

wy = P2(x),

wy = Pn(x),
w1 = P12(x),

w2 = Pry(x),

(16)

wNn(N+1)/2 = Pn(n-1)/2,N(N-1)-

Indeed, according to Theorem 2, x ~ y if and only if P(x) = P(y) for every symmetric
polynomial (that is, P;(x) = P;(y),i =1,...,N) and Py (x) = Pcox(x), k=1, N(N —1)/2.
Thus, together we have N + N(N —1)/2 = N(N +1)/2 = M polynomials and so the
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mapping w = h(x) (16) is injective on the sequences of nonzero complex numbers. Note
that if x contains a zero element, then it will be ignored by (16) and the value k(x) will be
the same as when we remove this element. To find the inverse mapping /!, we need to
solve the system of high-degree polynomial Equation (16), which is a hard computational
problem. More precisely, the problem of solving a polynomial system is NP-hard. In other
words, the answer can be verified in polynomial time [43,44]. In [43], it is conjectured that
the problem of solving a polynomial system over a finite field is exponentially complex.

The proposed construction has the advantage over general methods for polynomial
systems that the mapping x — h(x) is always injective. So / is a collision-free hash function,
that is, every value of 1 has a unique preimage.

A hash function based on symmetric polynomials on ¢; was considered in [45]. In
this case, we have a system of symmetric polynomials that can be reduced to a high-degree
polynomial of a single variable and solved by approximation methods. The proposed hash
function h is subsymmetric and cannot be reduced to a single polynomial.

Example 9. Let x = (5,3,7). Then N = 3, and h(x) = (wy, ..., we), where

w1 =Pi(x) =x1+x2+x3 =15

wy = Py(x) = x} + 2% + 2% =83,

w3 = P3(x) = x} + 13 + x5 = 495,

Wy = Po(x) = 2123 + x1x3 + x0x3 = 437,
w5 = Ppy(x) = ¥3x5 + x3x5 + x3x5 = 83659,

we = Pyg = x7x5 4+ xfa§ + 152§ = 4074050131.

Example 9 shows that evaluations of Py, rapidly grow, and so the hash function h
may have big values that depend on the size of x. This disadvantage can be reduced using
multiplication in a finite field and other known methods.

Some different approaches to the construction of polynomial hash functions can be
found in [46,47].

7.2. Spectra of Operators

Let E be a separable Hilbert space and A: E — E be a normal operator with a point
spectrum such that the eigenvalues x; of A are nonzero and Y;”; |x;|V < co. In other
words, A is a p-nuclear (or p-trace) operator (see [48]). Let (e;) be the orthonormal basis
of eigenvectors of A. Such operators (with real eigenvalues) naturally appear in quantum
physics as A = ¢e~P*, where H is the Hamiltonian of a quantum system, and 8 > 0 is a
physical parameter (see for details e.g., [49-51]). It is well known that the operator A cannot
be determined by its spectrum. Establishing additional conditions or some additional
spectral data allowing us to determine A, is an important problem of the inverse spectral
theory (see e.g., [52] for some particular operators).

All eigenvalues x; of A, counting with their multiplicities, form a multiset [x] € /\/lf,,
where x = (x1,xy,...) € {,. Forevery k > [p],

Pe(x) = ¥ xF = tr AF,

M

Il
_

where tr is the trace of an operator. More information about the relationship between traces
of p-nuclear operators and symmetric analytic functions on £, can be found in [53]. From
Proposition 5 we have the following corollary.
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Corollary 5. Let A and B be normal p-nuclear operators with point spectra and the same eigenvec-
tors such that the eigenvalues x; of A and the eigenvalues y; of B are nonzero. Then [x| = [y] if and
only if there exists a natural number m > [p| such that tr A" = tr B" for every n > m.

Since we suppose that all eigenvalues x; of A are nonzero, the ordered multiset [[x]]
completely defines the operator A.

Let E A E be the skew-symmetric tensor product of E. That is, E A E is the closed
subspace of the Hilbert tensor product E ® E spanned on the orthogonal vectors
eiNej = w. In other words, the vectors ¢; A ej, i < j form an orthogonal basis
in E A E. For given operators A and B on E we denote by A A B the restriction of A ® B to
ENE.Thatis, (AAB)(e; Aej) = A(e;) A B(e;). Then, for any natural numbers k and m,

(AR A A™) (e; Nej) = xf‘x] ,

and if A is p-nuclear, and k > p and m > p, then

r(AFAAM) = Y Xl = Pe(x),
i<j

Thus, applying Theorem 4, we have the following result.

