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Abstract

This paper presents the algebraic structure of generalized quasi-polycyclic (GQPC) codes,
which is a generalization of the right quasi-polycyclic (QPC) and generalized quasi-cyclic
(GQC) codes over a finite field F;. Here, we mainly study the multi-generator polynomial
of the right GQPC codes of index [. In this regard, we use the Chinese Remainder Theorem
to decompose the right GQPC codes into their constituent codes. Further, we determine the
dimension of a right GQPC code and provide a method for finding a normalized generating
set for a multi-generator right GQPC code. As a by-product, we provide some examples of
GQPC codes and obtain several optimal and near-optimal 2-generator right GQPC codes
of index 2 over F,.

Keywords: right polycyclic codes; quasi-polycyclic codes; normalized generating set of
polynomials; optimal codes

MSC: 94B05; 94B05; 94B60

1. Introduction

The class of polycyclic (Pseudocyclic) codes emerges as the generalized class of linear
codes from the study of cyclic, negacyclic, and constacyclic codes. In 1990, Krishna and
Sarwate [1] introduced the term pseudocyclic code while studying constacyclic code. Later,
Lopez-Permouth et al. [2] renamed pseudocyclic codes as polycyclic codes. Recall that a
right polycyclic (RPC) code on a finite field F; of length 7 is the ideal of the quotient ring
F,[z]/(f(z)) where f(z) is a monic polynomial of degree 7. Many researchers have studied
the algebraic structure of polycyclic codes in various ways over different code alphabets,
considering both finite fields and rings [3-8]. Further, some of the studies [9,10] have ex-
plored quantum MDS codes as applications of RPC codes. Later, Lopez-Permouth et al. [2]
established the duality relationship between polycyclic codes and sequential codes.

On the other hand, we have another generalization of the family of cyclic codes, known
as quasi-cyclic (QC) codes. A QC code of length # and index [ is defined as a nonempty
subspace C of Fq”l with the property that the cyclic shift of any arbitrary codeword of C
by I components is again a codeword of C. Note that for | = 1, the family of QC codes is
in fact the cyclic codes. Further, an important subclass of QC codes is the 1-generator QC
codes. Similar to the cyclic codes [11,12], these codes employ a 1-generator polynomial to
achieve a compact representation and facilitate efficient encoding. For more details, refer
to [13,14]. Recently, Hassan et al. [15] extended the QC and quasi-twisted frameworks to the
1-generator right (or left) quasi-polycyclic (QPC) codes by replacing the cyclic shift with the
right (or left) polycyclic shift. However, from the structural point of view, these codes can
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be realized as an F;[z]-submodule of (F,[z]/(f (z)))l This approach has also facilitated the
construction of many best-known linear and quantum codes over finite fields and rings, as
reported in [15-17]. However, their work primarily considered on 1-generator QPC codes,
providing a valuable tabulation of optimal codes for short lengths and dimensions. In
addition to this framework, generalized quasi-cyclic (GQC) and generalized quasi-twisted
(multi-twisted) codes have further extensions and remain an active area of research. In
particular, many researchers extended the concept of QC codes to the GQC setting in
both commutative and noncommutative polynomial rings [18-26]. These generalizations
unify several well-known code families under a single algebraic structure. It has led to the
explicit construction of numerous new linear codes, including many that meet or improve
the previously best-known parameters.

Ou-Azzou et al. [27] studied GQPC codes in skew polynomial rings with derivations
over finite fields. Subsequently, Kabbouch et al. [28] extended the notions of GQC and
QPC codes to define right GQPC codes over F;. Both works focused on 1-generator right
GQPC codes and reported several good linear codes, with Ou-Azzou’s constructions
corresponding to short code lengths and small dimensions. In this research paper, we
extend the concept of right QPC to GQPC codes over the finite fields F; with [ induced
vectors ail, aéz,. ., a? in thi foralli =1,2,...,1, respectively. That is, we do not restrict
our work to a 1-generator right GQPC code only. Our main contributions in this paper are
as follows:

1.  Establish the decomposition theorem for the right GQPC codes of index .

2. Discuss a method to obtain a normalized generating set for the p-generator right
GQPC codes of index I.

3. Using the MAGMA software [29], constructing many optimal and near-optimal 2-
generator right GQPC codes whose parameters achieve the bounds given in the Codes
Table [30].

This study proceeds as follows: Section 2 recalls the basic concepts of RPC codes
over the finite field F;. In Section 3, we describe the structure of the right GQPC code
and demonstrate the code decomposition theorem with examples. Section 4 contains the
normalized generating set of the right GQPC code as the p-generator polynomial of the
index /. Additionally, this section presents a table listing optimal and near-optimal GQPC
codes of index 2 derived from the 2-generator polynomial set. Section 5 concludes the work.

2. Background

In this section, we recall the basic concepts of right polycyclic (RPC) codes over the
finite field F; that we will use throughout this paper. Let F; be a finite field with g elements,
where g = p? for some prime number p and an integer d > 1. A subspace C of Fy (n-
dimensional vector space) is called a linear code of length n over Fq, and elements of C
are called codewords. Let ¢ = (cg,cq,...,¢4—1) be a codeword in C. Then the number
of nonzero elements in c is called its (Hamming) weight. It is denoted by wy(c). The
weight wy (C) of C is the minimum among the weights of all its nonzero codewords. Let
a= (ap,a1,...,8,-1),b= (bo,b1,...,by_1) € Fj. Then the (Hamming) distance between a
and b is defined as d(a,b) = |{i : a; # b; }|, equivalently d(a,b) = wy(a — b). The distance
of code C, denoted by dy(C), is defined as dy(C) = min{d(a,b) : a,b € C, a # b}. Fora
linear code C C F/, dyy(C) = wy(C). Note that a k-dimensional linear code C of length
over the finite field F; is represented by [n,k,dy], where dy is the distance of C.
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Definition 1. Lef (yo,y1,...,Yy—1) and a = (ag, ay, . ..,a,_1) be fwo vectors in Fy with ag # 0.
The right polyshift operator P : Fi' — Fj is given by

(Yo, Y1, Yn—1) = Yn—1a+ (0, Y0, ..., Yn—2)-

Definition 2. Let C C F,;l be a linear code over Fy and a = (ag, a1, ...,a8,-1) € F,;l. Then C is
called an RPC code induced by a vector a if for every codeword ¢ = (co,c1,...,cy—1) € C, the
right polyshift of cis P*(c) = c¢,—1a+ (0,¢,...,cn—2) € C. For alinear code C, P# is called the
RPC shift induced by a.

In light of the above definition, we can express P?(c) in terms of the following matrix:

0 1 0 0 0

0 0 1 0 0
P?(c) = cAy, where A, = :

0 0 O 0 1

ag a3 ap --- 0 a,_q

Hence, a linear code C is a right polycyclic code if it is an invariant subspace under right
multiplication by A,.

Remark 1. In Definition 2 and throughout the paper, we use the term right polycyclic codes
corresponding to the right polyshift, and it has no connection with the concept of right modules.

