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Abstract

For the function solution to the well-known homogeneous Bessel differential equation, we
utilized a normalized form of this function to define a certain operator on a subclass of
analytic functions. Using this operator, we introduced various subordination properties.
We also examined the sufficient starlikeness conditions and provided some estimates for a
specific subclass of univalent functions defined in the unit disc.
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1. Introduction

Consider F to represent the family of analytic and univalent functions in the open
unit disc V := {{ € C: || < 1}, with the following series representation:

A =0+ Y an ™ M

n=1

The solution for the differential equation ([1])

G (¢) + bz (§) + (% — p + (1 - b)p|w(§) = 0 (bc,p € C), @

is wy ¢ p (£), which is the generalized Bessel function, and has the following representation:

) _\n g 2n+p
PheplE) = nz—on!r(n(Jr :7)-1- bg—l) (2> ' )

forb,c,p,{ € C,and p + b%l € (C\Za, Zy = {0,—1,—2,...}. Classical , modified, and
spherical Bessel functions can all be studied in a unified way through series (3), as follows:

(i) Acquiring c = b = 1 within (3) gives the familiar Bessel function of the first kind of
order p defined by Watson [2] (Baricz [1]):

B oS (_1)71 g 2n+p'
Jp(&) = ngon!r(p+n+1) <2> 1 ¢eC
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(i) Acquiring ¢ = —1 and b = 1 within (3) gives the modified Bessel function of the first
kind of order p given as ([1,2])

B 00 1 g 2n+p'
(@) = Zn'l’(]o—%n—kl) (2) p ¢eC

n=0""

(iii) Acquiring ¢ = 1 and b = 2 within (3) gives the spherical Bessel function of the first
kind of order p expressed as ([1])

) B T (_1)n g 2n+p.
ip(Q) = fng—n!r(pm =y (2> ;L eC.

Now, we employ the function ¢y ,({), which is a normalization for wy . ,({), with
the following ([3,4]):

b p
Pep(C) = 2”F(p+ ?)Cl‘z Wep(VO) (bepeCp+ileC\zy). @

Thus, ¢p,cp (0) takes the following series form:

€n+1

(PKC = Z

(—p+b2 EC\ZO,bcp€C> )
Now, the convolution-type operator
By :F — F,
is defined as follows:

Bef(g) = (PKC(Q f(g)

ng " €n+1
_€+Z 4n : nt (©)
where (x),, refers to the Pochhammer (shifted factorial), which is expressed as
(x), = I(k+n) |1, (n=0,x € C\{0}),
" Tk | xk(k+1).(k+n-1), (neNxeC).
Applying (6),
C(BLf(D) = (e = 1)BL 4 f(0) — (x = 2)BLf (D). (7)
We list some operators as special cases:
(i) By acquiring ¢ = —4 in (6), we obtain the operator Ny : F — F, defined by
® 4 n+1 B
Nef©) =2+ L "+1§n| k€ C\Z; ®)
(i) By acquiring c = b = 11in (6), we arrive to the operator J, : F — F, defined by
- (=D"ap1q gt
Tpf(2) Z p+1eC\Z; 9)

p+1 n



Mathematics 2025, 13, 3673

30f22

(iii) By acquiring ¢ = —1and b = 1 in (6), we have the operator Z,, : 7 — F, defined by

§+2 RS +1eC\Z; (10)
Tpf(2) 4”p+1) ar P 0/

(iv) By acquiring ¢ = 1 and b = 2 in (6), we have the operator S) : 7 — F, defined by

ad 1)"a 3 _
@ =g+ 3 a0, 3 oy an
n=14 (P +3 ) n
Now, and with the help of the operator B, in the following definition, we define a
subclass of functions S{(«; C, D) C F. The investigations within this paper are focused on
studying the properties of functions belonging to this subclass.

