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Abstract

This work explores continuous state–space stationary reversible Markov chains generated
by a new family of absolutely continuous symmetric copulas that have piecewise constant
densities. We compare three parameter estimation techniques for the Markov chains
generated by these copulas. Furthermore, we provide the Central Limit Theorems, χ2-tests
and confidence intervals based on these estimators. A simulation study performed using
R 4.4.1 is described to support the findings.
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1. Introduction
In many areas of research, fitting an appropriate model to capture the dependence

in real data is a major issue. A copula helps in capturing the strength of the depen-
dence between random variables, and is a joint cumulative distribution function intro-
duced in Sklar [1]. As defined in Nelsen [2], a bivariate copula is defined as a function
C : [0, 1]2 → [0, 1] for which the following holds:

1. For all u ∈ [0, 1] , C(u, 0) = C(0, u) = 0 and C(u, 1) = C(1, u) = u.
2. For all u1, u2, v1, v2 ∈ [0, 1], such that u1 ≤ u2 and v1 ≤ v2; then,

C(u2, v2)− C(u2, v1)− C(u1, v2) + C(u1, v1) ≥ 0.

Sklar’s Theorem popularized the use of copulas in modeling dependence in various
fields of research. It states that, if H(u, v) is the joint distribution of random variables U
and V with marginal distributions of FU and FV , respectively, then there exists a copula
C(·, ·), such that

H(u, v) = C(FU(u), FV(v)).

There are several families of copulas (see Nelsen [2]) that can be used to describe
different types of dependencies between random variables. Lower-tail dependence is
captured by the Clayton copula, whereas the Joe copula captures upper-tail dependence.
Independence is captured by the product copula. In recent years, numerous authors have
developed copula models to enhance and understand dependence modeling. For instance,
Durante [3], Longla et al. [4], and Longla [5] discussed copulas that are obtained by the
perturbation of copulas. Longla et al. [6] studied the impact of perturbations on different
mixing structures. Longla [7] proposed a copula with specific ρ mixing properties.
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Several approaches have been used by various authors to address the estimation
of copula parameters, including parametric estimation, semi-parametric estimation, and
non-parametric estimation methods. Genest and Rivest [8] estimated the parameters
of Archimedean copulas using the Method of Moments, based on Kendall’s Tau. Gen-
est et al. [9] constructed a semiparametric estimation method called maximum pseudo-
likelihood, which is fully efficient at independence. Joe [10] and Joe [11] described a
two-step estimation method known as the Inference Function of Margins (IFM) method.
Ota and Kimura [12] proposed an algorithm for estimating the parameters of the FGM
copula. Huang [13] computed the maximum likelihood estimator of model parameters
using the EM algorithm.

Copula-based models have been employed in the literature to model dependence in
time series data. Pioneered by Darsow et al. [14], copula-based Markov chains have since
become a topic of interest for researchers. For a first-order Markov process, the probability
of a future event only depends on the present state and not on the past; that is,

P(Un ∈ A|U0 = u0, . . . , Un−1 = un−1) = P(Un ∈ A|Un−1 = un−1).

For a stationary copula-based Markov chain {Ui : i = 0, . . . , n} with F(·) as
marginal distribution, a bivariate copula C(·, ·) gives the joint distribution of (Ui, Ui+1),
i.e., C(F(ui−1), F(ui)) = P(Ui ≤ ui, Ui−1 ≤ ui−1). The transition densities for a stationary
copula-based Markov chain are given by

fUi |Ui−1
(ui|ui−1) = c(FUi (ui), FUi−1(ui−1)) fUi (ui),

where c is the copula density and f (·) is the marginal density of Ui. Darsow et al. [14]
showed that the Chapman–Kolmogorov Equation (see Norris [15]) is related to the fold
product (see Theorem 3.2 in Darsow et al. [14]). The n-fold product of C(x, y), defined by
Darsow et al. [14], denoted as Cn(x, y), is defined by

Cn(x, y) = Cn−1(x, y) ∗ C(x, y) =
∫ 1

0
Cn−1

,2 (x, t)C,1(t, y)dt, (1)

where C1(x, y) = C(x, y) and C,i is the derivative of C with respect to the ith variable. In
a stationary Markov chain U0, . . . , Un, as generated by the copula C(u, v) and the Uni-
form (0, 1) marginals; the n-fold product of the copula given in (1) is the joint distribution
of (U0, Un).

Interest in statistical inference for Markov chains has peaked in recent decades. Some
notable works include those by Gani [16], Billingsley [17], and Anderson and Goodman [18].
Gani [16] studied the Central Limit Theorem of consistent Maximum Likelihood Estimator
of the parameter θ of a simple ergodic Markov chain with transition probabilities, pij(θ),
where θ is unknown. Billingsley [17] studied the multivariate asymptotic normality of
the consistent maximum likelihood estimators of the parameters Λ = (λ1, . . . , λk)

T of the
Markov chain. Anderson and Goodman [18] focused on the asymptotic distribution of the
maximum likelihood estimates obtained for the transition probabilities of a Markov chain
of arbitrary order.

Two of the most commonly used “scale invariant” measures of association are Spear-
man’s rho and Kendall’s tau. They both measure the rank correlation or concordance
between the variables. As discussed by Nelsen [2], the population version of Kendall’s tau
is defined as follows. Let (X1, Y1) and (X2, Y2) be independent and identically distributed
random variables, each with a joint distribution, H(x, y). Then, the population version of
Kendall’s tau is given by τ = P[(X1 − X2)(Y1 − Y2) > 0]− P[(X1 − X2)(Y1 − Y2) < 0]. If
C(u, v) is the copula for the continuous random variables X and Y, and if F(x) and G(y) are
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the common margins, then, by using probability transformation u = F(x) and v = G(y),

we get τ = 4
∫∫

I2
C(u, v)dC(u, v)− 1. If the copulas are absolutely continuous, then

τ = 1 − 4
∫ 1

0

∫ 1

0
C,1(u, v)C,2(u, v)dudv. (2)

As discussed by Genest et al. [19], due to the easy availability of the sample version
of Kendall’s tau, τ2,n, it is often used to estimate model parameters. If the mapping of the
parameter and the population version of τ is invertible and differentiable, then a consistent
estimator can be obtained along with the asymptotic normality, exploiting the fact that
τ2,n is an unbiased U-statistic and asymptotically normal. Daniel and Kendall [20] and
Hoeffding [21] discussed the expression and asymptotic properties of τ2,n. Estimations
using τ can be found in Sen [22], where regression parameters, β, were estimated based
on Kendall’s tau. Genest et al. [19] obtained estimators based on inversion of multivariate
versions of Kendall’s tau; Kojadinovic and Yan [23] estimated the dependence parameters
in copula models using the methods-of-moment based on the inversion of Kendall’s tau
and Spearman’s rho, and the references therein.