Theorem 9. Let A and B be normal p-nuclear operators with point spectra and the same
eigenvectors such that the eigenvalues x; of A and the eigenvalues y; of B are nonzero. Then
A = B if and only if there exists a natural number m > [p]| such that tr A" = tr B" and
tr [(AA A%)"] = tr [(B A B2)"] for every n > m.

Proof. As we mentioned above, it is enough to show that [[x]] = [[y]]. This equality follows
from Theorem 4 because

tr [(AAA%)"] = tr (A" A A?") = Pyo(x),

and
tr [(BAB?)"] = tr (B" A B¥) = Py 4 (y)-

O

8. Conclusions

In the paper, we establish algebraic properties of subsymmetric polynomials on cqg
and /, and describe some nontrivial sequences of algebraically independent subsymmetric
polynomials. However, the problem of the existence of an algebraic basis in the algebra of
subsymmetric polynomials of an infinite number of variables remains open. We proved
that an ordered multiset [[x]] is completely determined by evaluations P, »,(x) and used
this fact to propose some applications to cryptography and operator theory. We considered,
probably, the most general case when we can extend subsymmetric polynomials to subsym-
metric polynomials on a larger space such that the operator of extension is a continuous
homomorphism of algebras. We applied these results to the algebra Hyg (£,) of subsym-
metric analytic functions of bounded type and constructed some nontrivial characters of
this algebra. In the paper, we introduced a subsymmetric translation operator on Hyg (¢p)
and extended it to a convolution on the set of characters of this algebra. Additionally,
using a constructed homomorphism, we considered certain subspaces of sets of zeros of
subsymmetric polynomials and subspaces where a subsymmetric polynomial is symmetric
with respect to a basis.
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We proposed some applications of the obtained results to cryptography and op-
erator theory. In particular, we constructed a collision-free hash function based on
subsymmetric polynomials.

Further investigations will focus on the problem of the existence of an algebraic basis
in the algebra of all subsymmetric polynomials and on the description of the spectrum of
Hye (£y) as it was done in [7] for the algebra Hy,(¢1). In addition, it would be interesting to
consider an inner product on Pg (cop) and its corresponding Hilbert space—the completion
of Ps (cop) with respect to the inner product norm. These kinds of Hilbert spaces in the
case of symmetric polynomials were considered in [54].

Author Contributions: Conceptualization, A.Z. and V.K.; methodology, A.Z.; investigation, VK.,
V.B. and D.D.; writing—original draft preparation, V.B. and D.D.; writing—review and editing, A.Z.
and V.K; supervision, A.Z.; project administration, A.Z. All authors have read and agreed to the
published version of the manuscript.

Funding: This research was supported by the National Research Foundation of Ukraine, 2023.03/0198.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declares no conflicts of interest.

References

1.  Macdonald, 1.G. Symmetric Functions and Orthogonal Polynomials; University Lecture Serie; AMS: Providence, RI, USA, 1997;
Volume 12.

2. Nemirovskii, A.; Semenov, S. On polynomial approximation of functions on Hilbert space. Mat. USSR-Sb. 1973, 21, 255-277.
[CrossRef]

3.  Gonzélez, M.; Gonzalo, R.; Jaramillo, J.A. Symmetric polynomials on rearrangement-invariant function spaces. J. Lond. Math. Soc.
1999, 59, 681-697. [CrossRef]

4. Alencar, R.; Aron, R.; Galindo, P.; Zagorodnyuk, A. Algebra of symmetric holomorphic functions on £,. Bull. Lond. Math. Soc.
2003, 35, 55-64. [CrossRef]

5. Aron, R.; Galindo, P; Pinasco, D.; Zalduendo, I. Group-symmetric holomorphic functions on a Banach space. Bull. Lond. Math.
Soc. 2016, 48, 779-796. [CrossRef]

6.  Chernega, I.; Galindo, P; Zagorodnyuk, A. Some algebras of symmetric analytic functions and their spectra. Proc. Edinb. Math.
Soc. 2012, 55, 125-142. [CrossRef]

7. Chernega, I; Galindo, P.; Zagorodnyuk, A. On the spectrum of the algebra of bounded-type symmetric analytic functions on [;.
Math. Nachr. 2024, 297, 3835-3846. [CrossRef]