Definition 1. Forreal -1 <D <C<1,0<a<land f € F, f € S¢(«;C, D) if it fulfills the
subordination:

1 (eBef(R) 1+Cg
1—a< Bf(2) _“> “1+D¢ (12)
Alternatively, in a similar way,
LBLf(D)
S (;C,D) =4 fe F: é(BCf(;ff(C) <L lev
Dw—[D-‘r(C—D)(l—tx)]

(—1§D<C§1;0§zx<l;x=p+b%lEC\Z(;; b,c,pE(C)

Additionally, for C = —D = 1, we write S («; 1, —1) = S$ (), where
Sﬁ(a):{fe]::%{g(gé}(((g)}>a;éev}. (13)

We recommend the papers [1,4-8] for additional results on the modification of the
generalized Bessel function. These papers established a variety of functional inequalities,
integral representations, extensions of some known trigonometric inequalities, starlikeness,
convexity, and univalence. Using the normalized form of the first-kind ordinary Bessel
function and the normalized form of the first-kind generalized Bessel functions, respectively,
Baricz and Frasin [7] and Deniz et al. [4] were interested in the univalence of certain integral
operators. Several sufficient circumstances for the convexity and strong convexity of the
integral operators formed by the normalized expression of the ordinary Bessel function of
the first kind were obtained by Frasin [9]. Additionally, numerous authors have addressed
the issue of some generalized integral operators’ geometric features (such as convexity,
starlikeness, and univalence). In addition, we recommend [10-18]. For more recent works
about Bessel functions, we refer to [19-23].

The primary objective of this work is to introduce a variety of subordination properties
involving the linear operator By associated with the generalized Bessel functions defined
by (6). Also, we investigated some estimates and sufficient starlike conditions of certain
subclass of univalent functions defined in V.

2. Preliminaries

We start by going over each of the next lemmas, which are necessary for our current
study.
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Lemma 1 ([24,25]). Let h be a convex (univalent) analytic function in V such that h(0) = 1.
Assume, further, that the function ¢ is analytic and denoted by

P0) =1+l + 2l + ... (14)

If

00+ ng) £ oRE) 200e ),
then

$(2) < $(0) = ;Of 7 h(t)dt < h(Z) (6 # 0, R{6} 2 0,{ € V), (15)
and (Z) is the best dominant of (15).
Lemma 2 ([25]). For ¥ : C?> x Vv — C fulfills the subsequent requirement:
R{¥(ix,y;0)} <,

forallx e Randy < —% (14 x2), and for all € V. If the function ¢ of the form (14) is analytic
in V and

R{Y (0(0),09'(0);0)} > e (€ V),
this leads to
R{p(0)} >0 (C € V).

Lemma 3 ([26]). Let A € R\{0}, 0 < B < 1and a/A > 0. Additionally, assume that
Y(7) = 14 cul" + 10" + ... is analytic in v, and

aM
nA+a

() <1+ {(neN),

where

(=B (1+2)

M= .
[1—A+AB| + 1+(1+%)

If the function () = 1+ dn{" + d, 10" + ... is analytic in V and satisfies

FO{T-A+A[(1=p)O(T) + B} <1+ M,

this gives that
R{B(E)} > 0(C € V).

Let P(7y) be the family of all functions ¢ expressed with (14), analytic in V, and that
satisfies R{¢p({)} > v (0<y <1, € V).

Lemma 4 ([27]). If ¢ € P(7), then

2(1—1)
1+

R{p(0)} > 27y -1+ 0<r<LleV).

Lemma 5 ([28]). Let the functions ¢ € P(y1) and i € P(y,) be such that 0 < 1 < 7 < 1.
Then,

¢xp € P(3),
where y3 =1 —2(1—71)(1 = 72).
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For complex numbers a1, &y, and 1 (B1 ¢ Z; ), the Gauss hypergeometric function is
given in [29] (Chapter 14):

) £ el (061 + 1)“2(0‘2 + 1) Qz +
By 1 Bi(fr+1) 20T

Lemma 6 ([29]). For any complex parameters a1, ap, and By (B1 & Zg ), the following equalities
hold:

2Fi(aq,a0;B1;0) =1+

1 _
/0 =11 — Pl gy Mgy = F(D‘Z)rr((gll) %2) 2F1 (a1, a2; B1;0), (16)

where R{B1} > R{ax} > 0and { € v. Also,
2Fi (1,00, 1;0) = 2Fi(a2,a1;1;0), (17)

and
oFi (a1, 00, B1;0) = (1—-0) ™ 2R <061,ﬁ1 — ap; B1; gfgl) (18)

3. Subordination Properties Involving 53¢

Throughout this article, unless specified otherwise, -1 < D < C < 1,0 < a < 1;
K=p+ % € R\Za ;b,c,p € R;and ¢ € V. We use the operator 55 to introduce certain
convolution and subordination features.