Spearman’s rho is the other measure of association which also uses the concept of
concordance and discordance. This measure was discussed by Nelsen [2], Joe [11], and
many more researchers. Spearman envisioned it as an extension of Pearson’s product—
moment correlation in Spearman [24]. While Pearson’s correlation analyzes linear rela-
tionships, Spearman’s correlation analyzes monotonic relationships, whether they are
linear or not. The Spearman correlation between two variables is equivalent to the
Pearson correlation between the rank values of those two variables. As discussed by
Nelsen [2], the population version of this measure is defined in terms of three indepen-
dent random vectors (X1, Y1), (X2, Y2) and (X3, Y3) with a common joint distribution,
H(x, y), and margins, F(x) and G(y), and is given by ρ = 3(P[(X1 − X2)(Y1 − Y3) >

0]− P[(X1 − X2)(Y1 − Y3) < 0]). If X and Y are continuous random variables, and if C is

their copula, then ρ = 12
∫∫

I2
uvdC(u, v)− 3, which further reduces to

ρS = 12
∫ 1

0

∫ 1

0
C(u, v)dudv − 3. (3)

Borkowf [25], Pearson [26], and Moran [27] discussed the asymptotic properties of the
point estimate of Spearman’s rho. Spearman’s rho has also been used in the literature as a
nonparametric statistic. Most often, the sample version of Spearman’s rho does not exist
in a closed form; thus, it is not as widely used as Kendall’s tau. See Nelsen [2], Cherubini
et al. [28], and Joe [11] to obtain a better understanding of the use of Spearman’s rho in
copula-based models.

Although both of the aforementioned measures of associations are measures of con-
cordance, they possess unique characteristics and are fundamentally different. Details on
their relations and applications can be found in the work by Nelsen [2]. Joe [29] defined
the multivariate form of concordance by using survival functions and ordering the mul-
tivariate distribution functions. Longla et al. [6] studied the effect of the perturbation of
copulas on the measures discussed above. In this work, we establish a relationship between
Spearman’s rho, Kendall’s tau, and the parameters of our copula.

This work aims to compare the performance of some estimation methods on parame-
ters of copula-based Markov chain models developed by Longla [5]. The main objective
of our work is to show the efficiency of the estimation method—Estimation using Eigen
Functions—compared to that of already existing estimation methods. For our copula model,
regular maximum likelihood estimation theory sometimes fails. The robust estimation
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introduced by Longla and Peligrad [30], also used in this paper, can be seen to be per-
forming badly compared to our estimator. We provide Central Limit Theorems for the
obtained estimators and construct confidence intervals. We provide a chi-square test using
the information from the maximum likelihood estimation process to test the assumption of
independence in data based on these copulas. Finally, we discuss the measures of associa-
tion for these copulas, and deduce an expression for the estimators of the measures. The
work is validated by simulations performed in R.

Structure of Paper

In Section 2, we introduce the copula of interest and explain its properties. In Section 3,
we discuss the three methods of parameter estimation used in this work: Estimation using
Eigen functions (EEF), maximum likelihood estimation (MLE), and robust estimation (RE).
Furthermore, we discuss the Central Limit Theorems or the asymptotic normality of the
estimators and construct confidence regions/intervals for the model parameters. This
section also contains the results for tests of independence. We also discuss the measures
of association and their estimators. Section 4 discusses the examples of one-parameter
and two-parameter perturbations which are specific cases for our copula of interest. A
simulation study showcases the validity of our results. The Appendix A consists of the
proofs of all Theorems and Corollaries.

2. Copula of Interest
In this work, we are interested in the copula

C(u, v) = uv +
k−1

∑
j=0

λjΦj(u)Φj(v), |λj| ≤
1
k

, (4)

with Φj(x) =
√

k((x− j
k )I(x ≤ 2j+1

2k )− (x− j+1
k )I(x > 2j+1

2k ))Ij(x) where I0(x) = I(x ∈ [0, 1
k ])

and Ij(x) = I(x ∈ ( j
k , j+1

k ]) for all j = 1, · · · , k − 1. The function Φj(x) is differentiable almost
everywhere and its derivative is given by the function φj(x) defined as

φj(x) =
√

k
[

I
(

x ≤ 2j + 1
2k

)
− I
(

2j + 1
2k

< x
)]

Ij(x). (5)

Moreover,
∫ 1

0 φj(x)dx =
∫ 1

0 φ2
j (x)dx − 1 = 0 and for j ̸= l,

∫ 1
0 φj(x)φl(x)dx = 0.

Copula (4) is part of the copulas introduced by Longla [5], known as the Type-I Longla
copulas. It is important to note that the functions in (5) are eigen functions of the operator
that the copula induces on L2(0, 1), associated with λj. They have disjoint supports. These
facts play a very important role in the study of the estimation method we are discussing.

For k = 1, Formula (4) gives

C1(u, v) = uv + λ[uI(0 ≤ u ≤ 0.5)− (u − 1)I(0.5 < u ≤ 1)]

[uI(0 ≤ u ≤ 0.5)− (u − 1)I(0.5 < u ≤ 1)],
(6)

with |λ| ≤ 1. Copula (6) can also be written as

C1(u, v) = uv + λ(1 − u)1−δ(u)uδ(u)(1 − v)1−δ(v)vδ(v), where δ(x) = I(x < 0.5).

The copula density and graphs of this copula are given in Table 1 and Figure 1, respectively.
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Table 1. Density copula of C1(u, v).

ui−1 ≤ 0.5 ui−1 > 0.5

ui > 0.5 1 − λ 1 + λ

ui ≤ 0.5 1 + λ 1 − λ

(a) (b)

Figure 1. (a) Plot of c1(u, v) and (b) surface plot of C1(u, v).

