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Abstract

This study considers general Markov chains (MCs) with discrete time in an arbitrary phase
space. The transition function of the MC generates two operators: T, which acts on the
space of measurable functions, and A, which acts on the space of bounded countably
additive measures. The operator T*, which is adjoint to T and acts on the space of finitely
additive measures, is also constructed. A number of theorems are proved for the operator
T*, including the ergodic theorem. Under certain conditions it is proved that if the MC has
a finite number of basic invariant finitely additive measures then all of them are countably
additive and the MC is quasi-compact. We demonstrate a methodology that applies finitely
additive measures for the analysis of MCs, using examples with detailed proofs of their
non-simple properties. Some of these proofs in the examples are more complicated than
the proofs in our theorems.

Keywords: general markov chains; markov operators; finitely additive measures; invariant
measures; quasi-compactness; ergodic theorem

MSC: 60]J05; 37A30; 28A33; 46E27

1. Introduction

The present study is concerned with general discrete-time Markov chains (MCs)
in an arbitrary measurable phase space (X,X), where X is an infinite set, and X is an
arbitrary sigma algebra of its subsets. The MCs are defined by transition probabilities
p(x,E),x € X,E € X, which are countably additive in the second argument. All of
the investigation described in this article were carried out within the framework of the
functional operator approach.

The fundamentals of the operator approach to studying general MCs have been briefly
presented in two papers by Kryloff and Bogoliouboff (1937) [1,2]. The essence is that a
Markov chain is defined by a transition function (probability) p(x,E), x € X, E € ¥ which,
as a kernel, generates two dual integral Markov operators—namely, T and A—in the spaces
of measurable functions and in the spaces of measures, respectively. The measures are
assumed to be countably additive. The Markov operators constructed allow for the wide
use of functional analysis methods. In particular, in [1,2], it was proved that the fulfillment
of certain operator conditions implies “quasi-ergodicity.” In the same year (i.e., 1937),
Doeblin [3], obtained new conditions (D) using the operator approach, under which the
MCs have ergodic properties. Subsequently, other authors conducted studies devoted
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to comparing the ergodicity conditions of Kryloff and Bogoliouboff (K) and the Doeblin
condition (D). In particular, Doob (1953) [4] obtained a number of other conditions of this
type. In [4], only countably additive measures were used.

In 1941, in a large paper [5], Yosida and Kakutani constructed a significant extension
of the operator approach to the study of the general theory of MCs. In particular, in [5],
the quasi-compactness conditions in [1,2], and [5] were compared. In [5], different source
spaces were used to construct various Markov operators (note that all measures used were
also countably additive).

The extension of Markov operators to spaces of finitely additive measures only began
to be used in papers in the 1960s. We mention only a few of these papers: Sidak (1962) [6],
Foguel (1966) [7], Horowitz (1972) [8], Lin (1975) [9], and Ramakrishnan (1981) [10]. We
also note the monograph by Revuz (1984) [11]. To date, this is the only monograph that
systematically presents the general theory of operator MCs with the active use of purely
finitely additive measures.

The literature on the various aspects of ergodic theory and its applications is particu-
larly extensive. The history of ergodic theory and ergodic theorems has been described in
detail in the book by Dunford and Schwartz (1958) [12]. There, in Chapter VIII, Markov
processes and Markov chains are singled out in several places, and their classical ergodic
properties and theorems are briefly analyzed.

In this paper, we supplement and generalize the results of our previous works [13,14].
We present theorems with brief proofs (see Theorems 1-4 and Corollary 1 below). We
further examine MC examples in detail, in which we demonstrate the methodology of
applying finitely additive measures to the analysis of MCs (see Examples 1-5) with proofs
of their non-simple properties. In this case, theorems from [15,16]—which were not present
in the articles [13,14]—were also used.

This paper consists of eight sections. In Sections 2—4, we recall the definitions and some
information about finitely additive measures and Markov operators for general Markov
chains that will be needed later.

In Section 5, a number of new theorems are proved. We point out three of them. In an
earlier paper of ours [15], it was proved that if all invariant finitely additive measures of the
MC are countably additive, then the set of all such measures of the MC is finite-dimensional.
In the present paper, we prove the converse of the theorem under certain conditions in
Theorem 1. In Theorem 3, we prove an ergodic theorem for the adjoint operator T*; i.e., for
the most general case (classical ergodic theorems are proved only for the Markov operators
T or A). In Theorem 4, we prove an ergodic theorem in cases where the MC has no cycles.
In such cases, the convergence of the sequence of operators (T*)" is uniform with respect
to all initial measures, including purely finitely additive measures, and Cesaro means are
not used (but these means also converge uniformly).

In Section 6, Examples 1-5 of interconnected Markov chains (MC1-MC5) on the
interval [0, 1] are constructed and studied. The scheme of the possible transitions is the
same for all five MCs. MC1-MCS5 differ in the type of transition probability p(xp). We
demonstrate and prove the complex diversity of the asymptotic (ergodic) properties of
MCs determined by different types of probabilities p(xg). We consider the second part of
the article, with examples of Markov chains, to be the important part of this work.

In Section 7, we discuss the obtained results, and how they can be interpreted in light
of previous research, and how they relate to the results of other authors.

Finally, some brief conclusions are presented in Section 8.

2. Finitely Additive Measures

In this section, we present and facts from [12-14,17].
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Let X be an arbitrary infinite set and X be the sigma-algebra of its subsets containing all
one-point subsets of X. We denote by B(X, X) the Banach space of bounded X-measurable
functions f : X — R with the sup-norm.

We also consider Banach spaces of bounded measures y : ¥ — R with norm equal to
the total variation of the measure y (note that one can also use the equivalent sup-norm):

ba(X,X) is the space of finitely additive measures;

ca(X, %) is the space of countably additive measures.

1£ 1 > 0, then || = p(X).

For topological spaces X, we also use the notation C(X), which denotes the Banach
space of bounded continuous functions f : X — R with the sup-norm.

We also use the symbols 13 and 7¢ to denote the weak topologies on the measure
spaces generated by B(X,X) and C(X) (for topological X), respectively. Comments are
given at the appropriate places in the text of this article. Weak topologies for Banach spaces
have been studied, for example, in [12,13].

Definition 1 (see [17]). A finitely additive non-negative measure y: ¥ — R is called purely
finitely additive (pure charge, pure mean) if any countably additive measure A satisfying the
condition 0 < A < y is identically zero. The alternating measure y is called purely finitely additive,
if in its Jordan decomposition y = y* — u~, both non-negative measures y* and y~ are purely
finitely additive.

We present the Yosida—Hewitt decomposition (see [17]): any finitely additive measure
u can be uniquely decomposed into the sum p = p1 + yp, where i is countably additive
and y; is a purely finitely additive measure.

If the measure y is purely finitely additive, then it is equal to zero on every one-point
set: u({x}) =0,Vx € X (see [18], Lemma 1). The converse, generally speaking, is not true
(for example, for the Lebesgue measure on the segment [0, 1]).

Purely finitely additive measures also form a Banach space pfa(X,X) with the same
norm, ba(X, %) = ca(X,2) ® pfa(X,X).