Theorem 1. Assume A > 0and —1 < D; < C]- <1. Iff] € F fulfill the subordination,

BLA(O) | Beafil@)  1+CL

1—-A orj=1,2), 19
(1-n=1 2 <D Ueri =12 (19)
Then, 0
BiF(Q) | BiaF(Q) 1+ (1-2n0)C
1-A +A =< ,
( ) ¢ ¢ 1-¢
where F({) = Bg(f1 * f2)({). Also,
o 4(C1—D1)(C2—D2) 1 _K—l '1
o=1- 1-Dy){1-Dy) 1—521-"1 1'1'T+1'§ . (20)
Also, in the case of D; = —1, we obtain the best possible subordinating consequence.
Proof. Let f; € F satisfy (19). Also,
Bifi(@) | Beafi@) .
9i(0) = 1= =F= + A== (= 1.2), @1)
gives
1-C
9 € P(7) (77 = =3}
Using (7) and (21),
c -1 ,1- 5L & =g
Befi(Q) =00 A [t 1 g(t)dt, (22)
0

if F(C) = BS(f1 * f2)(0), applying (22) and making use of

BiF() = Bi(Be(f1 * f2)(8)) = Be(f1)(8) * Bi(f2)(2),
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Simple computations show that

where

¢
c BS_F S S
po(0) = (1= ) BED L A Bl g5 [ L gy s o) (. (29)
0
Given that ¢ € P(1) and ¢ € P(72), Lemma 5 implies that
¢1% @2 € P(y3) with 3 =1 —-2(1—71)(1 = 72),
and the bound 13 is the best. Applying Lemma 4 to (23),

1
Rigo(@)} = [T Ry p2) (u) Yl
0

B 2(1—73)]
> K ur M2y, —14 2Dy
- / [73 14 u|C]

0
-1 el 2(1—17s)

X 292 — 1 d

> O/u [’Yg + 11w u

1 xk—1
. 4(C1—Dy)(Cy— Dy) k—1 fux 1
= TGS -Dy) (1 d“)

=1Mo,

where 779 is expressed in (20). If D; = D, = —1, f; € F fulfills (19) and

BLfi(Q) = =

¢
11,@ k=1 _ 1+Ct
A A d
o [
0

Then, Lemmas 4 and 6 lead to

1
@o(g) = K;l /uKAl‘1<1 (14+C1)(1+Co) + (1“1?1_)(11[; C2)>du

0
=1-(1+C)(1+C)+ (1 +C)A+C) 1= 2R (L1 5 +1;5)

1
S 1= (1+C)1+C) +5(1+C)(1+C) 2F (1,1,-% +1;%) as¢ =17,
which concludes Theorem 1 exactly. [

LetC; =1-25;,Dj = -1 (0<75;<1;j €{1,2}),and A = 1in Theorem 1. Then, we
have the subsequent corollary.

Corollary 1. Let f; € F, (j = 1,2), fulfill

By _1fi(0) .
3‘%{1@]} > (0<y<1,j=1,2),
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Then,
B, _F
%{ x—1 (g)}>776<,
¢
where F() = BE(f  £)(§) and 5 = 1= 4(1—m) (1 =n2) [1 = } 2B (L 13 ) |-
Theorem 2. Let A > 0 and the function f € F satisfy the following subordination condition:

(1- 0 BLE) A B f@ 1+t

g Z 1+ D7 (24)
Then, 1
5}%{ (B’C‘j;(g) > 0} > 17 (c €N), (25)
where
T:{ 5+(1-5)(1-D)" 2F1<1,1;@+1;%), (D #0),
1— 255G, (D =0).

The subordination is the best possible solution.