For k = 2, the copula (4) gives

C2(u, v) = uv + 2λ0[uI(u ≤ 1
4
)− (u − 1

2
)I(u >

1
4
)][vI(v ≤ 1

4
)− (v − 1

2
)I(v >

1
4
)]I(0 ≤ u, v ≤ 1

2
)

+2λ1[(u − 1
2
)I(u ≤ 3

4
)− (u − 1)I(u >

3
4
)][(v − 1

2
)I(v ≤ 3

4
)− (v − 1)I(v >

3
4
)]I(

1
2
< u, v ≤ 1),

(7)

with |λi| ≤ 1
2 . The copula density and graphs of this copula are given in Table 2 and

Figure 2, respectively.

(a) (b)

Figure 2. (a) Surface plot C2(u, v) and (b) plot of c2(u, v), both with λ1 = 0.2 and λ2 = 0.3.

Table 2. Density copula of C2(u, v).

0 ≤ u ≤ 0.25 0.25 < ui ≤ 0.5 0.5 < u ≤ 0.75 0.75 < u ≤ 1

0.75 < ui−1 ≤ 1 1 1 1 − 2λ1 1 + 2λ1

0.5 < ui−1 ≤ 0.75 1 1 1 + 2λ1 1 − 2λ1

0.25 < ui−1 ≤ 0.5 1 − 2λ0 1 + 2λ0 1 1

0 ≤ ui−1 ≤ 0.25 1 + 2λ0 1 − 2λ0 1 1



Mathematics 2025, 13, 3661 6 of 19

3. Parameter Estimation Methods and Other Results
In this section, we discuss the three different estimation methods used for parameter

estimation for stationary Markov chains. We assume that our Markov chains are based
on copula (4) and have the uniform distribution on [0, 1] as marginals. We use EEF; the
estimation method defined by Longla and Hamadou [31], the MLE, and the RE; as con-
structed by Longla and Peligrad [30]. We establish asymptotic normality of the estimators
and construct related confidence intervals and regions. The test statistics for hypothesis
testing for the test of independence are provided.

3.1. Estimation Using Eigen Functions (EEF)

Let U0, . . . , Un be a Markov chain with copula (4) and uniform distribution on [0, 1]
which also serves as the stationary distribution. We consider the following estimators.

λ̂j =
k
n

n

∑
i=1

[
I
(

ui ≤
2j + 1

2k

)
− I
(

ui >
2j + 1

2k

)]
[

I
(

ui−1 ≤ 2j + 1
2k

)
− I
(

ui−1 >
2j + 1

2k

)]
Ij(ui)Ij(ui−1),

(8)

for j = 0, . . . , k − 1. The EEF are an unbiased and consistent estimator of λj. The CLT for
Λ̂T = (λ̂0, . . . , λ̂k−1) is obtained using results of Longla and Hamadou [31].

Theorem 1. For any stationary Markov chain U0, . . . , Un based on the copula (4) and the uni-
form (0, 1) marginal distribution, for the vector ΛT = (λ0, . . . , λk−1),

√
n(Λ̂ee f −Λ) → N(0, Σ),

where Σ is the symmetric positive definite covariance matrix given by

Σjℓ =

{
1 + (2k − 3)λ2

i , when j = ℓ

−3λjλℓ , when j ̸= ℓ.
(9)

See the Appendix A.1 for the proof of Theorem 1.
Confidence regions/intervals for the parameters are given the following corollary.

Corollary 1. Let U0, . . . , Un be a stationary Markov chain based on the copula (4) and the uni-
form (0, 1) distribution then for 0 < α < 1, the (1 − α)100% confidence interval of each λj isλ̂j − z α

2

[
1 + (2k − 3)λ̂2

j

n

] 1
2

, λ̂j + z α
2

[
1 + (2k − 3)λ̂2

j

n

] 1
2

,

such that P(z > zα/2) = α/2 where z ∼ N(0, 1). Furthermore, for vector Λ, the (1 − α)100%
confidence region consists of all the points that satisfy the following:{

Λ ∈
[
−1
k

,
1
k

]k
: (Λ̂ − Λ)TΣ̂−1(Λ̂ − Λ) < χ2

α(k)

}
,

such that P(X < χ2
α(k)) = 1 − α where X ∼ χ2(k).

See the Appendix A.2 for the proof of Corollary 1.

3.2. Estimation Using Maximum Likelihood Estimation

Let U0, . . . , Un be a stationary Markov chain with a copula of consecutive states given
by (4) and the uniform distribution on [0, 1] as its marginal. Based on the definition of φj(x),

each of the intervals of Ij splits into two sub-intervals. Let E = {Ep}2(k−1)
p=0 be the set of

those sub-intervals, where each E2j = ( j
k , 2j+1

2k ] and E2j+1 = ( 2j+1
2k , j+1

k ] for j = 1, . . . , k − 1.
See that for j = 0, E0 = [0, 1

2k ] and E1 = ( 1
2k , 1

k ]. Now we define the notation njℓ which is
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njℓ =
n

∑
i=1

I(Ui ∈ Ej, Ui−1 ∈ Eℓ). (10)

Using the above the notation we get the likelihood function as

L(U; λ) =
n

∏
i=1

c(Ui−1, Ui) =
k−1

∏
j=0

(1 + kλj)
n(2j)(2j)+n(2j+1)(2j+1)(1 − kλj)

n(2j)(2j+1)+n(2j+1)(2j) . (11)

where c(u, v) is the density copula and is given by

c(u, v) = 1 +
k−1

∑
j=0

λj φj(ui−1)φj(ui).

Thus, the MLE obtained by equating the first derivative of (11) to 0 is

λ̂mle
j =

n(2j)(2j) + n(2j+1)(2j+1) − n(2j)(2j+1) − n(2j+1)(2j)

k(n(2j)(2j) + n(2j+1)(2j+1) + n(2j)(2j+1) + n(2j+1)(2j))
. (12)

Remark 1. When k = 1 in (4), the MLE of λj is the same as the EEF of λj obtained in Section 3.1.

We use Billingsley [17] to establish the asymptotic distribution of MLE. We demon-
strate the existence and uniqueness of these estimators when the real parameters fall within
the support region. Billingsley’s theorem establishes that subject to specific regularity
conditions, the MLEs tend towards a normal distribution asymptotically, with variance
derived from a variant of Fisher information. The following regularity conditions are
satisfied and guaranty asymptotic normality of the MLE.