If countable additivity is interpreted as continuity of a measure (set function), then
a purely finitely additive measure y is a “discontinuous measure”. It exists if and only if
there exists a sequence of sets K, € X,n € N, Ky D K; D ..., limK, =N’ K, = @, such
that u(Ky,) = u(X); ie., impu(K,) = u(X) #0 = u(limKy,) = (D) = 0 (see [17]).

Let us denote the following sets of measures:

Spa = {p €ba(X,Z) : > 0,|pu|| =1},
Sea={p€ca(X,Z):p>0,||u|| =1},

Spfa = {p € pfa(X,Z) 1 >0, ||p|| =1}

All of the measures from these sets will be called probability measures.

3. Operator Representation of Markov Chains

In this section (as in the previous Section 2) we present some constructions and
formulations of theorems from the sources already mentioned such that the text can be
read more autonomously.

Markov chains are an important type of random processes with discrete time.

Markov chains on a (phase) measurable space (X,X) are given by their transition
function (probability) p(x,E), x € X, E € £, under ordinary conditions:

(1) 0<p(xE)<1p(xX)=1Vxe X VEEZ;
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@) p(,E) € B(X,%),VE € %;
B) plx,)€ec(X,2)VxeX.

In probability theory, the expression p(x, E) is interpreted as the probability that one
can move from point x € X to set E € ¥ in one step.

We emphasize that the transition function is a countably additive measure with respect
to the second argument, i.e., we are considering classical MCs.

If the set X is finite or countable, then the corresponding MC is also called finite
or countable.

In this article, we consider general MCs.

The transition function generates two Markov linear bounded positive integral operators:

T:B(X,X) > B(X,D), (TA)(x) = Tf(x) = [ f)p(xdy),

VfeB(X,X), Vxe€X;

A:ea(X,E) > ea(X,%), (Aw)(E) = An(E) = [ p(x, E)p(d),

Yu € ca(X, %), VE € %.

Here, the Lebesgue integral over an arbitrary bounded countably additive measure
is used.

Let the initial measure be iy € S¢. Then, the iterative sequence of countably additive
probability measures y;, = Apy,_1 € Seq, 1 € Nis usually identified with the Markov chain.

In this paper, as in the author’s previous works [13,14] and others, some problems
lying in the area of contact between the operator theory of general Markov chains and the
theory of finitely additive measures are studied.

Topologically conjugate to the space B(X,X) is the (isomorphic) space of finitely
additive measures: B*(X,X) = ba(X, X) (see, for example, [12]). In this case, the topological
adjoint to T is the operator T* : ba(X, %) — ba(X,X).

T* is a bounded extension of the operator A to the entire space ba(X, X), preserving
its analytic form; that is,

T*u(E) = /X p(x, E)u(dx), Vi € ba(X, %), VE € 5.

The integral of a bounded measurable function over a bounded finitely additive
measure is constructed using the same scheme as the Lebesgue integral over an arbitrary
bounded countably additive measure (see, for example, [12,17]). The operator T* has its
own invariant subspace ca(X,X), i.e., T*[ca(X,X)] C ca(X,X), on which it coincides with
the original operator A. Now, the construction of the Markov operators T and T* is already
functionally closed. We will continue to denote the operator T* as A, provided it does not
cause contradictions.

In such a formulation, it is natural to also consider Markov sequences of probability
finitely additive measures:

Mo € Stas Un = A‘llnfl € Spg,n €N,

where the countable additivity of the transition function p(x, -) with respect to the second
argument is preserved. Despite this circumstance, the image Ay of a purely finitely additive
measure y can remain purely finitely additive; i.e., generally speaking, A[ba(X,X)] ¢
ca(X,X). Here the notation of the operator A can be replaced by the notation of T*.
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It is also possible to radically change the problem statement—i.e., to allow the transi-
tion function p(x, -) itself to only be finitely additive. Such MCs have also been studied (for
example, in our work [18]), and are called “finitely additive MCs”, but they are not consid-
ered in the present article. Thus, in our case, the following terminology is appropriate: we
study countably additive Markov chains defined in the space of finitely additive measures.

Definition 2. If, for some measure y € Sy,, we have T*u = y, then we will call such a measure
invariant for the operator T* (and for the MC). An invariant countably additive measure is also often
called a stationary distribution of the MC. In terms of functional analysis, an invariant measure is a
fixed point of the operator T*, or its eigenvector with eigenvalue A = 1.

Let us denote the sets of invariant probability measures for the MC:

Apg ={p € Spa:pp =T"p}, Aca=A{p €Sca:pp=Au}, Dpra=A{p € Sppa:p=T"p}

A classical countably additive Markov chain may or may not have invariant probability
countably additive measures; i.e., it is possible that A,; = @ (for example, for a symmetric
random walk on Z).

In [6] (Theorem 2.2), Sidak proved that any countably additive MC on an arbitrary
measurable space (X, X), which is extended to the space of finitely additive measures, has
at least one invariant finitely additive measure; i.e., it always holds that A,, # @. This
result was then proved in a simpler way in the paper [15], as a simple consequence of the
Krein—Rutman theorem [19] (Theorem 3.1).

In [6] (Theorem 2.5), Sidak also established that, in the general case, if a finitely additive
measure y is invariant, T*u = p, and has a decomposition y = p; + y2 into a countably
additive and a purely finitely additive component, then each of them is also invariant:
T*uy = p1, T*ua = pa. Therefore, it suffices to study such invariant measures separately.

We will say that the MC has a finite-dimensional (or simply finite) set of invariant
finitely additive measures if the linear dimension dimA,, = m < co. In this case, the set
Ay, has m basis measures Ay, = {u1, 42, ..., hm}. We will use the same words for A, and
for A,z

4. Quasi-Compact Operators

In the studies of a number of authors (see, among others, [15,16]), it has been shown
that the dimension and composition of the set of invariant finitely additive measures of the
Markov operator A are closely related to one of the central questions of the ergodic theory
of Markov chains; namely, to the known conditions of the quasi-compactness of Markov
operators (see, for example, [5]).

Definition 3. An operator A is called quasi-compact if the following condition is satisfied: there
exists a compact operator A1 (which translates every bounded set into a pre-compact one) and an
integer k > 1 such that

({145 = a1l < 1.

In this case, we will also call the MC itself quasi-compact.
The condition for the quasi-compactness of the Markov operator A is the well-known
Doeblin condition (D):

There is a bounded measure ¢ € ca(X, %)

,92>0,e>0andke Nk >1
such that, if p(E) < ¢, E € %, then p*(x,E) < 1

—eforall x € X.
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The superscript k in p* denotes the order of the integral convolution of the transition
function, not its degree.

If this condition (D) is satisfied—i.e., if operator A is quasi-compact—then the MC has
a finite number of singular invariant countably additive measures and the Cesaro ergodic
means uniformly converge, in some sense, to them in the metric topology.

In the literature, condition (D) is often formulated in other forms (which are not
always equivalent). For example, they are found in the book of one of the authors of
condition (D) Doob [4], in the work [5], and also in the book by Neveu [20] (Chapter V),
where it is stated that condition (D) is necessary and sufficient for the quasi-compactness
of Markov operators (see also the book by Revuz [11] (Chapter 6, §3)). In the work of
the author [16], a similar condition (D) was also given, that is a certain modification of
condition (D). Later, in [13], Theorem 8 was proved on the equivalence of conditions (D)
and (D). We will not present this condition here, as we will not use it further.