Proof. Let

#(0) = B’ié@) (feF),

(26)

Consequently, ¢ is analytic in V and takes the representation in (14). Differentiating
(26) and applying (7), we arrive to

Bl 1 f(0) _ 79'(2)
By el (IR (27)

From (24), (26), and (27), we get

A / 1+C€
PO+ 580 O < e

Using Lemma 1,

¢
BLf (D) k=1, _xl el g (14 Ct
4 <QE) =7 O/tA <1+Dt>dt

[ §+0-5)0-D0) R (L1 + 1 Py
1+ 50 L

(D=
After that, we need to clarify that
inf (R{Q(0)}) = Q(-1). 8)
Actually,
1+CC 1-Cr
> : <
§R{1+DC} Z1py Elsr<l

Let

G(s,2) = 1+CCs 0 el

(K*l)s A
< < —
15 DCs ( s <1) and dv(s) = ——5——ds,
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be a positive measure, and we have

Thus,

1
C
R(QE) = [ (1= 5o )9 = Q(-n) (¢ <7 <1
0
Choosing ¥ — 17, we have (28). Now, applying
R{wi} > (R{wh)" (R{w} >0,0<m<1),

and (28) directly leads to (25). To demonstrate that (25) is the best, we take into consideration
the function f € F expressed by

- 1+ Dug™

1

c -1

BKf _ KAlquT_11+CuC
0

from which it is easily seen that

Bif(C) +A3f<_1f(€) 14+Cg

=2 4 ¢ 1+D7

and that

Bf(f(C K_l/uKTl_ll_C”d

1—Du
C C . k—1 - D
x—1
—_—— D:
—C, (D =0),

as { — —1 and using Lemma 6, which concludes Theorem 2 exactly. [

In Theorem 2, take A =0 =1,C=1-275 (0 <5 <1),and D = —1. Consequently,
we derive the subsequent corollary:

Corollary 2. Let f € F, and

2(B0),

%R{B'C‘f(g)} >+ (1;7)[21?1 (1,1;K;;> 1].

Then,

¢
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For v > —1, the Bernardi-Libera-Livingston integral operator F, : 7 — F is given
as follows ([30]):

¢

v+1 ., 4
= —— [t f(t)dt
g ‘0/

X (v+1
={+ (V_‘_n)ﬂnﬂgnﬂ- (29)
n=1

F(f)(Z)

Theorem 3. Assuming thatv > —1, A >0, f € F, and F, are defined in (29). If

1-nBEWOE@ |\ B@)  1+ce

7 +A 7 15 DC (30)
then .
%{Bxﬂ(f)(@} > 00,
¢
where
§+01-50-D) R (1L +152), (D #0),
po = v+l
1= G (D =0).
Proof. It follows from (29) that
C(BLE()(C)) = (v+ 1)BLf(2) — vBLR(f)(D). (31)
If we let BF
(o) = B u(gf)(é)’ 32)
then the application of (30) gives that
Beh ()() | Bef(D) _ A 1+C¢
(1—A) . +A 7 _G(§)+sz(g)<1+Dg.

The rest of Theorem 3 is comparable to that of Theorem 2, so we leave out all of the de-
tails. O

4. Certain Estimates About S$(«; C, D)

In this part of paper, we introduce subordination relations, distortion, and argument
estimations of functions belonging to the class S¢(«; C, D).

Theorem 4. If f € S(a;C, D), then for all |s| < 1and |t| <1 (s # t), we have

EBEF(sC) . (%igg)(l—zx)(c—D)/D (D #0), @)
SBRf(H8) | exp(C(1—a)(s—£)7) (D =0).

Proof. From (12), we get

HESO) 14D+ (CoDIIWE -
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where ¢ is defined in (34) and h
¢
he) gSt_O/(l—su 1—tu)du'
is univalent and convex in V. Applying [31] (Theorem 4.1) and (34), we arrive to
C(BLF () (1-a)(C-D)
With ¢(0) = 0 for each analytic function () in V, we obtain
o)
u
8(0) +h(¢) = [ = du. (36)
ot
Consequently, using (35) and (36), we get
Cs ’ (s
Befw) 1 ey [
/< Bef(w) w )™ U 0CTD)
at ot
This implies that
78wy 1 7 du
exp (/(Bﬁf(u) - u)du) =< exp ((1—0&)(C—D) 1—|—Du) (37)
gt ot
By some simplifications on (37), we arrive to (33). O
Theorem 5. Let f € S¢(a;C, D). Then, for |{| = r < 1, we have
7’(1 + Dr)(l*lx)(ch)/D (D 75 O)/
IBef (Ol < { rexp((1 —a)Cr) (D=0), (38)
_ (C-D)(1—a)/D D 0)
L[ ra-pn (D £0),
IBef (&) 2 { rexp(—(1—a)Cr) (D=0), (39
nd (1-e)(C-D)
c —a)\L— ia—1
(L) | g [ 5B an o) (020, 0
4 (1—a)Cr (D =0).
The assertions are sharp.
Proof. By setting t = 0and s = 1in (33),
Bif(9) _ { (1+Dw(y)T=9(CD/D (D #0), )

¢ exp((1—a)Cw(()) (D =0).