RPC codes are the generalization of cyclic and constacyclic codes over the field F;.
Recall that cyclic and constacyclic codes of length n over F; can be described as ideals of
rings F;[z|/(z" — A) and F;[z]/(z" — 1), respectively, where A is a nonzero element of F;.
Extending this concept, an RPC code of length 1 is also an ideal of the ring F;[z]/ (z" — a(z)),
where a(z) is a polynomial over F; of degree strictly less than 1 (see [2,16]). For convenience,
we recall their structural properties and restate them in our notation.

Let R = Fy[z] be a polynomial ring over the field F;. Consider a vector
a = (ag,a1,...,4y_1) in F;, and associate this with the polynomial a(z) = ag + a1z +
-+ +a,_12""!in the polynomial ring R. Let Pya(z) = z" — a(z) be a polynomial of degree
n with Py, »(0) # 0. From [31] (Page No. 84), there always exists a positive integer m less
than or equal to 4" — 1 such that P, 5(z) divides z" — 1. The lowest positive integer m
for which this property holds is called the order of the polynomial Py (z). In the case of
Pya(0) = 0, we can write P, 5(z) = z5Q(z) for some polynomial Q(z) € R with Q(0) # 0
and a positive integer k > 1. In addition, the order of P, »(z) is defined as the order of Q(z).
Consider a principal ideal (P, 2 (z)) in the polynomial ring R and denote the quotient ring
R/(Py,a(z)) by R}. Define a Fj-linear map

D F; — R given by
(F0, 71, ooy tue1) 1o+ 112+ -4 112" Y,

in the polynomial ring R. Let ¢ = (cg,¢1,...,¢,—1) be an element of the linear code C.
Then ¢(c) = ¢y + 1z + - - - + ¢, _12" ! is the polynomial representation of the codeword
c. Observe that z¢(c) = coz + c1z2 + - -+ + ¢,_12". Since z" = a(z) in R, it follows
that z¢(c) = coz + c12% + - - - + ¢,_1a(z) which corresponds to the RPC shift P?(c) of a
codeword ¢, i.e., z¢(c) € C. Based on the above discussion, the following proposition
presents the ideal structure of an RPC code over the field F;.
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Proposition 1 ([16] Section 2). Let C be a linear code over F; of length n. Then C is an RPC code
induced by a vector a = (ag, a1, ...,a,—1) if and only if C is an ideal of the quotient ring R3.

Let C be an RPC code of length 1 over the field F;. Then the following results [5] hold:
1. Cis principally generated by a least degree monic polynomial f(z) such that f(z) |

Ppa(z).
2. Chasabasisset {f(z),zf(z),...,25"1f(z)} and the corresponding generating matrix
for Cis
> 1(f(2))

>~ (2f(2))

M= ,where k = n — deg(f(z)).

(1 f(2))
3. dimC, the dimension of C is k = n — deg(f(z)).

Lemma 1. Let Py 4.(z) = z" —a(z) € R, and it factors into monic polynomials as
Py o(z) = b(z)d(z). Suppose C is an RPC code generated by d(z) with b(z) as its corresponding
parity-check polynomial. Then a polynomial r(z) € R is a generator of the code C if and only if
there exists a polynomial s(z) in R such that r(z) = s(z)d(z) and ged(b(z),s(z)) = 1.

Proof. Consider r(z) = s(z)d(z), where gcd(b(z),s(z)) = 1. Then, there exist some poly-
nomials y(z) and v(z) in R such that

1(z)s(z) + v(2)b(z) = 1. M

If both sides of the Equation (1) are multiplied by d(z), then we get u(z)s(z)d(z) +
v(z)b(z)d(z) = d(z). This expression leads to j(z)r(z) = d(z) mod (z" — a(z)). Hence,
d(z) € Rr(z) where Rr(z) is the ideal of R. Consequently, Rd(z) C Rr(z). Otherwise, since
r(z) = s(z)d(z), it is clear that Rr(z) C Rd(z), and hence Rr(z) = Rd(z) = C. Thus, it
follows that r(z) = s(z)d(z) is a generator of C. [J

3. Right Generalized Quasi-Polycyclic (GQPC) Codes

Here, we study the structural properties of right GQPC codes over the finite field F;,
mainly focusing on the algebraic structure of p-generator polynomial right GQPC codes.
The definition of right QPC codes of length Im and index [ given in [16] (Definition 3.2)
extends naturally to right GQPC codes over F; by considering ! different values of m.
Similarly, a GQC code of block length (t1,t5,...,t;) and index I extends to a right GQPC
code by replacing the cyclic shift with the RPC shift induced by [ distinct vectors. We begin
with the definition of a GQC code.

Definition 3. Let t1,ty,...,t1€ ZT (set of positive integers). Suppose C C Fl;l X thz X - X F‘;’
is a linear code of length N = t + tp + - - - + t; and index [ over the field F;. Consider a codeword
c = (cty,Cty ..., cy) in Cwhere cy, = (cio,Ci1,- -, Cipy—1) € F;ifor alli=1,2,...,1. Then Cis
said to be a GQC code, if for any c € C,

T(c) = (T(er,), T(es,), .., T(ey)) € C,

where T is the cyclic shift operator.



Mathematics 2025, 13, 3655

50f 20

By replacing the cyclic shift T in each component of the above definition of GQC codes
with the RPC shifts Pf induced by the vector a; € th" fori =1,2,...,1, we obtain the class
of GQPC codes, which naturally includes the right QPC codes as a special case.

Definition 4. A linear code C C F,;l X F,;Z X e X F,;’ is a right GQPC code of length
N =ty +tp + - - - + t; and index | if for any codeword c € C, (P (cty), P2 (cty), - , P2 (cy))) €
C, where

P (ct;) = (0,¢i0,Cips- - Citi—2) + Ciy—1(ai0, @i, -, i, —1)

T/
0+cit,—14ip

Ci1+Cit—14i1

Cit;j—2 +Cit;—14it—1

with induced vector a; = (a;0,a;1,...,8i4,-1) € F‘;i, foralli=1,2,...,1. Here, T' denotes the
transpose of a matrix.

If each a; = (1,0,...,0), then the right GQPC code is just the GQC code, and if all
t) = tp = - - - = t;, then the right GQPC code is the right QPC code.

Consider the quotient ring R} = R/ (P a,(2)), where Py, a,(z) = 2'

i —aj(z) and a;(z) is
the polynomial representation of the corresponding induced vector a; foralli =1,2,...,1.
Denote S = Rfll X R,‘:‘zz X oo X RZ’ (throughout the paper). Let r(z) = ro+riz+--- +
rmz™ € R, and s(z) = (s1(z),52(z),...,5/(z)) be an element in the set S. We introduce the
multiplication rule over S by

v(z) -s(z) = (v(2) - 51(2),v(2) - 52(2), .., v(2) - 51(2)), 2

where v(z) - 5;(z) belonging to Rzi foralli =1,2,...,1. From Equation (2), it can easily be
checked that the ring S is an R-module. We define a map

M: thl X P{;Z X e X P{;l — S given by (ct,,cty, ..., ct)) = (¢ (2),¢,(2), ..., ct,(2)), (3)

where ¢, (z) = cjg+¢;1(2) +cip(22) + -+ + i 121 € R'. Then, we get the following
result, which defines the correspondence between the linear and the right GQPC codes.