In [16], the following Theorem 12.2 was proved:

For an arbitrary MC, condition (D) (and hence condition (D)) is equivalent to the
condition (x):

(%) Apy Cca(X,X),

which means that all invariant finitely additive measures of the original MC are countably
additive; or, in other words, the original MC does not have invariant purely finitely additive
measures. The attractiveness of the condition (x) is that, unlike the Doeblin condition (D), it
does not contain any analytics or dynamics but only a “qualitative” understandable statement.

From Theorem 12.2 from [16], as well as the properties of a quasi-compactthe proper-
ties of a quasi-compact MC, the following assertion can be deduced. Theorem 8.2 (see [15]):
For an arbitrary MC, if the condition (x) is satisfied, i.e., if Ay, C ca(X,X), then the
dimension dimAy, = n < oo.

The statement of Theorem 8.2 [15] can be reversed. In [15], such a reverse was proved,
but only for the case of dimension n = 1. We present this theorem as Theorem 8.3 (see [15]):
Let an arbitrary MC be given on some (X, X). If dimA,, = 1, i.e., if the MC has in Sj; a
unique probability invariant measure y, then Ay, C ca(X,X) (i.e., the invariant measure y
is countably additive). Moreover, for any measure 7 € Sy,, the convergence A} — u holds
in the weak tp-topology.

In this case, i.e., for n = 1, the Doeblin condition (D) is satisfied (as well as condition (D)),
the MC is quasi-compact, and it does not have invariant purely finitely additive measures.

5. Theoretical Results

In this section, we prove a converse of Theorem 8.2 from [15]; i.e., we generalize
Theorem 8.3 from [15] for arbitrary dimension n € N, but under an additional condition.
The symbol co denotes the linear convex closed hull of the corresponding sets.

Theorem 1. Let dimAy, = n < 0o, Ay, = co{ 1, 2, ..., Un}. Let all basis measures y; from Ay,
be pairwise singular, and let condition («) be satisfied for each of them:

Let y € Ap,, and a set Ky, € X is given such that u(K,) = 1.
() § Then, there exists a set K € %, K C K, such that y(K) = 1 and
it is stochastically closed; i.e., p(x,K) = 1 for any x € K.

Then, Ay, C ca(X,X)—i.e., the ergodicity condition (x) is satisfied—all invariant finitely additive
measures of the Markov chain are countably additive, and the MC does not have invariant purely
finitely additive measures.
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Proof. From the pairwise singularity of a finite family of measures y; in Ay,, it follows that
there exist pairwise disjoint sets K1, Ky, ..., K, € Zsuch that y;(K;) =1fori=1,2,...,n
and KiNK; =@ fori # j.

Then, by condition (&), for each measure y;, i = 1,...,n, there exists a set K' C K;
such that #;(K') = 1 and p(x,K') = 1 forall x € K'.

We form subspaces (X;, ;) of the space (X,X) by therule X; = K'NX,%; = K'NZ
fori=1,2,...,n. We restrict all measures y; to the subspaces (X;, %;).

We restrict the transition function p(x, E) to each subspace (X;, ;) by the identity rule:
Vx € K',VE € %;, pi(x,E) = p(x,E). It is easy to check that all measures y; are unique
invariant finitely additive measures for particular Markov chains that generate transition
functions p;(x,E) on (X;, %;) fori =1,2,...,n.

Now, we can say that, on each measurable space (X;,%;), there is a Markov chain
with a unique invariant finitely additive measure y;. Therefore, by Theorem 8.3 [15], all
invariant measures y; are countably additive on the measurable spaces (X;, %;).

We extend these measures y; to measures i; on the entire original measurable space
(X,%) by the rule fi;(E) = pu;(E N K') for each E € ¥; i.e., “zeros”. Evidently, the countable
additivity of the measures i; is preserved and they will be invariant on the whole (X, X);
ie, fj € Agg foralli =1,2,...,n,and Ay, = Acy = co{}1, 2, ..., Hn}. The rest follows
from our Theorem 12.2 in [16]. This completes the proof. [

It is clear that, for K, = X the condition («) is trivially satisfied for K = K, = X.
If we assume in advance that the measure 1 € Ay, is countably additive, then condition
(w) is also satisfied [15] (Theorem 6.2).

Theorem 2. Let dimAy, = co. Then the MC has invariant purely finitely additive measures, i.e.,
Dpfa # D and dimAyp, = o0.

Proof. Let us consider two possible variants for A, C Ay,. Let dimAy; = n < oo, including
the case Ay, = @. Then, since Ay, = co(Ag, Apfu), then A ¢, # @ and dimA,f, = 0, and
the statement of the theorem is true.

Now, let dimA., = oo. Then, by our Theorem 8.1 (see [15]) Apfﬂ # @ and dimApfﬂ = 0.
The theorem is proved. [

Theorem 8.1 is proved in [15] using the technique of Banach limits and 73-weak topology.

Theorem 2 does not use condition («) for the measures from Ay,. However, the use of
the condition (#) in Theorem 1 does not allow us to combine both theorems and formulate
them as another necessary and sufficient condition for the existence (or non-existence) of
invariant purely finitely additive measures.

Corollary 1. Let the conditions of Theorem 1 be satisfied. Then, the MC satisfies the Doeblin
condition (D), condition (D), and our condition (x), the MC does not have invariant purely
finitely additive measures. Additionally, the MC is quasi-compact, and it has all the corresponding
ergodic properties.

Thus, under the conditions in Theorem 1, the Markov chain is quasi-compact. There-
fore, our ergodic Theorem 12 from [14] can be applied to such a Markov chain, as shown in
the following theorem.

Theorem 3. (ergodic). Let some MC on an arbitrary phase space satisfy the conditions of Theorem 1,
including the («) condition. Then, for the operator T*: ba(X,X) — ba(X,X), there exists a finite-
dimensional projection Qr« onto the space of all invariant finitely additive measures of T* such that
the following statement holds for n — oco:
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I3 £ () = Qrelll =

— sup |1 £ (T*)i(p) — Qr ()] — 0,
Vesba i=1

(Erg, T")

Proof. Let the conditions of Theorem 3 be satisfied, including the condition («) from
Theorem 1. Then, from Corollary 1, it follows that the given MC is quasi-compact and the
ergodic conditions (Erg, T*) are satisfied for it. The theorem is proved. [

Theorem 4. Let (X, X) be a quasi-compact MC that has no cycles (i.e., the MC is acyclic). Then,
the following uniform limit relation holds:

SusP 1(T*)"(n) — Qr= ()| — 0 for n — oo,
HEOpa

where Q-+ is a finite-dimensional projection of the space ba(X,X.) onto the finite-dimensional space of
all invariant measures of T*. The rate of convergence of the specified sequence is uniform over all initial
finitely additive measures (including purely finitely additive measures) and it is exponentially fast.

Proof. The theorem follows from a statement in Doob’s book ([4], Chapter V, §5). There,
in Point e), it is stated that if the MC has no cycles, then, in ergodic limit theorems, it
is sufficient to take the usual limits of the degrees of Markov operators (or transition
functions) and not the limits of their Cesaro means (where the limits coincide). The theorem
is proved. 0O

Note. It is said that a certain positive numerical sequence {x,} converges to 0 ex-
ponentially quickly as n — oo, if it converges to 0 as quickly as the numerical sequence
{a"}, where 0 < a < 1. The same meaning is given to exponentially quickly converging
sequences in Theorem 4. If the sequences under consideration satisfy Doeblin’s condition
(D), then the corresponding rates of convergence can be specified. For this, we use the
parameter € > 0 from condition (D), settinga =1 —¢€,a, = (1 —¢€)" forn € N.