C1 The Markov chain is ergodic;
C2 The values of v for which c(u, v) > 0 and u ∈ [0, 1] is independent of Λ;
C3 For any ξ and A, g(ξ,A; λ) = log f (ξ,A; λ) where f (ξ,A; λ) > 0 is the likelihood

function, is well defined and the partial derivatives of f (ξ,A; λ) and g(ξ,A; λ) with
respect to λ exists. Then, for any neighbourhood n of λ,∫

X
sup
λ′∈n

| fi(ξ,A; λ′)|µ(dA),
∫

X
sup
λ′∈n

| fij(ξ,A; λ′)|µ(dA) and Eλ{sup
λ′∈n

|gijk(ξ,A; λ′)|µ(dA)}

are all finite;
C4 For i, j, k = 1, 2, . . . , r, the Fisher information for each λi is finite and if σij(λ) =

Eλ(
∂

∂λi
l(X, λ)× ∂

∂λj
l(X, λ)), then the r × r matrix σij(λ) is non-singular;

C5 For all λ ∈ Λ, the stationary distribution, which exists and is unique, satisfies,
pλ(ξ, ·) << pλ(·) and for some δ > 0, Eλ(|gi(x1, x2; λ)|2+δ) < ∞.

The Markov chain generated by the copula (4) satisfies the conditions C1–C5. Thus,
by Billingsley [17], the following theorem holds.

Theorem 2. For any Markov chain U0, . . . , Un generated by the copula (4) and the uniform (0, 1)
distribution, for the vector ΛT = (λ0, . . . , λk−1),

√
n(Λ̂mle − Λ) → (0, Σ), where

Σjℓ =

{
1 − (kλj)

2 , when j = ℓ

0 , when j ̸= ℓ.
(13)

See the Appendix A.3 for the proof of Theorem 2.
Following Theorem 2, we get the following corollary for the confidence intervals and

regions for the λj and Λ, respectively.
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Corollary 2. Let U0, . . . , Un be a stationary Markov chain based on the copula (4) and the uniform
distribution on [0, 1] and let (12) be the MLE of λi. Then, for 0 < α < 1, the (1 − α)100%
confidence interval of each λj isλ̂mle

j − z α
2

[
1 − (kλ̂mle

j )2

n

] 1
2

, λ̂mle
j + z α

2

[
1 − (kλ̂mle

j )2

n

] 1
2

.

For the vector Λ the (1 − α)100% confidence region is given by{
Λ ∈

[
−1
k

,
1
k

]k
:

k−1

∑
j=0

n(λ̂mle
j − λj)

2

1 − (kλ̂mle
j )2

< χ2
α(k)

}
,

where P(X < χ2
α(k)) = 1 − α, X ∼ χ2(k).

See the Appendix A.4 for the proof of Corollary 2.

3.3. Hypothesis Testing for Independence

It is important to note that, in the copula (4), when the parameters are 0, we achieve
independence in the data generated by the copula. The test statistics for the test of indepen-
dence using the Maximum Likelihood Estimator is given in the following theorem.

Theorem 3. For any Markov chain generated by the copula (4) and the uniform distribution on
[0, 1] as marginals, the test statistics under the null hypothesis, H0 : λ0 = · · · = λk−1 = 0, is

given by χ2 =
k−1

∑
j=0

n(λ̂mle
j )2

1 − (kλ̂mle
j )2

and has approximately a chi-square distribution with degrees of

freedom k as n → ∞.

3.4. Estimation Using Robust Estimation

Robust estimators have been used in the literature to find unbiased estimators that
are not influenced by any discrepancies like outliers. This is especially the case when the
data involve a stochastic process, such as a Markov chain, and their density function or
the dependence structures are unknown. For our work, we use the method introduced by
Longla and Peligrad [30]. They proposed a robust estimator for the mean of a sample of
dependent observations. They also developed estimators for ergodic stochastic processes
with long memory and finite second moments whose dependence structure is not known
or when the density function is unknown. The kernel K and bandwidth hn needed for the
estimator must satisfy the following conditions:

C8 The kernel should be a symmetric bounded density function.
C9 The bandwidth should satisfy hn → 0 and nhn → ∞ as n → ∞.
C10 For the sequence {Ui}i∈N,

√
nhn(Un − µU) should converge to 0 in probability.

The following result is obtained by using the work of Longla and Peligrad [30] and
gives the asymptotic normality and the confidence interval for the robust estimator for
individual λj. Their estimator is

λ̂re
j =

1
nhn

n

∑
i=1

Yij exp (−0.5(
Xi

ĥn
)2).
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Theorem 4. For a stationary Markov chain U0, . . . , Un based on the copula (4) and the uni-

form (0, 1) distribution,

√√√√nhn

Y2
ij

(λ̂re
j

√
1 + h2

n − λj) → N
(

0,
1√
2

)
. Furthermore, for 0 < α < 1,

the (1 − α)100% confidence intervals for j = 0, . . . , k − 1 are given byλ̂re
j (
√

1 + h2
n)− zα/2

 Y2
ij

nhn
√

2

1/2

, λ̂re
j (
√

1 + h2
n) + zα/2

 Y2
ij

nhn
√

2

1/2
.

Remark 2. Note that Yij = φj(ui)φj(ui−1), and since the expected value of Yij can be estimated
as average of Yij, which is the EEF given in Theorem 1, that is, Ê(Yij) = λ̂j. Similarly, the expected
value of Y2

ij is estimated as

Ê(Y2
ij) = E(φj(ui)

2 φj(ui−1)
2) = 1 +

m−1

∑
z=1

λ̂z(
∫ 1

0
φz(x)φ2

j (x)dx)2 = 1.

The above expression of E(φj(ui)
2 φj(ui−1)

2) is taken from Longla and Hamadou [31] and is
calculated as shown in the proof of Theorem 1. For our choice of X and kernel, the optimal bandwidth

is given as hn =
[

E(Y2)√
2n(EY)2

]1/5
and the estimator is ĥn =

[
1√

2nλ̂2
j

]1/5
. Thus, the robust estimator

of λj is now given by

λ̂rewl
j =

1
nĥn

n

∑
i=1

Yij exp (−0.5(
Xi

ĥn
)2)

and the confidence intervals are(
λ̂rewl

j (
√

1 + ĥ2
n)− zα/2

[
1

nĥn
√

2

]1/2
, λ̂rewl

j (
√

1 + ĥ2
n) + zα/2

[
1

nĥn
√

2

]1/2
)

.