Proposition 2 ([28]). The map M defined in Equation (3) gives rise to a bijective map between the
set of all right GQPC codes of block length (ty,to, . .., t;) and index I over the field F,, and the set of
all R-submodules of the R-module S.

Let C be a right GQPC code of block length (t1,t,...,t) and index I given by
C = (Cy,Cty,...,Ct), where each Cy; is an RPC code of length f; and generated by
8(z) € Ry fori = 1,2,...,I. Then a 1-generator polynomial of C is an I-tuple
(e1(z),ex(z),...,e1(z)), where each e;(z) = h;(z)gt(z), hi(z) is relatively prime to the
check polynomial of C;; and gt,(z) | (2 —a;(z)) foralli = 1,2,...,I. Consider a 1-
generator right GQPC code C of block length (1, tp, ..., t;) and index I over R generated
by e(z) = (e1(z),e2(z),...,e(z)) € S. Then C can be written as

C = {120, a() (=) € R}
= {(r(z)e1(2),7(2)ex(2),...,7(2)e(2)) : r(z) € R}.



Mathematics 2025, 13, 3655

6 of 20

A right GQPC code C of block length (t,t,,...,;) and index [ is called a p-generator
(multi-generator) polynomial over F; if p is the smallest positive integer greater than 1
for which there are codewords b;(z) = (b;1(z),bi2(z),...,bi;(z)) € Sfor1 <i < pin
C such that C = Rby(z) + Rba(z) + - -+ + Rbp(z). To further investigate the algebraic
structure of p-generator right GQPC codes, particularly through the factorization of their
defining polynomials, we recall the following fundamental result, the Chinese Remainder
Theorem (CRT).

Definition 5 ([32]). Consider a set of polynomials {p1(z), p2(z),...,pL(z)} in R, which are
pairwise coprime over Fy. Let P(z)= p1(z)p2(z)--- prL(2). If p1(2), p5(2), ..., p}(2) are any set
of polynomials in R, then there is exactly one polynomial e(z) having deg(e(z)) < deg(P(z))
such that

e(z) = pi(z) mod (p;(z)), forevery 0 <i < L. 4)

Also, let r;(z) € R be such that

Code Decomposition

Esmaeili and Yari [23] presented the decomposition theorem of GQC codes that de-
compose into their shorter constituent codes using the CRT. According to the CRT, the ring
R/ (z" —1) decomposes into a direct product of finite fields if  is coprime with the prime p.
Here, we introduce the decomposition theorem for the right GQPC codes over the field F;.

Let P}, a,(z) € R, such that P}, o, (0) # 0 be a monic polynomial of degree ¢; and order
n; with the condition ged(n;,q) = 1fori =1,2,...,1. As ged(n;,q) = 1, z" — 1 reduces
into irreducible polynomials in R and since Py, »,(z) divides z" — 1, then P}, »,(z) factors
into completely distinct irreducible polynomials fori = 1,2,...,l. Assume that the number
of irreducible factors of all the P}, o, (z) decompositions is t for alli = 1,2,...,I. Hence,
we have

Py a(z) = Zhi — (z) (5)
= p11(2)"pra(2)"2 . pre(z)"s, (6)

where p;, ;(z) are distinct irreducible polynomials for all 1 < j <t and u;; € {0,1}. Now,
Ujj = 1 for some 1 < j < ¢, then Ut]. =R/ <pt,j(z)> is the finite field extension of F;. For
1<j<tandi=1,2,...,], wedefine

Ut,, if ul‘,]‘ = 1,
U j=4q . . )
{0}, if MZ"]' =0.

Consider a root ; for each Py, ;(z). Now, for dy,(z) € Rzi =R/{Z' —a;(z))and 1 < j <,
define

) {dtw, =, ©

“ 7 o, if U, ; = {0}.
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Using the above Equations (7) and (8) and CRT, for eachi = 1,2,...,/, we get the following
ring isomorphism

RY = @l Uy, ©9)

where the isomorphism is given by dy,(z) to (dy, 1 +dy,2 + - - - 4 ds,+). Then

S=RI X RZ x -+ x Rp' & (@f_y Uy j) x -+ x (@ Uy ) (10)
=~ @;:1(111»1’]' X X utl,]‘), (11)

where (d, (z),dt,(z),...,d(z)) € S maps to 25:1(dt1,j/dtz,j/ -+, dy, ;). Since some Uy,; will
be {0}, the corresponding coordinates of the codewords in that particular constituent will
be 0. Hence, from Proposition 2, a right GQPC code can be observed as a submodule of
6]9;:1 Ufj as for each i, Uy, ; is either Utj or {0} C Utj.

Proposition 3. Let the right GQPC code C C S of block length (t1,tp,...,t;) and index | be
generated as an R-submodule by

{(d,2),.. 43, (2)), (dF, (2)), - .. 45, (2)), -, (d, (2) ... 5, (2))} C 8.
Then as a submodule of @;:l Ufj, C takes the form inside @§:1 Ufj, as C = ED]t»:le, where every C;
is a I length Uy;-linear code and written as

Ci = Spanutj{(d?"ll,...,d;’,’ll) :1<b<s}, for1<j<t. (12)

Proof. Since C is a submodule of S, we have

C={n(z)d(2),...,d},(2)) + v2(2)(d}, (2)), ..., d7 (2)) + - +vs(2) (d5, (2) ..., 5, (2)) :
vi,Vo,...,Vs € R}

Now, from Equation (10), C; C (Uy, j x Uy, ; X - - x Uy, ;) and can be written as

C] = {1/1 (‘B])(d}b]’ d}Z,]" - ’d}l/j) + -+ Vs(ﬁj)(dil,j, izrj’ . ’d?l/f) VU, V2,...,Vs € R}.

As B; is a root of Pt,j(z), we have Utj = Fq(,Bj). Also, each Uy, j, U, j, ..., Uy, ; is either
Ut], or {0} C Utj, therefore, vl(ﬁj),vz(ﬁj),. . .,vs(ﬁj) take all possible values in Ut], as the
polynomials v1(z),v2(z), ..., vs(z) vary over R. Thus, we get

Ci= Spanufj {(a?

]1,...,d;?'l’):1 <b<s}for1<j<t.

O

Theorem 1. Let C be a p-generator right GQPC code of block length (t1, t3, ..., t;) and index I over
F,. If C = &!_,C;, where C; is of dimension k; fori =1,2,...,t,and K = max{k; : 1 < i < t}.
Then p = K. In addition, any right GQPC code C with constituent codes C; of dimension k;,
satisfying p = maxk;, is a p-generator right GQPC code.