The statement of the above theorem is a consequence of our Theorem 3.

In Theorem 12 [14], it is also proved that, for operator A: ca(X,%) — ca(X, %), similar
statements about the ergodicity of operator A under some condition (Erg, A) are true. It is
also proved there that conditions (Erg, T*) and (Erg, A) are equivalent.

Next, we use the Theorem 7.8 from [15] (Chapter 1, §7), which gives analytical con-
ditions (criterion G) for the existence of invariant purely finitely additive measures for
general MCs on arbitrary phase spaces. We present these conditions, as we will use them
in subsequent examples.

Theorem 7.8 (see [15]): Let a countably additive MC be defined on an arbitrary mea-
surable space (X, X) and let its transition function p(x, E) satisfy the following condition
(criterion (G)):

There exist sequences of numbers e, and sets Ky,
such that e, > 0, e, — 0 forn — o0, K, € X, K, # @),
G ]
() KiDKyD..., N Ky =D),and p(x,Ky) > 1—¢,
n=1

forx € K11, foralln € N.

Then, there exists an invariant purely finitely additive measure u € Ay, for the MC,
and u(K,) =1foralln € N.
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In [16] (Theorem 12.4 and Corollary 12.3), it is shown that this condition (G) is neces-
sary and sufficient for the original MC not to be quasi-compact.

6. Examples and Methods of Their Study

In classical countably additive measure theory, the concepts of a support of a measure
and of a measure atom are used. However, if we pass to the space of finitely additive
measures, these two concepts turn out to be degenerate. Indeed, in [18] (see Lemma 1), it is
proved that a purely finitely additive measure is equal to zero on any finite set. However,
similar concepts are needed in the theory of finitely additive measures. Similar questions
have been studied; for example, in the study of Rao and Rao [21], where finitely additive
measures are called “charge.”

Let u € Sy, be ameasure and E € X. Then, if D € ¥, D C E, such that (E) = u(D)
and u(X \ E) = 0, then we say that D is a set of full measure and is the support of # on E.

Let us explain these terms using a simple example, when X = N, X = 2V, Let a purely
finitely additive measure u € S, be defined on the space (X,X). Let E, = {1,2,3,...,n},
E,={n+1,n+2,n+3,...}.Then, E,UE, =N,E,NE, =Q.

Evidently, forany n € N, u(E,) = 0, u(E,) = 1,and u(N) = u(E},), then any set E}, is
a set of full measure y on the space (N, X), and also a support of the measure p.

Below, we consider five interconnected Markov chains, MC1-MCS5, defined on the
interval [0, 1] with the usual Borel sigma-algebra & = B (we keep the notation X), and we
give some methodologies for using finitely additive measures in the study of MCs.

The scheme of possible transitions is the same for all MCs. From any initial point
xg € (0,1), only two transitions are possible: to the point x3 with probability p(x¢), and
to the point 0 (zero) with probability 1 — p(xp). The points 0 (zero) and 1 (one) with
probability 1 go into themselves; i.e., they are absorbing (stationary). MC1-MC5 differ
only in the form of the probability function p(xg). We will see what a non-simple variety
of asymptotic (ergodic) properties of MCs are led by different types of probabilities p(xg).
In the author’s work [15] only Example 1, (MC1) was given, but without studying its
asymptotic and other properties.

We present transition graphs (phase portraits) of the functioning of MC1-MC5 in
examples (see Figures 1-5).

p=1 p(x)=x p=1
o *
0 x? x 1
1-px)=1-x
Figure 1. Phase portrait for MC1.

p=1 px)=1-x p=1

1-px)==x

Figure 2. Phase portrait for MC2.
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1-px)=x

Figure 3. Phase portrait for MC3.

p=t P =1-x P =x p=1

Figure 4. Phase portrait for MC4.

p=1 p(x) =1, r = const p=1

p(x) =q, q = const

Figure 5. Phase portrait for MC5.

Since the stationary absorbing point x = 1 is unreachable from [0,1) (“isolated”), and
there are no cyclic subclasses in all five examples, then, following Doob ([4], Chapter V, §5),
we can do without using the Cesaro means of the transition probabilities p" (x, E), n € N.
In other words, we can avoid using finitely averaged MCs, studying only this sequence
itself for x € [0,1).

Example 1. The Markov chain, let us call it MC1, is defined on the segment X = [0,1] by the
following rules:

For any x € (0,1), the following transitions are possible in one step: to the point x> with
probability p(x) = x and to the point 0 (zero) with probability 1 — p(x) = 1 — x. The points 0
(zero) and 1 (one) transition into themselves with probability 1; i.e., they are absorbing (stationary).

Let us formalize the transition function of such a Markov chain. For any x € (0,1), we define

p(x, {x*}) = x,p(x,{0}) = 1—x;
p(0,{0}) =1,p(1,{1}) = 1.

The phase portrait of such an MC is given in Figure 1.

In Figure 1, the conditional location of the supports of invariant purely finitely additive
measures “near one” is highlighted with a bold line.

The above task of MC1 is complete enough to find explicitly the measures ;1 = T* o
for arbitrary initial finitely additive measures yy € Sp,. In the case when yg € S¢4, we can
also write y; = App, and so on. However, we obtain rather cumbersome expressions if this
is performed. We will only use some simple properties of the measures y1 = T*ug and give
the corresponding explanations where necessary. We will do the same when considering
Examples 2-5.

We will study all five examples of MCs using the same scheme, so we will number all
further steps.
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“Visible” invariant measures

It is easy to see that MC1 has at least two invariant singular measures; these are the
Dirac measures ¢y and 61, which are concentrated at the points 0 and 1, respectively.
Both measures are countably additive. Other possible invariant measures are not yet
visible to the “naked eye”. However, we will show below that such measures exist. We
will call them implicit measures. In fact, these are purely finitely additive measures.
Asymptotics

Let us consider the asymptotic behavior of MC1. We restrict ourselves to the case
when MC1 “starts” from an arbitrary fixed point xy € (0,1), which corresponds to the
initial Dirac measure yg = Jx,, which is concentrated at point xq. The initial measure
Ho generates a Markov sequence of countably additive measures

pn = Apy_1,n € N, uy(E) = p*(x0,E),E€ Z,n € N.

The corresponding random variables ¢, in this Example 1 can take only two values:
&n = x3" with probability y,({x3"}), and & = 0 with probability u,({0}),n € N.
Next, we use the known formulas for the products of numerical sequences.

Direct calculation by induction yields the following formulas:

n

n n—1 n
un({x5 ) = p"(x0, {25 }) = pl(x0,%3) - p(x3,%5) ... p(xg .25 ) =

nl oo 21 211
=JIx =2 Sua({0}) =1—x5 "
k=0

Let us construct an infinite “trajectory set” Vy, = {xo, x%, xé, xg, eeey x%n, ...} ofall
possible nonzero values of the random variables ¢, generated by the initial point
Xp € (0, 1).