8.  Chernega, I; Baziv, N. Symmetric Polynomials on the tensor product of the space of absolutely summable sequences. AIP Conf.
Proc. 2022, 2483, 030004. [CrossRef]

9. Falc6, J.; Garcia, D.; Jung, M.; Maestre, M. Group-invariant separating polynomials on a Banach space. Publ. Mat. 2022,
66,207-233. [CrossRef]

10. Halushchak, S. Spectra of some algebras of entire functions of bounded type, generated by a sequence of polynomials. Carpathian
Math. Publ. 2019, 11, 311-320. [CrossRef]

11.  Vasylyshyn, S. Spectra of algebras of analytic functions, generated by sequences of polynomials on Banach spaces, and operations
on spectra. Carpathian Math. Publ. 2023, 15, 104-119. [CrossRef]

12. Vasylyshyn, T. Algebras of symmetric and block-symmetric functions on spaces of Lebesgue measurable functions. Carpathian
Math. Publ. 2024, 16, 174-189. [CrossRef]

13.  Vasylyshyn, T.V. Isomorphisms of algebras of symmetric functions on spaces. Mat. Stud. 2025, 63, 77-87. [CrossRef]

14. Vasylyshyn, T. Symmetric analytic functions on the Cartesian power of the complex Banach space of Lebesgue measurable
essentially bounded functions on [0, 1]. . Math. Anal. Appl. 2022, 509, 125977. [CrossRef]

15.  Ponomarov, R.V.; Vasylyshyn, T.V. Symmetric polynomials on Cartesian products of Banach spaces of Lebesgue integrable
functions. Carpathian Math. Publ. 2025, 17, 483-515. [CrossRef]

16. D’Alessandro, S.; Hajek, P. Polynomial algebras and smooth functions in Banach spaces. J. Funct. Anal. 2014, 266, 1627-1646.
[CrossRef]

17. Hijek, P. Polynomial algebras on classical Banach Spaces. Isr. J. Math. 1998, 106, 209-220. [CrossRef]


http://doi.org/10.1070/SM1973v021n02ABEH002016
http://dx.doi.org/10.1112/S0024610799007164
http://dx.doi.org/10.1112/S0024609302001431
http://dx.doi.org/10.1112/blms/bdw043
http://dx.doi.org/10.1017/S0013091509001655
http://dx.doi.org/10.1002/mana.202300415
http://dx.doi.org/10.1063/5.0115691
http://dx.doi.org/10.5565/PUBLMAT6612209
http://dx.doi.org/10.15330/cmp.11.2.311-320
http://dx.doi.org/10.15330/cmp.15.1.104-119
http://dx.doi.org/10.15330/cmp.16.1.174-189
http://dx.doi.org/10.30970/ms.63.1.77-87
http://dx.doi.org/10.1016/j.jmaa.2021.125977
http://dx.doi.org/10.15330/cmp.17.2.483-515
http://dx.doi.org/10.1016/j.jfa.2013.11.017
http://dx.doi.org/10.1007/BF02773469

Mathematics 2025, 13, 3693 29 of 30

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
39.

40.

41.

42.
43.

44.

45.

46.

47.
48.

49.

D’Alessandro, S.; Hajek, P; Johanis, M. Erratum to: “Polynomial algebras on classical Banach spaces”. Isr. J. Math. 2015,
207,1003-1012. [CrossRef]

Gonzalo, R. Multilinear forms, subsymmetric polynomials, and spreading models on Banach spaces. . Math. Anal. Appl. 1996,
202, 379-397. [CrossRef]

Aron, RM.; Cole, B.J.; Gamelin, T.W. Spectra of algebras of analytic functions on a Banach space. J. Reine Angew. Math. 1991,
415,51-93.

Aron, RM,; Cole, B.J.; Gamelin, T.W. Weak-star continuous analytic functions. Can. J. Math. 1995, 47, 673-683. [CrossRef]

Aron, R.M.; Galindo, P.; Garcia, D.; Maestre, M. Regularity and algebras of analytic functions in infinite dimensions. Trans. Am.
Math. Soc. 1996, 348, 543-559. [CrossRef]

Carando, D.; Garcia, D.; Maestre. M. Homomorphisms and composition operators on algebras of analytic functions of bounded
type. Adv. Math. 2005, 197, 607-629. [CrossRef]

Carando, D.; Dimant, V.; Rodriguez, ].T. Homomorphisms on algebras of analytic functions on non-symmetrically regular spaces.
Math. Z. 2023, 304, 17. [CrossRef]

Plichko, A.; Zagorodnyuk, A. On automatic continuity and three problems of The Scottish book concerning the boundedness of
polynomial functionals. J. Math. Anal. Appl. 1998, 220, 477-494. [CrossRef]

Aron, RM.; Rueda, M.P. A problem concerning zero-subspaces of homogeneous polynomial. Linear Topol. Spaces Complex Anal.
1997, 3, 20-23.