Proof. Let C be a p-generator right GQPC code generated by the elements

el(z) = (ejl(z),...,ef(z))le Sforj = 1,2,...,p. Then for each i, C; is spanned as R-

submodule by &(z) = (&](2),...,2(2)), where &.(z) = el(z) mod (p;;(2)), if py(2) is a
factor of P}, »,(z) and e‘i(z) = 0 otherwise, forallr = 1,2,...,1. Further, let ; be a root of



Mathematics 2025, 13, 3655

8 of 20

irreducible factor P; ;(z) of P}, a,(z). Then, for eachi =,1,2,...,t, the generator matrix of
C; contains the j row as &/ = (9]1(/31>/9]2(51)/ . .,e{(ﬁi)),j =1,2,...,p. Hence, k; < p for
every i, and thus K = max{k; : 1 <i <t} <p. ‘ '

On the other hand, as K = maxk;, there exists ef(z) eR, 1< j < K, such that ef (z)
span C;, for1 <i <t ,asa R—submodule. Then by Proposition 3, for every 1 < j <K
there exists e/ (z) € C such that ¢/(z) = e/(z) mod ( pij(z)) and C is generated by el(z) for
1 <j < K. Thus, p < Kwhich implies thatp = K. O

If C is a 1-generator right GQPC code of block length (¢4, t5,...,t;) and index | over
F;, then by Theorem 1, every C;, i = 1,2,...,t, is either an [/, 1] linear code or the trivial
code over R/ (p;;(z)). Conversely, any right GQPC code whose constituent codes C; are of
dimension at most 1 is a 1-generator right GQPC code.

Example 1. Let q = 2,t; = 4,t, = 6, and t3 = 8. Consider the monic polynomials

Py o (2) = A2 z41 of order 7, where oy = (1,1,1,0) € Ff
= (z4+ 1) (22 +2241),

Piy 4, (2z) = 2° + 2* + 2 4+ 1 of order 21, where ay = (1,1,0,0,1,0,0) € F¢
= (z4+ D) (2 +z+1)(ZP +2+1), and

Piy a5 (2) = 28+ 2° + 2* + 2 4+ 1 of order 217, where a3 = (1,1,0,0,1,0,1,0,0) € F}
= P+2+1)EP+2+ 2242 +1).

In this case, we have
R % R X R = B[z]/ (P 0, (2)) % Fa[z]/ (Prya, (2)) X F2[z]/ (Pt a5 (2))-
Suppose P51(z) = (z+1), Psp(z) = (22 +z+1), Ps3(z) = (2B +22+1), Ps4(z) = (28 +

bz] ~
. =

and Uy, = B3 =

z+1)and Ps5(z) = (22 +z* + 22 +z+1). Then, we have U;, = F, =

~ R[z] ~ T o~ R[z] h[z]
F427ut :F8:4<Z3+22+1>, ty <23+Z+1>

’ = g =
(Z24+2z+1)" 77 s
. Now, following the same notations as in Equation (7), we have

Bz]
(5424 +2242+1)

Uyg=F, Uy2={0}, Uy,z=1F, U,s={0}, U,s={0}
U,1=F, U,r=F, U,3={0}, U,s=F, U,s5={0}
U1 = {0}, Uyp={0}, Upz=F, U,s={0}, U,s=Fsn.

Thus, we get

R X R < R = (Uy, x Uy, x {0}) @ ({0} x Ut, x {0}) @ (Ui, x {0} x Uyy)
@ ({0} x Uz, x {0}) @ ({0} x {0} x Uss).
We take C as a right GQPC code of block length (4,6,8) generated by C = (z + 22,28 +z +1,2° +

z4 + 22 + 2+ 1). Then the right GQPC code C can be decomposed into C = &!=3C;. Let B; bea
root of Ps i(z) fori =1,2,...,5, with By = 1. Then, C has the following components:
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Cy : an [l = 3,1] linear code over (:24[-21 ] = F, with the generator matrix [0,1,1],
, Blzl o : 3 g2
Cy : an [l = 3,1] linear code over [T Fy with generator matrix [0, B5 + B3, 0],
Cy @ an [l = 3,0] trivial linear code over % >~ Fg,
(z234+z+1)
Cs : an [l = 3,0] trivial linear code over e f_zizz]+ ) = F3p,
Cs @ an [l = 3,1] linear code over <Z3_1:22[§]_’_1> = Fg with generator matrix

(B3 + 83,0, B3+ B3 + B3],

Let k; be the dimension of C;, i = 1,2,3,4,5. Then max{k;} = 1 which is the number of generator
of GQPC code C.

Example 2. Let q = 3, t; = 4 and t; = 6. Consider the monic polynomials

P e (z) = 428+ 4241 of order 8, where a1 = (1,1,1,2) € P;L
= (z+1)(z+2)(z* + 2z +2);

P a)(z) = 2242204224 +222 42 +1 of order 8, where ay = (1,1,2,0,2,2) € F§
= (z4+1)(z4+2) (22 +1) (22 + 2z +2).

In this case, we have

S = R} x R = B3[z]/(Py,4,(2)) % F3[2]/(Pry 00 (2))-

Continuing with the same notations as used in Equation (5), let Py1(z) = z+1,
Pyp(z) = z+2,Py3(z) = 22+ 1 and Pys(z) = z* + 2z + 2. Then, from Equation (8), we
F3[z] F5[z] F3[z]
have Uy, = F3 = U, =2 F = S U, = Fpp = dU;, = Fp =

ave 3 z+1) " 3 (z+2) " 3 (22 +1) ane Sty ¥
F
<z2—|—32[z]+2>' Now, following the notation and simple calculation as given in Equation (7),
we have
Uy =Uy =F, Uyp=U,=F, U,z=1{0}, Upa = Uy = Fp

utz,l = utl = F3/ utz,z = utz = F3/ ut2,3 = ut3 = F32/ Ut2,4 = Ut4 = F32'
Using the CRT and following Equations (9) and (10), we get
S = R;lll X RZZ = (Utl X utl) @ (Utz X utz) D ({0} X llt3) ) ( ut4 X Ut4).

Let C C S be a 2-generator right GQPC code of block length (4,6) generated by e1(z) = (2> +
2,22 +2z) and ex(z) = (2% +2,2% + 2> + 1). Then, right GQPC code can be decompose into
C= @;jCj. Furthermore, for t = 4, let B; be a root of Py ;(z) fori =1,2,...,t, where p1 = 2
and By = 1. Then, constituents of code C are as follows:

C1 @ a[2,1] linear code with the basis {(0,1)} over Uy,

Cy @ a [2,1] linear code with the basis {(2,0)} over Uy,

Cs : a [2,1] linear code with the basis {0, B3> + 2B3} over Uy,

Cy @ a[2,2] linear code with the basis {(Ba(Bs+1),2), ((Ba +2)(Ba +1),0) over Uy,.
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Let k; be the dimension of C;, j = 1,2,3,4. Then max{k;} = 2 which is the number of generator of
right GQPC code C.