Let us take the Dirac measure &y, which is invariant for MC1: Aéy = Jg. Evidently,
90(Vx,) = 0. Then, for n € N, it holds that

ptn({ Vi }) = So({Vig DIl = ttn({Vig}) = un ({23 }) = 3" 2,

1 ({0}) = s ({O})]| = 22~

Since there are no other points in the “carriers” of the measures y,, and &y, we obtain
the distance between them as follows:

p(un,0) = llpn — doll = sup |un(E) —o(E)| = x5~ — 0
(S

for any xg € (0,1) as n — oo.

Thus, for any initial xg € (0, 1), the sequence of countably additive Markov measures
Uy converges to an invariant countably additive measure ¢y in the strong metric
topology in the space ca(X,Xj), where X = [0,1),£y =XN[0,1).

However, for any n € N, we have

sup | \pn —dol| = sup xgnflzl—/»Oforn%oo.

0<xg<1 0<xp<1

This means that the strong convergence yi, — Jy is not uniform over the initial points
xo. Moreover, this convergence is not uniform over all possible initial measures
Ho € Seaon (0,1).

Note also that if xg = 0, then p, = dp,n € N; i.e., formally ||y, — Jy|| — 0as n — oo.
If xo =1, then u, = 61,n € Nand ||y — 61]| — 0asn — co.
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Quasi-compactness

If MC1 were quasi-compact, then the strong convergence of y, — Jp would be
uniform in xg € (0,1). Therefore, MC1 is not quasi-compact.

What prevents this in Example 1? Based on our Theorem 1 and its Corollary 1, we can
assume that MC1 has some other invariant measures and in large numbers, which
we did not see during the first superficial examination in point 1.1; i.e., “implicit”
invariant measures.

Properties of “implicit” invariant measures (if they exist)

Let u € Sy, be an arbitrary finitely additive probability measure. We perform the
following integral transformations with operator T* of MC1:

TR0} = [ pGedohua) = [+ [ =
=1 p{0) +0- (1) + [ plx (0} (i) =
= k(0D + [ (1= 0)n(d).

Now, suppose that the measure y € Sy, is invariant for MC1, and it is singular with
the invariant measures &y and d1; i.e., #((0,1)) = 1. Then, we have

F({0}) = An((0}) = p({O) + [ (1~ x)u(a)

from which we obtain

/( o (1~ Xn(d) =0

Note that the integrand (1 — x) is strictly greater than zero for all x € (0,1). This is
not an “equality”, but an “equation” with respect to the unknown measure y, which
we must solve.

Let0 <a <b < 1begiven;ie., [a,b] C (0,1). Then,

(1 =b)p(la,b]) < /W(l —x)pu(dx) < (1 —a)u((a,b]) < p([a, b]).

Therefore, if p1( [a, b}) > 0, then, from the left-hand side of the inequalities, it follows that

0= /(0,1)(1 — x)p(dx) > /W]]a — x)p(dx) >0,
and we obtain a contradiction. Thus, for any [a,b] C (0,1), u([a,b]) = 0. Itis clear that,
for any set E = X, E C [a,b] for an arbitrary [a,b] C (0,1), #(E) = 0. In particular,
u({a}) =0foranya € (0,1).
Similarly, we can obtain that, for any ¢ € (0,1), 1((¢,1)) = 1 and, accordingly,
#((0,)) = 0.
We will now show that such measures are not countably additive (although this is
almost obvious). We construct a sequence of sets

E, = (1—1,1>,n €N,
n

for which .
E1DE D...,limE, = ﬂ E, =@.

n=1
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Then, u(E;) = 1,n € N, and
lim ju(Ex) =1 # p(tim E,) = 1(@) = 0.

This means that the measure y is not continuous; i.e., not countably additive. Thus,
all finitely additive measures y € Sj, that satisfy the conditions y((0,1)) = 1 and
J, (01) (1 —x)u(dx) = 0 are purely finitely additive, and for them, for any € € (0,1),
u((0,e)) =0and u((e,1)) =1 are true, these measures are concentrated “near unity”.
In the general theory of finitely additive measures (see, for example, [17]), it has been
proved that such measures exist and there are a great deal of them, where the cardinality
of the entire family of such measures “near one” is the hypercontinuum (2ZNO ).

Thus far, we have only shown that if the MC1 has an invariant finitely additive
measure = T*u, 11((0,1)) = 1, then it falls into the family of purely finitely additive
measures described above.

Proof of the existence of “implicit” invariant measures

For MC1, we construct the two sequences ¢, and K, described under the conditions
of Theorem 7.8 [15] given at the end of Section 5 (criterion (G)). Let e € (0,1) be
arbitrary and fixed, ¢, = 1 — sziﬂ,n € N. Hence, eziﬂ =1-¢, > =1ande, -0
asn — .

Now, we construct a sequence of sets K, € X:

1

Ki = (61) = (£7,1), K = (V& 1) = (e37,1),...,

1 1

Kp = (e277,1), Kpaq = (27,1), ...

(e}
Evidently, K1 D Ky, D ..., limK, = ) K, =@.

n=1
Letx € K;;4q;1.e., sZL" < x < 1. Then, p(x,K,) = x > s%” =1—g,.
Now, the conditions of Theorem 7.8 (criterion G) [15] are satisfied. Consequently,
for our MC1, there exists an invariant purely finitely additive measure y € Ay, and
u(Ky) = y((szn%l,l)) = 1forn € N. In particular, y((¢,1)) = 1 and u((0,¢)) = 0 for
any ¢ € (0,1). In addition, u({0}) = 0 and u({1}) = 0.
As such, at least one invariant purely finitely additive measure “near one” for MC1
has been discovered.
Number of “implicit” invariant measures
Let us show that, in fact, there are infinitely many such invariant measures
(linearly independent).
Let us take as the initial point of our MC1 the transcendental number xyp = 1/7
(7t =~ 3.14...), and let us construct the entire “trajectory set” V; of the points generated
by it and add to it points 0 and 1. The countable set V;; is stochastically closed; i.e.,
p(x,Vz) =1, for all x € V. Therefore, we can narrow MC1 from the phase space
([0,1], %) to the phase space (Vr, X,), where X, = 2V = 2V7  while preserving
the form of its transition function. We obtain a new particular MC1. All the properties
of the general MC1 that we have previously discovered (except for the Feller property,
which loses its meaning here) are also preserved for the particular MC1 on V. In
particular, it has invariant countably additive measures ¢y and J;.

It is not difficult (but cumbersome) to verify that the conditions of Theorem 7.8.

(criterion G) from [15] is also satisfied for it, which implies the existence for the particular
MC1 of an invariant purely finitely additive measure y “near one”. This is only defined
on the countable set V;; and satisfies the following condition: u-(V; (¢, 1)) = 1 for all
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e € (0,1). Theorem 7.8. [15] is also applicable in this case, as formulated and proved in [15]
for any measurable spaces (X, X).

Now, we extend the invariant measure i, from space (V;, ;) to the entire original
space (X, X) by defining it by “zeros” on all sets outside V. It is easy to see that such an
extended measure y; will remain purely finitely additive and will become invariant for
the original general MC1 on ((0,1),X).