3.5. Measures of Association and Their Estimators

We use the Formulas (2) and (3) to obtain the following expressions:

ρS =
3

4k3

k−1

∑
j=0

λj and τ =
1

2k3

k−1

∑
j=0

λj. (14)

To obtain the estimator of the measures of associations, we plug in the MLE λ̂j in the
place of λj, which gives us

ρ̂S =
3

4k3

k−1

∑
j=0

λ̂mle
j and τ̂ =

1
2k3

k−1

∑
j=0

λ̂mle
j . (15)

Theorem 5. For a stationary Markov chain U0, . . . , Un generated by the copula (4) and the

uniform (0, 1) distribution,
√

n(ρ̂S − ρS) → N(0, σ2
ρS
), where σ2

ρS
=

9
16k3 (1 − k

k−1

∑
j=0

(λ2
j )). For

0 ≤ α ≤ 1, the 100(1 − α)% confidence interval for ρS is given by ρ̂S ± z α
2
σ2

ρ̂S
, where σ2

ρ̂S
is the

estimate of σ2
ρS

obtained by replacing λj by their MLEs.

For the copula (4), ρS = 3
2 τ, thus the estimator, the asymptotic normality, and the

(1 − α)100% confidence interval of τ follows from Theorem 5.
Nelsen [2], Joe [11], Durante, and Sempi [32] and many more have discussed the use of

these measures of association to estimate the parameters of copula models. The method of
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estimations using measures of association does not work for copula (4) because ρs = τ = 0
may be true even when λj are not 0. This is due to the presence of the sum of λj in the
expression of ρs and τ, which can be zero for non-zero λj. It can also be noted that, in our
copula models, the data are independent if, and only if, λj is 0. For example, for k = 2, if
λ0 = −0.1 and λ1 = 0.1, then we get ρs = τ = 0, but the data have dependence. Thus,
measures of association can not be used to estimate parameters of the copula (4), directing
us to use different methods of estimation, which are discussed in this paper despite it being
a robust method of estimation in other cases.

4. Examples and Simulations
We have provided four estimators of copula parameters in each of the cases, along

with related asymptotic results.
For the simulations, we first generated the Markov chains from each of the copulas

using the following steps:

1. Generate two uniform variables U1 and Tt for all t = 1, . . . , n, which are independent
of each other.

2. Next, for each t = 2, . . . , n we equate Tt to the partial derivative of the copula with
respect to u and solve for v, the expression for v obtained forms the next variable Ut

of the Markov chain.
3. Repeat the above step for t = 2, . . . , n. The sequence {Ut}n

t=0 forms the desired
Markov chain and is said to be generated by the copula with a specific λ.

We generate Markov chains of three different sizes: n = 25,000, 50,000, and 75,000. We
report coverage probabilities (CPs), confidence intervals mean lengths (CIMLs), and the
joint coverage probabilities (in the case of two-parameter perturbation).

4.1. One Parameter Perturbation

The one parameter pertubation of copula (4) is copula (6), as discussed in Section 2.
Since we only have one parameter, all calculations become very straightforward. All the
estimators for the copula (6) are given below:

• The Estimator using Eigen Functions (EEF) of λ is same as the MLE and is given
by (16):

λ̂ =
1
n

n

∑
i=1

(2I(0 ≤ Ui ≤ 0.5)− 1)(2I(0 ≤ Ui−1 ≤ 0.5)− 1). (16)

The CLT for the above estimator for λ is
√

n(λ̂ − λ) → N(0, 1 − λ2) and the
(1 − α)100% confidence interval is (λ̂ − z α

2
( 1−λ̂2

n )1/2, λ̂ + z α
2
( 1−λ̂2

n )1/2).

• The expression of the robust estimator and the robust estimator with λ̂j is the same as
in Section 3.4.

We generate the Markov chain following the steps at the beginning of Section 4. The
Markov chain generated by this copula for n = 1000 and λ = 0.6 is shown in Figure 3.
Tables 3–5 contain the EEF and RE of λ for the following values: λ = 0.2,−0.5, and 0.7. We
report the EEF only since MLE is the same as EEF in one parameter case.
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Figure 3. Time series plot of the Markov chain generated by copula 1 with n = 1000 and λ = 0.6.

Table 3. Estimated values from simulation with λ = 0.2.

λ = 0.2

Estimators
n = 25,000 n = 50,000 n = 75,000

CP CIML CP CIML CP CIML

λ̂ 93 0.019 94 0.017 95 0.014

λ̂re 89 0.049 90 0.047 91 0.043

Table 4. Estimated values from simulation with λ = −0.5.

λ = −0.5

Estimators
n = 25,000 n = 50,000 n = 75,000

CP CIML CP CIML CP CIML

λ̂ 94 0.018 94 0.016 95 0.013

λ̂re 90 0.050 91 0.045 92 0.043

Table 5. Estimated values from simulation with λ = 0.7.

λ = 0.7

Estimators
n = 25,000 n = 50,000 n = 75,000

CP CIML CP CIML CP CIML

λ̂ 94 0.019 95 0.017 95 0.014

λ̂re 89 0.055 90 0.049 90 0.045

For the test statistics for the hypothesis testing under the null hypothesis, H0 : λ =

0, the test statistics is given as χ2 = n(λ̂mle)2

1−(λ̂mle)2 ; this approximately follows a chi-square
distribution with 1 degree of freedom. We simulated a Markov chain based on copula (6),
where the parameter was λ = 0. A test for the hypothesis H0 : λ = 0 against Hα : λ ̸= 0
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was performed. The results of the hypothesis testing are listed in Table 6; based on the
results, we fail to reject the null hypothesis.

Table 6. Test for the assumption of independence.

n = 10,000, α = 0.05

Using copula 1
test statistics p-value

1.2953 0.8651

The Spearman’s Rho for this copula is ρS = 3
4 λ and it is estimator obtained using the

MLE is

ρ̂S =
3
4

λ̂ =
3
4
(2
(

n11 + n22

n

)
− 1).

The CLT is √
n(ρ̂S − ρS) → N(0,

9
16

(1 − λ2))

and the 100(1 − α)% confidence interval is given by (ρ̂S − z α
2
σ(ρ̂S), ρ̂S + z α

2
σ(ρ̂S)). The

results regarding Kendall’s Tau can be easily obtained from those of Spearman’s rho.