4. Normalized Generating Set for a GQPC Code

This section provides a normalized generating set of the p-generator right GQPC
code of block length (¢4, t5,...,t;) and index I over the field F;, and a method to obtain a
normalized generating set for a p-generator polynomial set that satisfies certain conditions
by following the construction given in [20].

Definition 6. Let {A1,Ay,..., Ay} C S be a formal generating set of a right GQPC code C. If it
can be transformed into the following standard form

{(f11(2),0,---,0), (f21(2), f2(2), -+, 0), ., (fn(2), fia(2), -+, fu(2)) ),

where fij(z) € R;j, fii(z) | (Z% — ai(2)) foralli = 1,2,...,land j = 1,2,...,i. Then this
standard form of a formal generating set is termed a normalized generating set.

In the following, we provide a method to construct a normalized generating set from
any generating set for a right GQPC code C. Assume that

A1 = (An1(2), A2(2), ..., Aul(2)),
A2 = (Azl(z),Azz(Z), .. 'IAZI(Z))/

Ap = (Ap(2), Aa(2), ..., Au(z)),

form a generating set for the right GQPC code C of block length (t1, t5,...,t;) and index I.
e Step (i): Construct fj;(z) = ged(Aq;(z), Ay(2), ..., Au(z),z" — a;(z)). Suppose that

Ay(z) Ay(z) Ay (z)
fu@) " fuz) "7 fulz)

are pairwise coprime over F;. Then from the map defined in the proof of Theorem 2,
M;(C) = (Ay(z), Ay(z), Az(2), ..., Ak(z)). Since M;(C) is an RPC code of length ¢,
we have M;(C) = (f;(z)). Now, using the Euclidean algorithm over F;, there exist
r1(z),1r2(2),...,1e(z),u(z) € R such that

r1(z) Au(z) +r2(2) Az (2) + -+ 1e(2) A (2) + u(2) (2" = ay(2)) = ful2).

If fii(z) = 0 mod (z'! — a(z)), then take a;(z) = (0,0,...,z"" — a;(z)). Otherwise,
consider

r1(2)A1i(z) + r2(2) Agi(2) + - - - + 1 (2) Agi(2) = fii(z) mod (2% — a;(2)) fori < I.
Hence, a;(z) = (fliq(z)/fl,?.(z)/"'/fll(z))'
e  Step (ii): Leta; = fllll((zz)) fori=1,2,...,1. Then

Al =A; — w;a(z) = (All’l(z),A}g(z), .. .,A}/lfl(z),O).

1
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Now, consider f_1;1(z) = ged, (A, 1(2), Ay 1(2),..., Ay 4(2), 271 — 2y 4(2))
ALz Aya(@) Aja(2)
fie1)21(2) fimap-a(2) 7 fieaga(2)

coprime in R. Then using the same procedure as in step (i), we can get

and as in step (i), assume that are pairwise

a_1(2) = (fi-1,1(2), fim12(2), - -+, fi-1,1-1(2),0).

A}1_1(Z) .
e  Step (iii): Let tx} = m fori=1,2,...,1. Then
1-1,1-1

A? = A} = zx}al_l(z) = (AZZ,l (z),Alzlz(z),. ) .,A%l_z(z),0,0).

1

Employing the same approach as in step (i), we have

fi-a1-2(2) = ged(AT)_5(2), A3) 5(2),..., AT _»(2),2"2 —aj_5(2)).

Then by step (i) and A%, A3 ..., Alz, we can construct

a2(2) = (fi—21(2), fi22(2), -+, fi-21-2(2),0,0).

Repeating the above procedure, we finally obtain a; (z) = (f11(z),0,0,...,0). Hence, above
method can yield a normalized generating set {a;(z), ax(z), ..., a;(z) }.

Example 3. Let q = 2, t; = 6 and t; = 4. Consider the monic polynomials

Py ,e (z) = 20 — 2% 4+ 1, where a; = (1,0,1,0,0,0) € F26

(22 +2z+1)2,

Pty 6, (z) = 2+ 22 4z +1, where ay = (1,1,1,0) € Fy
= (z+1) (P2 +22+1).

Let Ay = {z° +z+ 1,z + 1} and Ay = {0,z(z + 1)} be a formal 2-generating set of right GQPC
code of index 2 over Fy. Here, § = R/ x R{? = Fa[2]/ (Pt (2)) X Fa[z]/ (Pry,a(2)). As in step
(i) of the above method, by a simple calculation

fo(z) =ged(z+1,2(z+1), 28 + 22 4z +1) =z + 1.

Now, by the Euclidean algorithm, there exist two polynomials r1(z) = 1 and ry(z) = 0 such that
z+1=r1(2)(z+1) +r2(z)z(z 4+ 1). Since fr(z) #0 (mod Pt,,q,(2)),

fo1(z) =r1(z) - (2 +z+1) +712(z) -0 (mod z° — 22 +1)
=2 +z+1

Hence, ay(z) = (2% +z + 1,z + 1). Following step (ii) of the above method, ay = 1 and ay = z.
Then

Al = A — - ay(2)

={P+z+1Lz+1} - {Z+z+1,z+1} = {0,0},
Ay = Ay — - ap(2)

={0,zz+1)} —{z(z> +z+1),z(z+ 1)}

= {z(z* +z+1),0}.
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Again, following step (i), we obtain f11(z) = ged(z6 —22+1,z(z22 +z+1)) = 22 +z +
1, fi12(z) = 0. Hence, a1(z) = {f11(2), f12(z) }. Thus, a Normalized generating set for a right
GQPC code is {a1(z), a2(z) }.

Example 4. Let q =5, t; = 4,1, = t3 = 6. Consider monic polynomials

Py (2) = 2 + 22 + 32 + 1, where a; = (1,3,1,0) € F2
= (z4+1)(z+2)(z2 +22+3),

Py a,(2) = 20 4224 + 22 4 242, where ay = (2,1,1,0,2,0) € F56
=(z+2)(z4+ 1?2 +2>+32+1),

Piy s (2) = 20 4224 + 22 4 242, where a3 = (2,1,1,0,2,0) € F56
=(z+2)(z4+ 1P+ 22 +32+1).

Let A] = {23 442242741, + 22+ 32+ 1,0}, Ay = {O,Z2 +3242,24 +234+322 +z}and
Az = {2% +4z+4,0,z* + 423 + 22 + 3} be a formal 3-generating set of right GQPC code of index 3
over Fs. Here, S = Ryl X Ry? X Ry = Fs[2]/(Pyy,a,(2)) X F5[2]/ (Pry 0y (2)) X F5[2]/ (Pty,05(2)),
and {A1,Ay,As} C S. By following the above method and simple calculation,

fa3(z) = ged(z* +428 + 22 43,24 + 22 4+ 322 + 2, P 4, (2) =22 + 22 + 3z + 1.