Next, we take another transcendental number 1/e (e &~ 2.71...) as the initial point of
our MC1 and construct its trajectory set (together with the points 0 and 1) V.. Evidently,
for V,, all the arguments and conclusions made above for the trajectory set V; will be true.
Its invariant purely finitely additive measure y, also extends “by zeros” to the invariant
measure on the original space for the general MC1.

The numbers 1/ and 1/e are incommensurable, and the trajectory sets V; and V,
generated by them (without the points 0 and 1) do not intersect. Consequently, their
invariant measures y, and ., are singular and linearly independent, and their extensions
by zeros to the entire space ([0, 1], %) are also singular.

Thus, we have already obtained two invariant purely finitely additive measures of
MC1 “near unity”, which are singular with each other. The set of all transcendental pairwise
incommensurable numbers in the interval (0,1) has the cardinality of the continuum (2%),
and each such number generates its own trajectory set with its own invariant purely finitely
additive measure. These are pairwise singular and linearly independent with all other such
invariant measures.

We have shown that our MC1 has at least a continuum of invariant pairwise singular
and linearly independent purely finitely additive measures “near unity”.

Above, in Point 1.5 in Example 1, we can see that there are no “near other places” in
(0,1) for the MC1 invariant measures. In particular, there are no invariant purely finitely
additive measures for MC1 “near zero” with the condition u((0,¢)) = 1 forall ¢ € (0,1).

Thus, MC1 has invariant purely finitely additive measures “near one” and does not have
any “near zero”, although MC1 converges to zero (for xg € [0,1)). This fact is quite surprising.

For this reason, we cannot use our Theorem 1 for MC1. The conditions of Theorem 1
require that dimAy, = n < oo, and for MCl it turns out that dimA,, = oo; i.e., the condi-
tions of Theorem 1 are not satisfied. For the same reason, MC1 does not have uniform
convergence and is not quasi-compact.

Example 2. We take, as a basis, the previous Example 1 with the same possible transitions to [0, 1],
and the probabilities of these transitions—i.e., p(x) = 1 —x,1 — p(x) = x (see Figure 2)—are
swapped. We call the resulting new chain MC2.

The phase portrait of such an MC is given in Figure 2.

In Figure 2, the conventional location of the supports of invariant purely finitely
additive measures “near zero” is highlighted with a bold line. The transition function of
MC2 takes the following form: for any x € (0,1), we have

plrAx?}) =1-x,p(x{0}) = x;

p(0,{0}) =1,p(1,{1}) = 1.

Let us conduct an analysis of MC2 using the same scheme as the analysis of MC1, but
shortening the accompanying reasoning.



Mathematics 2025, 13, 3690

15 of 22

“Visible” invariant measures

The invariant measures of MC2 are the same as those of MC1; namely, two invariant
countably additive measures Jy and d;. It is also not yet clear whether there are other
invariant measures.

Asymptotics

We fix an arbitrary initial point xy € (0,1) with the corresponding initial measure
Mo = dx,. We construct a Markov sequence of measures y,, = Ap,_1,1n € N defining
random variables ¢, that can take only two values with the following corresponding
probabilities: p{&n = x§ } = pn({x5 }), p{Cn = 0} = un({0}),n € N.

By direct calculation by induction we obtain the following formulas:

n—1

i ({3'}) = p"(x0, {x3'}) = Bo“ ~x3);
n—1
ua({0)) =1 [T(1 - 3.
k=0

[e0)
Since the series satisfies ) x%k < oo (i.e., it converges), then the resulting products
=0

also, monotonically decreasing, converge to a positive number 7y (xp):

. n k ad k
lim [T(1-25) = [0 ~x5) = 71(x0), 0<7(x) <1
k=0 k=0

Accordingly, the sequence y,,({0}) monotonically increases and converges to a posi-
tive number 1 — y(xp), 0 < 1 —y(xp) < 1;i.e., un({0}) does not converge to 0 and
un({0}) # 60({0}) for any initial xy € (0,1). Consequently, the distance p(n, dg) - 0
asn — oo,

Thus, for any initial xp € (0,1), the sequence of measures {y, } does not converge
to the invariant measure Jp in the strong metric topology. Moreover, the measures
iy rapidly and monotonically move away from the measure Jy to a distance (xp).
However, the positive supports of the measures y;, x%nil, as a numerical sequence,
rapidly and monotonically converge to the point 0—i.e., to the support of the measure
do—in the usual Euclidean metric of the real line.

Just in case, we note that p(uy, 61) = ||un — 61]] = 1,n € N; i.e., the sequence puy,
naturally, does not converge strongly to the second invariant measure ;.

If measures yi; and §y are considered elements of the Banach space ba( [0, 1], ¥), then
the sequence y,, does not converge to Jy either in the weak and *-weak topologies
since there exists a set E = {0} such that y,(E) - &o(E) as n — co.

If we consider measures y;, and dy elements of the Banach space ca( [0, 1], Y), then we
must take into account that space ca([0,1],X) (equal to rba([0,1],%)) is topologically
dual to space Cg 1) since the segment [0, 1] is compact (see, for example, [12]); therefore,
the x-weak topology in ca([0,1],Z) is the well-known 7¢-topology. Moreover, in this
Tc-topology, sequence j, converges to &y. It is easy to verify that, for any xp € (0,1)
and for all f € Cjg, the following holds:

(foam) = [ () =

= () (1 =)+ £(0) K3 = £(0) = (f,b0),n — co.

Thus, for MC2, for any initial xy € (0,1), the Markov sequence of measures y, only
converges to the invariant measure Jj in the 7c-weak topology.
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Trivial cases with xyj = 0 or xy = 1 are also clear (but we will not comment on these).
Quasi-compactness

From the asymptotic properties of MC2, it follows that it is not quasi-compact. There-
fore, we can assume that MC2, just like MC1 (Figure 1), has other “implicit” invariant
measures besides Jy and ;.

Properties of “implicit” invariant measures

Let us perform the integral transformations made earlier for MC1 in Point 1.4, taking
into account the change in the places of the transition probabilities (omitted). We
obtain the following.

If a finitely additive measure p with condition #((0,1)) = 1 is invariant for MC2, then
it satisfies the equation [, ;) x - u(dx) = 0.

The difference here from the similar equation for MC1 is in the integrand. For MC1,
the integrand was f(x) = 1 — x, and for MC2, it is the function f(x) = x. Having
analyzed this equation for MC2, using the same scheme that was used for MC1, we
obtain the following.

If a finitely additive measure p, 1£((0,1)) = 1is a solution of the integral equation for
MC?2, then it has the following properties:

(1) u([a,b]) = 0 for any segment [a,b] C (0,1);
(2 u({a})=0foranya € (0,1);
(3)  u((0,e)) =1and u((¢,1)) =0forany e € (0,1).

Such measures for MC2 are located “near zero” (see Figure 2), and similar measures
for MC1 were located “near unity” (see Figure 1).

In the same way as for MC1, we show that any such measure is purely finitely additive;
i.e., there are no positive countably additive measures satisfying the corresponding
integral equation.

If the MC2 has an invariant finitely additive measure y = Ap, u((0,1)) = 1, then
it falls into the above-described family of purely finitely additive measures located
“near zero”.

Proof of the existence of “implicit” invariant measures

The proof for MC2 is similar to the proof for MC1 when using the condition (criterion
G) of Theorem 7.8 [15], which is given above at the end of Section 5. The only
difference is that if for MC1 we constructed a sequence of sets K, “near one”, now we
construct it “near zero”.