4.2. Two Parameter Perturbation

For the case k = 2, we have two intervals (or Ij ): [0, 1
2 ] and ( 1

2 , 1]. All the estimators
for this copula are given below:

• The Estimator using Eigen Functions (EEF) of λj is given by

λ̂j =
2
n

n

∑
i=1

(
I
(

ui ≤
2j + 1

4

)
− I
(

ui >
2j + 1

4

))
Ij(ui)(

I
(

ui−1 ≤ 2j + 1
4

)
− I
(

ui−1 >
2j + 1

4

))
Ij(ui−1),

for j = 0, 1. The CLT for the individual estimators is
√

n(λ̂ − λ) → N(0, 1 + λ2
i ) and

√
n(Λ̂−Λ) → N(0, Σ), for the vector Λ̂ = (λ̂0, λ̂1)

T where Σ =

(
1 + λ2

0 −3λ0λ1

−3λ0λ1 1 + λ2
1

)
is the covariance matrix.
The (1 − α)100% confidence interval for λj isλ̂j − z α

2

(
1 + λ̂2

j

n

) 1
2

, λ̂j + z α
2

(
1 + λ̂2

j

n

) 1
2

.

Furthermore, the (1 − α)100% confidence region for Λ̂ = (λ̂0, λ̂1)
T is given by the

ellipse,

n

(
(1 + λ̂2

1)(λ̂0 − λ0)
2 + (1 + λ̂2

0)(λ̂1 − λ1)
2 + 6λ̂0λ̂1(λ̂0 − λ0)(λ̂1 − λ1)

(1 + λ̂2
0)(1 + λ̂2

1)− 9(λ̂0λ̂1)2

)
< χ2

(2).

• The MLE is given as

λ̂mle
j =

n(j)(j) + n(j+1)(j+1) − n(j)(j+1) − n(j+1)(j)

2(n(j)(j) + n(j+1)(j+1) + n(j)(j+1) + n(j+1)(j))
, for j = 0, 1.
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The asymptotic normality for Λ̂mle = (λ̂mle
0 , λ̂mle

1 )T is given as
√

n(Λ̂mle − Λ) → (0, Σ),

where Σ =

(
1 − 4λ2

0 0
0 1 − 4λ2

1

)
is the covariance matrix.

The (1 − α)100% confidence interval the λi is given byλ̂mle
i − z α

2

(
1 − 4(λ̂mle

i )2

n

) 1
2

, λ̂mle
i + z α

2

(
1 − 4(λ̂mle

i )2

n

) 1
2


where zα/2 is the critical value from the standard normal distribution for 0 < α < 1
level of significance.
The confidence region for Λ̂ is given by the rectangle,

n

(
(λ̂mle

0 − λ0)
2

1 − 4(λ̂mle
0 )2

+
(λ̂mle

1 − λ1)
2

1 − 4(λ̂mle
1 )2

)
< χ2

(2).

• The expression of the robust estimator and the robust estimator with λ̂j is the same as
in Section 3.4.

We generate the Markov chain following the steps in Section 4. The Markov chain
generated by this copula for n = 1000 and λ0 = 0.2 and λ1 = −0.3 is shown in Figure 4.

Figure 4. Time series plot of the Markov chains with n = 1000 and λ1 = 0.2 and λ2 = −0.3.

Tables 7–9 contain the EEF, MLE, and RE of λj for three different combinations:
λ0 = 0.1, λ1 = 0.4, λ0 = −0.2, λ1 = −0.3 and λ0 = −0.4, λ1 = 0.2. We do not report
the REWL here as well for the same reason as stated in the case of one parameter.
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Table 7. Individual coverage probabilities (CPs), confidence interval mean lengths (CIMLs), and
joint coverage probabilities (Jnt CPs) for the estimated values from simulation with λ0 = −0.2 and
λ1 = −0.3.

λ0 = 0.1 and λ1 = 0.4

Estimators
n = 25,000 n = 50,000 n = 75,000

CP CIML Jnt CP CP CIML Jnt CP CP CIML Jnt CP

Λ̂
λ̂0 94.2 0.033

93.8
94.8 0.029

94.0
95.0 0.025

94.3
λ̂1 96.8 0.032 95.9 0.031 95.1 0.030

Λ̂mle
λ̂0 95.4 0.026

92.7
95.2 0.023

93.4
95.0 0.021

93.6
λ̂1 95.9 0.021 95.6 0.019 95.2 0.017

Λ̂re
λ̂0 90.8 0.037 91.6 0.045 92.9 0.036

λ̂1 90.6 0.046 91.8 0.065 92.8 0.051

Table 8. Individual coverage probabilities (CPs), confidence interval mean lengths (CIMLs), and joint
coverage probabilities (Jnt CPs) for the estimated values from simulation with λ0 = 0.1 and λ1 = 0.4.

λ0 = −0.2 and λ1 = −0.3

Estimators
n = 25,000 n = 50,000 n = 75,000

CP CIML Jnt CP CP CIML Jnt CP CP CIML Jnt CP

Λ̂
λ̂0 95.8 0.029

92.2
95.5 0.026

93.4
95.1 0.025

93.8
λ̂1 96.5 0.033 95.9 0.031 95.1 0.030

Λ̂mle
λ̂0 94.7 0.032

92.9
94.9 0.028

93.1
95.1 0.025

93.5
λ̂1 94.9 0.025 95.2 0.021 95.6 0.017

Λ̂re
λ̂0 84.8 0.043 85.3 0.039 85.9 0.036

λ̂1 83.6 0.056 83.9 0.051 84.5 0.045

Table 9. Individual coverage probabilities (CPs), confidence interval mean lengths (CIMLs), and
joint coverage probabilities (Jnt CPs) for the estimated values from simulation with λ0 = −0.4 and
λ1 = 0.2.