Now, by the Euclidean algorithm, there exist polynomials r1(z) = 0, r2(z) = 3, r3(z) = 2 and
u(z) = 0 such that

fa3(z) = 11(2) -0+ 12(z) - (Z* + 22 4+ 322+ 2) +13(2) - (24 + 428 + 22 +3) + U(2) Pty a4 (2)-
Since f33(z) #0 mod Py, 6,(z),

far(z) = r1(2)(z* + 32 +224+2) + 12(2) (22 + 32 +2) +13(2) - 0
=3224+z+41, and

fa1(z) = r1(2)(2° +42° + 22+ 1) +72(2) - 0+ 13(2) (2> + 42+ 4)
=223 43z +3.

Hence, a3(z) = {f31(2), f3(2), f33(z)}. Following step (i), a1 = 0, ap = z and a3 = z + 3. Then

A% :Al — N1 -ug(Z) :A1,(ﬂs Nl = O),
A} = Ay —ay-a3(z) = {32* + 222 + 22,322 + 2z + 1,0},
A} = Az —a3-a3(z) = {32* + 222 + 22,22 + 2 +2,0}.

By following step (i) and simple calculation, we get fx(z) = ged(z* + 323 +22 +2,32% + 2z + 1,223 +
z+2) = 1. Now, using Euclidean algorithm, there exist polynomials v} (z) = 0,75 (z) = 222+ z+3
and r}(z) = 2z + 4 such that

1=0-(2*4+322+224+2)+ (222 +2+43) - 322 +224+1) + (2z+4) - 228 +z+2).
Since fy(z) # 0 (mod Pt,),q,(2)), we have

fo1(z) = 14(2) (22 +42% + 22+ 1) + rh(2) (Bz* + 222 + 22) +r4(2) (3z* + 227 + 22)
=20 +42° +4z mod Py 4 (2)
=322 432243z +1.
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Hence, we have a;(z) = (f21(z), f22(z),0). Further, following step (ii), we have

1 43242242 32242241, 2283 4z42
ay = S0y = 0= .
fa(z) =1 f2(z) =1

fa(z) =1

Then

A? = A} —alay(z) = {42° + 22 + 324+ 4,0,0},
A3 = A} —aday(z) = {22 + 422 422+ 1,0,0},
A% = Aé — oc:l,,az(z) = {323 +222 42 +3,0,0}.

Again, following step (i), we get f11(z) = god(4z® + 22 + 3z +4,2% + 422 + 2z +1,32% +
222+ z+3) = 2% +4z2 + 2z + 1. Further, fio(z) = 0 and fi3(z) = 0. Hence,
a1(z) = {f11(2), fiz(2), f13(z)}. Thus, a normalized generating set for the right GQPC code

is {a1(z), a2(z),a3(z) }.

Theorem 2. Let C be a right GQPC code of block length (t1,ty, ..., t;) and index | over the field
F;, where N = Y t; is the length of C. Then there is a generating set {ay(z), a2(z), ..., a;(z)}
such that C = (a1(z), a2(z), ..., a;(z)), where

ai(z) = (fu1(2),0,---,0),
ay(z) = (fu(2), f2(z),- -+ ,0),

a1(z) = (fn(2), fi2(2), -, fu(2),
and fij(z) € R;j, fii(z) | (z' — ai(z)) foralli=1,2,...,land j = 1,2,...,i.

Proof. For index ! =1, C is an RPC code of length ¢;. Hence, from Proposition 1, C is an
ideal of R?ll. Then, there exists a monic polynomial of the least degree f1;(z) € R such that
f11(z) | 2" —aq(z) and C = (f11(z)) (see [5] (Proposition 1) ). Now, assume that the result
holds for k < I over F;. Consider a module homomorphism foralli =1,2,...,1,

M;: RN X RZ x -+ x R+ R, given by
(b1(z),b2(2),...,by(2)) — bi(z).

For i = I, M;(C) is an RPC code in Rfll over F; of length t;. Then, there exists a
monic polynomial of the least degree f};(z) € R such that f;;(z) divides z" — 4;(z) and
M;(C) = (fu(z)). Now, consider any codeword (c1(z),c2(z),...,c;(z)) € C. Then, there ex-
ists a polynomial a(z) € R such that ¢;(z) = «(z) fj;(z). For the above map M;, ker(M;(C))
is the right GQPC code of index I — 1. Hence, from our assumption, it can be generated
by {a1(z),ax(z),...,a;_1(z)}. If a;(z) € C, then c(z) — a(z)a;(z) € ker(M;(C)). Thus, c(z)
belongs to (aj(z),ax(z),...,a;(z)). This completes the proof. [

For ease of computation, we present some relationships between constituents of the
generator polynomial set in the next result.

Theorem 3. Assume that C = (ay(z),a2(z),...,a;(z)) is the right GQPC code of block
length (t1,t5,...,t) and index 1, where a;(z) same as in Theorem 2 and N = Zle t;. Then

deg(fii1i(z)) < deg(fii(z)) foralli =1,2,...,1 - 1.
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Proof. For index | = 2, let C = (a;(z),ax(z)) as given in Theorem 2. Assume that
deg(f11(z) < deg(f21(z). Then, using the division algorithm, there exist /1p;(z) and
721 (Z) € R such that f21 (Z) = hy (Z)f]l(Z) + 791 (Z), where 7y (Z) = 0 or
deg(r21(z)) < deg(f11(z)). Then

(a1(2),20(2)) = ((f11(2),0), (far (2), fa(2)) )
= ((fn(2),0), (b1 (2) fur(2) + 721(2), f2(2)) )
= ((f1(2),0), (11 (2)(f1(2),0) + (ra1(2), fa(2))) ),
= ((f1(2),0), (m1(2), f2(2)))

Similarly, for index I = 3, let C = (aj(z),a2(z),a3(z)). Assume that deg(r(z)) <
deg(f31(z)) and deg(fxn(z) < deg(fs2(z). Then by using the divison algorithm there
exist h31(z), ho2(z),731(2),r32(2) € R which satisfy f31(z) = hs1(z)r1(z) + r31(2), where
r31(z) = 0 or deg(rs(z) < deg(rx(z)) and fax(z) = hz(z)fan(z) + r32(z), where
r32(z) = 0 or deg(r32(z)) < deg(f2(z)). Then

(a1(2),22(2),33(2) ) = ((f11(2),0,0), (f21(2), f22(2),0), (fa1 (2), f2(2), fa(2)))

(f3
_ [ (f11(2),0,0), (r21(2), f22(2),0), (h31(2)r21(2) + r31(2),
h32(2) f22(2) + 132(2), f33(2))

_ [/ (f11(2),0,0), (r21(2), f22(2),0), (h31(2)121(2), h32(2) f22(2), 0)
+(r31(2),132(2), f33(2))

= ((fn(2),0,0), (r21(2), f2(2),0), (ra1(2), 722(2), f3(2)) )-

Hence, the statement holds for index I = 3. Now, assume that the statement holds for index
I — 1. Then consider