For an arbitrary € € (0,1), we take

&n = szin,Kn = (0, 82’171)

,n €N,

We show that p(x,K;) > 1 —¢, for all x € K;,1. The conditions of Theorem 7.8. [15]
are satisfied.

Therefore, for MC2, there exists an invariant purely finitely additive measure p € Ay,
and u((0,¢)) =1foralle € (0,1).

The number of “implicit” invariant measures

For an arbitrary xp € (0,1), the trajectory sets generated by it for MC1 and MC2
coincide. Therefore, for MC2, we can repeat all the arguments given in Point 1.6 for
MC1. The only difference is that the invariant purely finitely additive measures for
MC1 satisfy the condition y((¢,1)) = 1 for e € (0,1), and for MC2, they satisfy the
condition u((0,¢)) = 1 for ¢ € (0,1). However, this does not affect the following
general conclusion.

Our MC2 has at least a continuum of invariant pairwise singular and linearly in-
dependent purely finitely additive measures located “near zero”, and there are no
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other such invariant measures located in other “places” on (0, 1). The conditions of
Theorem 1 are not satisfied.

Thus, MC2 has purely finitely additive measures “near zero” and does not have them
“near one”.

For MC2, the remarks that we made for MC1 at the end of the text from Example 1
are valid.

Example 3. We combine a new MC3 (see Figure 3) from two MC1 and MC2 from Examples 1
and 2 with the transition rules on [0,1/2]; i.e., the same as for MC1 from Examples 1 and on
(1/2,1] as for MC2 from Examples 2 (see Figure 3).

The phase portrait of such an MC is given in Figure 3.

As we show below, MC3 does not have invariant purely finitely additive measures.
Therefore, its phase portrait does not have a corresponding mark on the segment [0, 1].

Let us write its transition function:

Let x € [0,1/2]. Then, we have

ple {x?}) =x, pxA{0}) =1-x p(0,{0}) =1

Let x € (1/2,1]. Then, we have

pe {x}) =1-x p(x{0}) =x p1{1})=1

Both transition functions coincide at x = 1/2; i.e., they are continuously glued together
at this point.

This combination of transition functions MC1 and MC2 is made for the following
reasons. MC1 did not have invariant purely finitely additive measures “near zero,” but
there were some “near one.” To the contrary, MC2 had such measures “near zero,” but
there were none “near one.” In the hope that we will obtain MC3 without any invariant
purely finitely additive measures both “near zero” and “near one,” we have chosen the
transition function from MC1 on the left interval [0,1/2] and the transition function from
MC?2 on the right interval (1/2,1].

For MC3, we will immediately proceed to the main point. First, we will only note that
MC3 has the same “visible” invariant measures Jy and &1 .

Let us make integral transformations for MC3 by analogy with the transformations
for MC1 and MC2. As a result, for any invariant finitely additive measure p of MC3 on
(0,1); i.e., for u((0,1)) = 1. we obtain the following:

0=k({0}) = Ap({0}) = [ | p(x{0))p(dx) =

= 1_ d * d .
1y () + /(lm)x (dx)

Since both integrals on the right are non-negative, they are both equal to zero:

/(0,1/2](1_x)y(dx) :0,/ x - u(dx) = 0.

(1/2,1)

Let us solve the first equation.

1 1
= /(0,1/2](1 —x)pldx) 2 /(0,1/2] 5 #(dx) = 5p((0,1/2)) = 0.
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Therefore, 1((0,1/2]) = 0.
We then solve the second equation.

. 1 1
0= d > — . d = — 1 2,1 20
/(1/2’1) xp(dx) > /(1/2/1) > u(dx) 2‘u(( /2,1))

Therefore, 11((1/2,1)) = 0, which implies that ((0,1)) = 0.

It follows that MC3 has no non-zero invariant finitely additive measures on the
interval (0,1); i.e., there are no invariant measures that are either countably additive or
purely finitely additive, as expected.

Now, although it may be obvious, we formally check that our conditions («) and
Theorem 1 from this paper are satisfied for MC3.

Above we proved that, for MC3, there exist only two invariant finitely additive
measures &y and §1—i.e., Ay, = co{dy, 1 }—and the dimension is finite and dimA,, = 2.
The measures Jp and J; are singular, and their supports K; = {0} and K, = {1} are
stochastically closed; thus, conditions («) and the conditions of Theorem 1 are satisfied.
Consequently, all invariant measures of MC3 are countably additive; i.e., Ay, C Ag,.

By Corollary 1 of Theorem 1, MC3 satisfies the Doeblin conditions (D), our condition
(x), and MC3 is g-uasi-compact.

Let us confirm that conditions (D) are satisfied. Let us take the measure ¢ €
ca([0,1],2), ¢ = (1/2)00 + (1/2)01,e =1/4,1—e=3/4,k=1.

For sets E = {0} and E = {1}, we have ¢(E) = 1/2 > ¢ = 1/4, and there is no need
to consider p(x, E).

Let E=(0,1). Then, ¢((0,1)) =0 <e=1/4.1fx € (0,1/2], then p(x,(0,1)) = x <
1/2<1—e=3/4.1fx € (1/2,1), then p(x,(0,1)) =1 —x < 1/2 < 1 —¢. In addition,
p(0,(0,1))=0<1—eand p(1,(0,1)) =0<1—e.

For any other “smaller” set E C (0,1), E € X, then itis all the more so ¢(E) =0 < ¢
and p(x,E) < 1—eforall x € [0,1]. Thus, condition (D) is indeed satisfied, and MC3 is
quasi-compact.

The quasi-compactness of MC3 guarantees the strong metric convergence of the
measures i, to the invariant measures éy and 61, and this is uniformly convergence with
respect to the initial measures . However, we will show how this looks in this particular
case; i.e., Example 3.

From the estimates obtained above, when checking condition (D) for e = 1/4 for all
xo € [0,1], po = Iy, it is satisfied that

11((0,1)) = Apo((0,1)) = p'(x0,(0,1)) <1 —e.

Next, for xg € (0,1), we make the following transformations and estimates:

#2((0,1)) = Ap((0,1)) = p*(x0, (0,1)) =

:/[o,u p'(y,(0,1))p" (xo, dy) :/{O}+/{1}+/(0’1) =
= 0+0+/(01) p'(y,(0,1))p" (x0,dy) < (1 —¢)p' (x0,(0,1)) < (1 —¢)*

We omit the trivial cases for xy = 0 and xo = 1 (they should be considered separately).

By induction, we obtain 3, ((0,1)) < (1 —¢)" for n € N and for all xy € [0,1]. Conse-
quently, lim 31,,((0,1)) = 0 for n — oco. This is uniform convergence with an exponential
rate of convergence.

Next, we omit simple details and obtain the main conclusion.
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The Markov sequence of measures j, of MC3 for xj € [0,1) converges in the strong
metric topology to the invariant measure do; i.e., 0(pn, 80) = ||ptn — bo|| — 0. This is uniform
convergence over all initial points xy € [0,1), which is also exponentially fast. It can be
shown that this convergence is uniform over all initial probability countably additive
measures }ig, and not only over the initial Dirac measures yg = Jy,.