Applying Shawarz’s lemma ([32]), we have |w({)| < || =7 ({ € V).
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(i) Whenever D > 0, (41) indicates that

Bﬁf(C)‘ _ ‘(1 _|_Dw(é-))(1—zx)(C—D)/D‘

4
oo (=0 =D) 11 Dy )|

—exp[r{ S D iog1 4 Due)) }|

= exp(Ml(Dc_D) log|1 + Dw(g)|>

= 14 Da(g)| =P

(i) LetD < 0. Also,wesetY = —D > 0. Then,

1-a)(C-D)/Y
14 Dao() [ DIP — |1~ yao(y |
< (1 _ Yr)f(lfa)(CfD)/Y

= (1+ Dr)1=®)(C-D)/D,

For D # 0, this establishes inequality (38). The additional inequalities in (38) and (39)
can also be demonstrated. Let |{| = r and D # 0. From (41), we see that

BeF(@)\| _ (1-a)(C—D)
org (B} | - O =D g1+ D)

_ (1-a)(C-D)
- D]

sin~(|D|r).

Additionally, (40) is a direct result of (41) for the case D = 0. It is evident that every
estimate is sharp by applying fo, where

e _ | G+ Deg)1=ICEDV/D (D £0,le] =1),
Bifol&) = { Zexp((1 —a)CeQ) (D =0,[e] =1). 4
This concludes Theorem 5’s proof. O
Theorem 6. Assume that f € S$(«;C, D). Therefore, if || = r < 1, then
crionY| < | 14 (Dat (1= a)C)r](1+ D) C=IBD (D 2 0),
‘(ka@) = { [1+ (D + (1— a)C)r] exp((1 — &)Cr) -0, *
) , [1 B (D“ n (1 B a)C)T’](l . Dr)[(l—tx)C—(Z—(x)D]/D (D # 0),
‘(ka@)> ' = { [1— (Da+ (1—a)C)r] exp(—(1 — a)Cr) =0,
and
(1-a)(C—D) . —1 .1 (1—a)(C—D)r
- N < [ sin (|D]r)+ sin (W> (D#0),
‘arg(( <€) ) - { (1 —a)Cr+sin~((aD + (1 —a)C)r) (D=0). (45)

Every estimate made here is sharp.
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Proof. Let ,

Then, ¢(0) = 1, ¢ is analytic, and

1+ Col

$O) < T

(Co:=aD+ (1—-a)C).

Function ¢ is known to satisfy the following sharp estimates, according to [33]:

1—Cor 1+C01’
Ty S 190@)] < S =r<1), (47)
d
" _ 1-GyDr?| _ (Co—D)r . .
¢~ T—aa | S Toprz Bl =7 <) (48)
as well as c
arg (9()) | < sin* (1220 ) e = r < . )

We derive estimates (43), (44), and (45) of Theorem 6 using (47), (48), and (49), in
addition to the estimates provided by Theorem 5 in (46). Furthermore, for the function f
described by (42), all of the estimates are sharp. O

5. Some Sufficient Starlike Conditions

A function f € F is said to be a starlike function of order « if it satisfies the inequality
S‘E(gff(—g)) > a (0<a <1, e V). Here, we present several conditions for functions

requiring specific subordination attributes in order to belong to the class S¢(a), which is
defined by (13).