(@) 2), a6 ()
_ <(f11(2),0,~'-,0),(f21(2),f22(2)/0 ///// 0),..., (fl—ll(z)rfl—lz(z)f---/fl—ll—l(z)f0)1>
(fn(2), fr(2), -, fu-1(2), fu(2))
as we have assumed that the statement holds for index less than [, we thus have
(0@, a6 ()
_ <(f11(2),0 ,0), (21(2), f2(2), 0, o>,...,<rz_n<z>,n_u<z>,...,fz_u_1<z>,o>>
,(fn(2), fzz( )reeos fu-1(2), fu(z)) ‘
Now, using similar arguments for fj;(z), fi2(2), ..., fi—1(z) and applying the division

algorithm, we can write

(a1(2),22(2), a1 (2) a(2))

_ <(f11(2)/0 ,0), (r21(2), f22(2),0,...,0),..., (rl—ll(z)rrl—12(2)1-~-/fl—ll—l(z)zo)/>
(r(2),12(2), -+ -, ru-1(2), fu(2)) '

where deg(r;1(z) < deg(r;_11(z)),deg(ri2(z)) < deg(r—12(2)),...,deg(ry-1(z)) <

deg(r;_1;_1(z)). Hence, we get the desired result. [
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Theorems 2 and 3 describe the generator set for the right GQPC codes of block length
(t1,t2,...,1;) and index I. Based on the uniqueness and the structural properties of this
generator set, we now establish the following result.

Theorem 4. Let C be a right GQPC code of block length (t1,ta,...,t;) and index 1, with a
normalized generating set as given in the Theorem 2. Then the dimension of C is deg(qs, (z)) +

deg(qr,(z)) + - - - + deg(qy (2)), where

2" — a1 (z) = q1,(2) f11
Z2 —ay(z) =g

2" — a(2) = 94,(2) fu(2).

Proof. To prove the result, we implement the principle of mathematical induction
on l. Forindex | = 1, C = (fi1(z)). It is just the right cyclic code of length
t; with induced vector a;. From [5] (Proposition 1), the basis of C is denoted by
S1 and is given by S! = {f11(z),2f11(2), ..., 2198 ()=1 £ (z)} and thus the dimension
of C is f — deg( f11(2)). Now, assume that index I = 2 Then

= ((f1(2),0). (1), (). Consider 5} = ORI i (fi1(2),00 U S =

U;if%(qtz @)= {z] % (r21(2), f22(2)) }. If a codeword ¢(z) € C, then there exist q1(z), g2(z) in

R such that

c(z) = q1(2)(f11(2),0) + g2(2) (r21(2), f22(2))
= (71(2) f11(2),0) + (92(2)721(2), 92(2) f2(2) ).

If deg(q1(z)) > deg(qy, (z)), then, by the divison algorithm, there exist Q;(z) and Q] (z) in
R such that

91(z) = Qu(2)q1, (2) + Q1 (z) with Q}(z) = 0 or deg(Q1(z) < deg(qs, (2))-

Then,

(71(2) f11(2),0) = ((Q1(2)g1 (2) + Q1(2)) f11(2),0)
qr,(2) f11(2),0) + Q1(2) (f11(2),0)

Also, if deg(g2(z)) > deg(qt,(z)), then by the division algorithm there exist Q»(z) and
Q) (z) in R such that

92(2) = Q2(2)q1,(2) + Qa(2) with Q3(z) = 0 or deg(Q5(z) < deg(q1,(2))-
Then

(92(2)r21(2), f2(2)) = ((Q2(2)q1,(2) + Qa(2))r21(2), fo2(2
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Assume that qy,(z)r21(z) € (f11(2)). Then Qz(2z)(qt,(2)r21(2),0) € ((f11(2),0)) and
deg(Q2(z)) < deg(qy,(z)). Hence,

c(z) = q1(2)(f11(2),0) + 92(2) (r21(2), f22(2))
= Q1(2)(f11(2),0) + Q7 (2)(f11(2),0) + Q5 (2) (r21(2), f22(2))
= (Q1(2) + Q3 (2)) (f11(2),0) + Q5(2) (r21(2), f2(2)),

where deg((Q}(z) + Q5 (z)) < deg(qs, (z)). Therefore, c(z) € Span(S?JS3), and clearly,
S2U S is a linearly independent set. Thus, dim(C) = deg(qy, (z)) + deg(qt, (2)).
Similarly, suppose that the statement holds for the index I — 1 over F;. We will

also show that this statement holds for the index I. Consider any c(z) € C =
(a1(z),a2(z),...,a;(z)). Then there exist q1(z), 92(2), . . ., q1(z) such that ¢(z) = g1(z)a;(z)
+q2(z)az(z) + - - - +q;(z)a;(z). Using the proof of Theorem 2, ker(M;(C)) = (a1(z),ax(2),

.,a;_1(z)) is a right GQPC code of block length (t1,t2,...,t;—1) of index | — 1 over F.
Thus, ker(M;(C)) = Ul 1S;, where S; = Udeg(qt &) 1{zi % (ri1(2),1i2(2), ..., fii(z),...,0)}.
Now, consider q;(z)a (Z) = q(2)(rn(z), 712(2)/'-~/fzz(7~)) in c(z). If deg(qi(z)) >
deg(qs(z)) then by the division algorithm, there exist Q;(z) and Qj(z) € R such that
71(z) = Qi(2)q1,(z) + Qj(z), where Qj(z) = 0 or deg(Q;(z)) < deg(qy(z)). Hence,

q1(z)ai(z) = (Qi(2)q1 (2) + Q1(2)) (rn (2), r12(2), - - -, fu(2))
= Qi(2)(q4(2)rn (2), 41, (2)112(2), - -, 0) + Q)(2) (ri (2), 112(2), - ., fu(2)).

Assume that gy, (z)r1_1(2z) € (fi—11-1(2)). Then (q1,(2)r11(2), 91, (2)712(2), . . ., 0) € ker(M;(C))
and Qj(z) = 0 or deg(Qj(z)) < deg(qs,(z)). Then we have

-1

ql(z)al(z) S Span( U SiUSl)-

i=1

Therefore, c(z) € Span( Uf;% SiUS)). Clearly, it is a linearly independent set, as none of
its elements can be written as a nonzero linear combination of the remaining elements.
Thus, dim(C) = deg(qt,(z)) + deg(qr,(2)) + - - - + deg(gy (2)). O

The next step in our discussion is to characterize the performance of these codes
in terms of optimality. To this end, we define the notions of optimal and near-optimal
GQPC codes.

Definition 7. A linear code C of parameters [n, k, d] over Fy is said to be optimal (with fixed length
and dimension) if no other [n,k,d'] code over F; exists in codestable [30] with d' > d.

Definition 8. A linear code C of parameters [n, k, d] over F; is said to be near-optimal (with fixed
length and dimension) if d is one less than that given in codestable [30].

Remark 2. It is noted that if we do not fix the dimension, then “optimality” will occur in two ways:
one regarding the code rate and the other regarding the error-correcting capability. As [7,2,4] is not
optimal over F,, because a better code [7,3, 4] exists.