In Examples 1 and 2, the strong uniform convergence of MC1 to dp and MC2 to 4; was
prevented by powerful families of the invariant purely finitely additive measures stuck in
the 7c-topology to the invariant countably additive measures Jy and é1, respectively.

As such, MC3 has no invariant purely finitely additive measures “near zero” and
“near unity,” and it is quasi-compact.

Example 4. Just like in Example 3, we combined two MC1 and MC2 into a new MC4, but in
a different order. On the interval [0,1/2], we take the transition rule from MC2, and on the
half-interval (1/2,1] we take the transition rule from MC1 (see Figure 4).

In Figure 4, the conventional arrangement of the supports of invariant purely finitely
additive measures “near zero” and “near one” is highlighted with a bold line (in two places).
We will not describe the obvious formulas for the new transition function for MC4.

In the previous MC3, we took the “best” transition functions from MC1 and MC2
on the specified intervals for convergence. Now, for MC4, we take the “worst” transition
functions from MC2 and MC1 on these intervals, which “slow down” convergence. It
is intuitively clear that MC4 will inherit the “worst” properties of MC2 and MC1 for
convergence (in our opinion, these “worst” properties are more complex and interesting).

Investigating the properties of MC4 using the scheme of studying MC1 and MC2, we
obtain the following. MC4 has two powerful families of invariant purely finitely additive
measures near zero and near one, it has two invariant countably additive measures, and is
not quasi-compact. However, for any initial xy € (0,1), the Markov sequence y,, = Apy,—1
of countably additive measures tc-weakly converges to the invariant countably additive
Dirac measure dy, but it does not converge to Jy in the metric topology.

Example 5. Here, we consider the same general scheme for defining a Markov chain on segment
[0,1] as in MC1-MC4; i.e., with possible transitions for any xo € [0,1) to points x% and 0. However,
we simplify the probabilities of these transitions as much as possible. We assume that

p(xo, {x5}) = rand p(xo,{0}) =g,

where the probabilities v and q do not depend on xo € [0,1) and r +q = 1. We still assume
p(0,{0}) = 1and p(1,{1}) = 1. We denote the constructed new Markov chain by MC5 (see
Figure 5). All our MC1-MCb are homogeneous in time, and the new MC5 is also homogeneous in
space [0,1) in the indicated sense.

In Figure 5, there are no marks with the conditional arrangement of families of invari-
ant purely finitely additive measures since they are not in this example.

Applying our scheme for studying MC1 and MC2, it is easy to show the following.
For any r,q,0 < r,q < 1, MC5 has only two invariant countably additive Dirac measures
6o and J1 and no invariant purely finitely additive measures; i.e., dimA,, = 2 < co. The
conditions of our Theorem 1 are satisfied with all the ensuing consequences.

Ergodic properties of the simplified MC5 are easy to see, even without using purely
finitely additive measures. However, we provide Example 5 to show that all of this
simplicity is only possible because MC5 does not have invariant purely finitely additive
measures. Additionally, they can also appear as soon as we start varying the parameters
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r,q of MC5 depending on the point (state) x, which will lead to a sharp change in the
asymptotic and qualitative properties of the MC.

Thus, MC5 does not have invariant purely finitely additive measures “near zero” and
“near unity,” and is quasi-compact.

In addition, we make a general informal comment on the analysis of MC1-MC5.
Invariant countably additive measures for an MC, by themselves, provide very little
information about the asymptotic properties of the MC. They may be absent altogether,
but the MC may have good asymptotics and converge in some sense to a non-invariant
measure, or to a purely finitely additive measure (such a situation was studied in the
author’s paper [16], as well as Theorems 13.1 and 13.2). In Examples 1-5, it is shown
that invariant purely finitely additive measures bear a greater “responsibility” for the
asymptotic properties of the MC. Moreover, the mere fact of their absence already ensures
the best possible ergodicity for the MC.

7. Discussion

(1) General Remarks. When working with purely finitely additive measures, the diffi-
culty arises from the fact that they are the product of “transfinite induction;” i.e., they
are of a non-constructive Axiom of Choice. The existence of such measures follows
from the Axiom of Choice, but the existence of an exhaustive and intelligible descrip-
tion of one specific purely finitely additive measure is not guaranteed. However, it
is possible to localize with varying degrees of accuracy, the “location” of a purely
finitely additive measure, which makes them increasingly more understandable. It
is precisely this approach that our Examples 1, 2, and 4 illustrate. However, one
should not forget that purely finitely additive measures can be much more complex
than those generated by the MC1, MC2, and MC4 in Examples 1, 2, and 4.

(2) Inthe book by Revuz [11] (Theorems 3.5 and 3.7), a statement is proved, as the author
notes, which is taken from Horowitz [8], as well as from the connection between purely
finitely additive invariant measures and the quasi-compactness of the MC. In [11],
finitely additive measures are called “mean,” and purely finitely additive measures
are called “pure mean.” The entire consideration in [11] is carried out for separable
measurable spaces (X, X), in which the sigma-algebra X is generated by a countable
family of sets (in our case, the sigma-algebra X is arbitrary). It is assumed in advance
that the MC satisfies the Harris condition [11] (Chapter 3, Definition 2.6), with some
already given invariant countably additive c-bounded measure ¢. In Horowitz [8],
it is initially assumed that the transition function p(x, -) for each x € X is absolutely
continuous with respect to a previously given countably additive measure m.

Under these strict assumptions, it was proved in [11] that the condition “a MC is
quasicompact” is equivalent to the condition that it has no invariant purely finitely ad-
ditive measure ([11], Theorems 3.5 and 3.7). It is claimed, that under these equivalent
conditions, the pre-specified invariant countably additive measure ¢ from the Harris
condition turns out to be a bounded and unique invariant finitely additive measure
for the MC ([11], Theorem 3.7).

Horowitz [8] (Theorem 4.1) proved a similar statement, but for a Markov operator P
defined on the left and right sides of the spaces Lo (1) and L™ (m), respectively. For
finitely additive measures, the terms “charge” and “pure charge” were used.

In our considerations, the MC is not assumed to be Harris recurrent, and it is not tied to
any pre-specified and already invariant measure m. The new theorems proved above
(Theorems 1-4), are much more general and contain stronger statements than in [8,11].

(3) Markov chain theory is one of the most widely used mathematical constructs in
various applications today. In particular, Markov chains are used in the theory of
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information transmission in wireless networks (see, for example, [22]). In this paper, a
special Markov chain was constructed and theorems on the properties of such chains
were proved. In the article [22], the corresponding modeling of such Markov chains,
taking into account the obtained theoretical results, was also performed.

8. Conclusions

In the first half of this article, we continued to develop an operator approach to
studying general Markov chains. The main feature of our research is the systematic use
of finitely additive measures to obtain abstract results (Theorems 1-4). In the second half
of the article (Section 6), we examined five interesting examples of Markov chains on the
interval [0, 1] in detail, using the apparatus of the first half of the article. We demonstrated
the methodology for applying finitely additive measures to the analysis of Markov chains
using examples. We note that the proofs of some properties of Markov chains MC1-MC5
are not simple and are more complex than the proofs in our theorems. It is shown that
finitely additive measures allow us to identify new asymptotic properties of the MC in
these examples that cannot be determined using countably additive measures. This opens
up new possibilities for applying our methods in the general theory of Markov chains.
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