Theorem 7. If A > 0,k # 1l and f € F satisfies

Bif (@), Biif ()

(1= )T AT <1 Mg (50)
where
_ én
=1+ 1+
with & = =12 gy = =0 AU ‘(a).
Proof. Set A
o(0) = 5L, 61)

Then, ¢ takes representation (14), analytic on V. Applying Theorem 2 with C =
My, D =0,0 =1, we arrive at

x—1

¢(0) <1+ ——— M (52)
or M
\¢()—1|<?:N<1§ LA (53)

If we set

p@) = (“f;’;{;g) —a>, 64
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and then apply identities (7) and (51) together, we get

g

Relation (50) can be expressed as follows in light of (55):

B SO T2 0 oo (55)

(1 =m)$(C) +np(0)¢(Z) — 1] < My =¢N. (56)

We have to prove that (56) produces

R{p(D)} >0. (57)

If
Ri{p(0)} #0,

then for some x € R, 3zg € V with p(zp) = ix. It is sufficient to derive a contradiction from
the following inequality in order to demonstrate (57):

W = |(1=1)¢(z0) +1p(z0)9(z0) — 1| > M;.

Take u + iv = ¢({o). Next, we use (53) to determine that

W2 = |(1 - )¢(Zo) + 1p(Co)¢(o) — 1I
= (12 + 0%)iPx® + 2ox + | (1 — )¢(Zo) — 1)
> (u? + %)% + 2ox + (7 — |1 — |N)?,

Then,
W2 — M2 > (u? + ?)?x 4 2nox + (i — |1 — 11|N)2 — 2N2.
Setting
D(x) = W2 — M2 = (u® + ) iPx% + 25ox + (7 — [1 — |N)? — E2N?,

we observe that if ®(x) > 0 for any real x, then (56) becomes true.
Given that

(u? +0*)* >0,
if the discriminant A < 0, then the inequality ®(x) > 0is true. Thus,
A =a{?o? P + %) (g — |1 - yIN)Y - 2N?] } <0,
is identical to
02 [1— (g — 1 - yIN) +EN?] < [(y — [1—y|N)* — 2N,
By setting ¢(Zo) — 1 = pe® such that 6 € R,

p?sin? 6
u2  (1+pcosh)?’
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Since cos 8 = —p is where the above expression reaches the greatest value, using (53),
we get
2
v _ P N2 (g =[1—nIN)"— 2N?

— < < .
w2 1=p? T 1=N2 1 (g — |1y |N)? + E2N2

This results in A < 0. Consequently, W > M;, which is in opposition to (56). Therefore,

R{p(2)} > 0.

By demonstrating that f € S$(«), the proof of Theorem 7 is finished. O

Taking « = 0,A =1,k = 2, and ¢ = 8 in Theorem 7, we can introduce the following
illustrative example.

Example 1. For function f1({) = 1562 =+ 3+ +- -, itisclear that f, is analytic and
univalent and f1 € F. A straightforward application of Theorem 7 reports that

Z(B3A1(2)) }
R 0, 58
{ BAQ) | 9
since Bsf 0
1/1 i
: <1+ ﬁg. (59)
where . )
BA@ =2+ 1 () 2 (60

For inequality (58), see Figure 1b. For subordination (59), see Figure 1a .
Taking the restriction A = 1 in Theorem 7, we state the following corollary:
Corollary 3. For x # 1, f € F satisfies

B
. :

where

i &

e/ ()

Then, f € Sg(a).

Theorem 8. Let A > 0, p > 0, and f € F such that %@) # 0, fulfilling the following
subordination:

c c -1
a-n (B o) (BLL) <1 (61

where principal values of powers were taken, and

(1—1x))\(1+%>

\17(17a)/\\+\/1+<1+%>

(1 >0),
M, =

(1-m)2 (1 =0).
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Then, f € Sg(w).
2-
TR
/ /I ™
/ / 1 \ \
/ / \ /ﬂ'_"'--..\ \
/ | # N )
/ [ /| \ A
| \ /] v
[ \ |17 } )
r N e H
I} KSR 13
\ / (B / |
1 { \ /]
\ \ \;k\ _ Prd ’,f
\\ \ 4y /
\ N //
R g
_24
(a)
1-
054
02 0 Oll O‘-l 0?6 018 1‘0 12 14 ." 1.I6
s
-1-
(b)
Figure 1. (a) The range of the function 1 + 2.Cis given in green color. The range of the function
V5
SAD) oo e . BAW@) .
%@ is given in red color. (b) The range of the function %{711(%;) is given in blue color.
2

Proof. In the case of u = 0, relation (61) is equivalent to

<1-—a.