Aron, R.; Seoane-Septlveda, ].B. Some comments about lineability and non-lineability. |. Math. Sci. 2025. [CrossRef]

Aires, M.; Botelho, G. Zero sets of homogeneous polynomials containing infinite dimensional spaces. Rev. Mat. Complut. 2025.
[CrossRef]

Banakh, T.; Plichko, A.; Zagorodnyuk, A. Zeros of quadratic functionals on non-separable spaces. Collog. Math. 2004, 100, 141-147.
[CrossRef]

Botelho, G.; Matos, M.C.; Pellegrino, D. Lineability of summing sets of homogeneous polynomials. Linear Multilinear Algebra 2010,
58, 61-74. [CrossRef]

Ferrer, J.; Garcia, D.; Maestre, M.; Seoane-Septlveda, J.B. On the zero-set of 2-homogeneous polynomials in Banach spaces. Linear
Multilinear Algebra 2019, 67, 1958-1970. [CrossRef]

Aron, RM.; Berner, P.D. A Hahn-Banach extension theorem for analytic mappings. Bull. Soc. Math. Fr. 1978, 106, 3-24. [CrossRef]
Dineen, S. Complex Analysis on Infinite Dimensional Spaces; Springer: Berlin/Heidelberg, Germany, 1999. [CrossRef]

Mujica, J. Complex Analysis in Banach Spaces; North-Holland: Amsterdam, The Netherlands; New York, NY, USA; Oxford, UK, 1986.
Weyl, H. The Classical Groups: Their Invariants and Representations; Princeton University Press: Princenton, NJ, USA, 1973.
[CrossRef]

Zagorodnyuk, A.V. Groups of symmetries of the set of zeros of polynomial functionals on complex Banach spaces. |. Math. Sci.
2001, 104, 1428-1431. [CrossRef]

Zelenyuk, Y.G. Ultrafilters and Topologies on Groups; De Gruyter: Berlin, Germany, 2011.

Nikolski, N.K. Treatise on the Shift Operator: Spectral Function Theory; Springer: Berlin/Heidelberg, Germany, 1986.

Mason, J. Some properties and applications of Chebyshev polynomial and rational approximation. In Rational Approximation and
Interpolation; Graves-Morris, PR., Saff, E.B., Varga, R.S., Eds.; Lecture Notes in Mathematics, vol 1105; Springer: Berlin/Heidelberg,
Germany, 1984; pp. 27-48. [CrossRef]

Lindenstrauss, J.; Tzafriri, L. Classical Banach Spaces, Vol. 1, Sequence Spaces; Springer: Berlin/Heidelberg, Germany, 1977.

Rudin, W. Function Theory in the Unit Ball of C"*; Reprint of the 1980 Edition; Classics in Mathematics; Springer: Berlin/Heidelberg,
Germany, 2008.

Rudin, W. Proper holomorphic maps and finite reflection groups. Indiana Univ. Math. J. 1982, 31, 701-720. [CrossRef]

Ding, J.; Schmidt, D.J. Multivariable Public Key Crypto-Systems, Cryptology ePrint Archive, 2004, Report 2004/350. Available
online: https://eprint.iacr.org/2004/350.pdf (accessed on 7 November 2025).

Ogura, N. On Multivariate Public-Key Cryptosystems. Ph.D. thesis, Tokyo Metropolitan University, Tokyo, Japan, March 2012.
Available online: https:/ /tokyo-metro-u.repo.nii.ac.jp/records/2120 (accessed on 7 November 2025).