λ0 = −0.4 and λ1 = 0.2

Estimators
n = 25,000 n = 50,000 n = 75,000

CP CIML Jnt CP CP CIML Jnt CP CP CIML Jnt CP

Λ̂
λ̂0 93.8 0.027

93.2
94.6 0.026

93.7
94.9 0.021

94.1
λ̂1 93.5 0.027 93.9 0.022 94.8 0.020

Λ̂mle
λ̂0 94.2 0.024

92.9
94.5 0.020

93.5
95.1 0.015

93.9
λ̂1 94.4 0.021 95.0 0.017 95.1 0.014

Λ̂re
λ̂0 84.6 0.044 85.4 0.037 85.8 0.031

λ̂1 83.9 0.046 84.3 0.041 84.9 0.038

The test statistics for testing the null hypothesis, H0 : λ0 = λ1 = 0, is given by

χ2 =
n(λ̂mle

0 −λ0)
2

1−4(λ̂mle
0 )2 +

n(λ̂mle
1 −λ1)

2

1−4(λ̂mle
1 )2 and it asymptotically follows a chi-square distribution with

2 degrees of freedom. We simulated a Markov chain generated by the copula (7) where the
parameters λ0 and λ1 are 0; then, we performed the test described above. The results for
the test are listed in Table 10. Based on p-value we fail to reject the null hypothesis.
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Table 10. Test for the assumption of independence.

n = 10,000, α = 0.05

Using copula 2 test statistics p-value
2.4373 0.5913

Similar to case 1, knowing the Spearman’s Rho ρ is sufficient for us to derive the
Kendall’s Tau τ. The Spearman’s Rho for this copula is ρS = 3

32 (λ0 + λ1), and its estimator
can be obtained using the MLE:

ρ̂S =
3

32
(λ̂0 + λ̂1) =

3
64

(
1

∑
j=0

n(j)(j) + n(j+1)(j+1) − n(j)(j+1) − n(j+1)(j)

(n(j)(j) + n(j+1)(j+1) + n(j)(j+1) + n(j+1)(j))

)
.

The CLT is √
n(ρ̂S − ρS) → N(0, σ2(ρ̂S)),

where σ2(ρ̂S) =
9

642 (2 − 4(λ2
0 + λ2

1)) and the 100(1 − α)% confidence interval for ˆrhoS is
given by (ρ̂S − z α

2
σ(ρ̂S), ρ̂S + z α

2
σ(ρ̂S)).

Remark 3. Following are the conclusion from the simulation study:

• During simulation, we noticed that for increasing n, EEF was the most efficient method of
estimation in terms of time-efficiency.

• The EEF is as accurate as MLE, judging based on the CIML, and its CPs start behaving well
as n grows. Surprisingly, the MLE underperformed as compared to the EEF in terms of the
joint CP.

• The confidence intervals obtained for the parameter using the EEF method and the MLE are
narrower compared to the robust estimators.

• The performance of the robust estimator does not improve much by using the EEF, but it
performs slightly better than the robust estimator itself.

• The choice/combination of values of λj had no effect on the performances of the estimators or
the estimation method used. The EEF performs best irrespective to the values of λjs.

• We have not reported the values for the robust estimator with λ̂j since it did not perform any
better than the robust estimator itself.

5. Discussion
This paper focuses on stationary Markov chains generated by the copula given by (4)

and the uniform distribution on [0, 1], which serves as its marginal and stationary distribu-
tions. For this copula, the estimation of the copula parameters along with their asymptotic
normality is studied for the first time in this paper. Due to the copulas’ orthogonal and
orthonormal properties, the deduction of their asymptotic behavior becomes relatively sim-
ple. From this work, we can see that the EEF method defined by Longla and Hamadou [31]
captures the dependence between the parameters more accurately, and is a comparable
estimator to the MLE, but performs much better than the RE. The importance of the EEF
method is also seen when we compute expressions for the measures of dependence.

The simulations were carried out for Markov chains generated by the copula given
by (6) and (7) for large values of n. The simulation study makes it evident that EEF can
be considered a better and efficient estimation method for this family of copula than any
other method. Even though MLE is a more common method of estimation, in copulas with
non-continuous support, EEF proves to be a better method of estimation.

This work is the beginning of our explorations into the various Markov chains that
could be generated using this family of copulas. Future research related to this copula
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family includes the use of non-uniform marginals that have parametric and non-parametric
forms and unknown marginals. This work brings many other questions to light that might
not be as straightforward to answer.
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Appendix A
Appendix A.1. Proof of Theorem 1

Proof. Let U0, . . . , Un be a stationary Markov chain based on the copula (4) and the
uniform distribution on [0, 1]. The EEF of the parameters λj are given by (8). Let
Λ̂ = (λ̂0, . . . , λ̂k−1)

T , then by using Theorem 3.1 from Longla and Hamadou [31] we
get the CLT as

√
n(Λ̂ − Λ) → N(0, Σ), where the variance σj (or the diagonal elements) is

σ2
j = 1 − λ2

j +
1

∑
z=0

λz(
∫ 1

0
φz(x)φ2

j (x)dx)2 + 2λ2
j (
∫ 1

0
φ4

j (x)dx − 1)

+ 2
∞

∑
m=2

λ2
j

1

∑
z=0

λm−1
z (

∫ 1

0
φz(x)φ2

j (x)dx)2

(A1)

and the off-diagonal elements of Σ are given by

Σjℓ = lim
n→∞

ncov(λ̂j, λ̂ℓ)

= cov(φj(U0)φj(U1), φℓ(U0)φℓ(U1)) + 2
∞

∑
m=1

cov(φj(U0)φj(U1), φℓ(Um)φℓ(Um+1))

=
1

∑
z=0

λz(
∫ 1

0
φz(x)φj(x)φℓ(x)dx)2 − λjλℓ + 2λjλℓ(

∫ 1

0
φ2

j (x)φ2
ℓ(x)dx − 1)

+ 2
∞

∑
m=2

λjλℓ

1

∑
z=0

λz(
∫ 1

0
φz(x)φ2

j (x)dx)(
∫ 1

0
φz(x)φ2

ℓ(x)dx)

(A2)

For our case, the integrals in (A1) are

∫ 1

j
φz(x)φ2

j (x)dx =


∫ 1

0 φ3
j (x)dx =

∫ j+1
n

2j+1
2n

(
√

k)3dx −
∫ j

n
2j+1

2n
(
√

k)3dx = 0 , z = j∫ 1
0 φz(x)φ2

j (x)dx = 0 , z ̸= j,

∫ 1
0 φ4

j (x)dx =
∫ 1

0 k2dx = k2( 1
k ) = k and

∫ 1
0 φ2

j (x)φ2
ℓ(x)dx = 0.

Using these integrals, we find that variance σ2
j = 1 + (2k − 3)λ2

j for each λj and the
off diagonal elements Σjℓ given in (A2) are Σjℓ = −3λjλℓ.