UBFQ)
Bif(Q)

Consequently, f € S¢(«) is implied.

In the case of u > 0, let
c H
o0 = (BLE) 6
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In (62), select the principle value. Then, we observe that ¢ is analytic in || < 1.
Moreover, ¢ is of the type (14). Additionally, differentiating (62) leads to

a-n(BLON L asery (LY o)+ 2es 0.
g g H

Considering Lemma 1 (c = p/A), this results in

P(E) < 1+ v,

Furthermore, using (61) and (62), we have
PON A+ A1 =a)p(D) +a)] <1+ M,
such that p({) is expressed in (54). Then, making use of Lemma 3, we arrive at

R{p(DI} >0,

that is,

Bif(9)
The proof of Theorem 8 is therefore finished. [

”° { LB (D) } -

Taking A = p = 1 within Theorem 8 forms the corollary below.

Corollary 4. For f € F such that

(BEFQ) — 1] < z,flf f; ©3)

we have f € S§ ().

Theorem 9. Suppose that y > 0, A > 0, and v > —u. If f € F holds, the subordination

c c 1—1
a-n(BLL) B (B'ffg@)} S14 Mg (64

such that the powers are the principal ones, and

T—a)A(1+2)(v+pu+1
e (-A(1+3)w+p+1) , -

l|1—(1—o¢))\|—|— 1+ (1+§)2 (v+pu)
Then, F, is expressed by
¢ Ve
F/(0) = (Wo/f“(f(t))”df) , (66)

which belongs to S§ ().
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Proof. Clearly, F, € F. Moreover,

¢
O (BERQ) = (n+v) [ £ (BEf (1) 67)
0

When we differentiate (67), we get

<u+v>(’3’i§@)”:V(B'C‘Fg@)”+y<B;Fv<@>>’(‘%Fg@)”1. (68)

Let
c u , c u—1
g<a>=<1—A>(BKFg<€)) CABEE Q) (BK?@) , (©9)

Then, G is analytic in |{| < 1; also, it takes the type (14). Again, by differentiating (69)
and applying (68), we arrive to

06 () _ 1 (BN e ooy (BEF@ON'
6@+ 578 — - (BLY wamyroy (BLE)

The aforementioned formula and assumption (64) now indicate that

26'(0)
G(Q)+ v <1+ M3,

where M3 is given by (65). Now, Lemma 1 gives

utv

Ms( . (70)

Finally, in applying Theorem 8, if f has been replaced with F,, then F, € S{(a) follows
from (70). This finishes the proof. [

Taking A = ¢ = 1 and v = 0 within Theorem 9, the subsequent corollary is obtained.

Corollary 5. Let f € F fulfill the subordination

@) -1 < 2, 7
Then, ;
/O @dt € 5(a).

Theorem 10. If the functions B’C"lgj(g) € P(fyj)(fyj = }:g’},-l <D <CG<LfieF

1j = 1,2), then b, defined by

b(Z) = Be(f1* 2)(2), (72)
satisfies
%{i’%é?é?} >0 (Cev), (73)
provided that

(Cl —Dl)(CZ—Dz) < 2k — 1

(1— Dl)(l — Dz) - 2{(21:1 (1/1;1{;%) —2)24-2(7(—1)} : (74)
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B fi(7) 1-¢ .
Proof. We have —~%/=> € P(7;)(7; = 1_—[);,] =1,2).

Therefore, we can determine from Lemma 5 that

Bf(f]fl(g) *B;C(f]fZ(g) _ (C1—D1)(C2—D2)
%{ Z Z }>1 “A-Dyi-Dy) -

Using h(0) = BEfo(Q); fo(C) = (f1 * f2)(£), (7) makes it simple to demonstrate that

B¢ B¢
o hl0), BP0 00)
= 1B¢, (e [~ 2)BLo(D) + E(BA(2))])
= Ly [ (e = 2)Be (BLAo(©)) + ¢ (Bi_1 (Befo(0))']
_ Z:iB;C(—lgb(g) +Kil(B;—]b(€))l
B (@), ¢ (Beab@)
- S()
Thus,
Bf(—lh(g) g B;—lh(g) ' (C1 - Dl)(C2 — Dz)
3%{ ; +K_1< C >}>1—2 0 D)1 _Dy (75)