Novosad, Z.; Pylypiv, VM.; Sharyn, S.; Zagorodnyuk, A.V. Dynamics of an infinite-dimensional symmetric logistic mapping. Res.
Math. 2025, 33, 54-74. [CrossRef] [PubMed]

Lemire, D.; Kaser, O. Recursive n-gram hashing is pairwise independent, at best. Comput. Speech Lang. 2010, 24, 698-710.
[CrossRef]

Lemire, D.; Kaser, O. Strongly universal string hashing is fast. Comput. J. 2014, 57, 1624-1638. [CrossRef]

Chen, D.; Belacel, A.; Chavez-Dominguez, ].A. Positively p-nuclear operators, positively p-integral operators and approximation
properties. Positivity 2022, 26, 9. [CrossRef]

Schmidt, H.J.; Schnack, J. Thermodynamic fermion-boson symmetry in harmonic oscillator potentials. Phys. A Stat. Mech. Appl.
1999, 265, 584-589. [CrossRef]


http://dx.doi.org/10.1007/s11856-015-1155-y
http://dx.doi.org/10.1006/jmaa.1996.0322
http://dx.doi.org/10.4153/CJM-1995-035-1
http://dx.doi.org/10.1090/S0002-9947-96-01553-X
http://dx.doi.org/10.1016/j.aim.2004.10.018
http://dx.doi.org/10.1007/s00209-023-03279-6
http://dx.doi.org/10.1006/jmaa.1997.5826
http://dx.doi.org/10.1007/s10958-025-07727-y
http://dx.doi.org/10.1007/s13163-025-00530-y
http://dx.doi.org/10.4064/cm100-1-13
http://dx.doi.org/10.1080/03081080802095446
http://dx.doi.org/10.1080/03081087.2018.1476448
http://dx.doi.org/10.24033/bsmf.1862
http://dx.doi.org/10.1007/978-1-4471-0869-6
http://dx.doi.org/10.2307/j.ctv3hh48t
http://dx.doi.org/10.1023/A:1011363014772
http://dx.doi.org/10.1007/BFb0072398
http://dx.doi.org/10.1512/iumj.1982.31.31050
https://eprint.iacr.org/2004/350.pdf
https://tokyo-metro-u.repo.nii.ac.jp/records/2120
http://dx.doi.org/10.15421/242504
http://www.ncbi.nlm.nih.gov/pubmed/24944837
http://dx.doi.org/10.1016/j.csl.2009.12.001
http://dx.doi.org/10.1093/comjnl/bxt070
http://dx.doi.org/10.1007/s11117-022-00865-6
http://dx.doi.org/10.1016/S0378-4371(98)00654-2

Mathematics 2025, 13, 3693 30 of 30

50. Chernega, I.; Martsinkiv, M.; Vasylyshyn, T.; Zagorodnyuk, A. Applications of supersymmetric polynomials in statistical quantum
physics. Quantum Rep. 2023, 5, 683-697. [CrossRef]

51.  Hryniv, R.; Kravtsiv, V.; Vasylyshyn, T.; Zagorodnyuk, A. Symmetric and supersymmetric polynomials on £, and partition
functions in quantum statistical physics. Phys. Scr. 2025, 100, 075208. [CrossRef]

52.  Gesztesy, F.; Simon, B. Inverse spectral analysis with partial information on the potential, I. The case of discrete spectrum. Trans.
Amer. Math. Soc. 2000, 352, 2765-2787. [CrossRef]

53. Burtnyak, I.; Chernega, I.; Hladkyi, V.; Labachuk, O.; Novosad, Z. Application of symmetric analytic functions to spectra of linear
operators. Carpathian Math. Publ. 2021, 13, 701-710. [CrossRef]

54. Holubchak, O.M. Hilbert space of symmetric functions on ¢7. J. Math. Sci. 2012, 185, 809-814. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.3390/quantum5040043
http://dx.doi.org/10.1088/1402-4896/adde1e
http://dx.doi.org/10.1090/S0002-9947-99-02544-1
http://dx.doi.org/10.15330/cmp.13.3.701-710
http://dx.doi.org/10.1007/s10958-012-0963-4

	Introduction
	Subsymmetric Polynomials on CM
	Subsymmetric Polynomials on c00
	Extension of Subsymmetric Polynomials
	Extension to Banach Spaces p
	Extension to p(A) for a Well-Ordered Set A

	Algebras of Subsymmetric Analytic Functions
	General Properties of the Algebra of Subsymmetric Analytic Functions of Bounded Type
	Spectrum of HbS(p)
	A Convolution on the Spectrum
	``Exceptional'' Characters of HbS(p)
	Subsymmetric Polynomials on Abstract Hilbert Spaces

	Zeros of Subsymmetric Polynomials and Subspaces of Symmetry
	Applications 
	Polynomial Hash Function
	Spectra of Operators

	Conclusions
	References