Example 5. Let ¢ = 2, t; = 36 and t, = 2. Consider the monic polynomials Py, ¢, (z) =
20423 422 4230 4228 4220 42 2 2 8 A 10 L Y B e

24 + 22 + 2+ 1, where

@ = (1,1,1,0,1,0,1,0,1,1,0,1,0,0,1,0,1,0,1,0,0,1,1,0,1,0,1,0,1,0,1,0,1,0,1,0) € F®
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0} and

(a1(2), a2(z)). Then,

from Theorem 4, the dimension of C is 22 + 2 = 24. The generator matrix of C of order (24 x 38)

is given by

(1,1) € F2. Following the Theorems 2 and 3, we have

a normalized generating set {a1(z), ax(z)}, where

224N 2 4 A2 241, fn(z) = 1)

M40+ B 424 42221 i (2)

{ra1(z)
Let C be a right GQPC code of block length (36,2) and index 2 with C

22 + z 4+ 1 where as ay

{fu(z)

ag(z)

a1(z)

,and Py, q,(z)
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////////////////////////
////////////////////////
////////////////////////
////////////////////////
////////////////////////
////////////////////////
////////////////////////
////////////////////////
////////////////////////
////////////////////////
////////////////////////
////////////////////////
////////////////////////
////////////////////////

////////////////////////

z!2 — ay(z) and

2% + 2% + 1is represented

by (1011). We use MAGMA software (Magma V2.28 — 6) and the Magma handbook [29]

for our calculations to calculate the parameters of the codes.

z' — a1 (z) and Py, s, (2)

(22 4+22+1)@ZB +22 4+ 2+ 20+ 22 A 224 1),

Zl6+Z3+1

Pty, a1 (Z)

Hence, we obtain C as a [38,24, 6] right GQPC code over F, which meets the distance for length 38
By following Theorems 2—4, we construct several optimal and near-optimal 2-generator
right GQPC codes of index 2 by fixing the dimension that are tabulated in Table 1. The

and dimension 24 in the codestable [30]. Thus, C is an optimal right GQPC code.
Remark 3. A linear code C of length n over F, is called a linear complementary dual (LCD)

code if CN C*+ = {0}, where C* denotes the dual code of C with respect to the standard inner

the nonzero term of the normalized generating set in terms of their coefficient in ascending
product. Based on the above definition of LCD codes, Table 1 lists specific examples constructed

optimal codes presented in the table meet the distance bound in the code table [30]. In
then Py, », (z) is represented as (10010000000000001), and g, (z)

order of the degree of the indeterminate. For example, if

Table 1, we represent polynomials Py, a, (z)

under this framework.
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Table 1. 2-Generator right GQPC codes over F,.

t, o, N

Polynomials z — a;(z), f11(z),21(2) and f22(z) Parameters

Remarks

20,2,22

29,2,31

34,2,36

36,1,37

36,1,37

36,1,37

36,2,38

38,2,40

38,2,40

40,2,42

40,2,42

41,1,42

47,1,48

50,2,52

50,1,51

51,1,52

Py, 0, (z) = 110111110111111111111,
fi1 = 101101100111, r5; = 1001001011,
Pr,g,(z) =101, fop =1 22,11, 6]
Py, 4, (z) = 111101101001011010101010101011,
f11 = 1011101111011, r5; = 10011100111,
Pia,(z) =101, fop =1 31,19, 6]
Py, 0, (z) = 11110111010101011010111011001010101,
fi11 = 11110111101010001111, r5; = 110001100010000011,
Pia,(z) =101, fop =1 36,17, 8]
Py, q,(z) = 1110101011010010101001101010101010101,
f11 = 10100110111100010001, r; = 1100010010100001111,
Proa(z) =11, frp =1 [37,18, 8]
Py, 4, (z) = 1110101011010010101001101010101010101,
f11 = 10000101111101, r5; = 1111100101011,
Pyay(z) =11, frp =1 37,24, 6]
Py, 4, (z) = 1110101011010010101001101010101010101,
fi1 = 1111101011, ro; = 101011001,
Piyay(z) =11, frp =1 37,28, 4]
Py, 4, (z) = 1110101011010010101001101010101010101,
fi1 = 101110111010001, r; = 1111100101011,
Pia,(z) =111, fop =1 38,24, 6]
Py, 4, (z) = 111101101001011010101010101010110100101,
fi1 = 111110111, r; = 10101101,
Piyay(z) =101, fop =11 40,31, 4]
Py, 4, (z) = 111101101001011010101010101010110100101,
fi1 = 10101011101111110111, r5; = 111000100010010001,
Piya,(z) = 101, foo = 1 40,21,7]
Py, 4, (z) = 11110110100101101010101010101011010010111,
fi1 = 10010011, r; = 101111,
Prg,(z) =101, fop =1 [42,35,4]
Py, 0, (z) = 11110110100101101010101010101011010010111,
fi1 = 10111100110110110001, r5; = 1101011101101101111,
Pty ,(z) =101, fpp = 11 [42,22,8]
Py, 4, (z) = 111101110101010011101010101010101010101001,
f11 = 1001000101011011, r; = 111000011001001,
Piyay(z) =11, frp =1 42,27, 6]
Py, 4, (z) = 101011110101010110101110110010101010101010001001,
fi1 = 11111100101, ro; = 1010100011,
Piyay(z) =11, frp =1 48,38, 4]
Py, 4, (z) = 111111110101010011101110101010101001101010100110111,
f11 = 100010001111, ro; = 1101011001,
P, (z) =111, fip = 1 [52,41,4]
Py, 4, (z) = 111111110101010011101110101010101001101010100110111,
f11 = 100001110001110100111111, ro; = 11111010000101100010101,
Piyay(z) =11, frp = 1 51,28, 8]
Py, 0, (z) = 1111111101010101101011101100101010101010101011101001,
fi1 = 11111110111011101, r5; = 1010101101001011,
Piyay(z) =11, frp =1 52,36, 6]

Near-optimal, LCD

Optimal

Optimal

Optimal

Optimal

Optimal

Optimal

Optimal

Near-optimal

Optimal

Optimal, LCD

Optimal

Optimal

Optimal

Near-optimal

Optimal

5. Conclusions

In this work, we have generalized the concept of QPC and GQC codes over the

finite field F;. Here, we have decomposed the right GQPC codes into linear codes using

the Chinese Remainder Theorem and characterized the p-generator right GQPC codes

(Section 3). Furthermore, we have discussed the normalized generating set of p-generator

polynomials for the right GQPC codes and their corresponding dimensions and presented

a method for finding a normalized generating set from any p-generator polynomial set.

This way, we have obtained several optimal right GQPC codes (Table 1).
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However, it will be interesting to further work on the concatenated structure of the
right GQPC code. Also, finding the annihilator dual of these codes would be a promising
direction. Furthermore, the construction of quantum codes from these codes remains an
open problem.
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