Applying Lemma 1 to the case of

(C1 —D1)(C2 — Dy)

b C= Y T —Dy MM P
leads to
B h o )
R(B0O) o e [n (1on]) - Gem oo

Using inequality (76) together with Theorem 2 for A =0 =1,

-G BN 11ct) 5

and D = —1, we conclude that

(C1—=D1)(C2 — D) AN h
R{O(Q)} >1-2 (i — Di)(12— Dz)z {zpl (1,1,1(,2) —2} (Cewv), (77)

where 6(0) = BS_1h() /. If we set

By 1H(Z)
Bgh(Z)

then Q) is analytic; also, it takes formula (14). Some calculations can give that

Q@) = (Cev),

) =e@ @@+ L

-0'(7)
= ¥(Q(2), ¢ (0):0), (78)

B b(@) ¢ (B b))
{ +K—l( {
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where ¥ (1,0;7) = 0(7) (u? + =27)- Thus, using (75) in (78), we deduce that

(C1 —D1)(C2 — Dy)

R{¥(Q(0), 0 (0);0)} >1-2 A=D1 _Dy) (T e V).

Thereal x, y < — (x2 + 1) /2 give

RO¥ 00} = (g~ 27 REOO)
< _z(;<11) 1+ 20— 1) +1)22| R{0(0)}

RIB@) _ (G~ D1)(Cr— D)
Sow-1 = Taopga by EV

by (74) and (77). Consequently, we obtain R{Q({)} > 0 ({ € V) by applying Lemma 2.
The proof is complete. [

Theorem 11. If “H1 € P(1)) (7 = =5, ~1 < Dj < G < 1,f; € F3j = 1,2,3), then
H(8) = Bi(fi * fa* f3) () satisfies

Bix29(8)
%{W} >0(CevV), (79)
provided that
(Cy —D1)(Cy — D2)(C3 — D3) 2% — 1

(1-D1)(1—D2)(1 - D3) 4[(21:1(1/1?";%) _2)24_2(1{_1)} | h

Proof. Using (72), it is easy to verify that

B ab(@) & (BN _ o[ Biahi@) Biah(©)  Biafs(@)
%{ (™ )}‘%{ Z Z o)
2k —1

> 2
4[(25 (1,1;1{;%) - 2) +2(k—1)

} (Cev)
and we skip the details since the proof of Theorem 11 can be finished in a way similar to
that of Theorem 10. O

Theorem 12. For j € {1,2}, let f; € F. Additionally, for b expressed in (72), it satisfies

2k —1

B
%{ 4 }>1 2|:<2F1(1,1;K,'%>2)2+2(K1):| e
Then, B;ilﬁ(g)
*| He) | 70 € €
where

_17¢
_ ’2721 OftK_3 b(¢) dt (¢ € V).

6(7)
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References

Y

By 16(Z)

Proof. Use the following inequality:

¢

25 )

>1-— 21 :|(§€V)

2[(21?1 (1, 1K %) - 2)2 +2(k—1)

At this stage, the proof can be completed, and the details are left out. O

6. Conclusions

The Bessel function is one of the most significant special functions. A generalized
version of this function was utilized in this article. This extended Bessel function yields
new results as well as direct implications for some modified versions of the ordinary Bessel
function, of which there are three forms (modified, spherical, and ordinary). Based on
this role of the generalized function, we drew upon previous studies and applied them
to obtain the operator By on a class of analytic functions defined on the unit disk. This
class also generalizes well-known classes of functions in the field of Geometric Function
Theory of complex variables by employing the principle of differential subordination and
the concept of convolution of functions. The operator By generalizes the other existing
operator by specializing parameters x and c. Additionally, we looked into some sufficient
starlike requirements and assessments for a particular subset of univalent functions in V.
By specializing the parameters in all theorems obtained here, we will be able to determine
the consequences of N, Jp, Ly, and S) as special cases of By. For further studies, we
recommend investigations to be conducted on the Mittag—Leffler function [34], Hurwitz—
Lerch Zeta function [35], Dini [36] and Einstein [37,38] functions, etc.
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