Appendix A.2. Proof of Corollary 1

Proof. The confidence intervals for individual λj are obtained by using the standard format of
confidence interval, (point estimate± critical value× standard error of point estimate). Since
the point estimate, λ̂j, is normally distributed, we use the critical value as zα/2. In Mukhopad-
hyay 2020 [33], we see that for a multivariate normal distribution, the confidence region of the
parameters can be found using the Mahalanobis distance.
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n(Λ̂ − Λ)TΣ−1(Λ̂ − Λ). (A3)

By part (ii) of Theorem 4.6.1 of Mukhopadhyay 2020 [33], we know that (A3) follow χ2

distribution with k degrees of freedom. Using this result, we get the confidence region.

Appendix A.3. Proof of Theorem 2

Proof. Let U0, . . . , Un be the Markov chain whose MLE is given by (12). To deduce the
asymptotic normality of the MLE, we start by computing the transition densities, pjℓ, where
j, ℓ are the states.

P(
j
k
< Ui ≤

2j + 1
2k

,
j
k
< Ui−1 ≤ 2j + 1

2k
) =

∫ 2j+1
2k

j
k

∫ 2j+1
2k

j
k

(1 + kλj)duidui−1

=
1 + kλ0

4k2 .

Furthermore, P( j
k < Ui−1 ≤ 2j+1

2k ) = 1
2k , since the marginals are Uniform (0, 1). Thus,

p(2j)(2j) = P(
j
k
≤ Ui ≤

2j + 1
2k

| j
k
≤ Ui−1 ≤ 2j + 1

2k
) =

P( j
k ≤ Ui ≤

2j+1
2k , j

k ≤ Ui−1 ≤ 2j+1
2k

P( j
k < Ui−1 ≤ 2j+1

2k )

=

1+kλj
4k2

1
2k

=
1 + kλj

2k

Similarly, it can be shown that p(2j+1)(2j+1) = P( 2j+1
2k < Ui ≤

j+1
k | 2j+1

2k < Ui−1 ≤ j+1
k ),

p(2j)(2j+1) = P( j
k < Ui ≤ 2j+1

2k | 2j+1
2k < Ui−1 ≤ j+1

k ) and p(2j+1)(2j) = P( 2j+1
2k < Ui ≤

j+1
k | j

k < Ui−1 ≤ 2j+1
2k ), for all j = 0, . . . , k − 1.

For this Markov chain, we use the result proven by Billingsley [17]. The conditions
of the Theorem are checked for our Markov chain. They are satisfied since our sets are
bounded and all the partial derivatives of the log of the density with respect to the param-
eters exist. Thus, the asymptotic normality for Λ̂mle holds in the form

√
n(Λ̂mle − Λ) →

(0, Σ), where Σ is the inverse matrix of σ(λ) with nσjℓ(λ) = Eθ(
∂

∂λj
l(U, Λ)× ∂

∂λℓ
l(U, Λ)),

for j, ℓ = 0, . . . , k − 1 which is the same as nσjℓ(λ) = −Eθ(
∂2

∂λj∂λℓ
l(U, Λ)) as shown in

Section 6.4 of Hogg et al. [34] and for j = ℓ, we obtain nσjj as the Fishers information of λj,
which is

nσjj = I(λj) = −E(
∂2l(X, Λ)

∂λ2
j

)

= −E(−k2 n(2j)(2j) + n(2j+1)(2j+1)

(1 + kλj)2 − k2 n(2j)(2j+1) + n(2j+1)(2j)

(1 − kλj)2 )

= k2 E(n(2j)(2j) + n(2j+1)(2j+1))

(1 + kλj)2 + k2 E(n(2j)(2j+1) + n(2j+1)(2j))

(1 − kλj)2

= k2 np(2j)(2j)P(2j) + np(2j+1)(2j+1)P(2j+1)

(1 + kλj)2 + 4
np(2j)(2j+1)P(2j) + np(2j+1)(2j)P(2j+1)

(1 − kλj)2

=
k2n
2k

∗
2
(1+kλj)

2k
(1 + kλj)2 +

k2n
2k

∗
2
(1−kλj)

2k
(1 − kλj)2

=
n

1 − k2λ2
j

.
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where P(2j) = P(2j+1) =
1
2k is the initial distribution and pjℓ are the transition densities.

Appendix A.4. Proof of Corollary 2

Proof. Following the same steps used in Corollary 1, we get this result as well. Since the
covariances for each combination of λ̂j are 0, we get the confidence region as listed. The
resulting confidence region is a hyper-rectangle instead of an ellipsoid.

Appendix A.5. Proof of Theorem 3

Proof. The vector of MLE of Λ̂mle satisfies the following conditions:

• The mean of Λ̂mle is Λ.
• The variance-covariance matrix of Λ̂mle is given by (13).
• Independence.
• Normality. The Λ̂mle are multivariate normal as seen in Theorem 2.

Thus, the test statistic will also given by the expression n(Λ̂ − Λ)TΣ̂−1(Λ̂ − Λ). Since
the sample size ‘n’ needs to be large for the point estimator, the test statistic follows a
chi-square distribution.

Appendix A.6. Proof of Theorem 4

Proof. Let Yij = k[I(ui ≤
2j+1

2k )− I( 2j+1
2k < ui)][I(ui−1 ≤ 2j+1

2k )− I( 2j+1
2k < ui−1)]Iui ,ui−1(j),

for each j = 1, . . . , k − 1 and i ∈ {1, . . . , n}, and the E(Yij) = λj. The Yij are functions of
the sequence {(Ui−1, Ui)}n

i=1 which forms a stationary Markov chain. Thus, the robust
estimator, assuming that the kernel is Gaussian, is given by

λ̂re
j =

1
nhn

n

∑
i=1

Yij exp (−0.5(
Xi
hn

)2). (A4)

where the Xi follow the standard normal distribution and are generated independently of

the Yij and hn = (
Y2

k,i√
2nY2

k,i
)1/5 is the optimal bandwidth. The kernel and bandwidth satisfy

conditions C8, C9, and C10, resulting in the CLT and the confidence intervals.

Appendix A.7. Proof of Theorem 5

Proof. We start with Theorem 2; the MLE of λj is used to estimate ρS. To get the variance
of ρ̂S, we use the delta method, which says that for a multivariate variable Yn, such that√

n(Yn − Y) → N(0, Σ) and let g(·) be a continuously differentiable function at Y; then,√
n(g(Yn)− g(Y)) → N(0,∇g(Y)T · Σ · ∇g(Y)).

Using the above result, we get the results for σ2(ρ̂S) with the variance as 9
16k3 (1 −

k ∑k−1
j=0 (λ

2
j )). The confidence interval is found using the general formula of confidence

intervals.
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